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ae SSS 
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ie 
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—— Chapters “OTK ‘ntegra tion and Probability have been thoroughly 


ee, 


. revised io Tyetter understanding of the students. 
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Sr On ep 7 ~ 
SS = Sfpteerals oma A Areas of Bounded Regions. 


ay AY BASS —- a= . 
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examples without looking at their solutions. They should consult the solutions only 
When they are unable to solve on their own. The exercises given at the end of each 
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DEFINITE INTEGRALS 


20.1 FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS 
STATEMENT: Let ¢ (x) be the primitive or antiderivative of a continuous function f(x) defined 


on [a, b] i.e., 4 16 (x)j =f(x). Then the definite integral of f(x) over [a, b] is denoted by 


b 
| f(x) dx and ts equal to [9 (b) -—6 (a)]. 


b 
ie, | fx) dx = 0(b)-0(@) (i) 


The numbers a and b are called the limits of integration, ‘a’ is called the lower limit and 
‘b’ the upper limit. The interval [a, b] is called the interval of integration. 


b 
If we use the notation E (x) | to denote 9 (b) — 6 (a), then from (i), we have 


b 
J fay ax = [ooo], 


b 
a x)ax = x)atx=b)-(0 (x) atx=a 
J feo (ow) )-(e@ ) 
b 
=> f(x) dx = (Value of antiderivative at b, the upper limit) 
a — Value of antiderivative at a, the lower limit 


REMARK 1 Jn the above statement it does not matter which anti-derivative is used to evaluate 
the definite integral, because if f(x) dx = 6 (x) +C, then 


b 
J fax =[o@+c] = fo@+c}-fo@+c} =e@-0@ 


In other words, to evaluate the definite integral there is no need to keep the constant of integration. 
b 


REMARK 2 } f(x) dx is read as “the integral of f(x) froma to b”. 


a 





' 
| 
| 





20.2 MATHEMATICS-XII 


20.2 EVALUATION OF DEFINITE INTEGRALS 
b | 
To evaluate the definite integral f(x) dx of a continuous function f(x) defined on [a,b] | 


a 
we use the following algorithm. 


. 


ALGORITHM 
STEPI Find the indefinite integral fix) dx. Let this be (x). There is no need to keep the . 
constant of integration. 


STEP Evaluate  (b) and 6 (a). 


STEP III Calculate o (b) — 6 (a). 
ar ee b 
The number obtained in Step III is the value of the definite integral J f(x) dx. 


a 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate: 
2 -1 1 
(i) | x? dx (ii) | x aX 
1 -4 
f 1 | 1 
0) | ae aw) J ope 


SOLUTION We have, 


0 jew gl -F8-14-1 

(ii) Hie Lax = [log | x ti 
5 x" -4 
-1 

= J 2dx= [log |-1| -log |-41 | = log 1-log 4 = 0—log 4 = —log4 
-4 


Vi+x —Vx. ie 
(Wi+x + Vx) (W1+x — Vx) 


=|2 4499/22 feapa 


3 
= E (1+ 19/2 - 2_4 = (aye 2 E (1+ 0)°/ 2 -£ (0)?/ | 








DEFINITE INTEGRALS 20.3 


23/2 a 
mine Hr) bt (0) 


2 4 
3 [2V2 -2] =3 (v2 -1] 


1 
2x -3 





(iv) dx 


co—-_ 


5 [log (2x - 3} 


1 1 L “ 
5 | log |-1] -log |-3| |= 5 [log 1 - log 3] = 5 [0 — log 3) = —5 logs 


EXAMPLE2 Evaluate: 
n/4 m/2 
(i) | tan? x dx (ii) | sin? x dx 
0 0 
1/4 
(iii) J sin 3x sin 2x dx 
0 
SOLUTION We have, 
m/4 
(i) tan? x dx 
0 
m/4 ; 
= (sec? x-—1) dx = [tanx-x[ = (en §-4)- (tan0-0) = : “4 
n/2 
(ii) sin x dx 
0 


~ 


2 
(1 —cos 2x) dx 


. 1/,_ sin2x 2 real m_sint)_{,_sin0 7 
2 2 Sy | 2 }| 4 


m/4 
(ii) | sin3xsin 2x dx 
0 


Tt 


il 
N/_ 
o == 


a 
~w 
oe 


Nie 


(2 sin 3x sin 2x) dx 


Ni 


= 
o-- tom 


(cos x — cos 5x) dx 


: 7/4 
sin x — Sn | 
S 0 





NI] = 





| 
| 


20.4 MATHEMATICS-XII 





5 5 


= 5 a et qos | es ~ ae 


EXAMPLE3 Evaluate: 


sin net 
ao ne i amos 
2 4 


1 m/2 n/2 
(i) i} sin? x dx (ii) cos® x dx (iii) sin* x dx 
0 0 0 
SOLUTION Wehave, 
14 
(i) | sin? x dx 
0 
us . . 
= J oeinx—sin 3x dx [-.. sin 3x =3 sin x —4 sin? x] 
0 
1 
5 (3 sin x — sin 3x) dx 


~= 


n 
- Sos x+ S085] 
[- Sos n+ S25 (-3e0 019)! 
4 
3 


= lea} (2-4) 


(ii) J cos? x dx 
0 


> | 


| 


/2 
aa 
23 SOS Sets COS dx 7 [-.- cos 3x =4 cos? x-—3 cos x] 
0 


nee 


Py ra (cos 3x +3 cos x) dx 
4 


= +3 sins] 


1/2 





S 0 


2 
4 
_ 1 |(sin3 2/2 - 7%) {sinO 
“aoe 3 +3sin}|-( 3 +3sino] 
1 
4 


1 2 ; 
I-3+3}- +0] =3 | 
n/2 


(iii) sin? x dx 








DEFINITE INTEGRALS 20.5 


ries 
(2 sin? x)? dx = = 2 J (1 -— cos 2x)* dx 
0 


sat ge 


1+cos 4x 
2 


dx 


ee | 


t/ 
1-2 cos 2x + 
0 


alla 


4: /2 
sin 2x + sine ‘| 


4 

7d 
Ji (aae 1 i [3m 5. (lease 
eile: 2sin n+} sin2n| -{0- 0+0)] - ae 0+0| = 4 


EXAMPLE4 Evaluate: 
1/4 m/4 
(i) | Vi+sin 2x dx (ii) | Wisin 2x dx [CBSE 2004] 
0 0 
SOLUTION We have, 
n/4 


(i) [ Vi-¥sin 2x - dx 
0 


(3 —4 cos 2x + cos 4x) dx = 8 5 [9e- 38 


m/2 
J 
0 
n/2 
~fa — 2 cos 2x + cos? 2x) dx = 
0 
1 /2 
x 


n/4 
= Vsin? x + cos? x + 2. sin x cos x dx 
0 
1/4 z/4 
= | (cos x + sin x) dx = [ sin x—cos x 
0 


= [sin F ~cos 7) (sin 0 cos 0 = e-e]-e-» =1 


m/4 


(ii) | Vi-sin 2x dx 
0 


1/4 


t/ +4 
= | Vsin2 x + cos? x -2sin x cos x dx = f V(cos x — sin x)? 


0 
1/4 


= | | (cos x — sin x)| dx 


i) 


1/4 
i ere Se: -- O<x<7/4 
= | (cosx sin x) dx l pia ee | 


So 


ag /4 
= f (cos X — sin x) dax= sinx+cos x}, 
0 


= (sin +0007) -(oin 0+ cos oy=(Jp-+ | Or Dap ta e-1 


20.6 MATHEMATICS-XII 


n/2 
EXAMPLES Evaluate: V1 —sin 2x dx 
n/4 


SOLUTION We have, 
m/2 


J V1—sin 2x dx 


m/4 
n/2 


= Neos? x+sin?x-2sinxcosx dx 


m/4 
n/2 
= V(cos x —sin x) ax 
n/4 
n/2 


= | | cosx—sinx | dx [-.- V2 =| x |] 


n/4 


t Tt Tl 
n/2 <¢ cos x <sin x for 7 <x<5 
= | —(cosx—sin x) dx ; 
ra “. cos x—sinx <0 


= | cosx—sinx | =— (cos x—sin x) 
n/2 


= | (sinx—cosx) dx 
m/4 


: i 
= |- cos. x-sinx Is 


a {-cos(§)-sin(5)]} -{-eos()-sin( 3} 2 o-n-(¥ LES 


m/2 
EXAMPLE6 Evaluate: J V1 —cos 2x dx. 
0 


SOLUTION We have, 
n/2 


J V1 —cos 2x dx 
0 


n/2 


= J N2 sin? x dx 
0 


m/2 
= V2 J sinxdx 


0 
= V2 [-cos x] = V2 [- cos F}}-« cos 0| = V2 (0+1)=V2 


1 
EXAMPLE7 If | (8x2+2x +k) dx = 0, find k. 
0 


’ SOLUTION We have, 
1 


[ @x2+2x+k dx=0 
0 





DEFINITE INTEGRALS 


= 


[3 4s24+kx],=0-(1+14K)-0 =0=>k=-2 


a 
EXAMPLES If| (3x7-+2x +1) dx=11, finda. 


1 


SOLUTION We have, 


JVud gy 


y 


a 
f @x? +241) dx=11 
1 


[x3+ x2 + x| Sieh 


(a? +a*+a)—-(1+14+1) = 11 


@+ae+a—3 =e 


a’ +a7+a—14 = 0 


(a—2)(a7+3at+7) =0>a=2 


b b 
EXAMPLES If| x°dx=Oand if[ x*dx=%, findaand b. 
a 


a 


SOLUTION We have, 


Now, 


a m/2 
EXAMPLE10 If J Vx dx =2a J sin? x dx, find the value 


b 
| dx =0 


a 


ts Lp dA aha 
Sas =0 76 —a*)=0=>b*-a*=0 
u 


(b? — a) (b? + a’) =~0> %-d@=0>b=-a 


Qin 


b 
J x? dx 


a 


al: 


bP-a=2 => (-a)?—a° = 2 


ligne Bue 2 
=> 30 T)=%3 


WIN 


-wW?=2>5>@=-1>a=-1 


b=-a>b=1 


0 0 


SOLUTION We have, 


f Ve dx=3/ 33/7] =2 03/2 


0 


a+l 


of J x dx. 


20.7 


[-.- b#a] 


[.. b=—a] 


-- 2) BGS 


20.8 MATHEMATICS-XII 
n/2 


and, sin? x dx 
0 
{3 sin x nx —sin in 3x NOX 5 
0 


1/2 
(3 sin x — sin 3x) dx 


soe 


ows 








= 3-3 a 
> cos x + 
4 
83 
e Al 2 a) eel al nell) |e SE eta] 2 
=m -3.c0s(5 3 -{-3+3] =; (0 f 3+5]|= 3/2 3/3 
3) 
J Wear = anf sin x dx 
0 
26879. 55( 2 
=> 3% =21(3) 
=> al? = 2q => q= 49? = a2 (a—4)=0 = a=0,4. 


When a=4, we have 


a ~~] 25 16 9 
[xér [vac =[2 | 28-18 2 


When a = 0, we have 


a+] ea) 1 1 
[nas = Jair =[¥] 1-0-3 


a a 
atl 9 1 
Hence, xdx = 7 5 


EXAMPLE11 Evaluate: 


4 
: 1 “ 1 
0) Poe 1 are 


SOLUTION We have, 
; 1 
i ax 
(i) J x7 42x 43 


ai — dx 
5 Ve + 1)* + (V2)? 





DEFINITE INTEGRALS 20.9 
= [log jx+1 + V(x + 1)? + (V2)? IT 


= [log x4 + Var 42x43] T, 


= log (5+ V16+8+3) —log (1+ V3) 
= log (5 +3 V3) — log (1+ V3) 


7 oe 1 +B | 





(il) 





= | py 
0 2 2 
ae ee, nme 
I ax +7 "| 
f 1 
a geen ee Se 
0 ay if ay 
2 -(*-3 
7 
woul 
6) ae 








II 
a. 
- 
Il 


sen wont 


sin7! 1-—sin 7 (-1) = 2sin7! (1) = {5 = 7 


2. 
EXAMPLE12 Evaluate: 








1/2 4 
dx x 
(i) a dx (il) ax 
J 9 6 x x + 1 
1 2 
(ii) | —2 iv) f =** ax 
0 5x” + 1 0 xn + 


SOLUTION We have, 





1/2 
dx 
(i) j => dx 
1/4 ae 
1/2 
= ee eS 
v4] al 
{¥ el 
1/2 
= 1 











20710 MATHEMATICS-XII 
1/2 
= | a: = sine fe vale 
1/4 1 aS pau 1/2 1/4 
2 2 
1/2 
= [sin~! (2x -) 4 = sin 0 sin | [0-+sin . | = Z 
4 
(ii) i} ~— dx 
2 x7 +1 
1 f 2x 
=> dx 
a! +1 
= 5 [log G41) 
= 5 [log (47 +1) —log (27 +1)] = [log 17 — log 5] = os 5 | 





1 
a) (Sere 
0 














2 
5x +1 
, iv ax 
i (v) [te 
r 5 * 1 
x 
= ax + ax 
eer ae 








iis (7 + ay} + 3 an ‘ell 


[log 8 - log 4] +5 [tan” 4 (1) — tan” ' 0] 


8) 1\2 Tt 
a(t }+3 7-9 = 2 tog 2+ 


EXAMPLE13 Evaluate: 


NiO Nin len 


1 2 
(i) J xe*dx [NCERT, HPSB 2001C] (ii) f 8% ax 
0 ee 





DEFINITE INTEGRALS 20.11 


1 
(iii) fx sin x dx (iv) {x0 +sin | dx [NCERT, HPSB 1999C] 
0 


SOLUTION We have, 


(i) 


(ii) 


(iii) 


(iv) 


1 
= [xe"| - 1-edx = (1 -e! -0 &) -[e*]j = (e-0) —(e-e°) =i 
0 


[Integ. by parts] 


ll 

et Sm ND 
— 

= O 
0) 

* 
el- 
Il 
— 

2) 

gg 
~ 
<a 
= |e 
> —— 
=~ 
I 
Sey ND 
2 | 
l 
= | 
ee” 
— 
et 


1 1 1 Peel 
[Log] -[2] = (-3 198 2} +c - log o-(5-7) 


= - 5 log2+5 = 5 (- log 2+ 1) = 5 (- log 2+ loge) = 3 8 (5] 
m/2 
) x sin x dx 
oi ll 
/2 m/2 
= |- xcos x[ — | 1-(—cosx) dx [Integ. by parts] 
0 


/2 : /2 Tt TC Pee eee 
= [-xcos x} +[sina] = (— eos} +0.cos0} +(sin 5 —sin 0] = 


[" +sin ‘ dx 


oS 


1 
ex 
xe* dx + | sin“ dx 
0 


nh | x -t nx] 
= [ver] -J 1-¢ dx —— cos | 
-felfel-s[o%] 


= (1 0) (ed) ~5 (eos F e080] 


Il 
o—=—- 


4 


= (e-0)-(e-1)-= (ie-?) = 142-26 








20.12 MATHEMATICS-XII 
EXAMPLE14 Evaluate: 
2 eee 
(i) [ —?*—ax [NCERT, CBSE 2010] (ii) (geet —1 ay  [NCERT] 
1 Xx +4x4+3 ox - x +1) 
SOLUTION We have, 
2 
i x 
) aos 
2 2 
¥ 5 | —— =5{{1 — fet 3 d 
— dx x 
1x Sarr 1 x°+4x+3 
=5{1de-sf 828 ex tS' ax sft dx - sf 2 2x8) 3 ax 
1 +4x+3 x7 + 4x43 
J 1-dx-5 | cert) > _lax 
1 plxu eter O 9 Xe + 4043 
2 2 or 
= 5] 1-dx-10 f 9" ar ia 
1 1 24 Ax a ay a 
r f 2x +4 r 1 
J 1-dx-10 f te ax +25 | SL. 
Spe 2 i Piles. x+2-1 
5 [x]; — 10 [log (x + 4x+ 3) {+25 ° 2) tog PIT | 








= 5(2-1)-10 [log 15- log 8] += tog 3)- he (2) 


= 5- 10log( 5] +7 los z = 5-10 ogg + 1o8(5) 





5 2 8 3) 
ae 1 A, Bx+C 
ii Let ———- = ——- + aca) 
Y e(xt1) xt1° x » 
Then, 1 = Ax*+(Bx+C) (x+1) , ...(ii) 
Putting x=0,x=-—1 respectively in (ii), we get 
C=landA=1 


Equating coefficients of x” on both sides of (ii), we get 
O=A+B => B=-A=-1 
Substituting the values of A, B and C in (i), we obtain 








Sos ee Std 
e(xt1) *t1 x 
= Be es Ne ae ee 
(x+1) x1 ee 
a =~ ==5- 1,1 
x? (x +1) fli ewe 


DEFINITE INTEGRALS 20.13 
r 1 1 Lie 
=> ax= | |e + dx 
vere, Wess x 4 
; 1 
— dx =|log |x+1|-log |x |[-- 
aay [lee htt toe LI | 
r 1 1 
=> >——— dx = | log 4-log3-=|- (log 2-—log1-1 
vent [tog g 3 |- dog g 1-1) 
r 1 1 Ie? 
— Peery ax = los(a53]- 371 = os(5+5 
EXAMPLE15 Evaluate: 
v2 n/6 
(i) | V2-x7 dx (ii) | (2+3x2) cos 3x dx 
0 0 
SOLUTION We have, 
v2 
(i) i} V2—x* dx 
0 
v2 
= | V(V2)* = 27 dx 
0 
] 1 x 13 
= || xiNomenie 7 ees he 
-[5 2-x +5 (V2) sin el 
= {0+sin7! (1)} - {0+ sin- 0} = = 
1/6 
(ii) i} (2 + 3x7) cos 3x dx 
0 A 
2 /6 x/6 ’ 
2 [22 ) sin 3x] =| 6x Sin Sx cE 
3 5 3 
= [2229 sinael =2)| x sin 3x dx 
oi ul 
= [524304 sin 3x] -2 ae —| -S= ax 
0 


Wi 


3 


fiat seo} 43} 


/6 3 /6 
(2 + 3x2) sin ax[ a9 (ices += = [sin 3x]h/ i 


OcosO} 1J.. 2 _.. 
3 ja5 {ain sino} 


re oe 


: 
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Bal otealar, 2 T Ocdsi0)o1 [a aa 
= [3(2+3)sing 52+0)0|-2 2|{(- ype he 3 [5 sin 3 sino} 


eet 


1 
= 36 (17 + 16) 


ll 
Gi 
~ eRe”? 
oh 

— 
rola 
Wee oy 
| 
WIN 
x 


ol 


1 
EXAMPLE16 Evaluate: >a ers? #6 
J (x? + a’) (x? + b*) 


SOLUTION Let x* = y. Then, 





1 1 = ee 
(x7 +07) (x7 +07) (y+) (y+?) 
1 A B 2 
Le — S| SS ee es 
(y +a) (y +b?) yee Ue @) 
=> 1 = A(y+b*)+B(y +a’) ...(ii) 


Putting y =~q* and y=- 7 ae in (ii), we get 


1 
A=— 7 and B=——; 
b* — ie b? 


Substituting the values of A and B in (i), we obtain 








1 eee Neen 
(y+a’) (y+b?) ar-b? y+? y +a 








1 ee Leer | Se ag 
ms (x7 +07) (x7+b*) = a -b? aie rae [- yx] 


lees (nee niee leon) (ly, 1, 4 
TS [Gia 7 fan - 0 7 tan o) 


1 ™ 
Taye ae Al Os 0)| = 2ab aah 
EXAMPLE17 If f(x) is of the form f(x) =a + bx + cx”, show that 





1 
J fey dx = 3 | + as(3) “f0) 
0 


DEFINITE INTEGRALS 20.15 


SOLUTION We have, 
fix) =a + bx + cx” 


=> fO) = a, f[3) = 443+ § and J) = at bc 
1 1 1 b 
=> g[o+4s(a} +0] = § | ra(esde {}terb+o] 
= 6 |Ao) +4 A+ fo) = 7 [6a + 3b + 2c] (i) 
Now, 
1 l 
J f(x) dx = (a+ bx + cx’) dx 
0 0) 
1 
= [no dx = lacs x 
= f ax = [ax5+§)-0 = [6a + 3b + 2c} ...(ii) 
0 


From (i) and (ii), we get 
1 
J fx) dx = 3 {AO * 4s(3| +f) 
0 


EXAMPLE18 Evaluate: 











2 2 
1 1 
——————_ dx ii dx 
®! He aR ree 
1 A B 
SOLUTION (i) Let Giat2) ee rans 
1 = A(x+2)+B(x+1) ...(i) 
Putting x + 2 =0 or x =— 2 in (i), we get 
B=-1 
Putting x + 1 =0 orx=—1 in (i), we get 
A=1 
1 1 1 








(x+1)(x+2) x+1 x42 








2 2 2 
x, 1. aller bcediae ei 1 al 1 
=¥ Ressyyess) a= | eat laa 
2 
1 2 2 
=> Ressyicee) dx = [log (x + 1)]; — [log (x + 2)]; 
f 1 
=> J (+1) (x42) dx = (log 3 — log 2) — (log 4 — log 3) 
2 
= [fr 3-—log 2-—log4 = log9-—log8 = lo Z 
AiG ene)) SR Te ee ee Sls 


: 
| 
: 
? 
| 
: 





aT 
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(ii) Let iS = oe + Bee Then, 


x(l+x7) * 14x 
=A(1+x 2) + (Bx +C)x .»-(i) 
Putting x =0 in (i), we get A = 1 


Comparing the coefficients of x” and x, we get 





A+B=0 and C=0 => B=-1andC=0 [.- A=1] 
JS a ee: 
x (1 +x2) Xx 142 
r oe ee r 1 1 2x 
= = AX —— dx 
Tee ae = x 2 | 1+x 
f 1 1 2 
2 2 
= — dx = [log x]; —=> [log (1+x 
pies erp oss) 
f 1 
=> dx = (log 2—log 1) —= [log 5—log 2 
Ses eee (log 2 — log 1) — 5 [log 5 — log 2] 
1 Dimslses 1 
=> ——.,, dx = log2-5 5 lo 5+5 log 2 = = = Io 2—=log5 
x (1422) & & & S Hin 208 
m/2 
EXAMPLE19 Evaluate: | cos 2x log sin x dx ; [CBSE 2003] 
7/4 
SOLUTION Wehave, 
m/2 
I= cos 2x log Pg 
n/4 
/2 we 5 
=> 1=|5 (log sin x) sin 2x = = cot x sin 2x dx 
/4 mx/4 
t/2 
=> 1 =|0- 318 (ie z||-J cos” x dx 
1/4 
1 m/2 
=> I = 4 log2-5 i (1 + cos 2x) dx 
n/4 
1 1 sin 2x 
=> | = jlog2~3| x4 I ie 
i Ay(®,o\)_-(244 
= J = 4082-5 (F+0) (F+3} 
mii 
=> I= 4 082-gt4 


DEFINITE INTEGRALS 


Ne 
EXAMPLE20 Evaluate: Je e sin C + | ax. 


4 2 
A 


Sie. 


SOLUTION Let! = f é e‘sin( f+ 


On integrating by parts, we get 


14 iar 
at x 
1=[sin(F+3).] 2G J 3 
0 
_ |x O25 ames ok mx 
=> 1 =| sin Ze sin | ‘gee tae) 


voi ae | ee 
= ~ (7 y2 “V2 )°21(" v2 V2 

















20.17 


+> sf esin(s A 


3 








=x ] | eth e2% 41 Ber 
a v2 22 4 
ly ehr1 
= I+ 4 [= ar (1 — 2) 
ih 5I_ _e*#™+1 
A OND 
v2 2 7% 
=> [=- 5 (e +1) 
EXERCISE 20.1 
Evaluate the following definite integrals 
f 1 ’ 1 
1. J yo dx Bs | ae 
4 —2 
1/2 1 f 1 
3. dx 4 dx 
1-27 9 14x 
3 oo 1 
x 
5. dx 6. 
J x41 a +b? x? 
1 ; co 
7. | —— ax 8. | &* dx 
_yit+x 0 
- 1/2 
ae 0. (sin x +cos x) dx 
m/2 m/4 
11. J cot x dx 12. J secx dx 
1/4 0 





20.18 


™/4 
13. | cosec x dx 
n/6 


Tt 


1 
Es 1+sinx ax 


[NCERT] 


n/2 

17. | cos?x dx [NCERT, CBSE 2002] 
0 
1/6 


9. J cos x cos 2x dx 
0 


n/4 


21. J (tan x +cot x)? dx 
1/3 


n/2 
23. i} (a? cos? x + b* sin? x) dx 
0 
n/2 


25. | V1+cosx dx 
0 


n/2 
27. J xcosx dx 
0 
n/4 
29. J x* sin x dx 
0 
1/2 


31. x* cos? x dx 
0 


33. f WORX g 
1 + 1) 


e 
35. f Bs dx 
1 


2 
x+3 
37. ) x(x+2) dx 


a eee 2 


41. f Vx (1—x) dx 
0 


([NCERT] 
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n/2 
18. i] cos’ x dx 
0 
n/2 
20. J sin x sin 2x dx 
0 
n/2 
22. | cos’ x dx 
0 
n/2 


24. [vi +sinx dx 
0 


n/2 
26. xsinx dx 
0 
n/2 
28. x* cos x dx 
0 
n/2 


30. I x cos 2x dx 
0 


2 
32. log x dx 


— 


34. 


c (1+x log x) dx 





36. d es ax 
log x (log x)" 





([NCERT] 


40. 





42. 


| 
:) 
| 
| 


DEFINITE INTEGRALS 





1 
43. | += dx 
Vax _ x? 
2 
x +x - 
45. Fae | dx 


47. [CBSE 2000, 02] 


ae 
0 
il 
Nm 
ery 

ran) 
= 
~ 


1 
1? 2) 


eiyatnn 


qe 
xe~* + sin ra dx 


MAO Gee ee ee CH 


vl 
oO 


eX l-sinx 
1—cos 


se [NCERT] 


a 
~ 
tw 


nN 
a 


~ mT xX) 4, 
52. |e cos( 7 +5 | 


54. dx [NCERT] 


—— 
(x +1) (x + 2) 


— — ar 


56. (sin? - cos | dx [NCERT] 


—_“-_ Oa 


58. {| ~—\—dx_[NCERT] 
ao x7 42x45 
Ts 2 2. log2 
u 1 
4. 4 5. 5 log 2 
us 
7.5 8. 1 
10. 2 11. 5 log 2 
13. log (V2 - 1) — log (2 - V3) 
15. 2 16. 2 
2 5 
18. 3 12 
2 3m 
21. Va 22. 16 
24. 2 25. 2 
Tr _ ™ 
27. = 1 28. ( ai 


20.19 


find the value of k. 


k 
1 
44. \f |. 7, 0xe= : 
2+ 8x? 16 


l 
a6. [ x(1-x)dx 


0 


1 
49. I ees "| dx 
/2 
51. fe sin(3+ ile 


a 
53. If J 3x" dx = 8, Find the value of a. 
0 


m/2 


55. | sin? x dx [NCERT] 
0 
57. f inal =] dx [NCERT] 
x 2x 
1 
59. f A ane dx [NCERT] 
* F 5 
ANSWERS 
7 
3. 6 
7 
e: 2 ab 


9. log @ 
12. log (V2 +1) 


14. 2log2-1 
L7G 


lA 


4 
2 
20. 3 
x 


23. rice +b?) 


26. i 


rt a 
29. N2sB seo GRE ae 


= a 


o “arreanty 


: 


Oe OOO ee PP ae an, oe, 
s - 
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g0.. = 31 mn 32. 2log2-1 
"4 ' (48° 8 ae 

3 1 
33. 4 log 3- log 2 34. ¢ 35. 2 

e 1 1 Go a ghe 
36. ad 37. 7 10g 6 38. 5 log 6+ 7 tan V5 

1 21 =| 2 SOM 1 1 

39. Vi7 18 a 40. VW {tan VW tan ai 

nt i) 
41. 3 42. = 43. Tt 

1 57 -v3. a 
44, 5 45. : 46. 75 

e ee 12 1+2V2 
47. ) —@e 48. og toe 49. a8 
50. e*/2 51. 0 52. ~3%2 (241) 

32 2 
53. 2 54. vez) 55. 3 
4 5/2 
e —2e Tt 2 

56. 0 57. a 58. 5 5 





HINTS TO SELECTED PROBLEMS 
1 


1 
ep ee NE (gi cil 
9, “30 ead d =S{2 =| dx = |x-log (x+1) 0 


1 1 
14, [= 2) eS || ae | Bios 
‘ x F 1+x 


1 
0 
ns 1 " v4 1 " 7 | 
15S a] = ED a oe dx ll (sec? x — sec x tan x) dx 


23. Use cos* x = bees sin’ x = Anas 2 31. Use cos? x= 5+ .008 2 2x 








é ; e ; - Rg ; ee , 
I= -Ldx =| ———~ dx = —| ———— xdx - | ——— dx 
= J log Cie)! - J (log x)? Fe ‘| J x (log x)? aa (log x)? i 
20.2 EVALUATION OF DEFINITE INTEGRALS BY SUBSTITUTION 
When the variable in a definite integral is changed, the substitution in terms of new 
variable should be effected at three places. 
(i) in the integrand, 
(ii) in the differential, say, dx 
(iii) in the limits 
The limits of the new variable, say, t are simply the values of t corresponding to the 
values of the original variable, say, x, and so they can be easily obtained by putting the 
values of x in the substitutional relation between x and f. The method is illustrated in 
the following examples. 


DEFINITE INTEGRALS 20.21 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Evaluate: 





4 
Ol ee 
Us 


SOLUTION (i) Letx=#*. Then, dx = d(f*) = dx=2tdt. 
When x=0,x=F=>t=0 
When x=4,P=x>P =4>1t=2 


i dx 
ent 
hie 2 
tat 1 
= | =2{——at 
2 
> b+ ala 


= 2| log (E+ yf} = 2 [log 3—log 1] = 2log3 
(ii) Let 5x*+1=4. Then, d (5x7 + 1) = dt => 10 xdx=dt 
When x=0,t=5x7+1=> fax] 
When x=1,t=5x7+1=>1t=6 





6 
Tap 1 ee x stl 
rs J pee 1 iogt | = 5 (log 6 log 1) = 5 log 6 


EXAMPLE2 Evaluate: 
m/2 


(i) [ sin? xdx [NCERT] (ii) | Veos @ sin? 0 do 
| 0 * ‘ 
1/2 9 
— dO [CBSE 2004] 


(iii) (1 + sin 8) (2 + sin 8) 


SOLUTION (i) Letf=sin™ x or, x=sint. Then, dx =d (sin t) = cost dt 
When x=0,t=sin'!x=>1t = sin'O=>t=0 


and, when x= 1, t=sin7! x => t=sin7! =5 
l n/2 72 ® 
J sin-txdx = Jt cosidt =[tsin ~ | sintdt 
0! 0 
=> [sin x dx -[tsint] + + = = sin = -0+cos=—cos0==-1 
[cos rile 2 2 


(ii) Let cos@=t. Then, d (cos 0) = dt => —sin@d0=dt 
When 6=0,t=cos0=1 
TT 


When =F, t= = cos = 5 =( 
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n/2 


J Vcos @ sin® 6 dO 
0 


0 
{ WFain? of s6) - = [ WPaite 


1 


0 0 
= VE (1 -— #7) dt =- (vi - 18/7) dt 
1 l 


2) (Ry eo ee 2_2);_ 8 
E 7 |- [o- E a} = a 


(iii) Let sin @=t. Then, d (sin 8) = dt => cos0d0=dt 


When 6 =0,=sin0=0.When ==, t=sin>=1 
lamas dO 
(1 + sin 6) (2 + sin 8) 
j ; 
- lamer (1 + ™ (2 + yee 
1 
= ee TD: ma dt [By using partial fractions] 


= og (1+ »|- [ log (2+ o| 


= (log 2 — log 1) — (log 3 — log 2) 
= log2—-log3+log2 = 2log2-—log3 = a (5) 


EXAMPLE3 Evaluate: , 





a 4 1/V2 sl 
(i) f ae Gi) f a. ap dx [CBSE2007] 
a —iX 
(iii) f xtan_ tx x tan’ "x (iv) | sins) | 2) ax [NCERT, CBSE 2002] 
7 + aexy2 1+2° 


SOLUTION (i) Let x =a sin 9. Then, dx=d (asin) = acos@d0 


: Also, x=0>asin8=0 > sin8d=0>6=0 
And, x =a = asin® =a = sin0=1>0=5 
a 
oe a 
0 
m/2 
1={ geiney selse ts 
9 va —a* sin 





DEFINITE INTEGRALS 20.23 


1/2 
= a’ f sin? 0 d0 
0 
4 
oy ogee pe LL [See Example 3 (iii) on page 20.4] 


16 16 
(ii) Let sin™!x=0 or, x =sin 0. Then, dx =d (sin 8) =cos 0d 0 


1 1 Tl 
Now, x=0=>sin0=0=> 0=O0and x= Db SINS te tae 








V2 
1/Vv2 
Ls _ sin” 
= eee 
a n/4 
= 1 = [ 3 cos0d0 = | Osec2odo 
9 cos 8 o! il 
4 7/4 
= 1 =[etane] =| tano do 
/4 
=> I = lo tan of +{log cos ef 


Tt 1 m1 
= I = (F-9}+los{z5)-108 1 = 4 5 log 2 


(iii) Let tan”! x =0 or, x= tan 0. Then, dx = sec? 0d 0 


Now, a Ol tn Oi OF 8 = Oandy = > tan 0 = 1 ej 
] xtan7! x eo 
9 +p? © 
- =f Tae .2ed0 
0 c’ 6 
1/4 
= 1=[{ Osinode 
Qe aut 
= l= [-ecoso], ~J Coos 6) dO =|- 0 cos a] +{sine| 
a Pa ‘ (4 = o Lima 
eles -o}+{ v2 ~ 4V2 


(iv) We have, 
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1 





l 
= - 2) tan7! x- 1 dx =2 [x tan@? x] = || J 57% dx 
! II OF Wie we 
: 1 
= LS 2 x tan”! xji-= mmm (the 
lp Ave 
— = [= 2x tan”? xJ) ~ 5 [log (1 +x) | 


y 
1 


1 =2{(0- tan! 1—- 0 tan-!0)-4 5 dog 2~1og 1) 


le aoc ee 


ALITER Letx=tan 0. Then, dx=d (tan) = sec” 0d 0 





Now, x= 0 = tand =0 => 0 =O0andx=1= tnO=1>0=7 
2x 
I= J sin" i ax 
0 1+x 
m/4 
=> I = sin” (sin 2 6) sec* 0 dO 
0 
m/4 1/4 n/4 
= 1= | 20sec2@ do =2] 0- sec? 0 d0 = 2 [0 tan o}f/4 - J4: tan 0 do 
0 0) 
=> =2 |[e tan alr’ 4 + [log cos alg’ *|= ie an 7 0) (tog cos 7 — log | 
Tt 1 Tl 1 T jes’ 
=> a Siz = 5+ 085 = 5 ~log2 
EXAMPLE4 Evaluate: 
1/4 n/2 
(i) | tan?xdx [NCERT, CBSE 2004] (ii) [ (Vtanx+Veotx)dx [CBSE 2002, 2003] 
0 0 
SOLUTION (i) Wehave, 
1/4 
I= i) tan? x dx 
0 
n/4 n/4 
= I= | tan?x tanxdx = | (sec?x-1) tanx dx 
0 0 
m/4 n/4 
=> [= ) sec* x tanx dx— J ent 
0 


Let tan x = t. Then, d (tan x) = dt > sec” x dx = dt 


| DEFINITE INTEGRALS 20.25 


Now 


(ii) 


Let 


Now 


x=0,=>t=0,andx=7 —— fh 





1/4 
f tan3 x dx 
0 
= i} t dt — | tan xdx hla -[ log sec x 
0 0 
1 Tt 
= f= 0) - log sec 4 + log sec 0 
=5- log V2 +log 1 = 5 -plog2=3 (1 — log 2) 
Nan an x + Vcot x} dx 
m/2 
=f sinx COS X } 
x 
. cosx ‘sinx 


n/2 
“| sin X +cosx 
sin x cos x 


1/ 
= ay Sin X + COS X 
2 sin xX cos x 


= al sin X + cos x 
1 —(sin x — cos x)? 


Pees eer = dt => (cosx+sinx) dx=dt 


x=0, =t=-lLandx=>=t=1 


/2 


i) (Vtan x + Vcot x} dx 
0 


1 
dt i Ora 
= 2) ae = V2 | sin Bile 
= V2 [sin !1-sin™ (-1)] = 2 sin" (= 202 (5) = x 


EXAMPLES Evaluate: 


(i) eer 


1/2 


Gi) | 


0 3+2cosx 


5+4cosx Z cos x [CBSE 2005] 


s dx 


20.26 


(i) 





Also, 


(ii) 


) 
| 
: 
i 
4 





SOLUTION We have, 











MATHEMATICS-XII 
f 1 
al 5+4cosx ax 
j 
0 1—-—tan 9 
5+4 Bo rn scar 
22 
1 + tan 7 
n 1+ tan? > 
=] < dx 
0 5|1+ tan? i | 
Tt 1+tan2= = P14 sect = 
2 
=| ——4 3 Xx = a 
0 9+tan*> 5 0 9+tan 5 
a 2 2 9 ae 
sec” = 
2 
x= O=>¢=tan0=0 and x=" = t= tan> = © 
oe sec? = 
1 =f 2, 2at 
iF 2 
Dies tie iseoe = 
2 
sent dl 
F 2 
9 +t 





2 


dx = 
0 3/1+tan?>|+2/1—-tan*> 0 5+tan2= 


n/2 1+tan?= n/2 sec? 


i 
20,27 





DEFINITE INTEGRALS 
Let tan ~ =. Then, d tan ~ =dt=> £ 2% dx=dt dx= 2 dt 
2 2 Due 2x 
sec* = 
2 
7 T 
Now, See O Sone =item O's Ohand Se oa rah ee 








‘ (V5)? + 2 


1 
eh AB =1)_5 tt = 
= [= 2x 7p tan ae [| = [= 


EXAMPLE6 Evaluate: 
n/2 


Gi) | ———_*_—__ ax 
0 


2cosx+4sinx 
(ii) ns 


sin x 
1 + cos” x 


1/2 


(iii) + ax + 


4 sin? x +5 cos? x 
SOLUTION We have, 
n/2 


| 1 
(i) nal Dicoa ene 


n/2 


=> I =f : 
0 2(1~ tan?) 4/2 tan> 
+ 


2x 2x 
1 +tan 1 1+tan 5 


dx 


12 1+ tan? = n/2 
= J = | ——-———__*___¢ = 


x 
0 2-2 tan? 5 +8 tan > 


2 


Let tan ~ =#. Then, d tan = =dt= tee dx = dt or, dx = 2 ———_ 
2 2 2 sec? = 


Also, 


0 2-2 tan2~= 


Jen tan"! 0 = +e tan”! fa 


(HSB 2001, PSB 2001C, 2002] 


[NCERT] 


sec? 


x 
7 +8 tans 


dx 


dt 


2 


*=0= t= tan0=0 and x=5 > t= tang =1 


20.28 
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1 2x 
Tal a9 Qdt 
2 |) seeped cara 
9 2— 2 +8E cect 
2 
= if = ; 
1-—f+4t 
—[i--—4t-1] 


dt 


—[#-4t+4-4- 1] 




















5 = 
—[(t-2)?-5] 
zy 7 oe eee 
(v5)? -(t- a" 
a = te [log SBE? Lda (oe | 2 2( Yo? 
— 25 | °8 ~ov5 | O81 W541) 98 (V5 42 
= only V5 —1) (V5 +2 1 joe (S#¥5 
= 245 | 9815 +1) (5 -2){| 2V5 9813-5 
= i ee 3415 
I =5 45 08(3 "ye San5 | 2V5 -e| 2 | 2N5 “S| 2 
| 1 5 
4 => I= ge oe Z| 
me sin X 
: ii) Let I = | ———d 
F oe Ie + cos? x : 
Let cosx=t and —sinxdx=dt 


Now, x=0=>t=cosO=landx===>t=cos==0 


2. 2 
0 
re sin x { — dt 
4 1+f\sinx 





l=- 
a Fe <2 
= I = fat = —[tan~/0-tan™!1] = -|o-4| = % 
(ii) We have, 
/2 1 
r=] dx 





Asin? x +5 cos* x 





20.29 


DEFINITE INTEGRALS 

= = Ip saves ~ — dx [Dividing num. and denom. by cos? x] 
o 4 tan? x +5 

Let tanx=t.Then,d (tan x) = dt = sec*xdx =dt 


Also, x=0 => t=tan0=0 and x=5 => t= tan 5 =o 





=> I= a6 [e""(35]], = 5g tan” } eo tan”! 0] = Te ea) = a5 


EXAMPLE7 Evaluate 


n/2 n/2 
9) Gasevany © 00 | reese 
/4 | 
(iii) f — S082 ax 69) || Se ce 
0 cos 5 + sin 0 


SOLUTION (i) Letcosx = K(3cosx+sinx)+L < (3 cos x + sin x). Then, 


cos x = K(3cosx+sinx)+L (—3 sin x+cos x) 
Comparing coefficients of cos x and sin x, we get 
3K+L=1and K-3L=0 


Solving these two equations, we have 


3 at 
BCE L=70 


cos X = — > (3cosx+sin2x) +=. 9 ((3sinx + cos x) 


it COs x 


(3 cos x + sin x) 


n/ 2 = (3.cos x +sin x) + — 3 sin x + cos x) 
3 cos Xx +sin x o 


0 


n/2 x/2 : 
=| 3cosx+sinx , 1 ¢ —3sinx+cosx 
10 5 Scosx+sinx 10 a 3 cos x+sinx 
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m/2 4 4 , 
3 —3sinx+cosx 
res | 1: dx+25 =| 
10 A 3cosx+sinx 
3 m/2 
ee +75 [log | 3cosx+ sinx | |, 
= 3/2 > ~O\t wh (log 1 - log 3) = 3¢-—7 log3 
10 20 10 
(ii) We have, 
m/2 
J cos Xx 
5 1+cos x+sinx 
n/2 
= | cos x Fs 
‘ (1 + cos x) +sinx 
2 2x _ 2x 
t/ cos ) sin > 
~ 2x o- & moe 
0 2cos 9 + 2sin 5 cos 5 
n/2 1—tan?= 
= — es | Dividing num. and denom. by cos? ;| 
0 2+2tan— 
2 
x 
“hai 1 -tan > 1+tan5 
= oe ee 
0 1+tan> 
ve 0 
= 5 (1—tan a 
0 
1 x A 
= 3 |#+2105 cos 3 
= 3[[F +2803 -(0+210g 1) 
1|7z i 
= ze +2108 35 | = “IE +1og3| = al ~10g2| 
(iii) We have, 
n/2 
=] cos x 5 di 
0 Le epee 
cos +sin 3) 
x/2 cos? = — sin? > n/2 cos 5 — sin 
= dx = | dx 





2 
Re Di x 
[as +sin3) [cos §+sin 5) 


DEFINITE INTEGRALS 20.31 


Let cos = 9 re sin 5 = = t. Then, 


1 gee x x = < 
=> a{cos 5 +sin5) = dt => a[-sn + cos ax = at = {cos § 


x 
5 9 — sin ]er=— 2a 


2 
4 _ — us 4 m™ 2 — 
Also, x=0=t=cos0+sin0=1andx=>5 = t=cos7 +sin 7 Ye = Y2 


v2 v2 v2 
a Bi af Sat = 2[-2 = 2|- 41] = @-W) 


1 


1/4 | 
Gs) Let ro sin x + cos x 


, 94+16sin2x 


Here, we express denominator in terms sin x — cos x which is integration of numerator. 


We have, (sin x — cos x)? = sin? x +cos*x—2sinxcosx = 1—sin2x 
=> sin 2x = 1-—(sin x -—cos x)* 
m/4 ; 
sin X +cos x 


OIE Ree 
9 9+16 {1 —(sinx-—cos x)*} 














4 
ER = f sin x + cos x 
0 25 — 16 (sin x — cos x)* 
Let sin x — cos x = t. Then, d (sinx —cos x) = dt => (cosx+sin x) dx =dt. 
Also, x=0=>t=sin0-—cos0O = -1 and x= => t=sin¢—cos 7 =0 
. de 
I= 
eer 
1 f dt 1 at 
= =ae Pls) 35) “ital 2 
-17¢-% -1/5) _2 
4 
awe 1 5/4 +t 
ee ENG em ee ks 
gis eqns (174 
=> I = 40 tog. os 5 ] Al 
=> I= 35 [!o81—108(§)| = a5 [log 1+ log 9] = —- log 9 
m/2. i 
EXAMPLES Evaluate : f Snax a ax : [CBSE 2003C] 
9 Sin’ x+cos x 
n/2 : n/2 : 
SOLUTION Let I = [ —S@** _ gq, — { ___sindx __ 
go Sin" x+cos’ x 9 sin x+(1-sin’ x) 


Let sin? x = t. Then, d (sin? x) = dt = 2sinxcosx dx =dt = sin 2x dx =dt 
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Also, x=0=t=sin?0=Oandx=> = t=sin?>=1 


q dt 
i l= ee 
| Nava 
t dt 
=> I= f 5 
17, dt 
= fir 1 
0P-t+5 
1 | dt f dt 
re Betti 2) 1) (1) 
eats 8 (3) +f 
pa 
oe power a 
= = T tan 1 
2 2 
1 
fe —1 5, _ af —Iig gn lp aqy = Oe). ee 
= I =[tan“1(2t~-1)]) = tan” -tan71(-1) : & ca 





: | 2 
EXAMPLE9 Evaluate: | x nS ik 
0 1+ 





1 
. SOLUTION Let = [x Via dx. Let x” = t. Then, d (x*) = dt => 2 xdx = dt 
: 5 1+x 
: Also, x=O=> f=Oandx=1>t=1 
» 1 
€ 1-t dt 
; 1=Jx 1+t 2x 
1 
t 1 1-t 

a3: r=3] tet 

0 
1A Se Let 

7: re Tere ee 
1 fact 
4 = l== —— dt 
: ar 1-f 
i 1 f 1 1{ 2t 
y Il== dt+—| ———=dt 

= 2 | Vi-e a) Vi-e 

ae! “tT ed vi-? | ~() ay = 2 Vfixy 
= I = 5 [sin t +32 1 | J If(x) ns if(x) 
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ee es ee mie Le a oe] evel patra pies 
= I = 5 [sin 1-sin 0] +7 [2x0 2x1) = 3/3 0+ 510 2]=%4 > 
“ in x +cosx 
f si re 
EXAMPLE 10 Eoainatel anos! dx (CBSE 2010] 
SOLUTION Wehave, 
Cal x+ x 
sin x + cos 
a sin 2x ; 
1/3 j 
ar r=] sin X + cos x 
n/6 1 — (cos x — sin x) 
Let t = (cos x — sin x). Then, dt = d (cos x —sin x) => —(sin x + cos x) dx =dt 
Also tak ws pS epee 
: 6 6 6 2 
and ym = t= cos sin m _ 1-N3 
‘ 3 3 3 2 
1- v3 
r 1 
I[=- dt 
74 1=F- 
2 
1- v3 
2 
=> EE -|sin¥4| 
V3 -1 
2 
= [ae ging _ sine 3-1 
2 2 
=> I = -sin™! L=NB 4 gin =I 
— I = 2sin"! V3 =1 [.. sin” 1 (-x)=—sin"! x] 
2 
m/2 2 
EXAMPLE 11 Evaluate: ) —_=-+.- dx Ee 
9 cos x+4sin? x i 
n/2 y) 
SOLUTION Let I = { —,“°*—— dx. Then, 
‘" 9 cos x+4sin™x 
1/2 2 
r=] cos’ x 
0 cos? x + 4 (1 — cos? x) 
n/2 2 
am 1=f cos~ x 
0 4—3cos*x 





I 
" 
whe 


ae =3cos?x 
o 4 


—3 cos” ae 
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n/2 2 
ae = 1 | 4-3 cos x)-4 
T, 2 
3 5 4-3cos-x 
1 m/2 4 
=> T[=-= 1 -————} dx 
3 J a 
n/2 n/2 
1 4 1 
=> J]=-= 1-dx+—= —————- dx 
3 J 3 4—3cos*x 
n/2 n/2 2 
=> r=-2 | 1-dx +2 J —_—s— ax 
n/2 
1 /2 4 sec’ x 
=> T=-—= xf + = ene y 
3 | 3 0 1+4 tan? x 
1/{x 4 t 1 
= ere 5-9}+§ ae dt, where t 
Meee). mt 2 (x x 
= j= 5 tg %> [tan 2], = +3*(3 0 a 
m/4 
EXAMPLE .12 Evaluate: | Sint cos x_ dx 


9 “cos x +sin* x 


e 1/4 


| 4, 
SOLUTION Let J = [ —S2*S0S*_ gy 
9 cos x+sin' x 


Dividing a and denominator by cos* x, we get 


at tan x sec? x 


0 1+tan* x 
Let tan? x = t. Then, d (tan? x)=dt = 2tanxsec?xdx = dt 


Also,x = 0 => t = tan"0 =O andx=7 >t = tan? = 1 


Substituting t = tan? x and tan x sec? x dx = at, we get 





I= 


N | 


Per - 
13 festsh = 2(f-0) 3 


7/4 
EXAMPLE 13 [f1,, =| tan" x dx, prove that I,+In42 = 
0 


~ 


n+1 


n/4 
SOLUTION We have, I, = i) tan” x 
0 


epee see 2 
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n/4 
In+2 = tan" *? x 
0 

m/4 n/4 

Now, Int In+2 = J tan” x dx+{ tan"*? x dx 
0 0 
n/4 

= I, +1n+2 = | (tan” x+tan"*? x) dx 
0 
n/4 

=> I,tIn+2 = J tan” x (1 + tan? x) dx 
0 
n/4 

= I, +1n+2 = J tan” x sec” x dx 
0 

Lett = tan x. Then, dt = : sec? x dx 

Also,x = 0 => t = tan0O = O and, x=a=t=tny =] 
1 

In t+In+2 = t" dt 
prt 
a whl | = I, ey aT 


1 1 pet! See es 
=] tan x dx, show that Ih+ly Tere I, + le rae 
Find the common difference of this progression. 


SOLUTION Wehave, 
1/4 n/4 


EXAMPLE 14 /[f],= .. from an A.P. 


= J tan’ xdx => Ing2= tan” *? x dx 
0 
n/4 
I, +1In+2 = f tan” xdx +] tan™*? x dx 
0 0 
1/4 
=> L,+1n42 = ) tan” x(1+tan* x) dx 
0 
n/4 
= IntIn42 = i) tan” x sec” x dx 
0 
=> ey Oey =e t" dt, where ft = tan x. 
0 
I I pr ti a 1 
a ntln+2 = rey le ele n= 2,3, 4, 5, a» 
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= Se nde lin 2,3) 4)5).as. 
I, + In +2 
=> ae c = es me 6 
Intl, "I3+Is5 "Igtle | "Ist+I7 ee 
Clearly, 3, 4, 5, 6, ..... is an AP with common difference 1. 
Hence, =e a, 2 , +. is an AP with common difference 1. 
Intl Ig+Is5 14+ 16 
EXERCISE 20.2 
Evaluate the following integrals: 
4 2 i 
1. | dx [NCERT] 2. | ———sax 
recent , x(1+log x) 
2 3 n/2 1 
x ; 
3. J 2 4. J ER [PSB 2001C,: 
a 1 
x e 
5. dx 6. dx 
J a” + x? 1+ e* 
1 5 3 ; 
7. | xe dx g, [ SCOR) ay 
0 1 
1 ox a 
9. q ax 10. | a” —x* dx 
0 1 + x 0 
n/2 n/2 
11. | Vsing cos>¢d INCERT] 12, | —*—dx 
0 10 1 + sin x 
n/2 9 - 
sin cos x 
we Bre FET we TsStiee 
Vtan™! xy 
15. f Mtantx a 16. xVx+2 dx [NCERT] 
0 + 
f 2x 
17. i) tan”! dx "f sinxcos x dx 
0 1-x" o i+sin'x 
n/2 n/2 
dx 1 
we acosx+bsinx DigEN ae Sedan 
s 3 1 
sin x ae a ee 
a ‘ sin x + cos x eas 3+2sin x+ cos x 
/2 


1 
23. f tan”) x dx 
0 








24. | sin2x tan 1 (sin x) dx 


So —,, 


DEFINITE INTEGRALS 


1 
Q3 i) (cos”! x) dx 
0 





V1 +cos x 
“aap 
n/3 (1 — cos x) 


1 1 2 

33. = ax 
0 xX x7 41 
12 


35. x (x-4)'/3 dx 





1-x 
a5 dx [CBSE 2004] 


1 
37. | 
0 
m/2 2 
. an x COS X ie 
9 COS X+3cosx+2 


eer 


Aat+X 





™/6 
43. [ cos-?20sin20d0 
0 
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tan” x 
Ao. ps a 


m/2 


1 
Fo > ax [HSB 2001] 


28. Cee eo 
9 # sin x +b“ cos* x 


7 
30. sin? x (1 +2 cos x) (1+ cos x)? dx 


1 
32. J xtan7? x dx 





0 
1 
34. EE 
20 (1 a? « ) 
x sin x dx 








a? +x* 


ué 

42. | 5(5-4cos6)'/4sinede 
0 
ny? 


44, | Nx cos? x3/? dx 
0 


1/2 
; — 47 ax [CBSE 2003] 46. | cos” x dx 
e'* (1 + log x) 0 
9 ss m/4 
a7, | —“~_, dx INCERTI 48. | sin?2tcos2tdt © [NCERT] 
4 (30 -x° ) 0 
1 1 oa , 
a9, | 5x4Vx°+1 dx [NCERT] 50. | 28 ax [NCERT] 
he 5 Let 
ANSWERS 





1 17 log 2 

1. 5 108) = 5 2. log 2e 

4. az log S234 5. a(v2-1) 
e=1 : 

ea a 8. sin (log 3) 





3. (log 35 — log 8) 


6. tan! 


mA 


9. 


ml 
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2 
a 64 Tt 
10. 4 11. 231 12. 4 
i 1g | SH 2N3 1 3/2 
13. 2 (V2 -1) 14. 7 oa r| AS. =m 
16 tT ut 
16. +. (2 + V2) 17. > —log2 18.5 
1 ee Je ii (al 
19. lo 20. =tan “|= 
a? +b a essa: 3 3 
us , 2 m1 
21. ) 22. 4 23. 472 log 2 
1 1 
24. 571 25. ~m—-2 26. 8 
Tt UL ae 
27. 4 28.5 an 29. a E 7 
8 mi 1 
30. 3 31. 1 32. 4 -5 33. > log 3 
720 Tt 
34. 1 35. = 36. 7-2 37. > 1 
i 9 2(m_ 1 
38. 7 39. log 9 40. a ( 4 5 41. ma 
t 3 b: log 2_ 
42. 9V3 -1 43. 7 44. 3 45. 7 log 2 
8 19 1 4N2 ua 
46. 15 47. 99 48. 8 49. 3 50. 32 
HINTS TO SELECTED PROBLEMS 
1. Putx*+1=t 3. Put 9x*-1=t 
5. Puta? +27 =#7 6. Pute*=t 
7. Putx*=t 8. Putlogx=t 
9. Putx*=t 10. Putx=asin@ 
11. Putsin >= 12. Putsinx=t 
13. Putcos §=t 14. Putsinx =t 
15. Puttan? x=t 16. Putx+2=# 
17. Use: tan! eae 2 tan x 18. Putsin2x =t 
1-7 : 
1-t a= 2 tan = 
De <s0% 2 
19. Use: cosx= rk sin x = = 
1 + tan? = 1+ tan? ~ 
2 2 
2 tan ¥ 
20. Put: sinx= and tan =t 
2x 2 
1 + tan 2 


21. Put sin = K (sin x + cos x) +L& (sin x + cos x) 
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2 tan = 1- tan’ 
22. Put sin x =" * COS). =e 24. Putsinx=t 
1+ tan’ > 1+tan’> 


25. oe 


n/4 
26. I =f Se tan” * st i) tan® x sec” x dx. Now, put tanx=t 
2 cos” eo 2 * 
1- tan? > 
27. Putcos x= me 
1+ tan 2 
28. Divide numerator and denominator by cos” x and then put tan x =t 
34, Putl+x7=t 35. Put x-4=8 


Pada oe 1, —2x 
37. I=] se eal Wat ta! oe 
A 
ts 
I= -| 
° (x2) 


20.5 PROPERTIES OF DEFINITE INTEGRALS 


In this section, we will study some fundamental properties of definite integrals which 
are very useful in evaluating integrals. 


38. dx. Now, put x ts = =t 39. Putcosx=f 


b 
PROPERTY | f(x) dx = J fit) dt i.e., integration is independent of the change of variable. 
a a 


PROOF Let $(x) be a primitive of f(x). Then, 
£ tom) =f) > F (001 =f. 


b 

Hence, f(x) dx = lo el = o(b) - o(@) w«-(i) 
b 

and, J fit) dt = [o wl = $(b) — 0 (a) -«.(ii) 


From (i) and (ii), we have 


b a 
| fe dx=J fe at 
b 


b a 
PROPERTY Il J fix) dx =| fix) dx 
a b 


i.e., if the limits of a definite integral are interchanged then its value changes by minus sign only. 


- A LEAL A 








20.40 MATHEMATICS-XII 
PROOF Let $(x) be a primitive of f(x). Then, 
b 


J fe) dx = 6(0)-0@) 


a 
and, - J fix) dx = -[(6(2)-6()] = 6) -0@ 
b 


b a 
J Ax) dx = — | fx dx 
a b 


b Cc b 
PROPERTY lll J f(x) dx = | f(x) dx + | f(x) dx, where a<c<b. 
a a c 


PROOF Let (x) be a primitive of f(x). Then, 
b 


J fx) dx = 9(6)-0@ (i) 
c b 

and, | ftx)dx+J fix)dx = [6(0)-0@]+10(0,-9 0] = 6-0 @ (ii) 
a Cc 


From (i) and (ii), we get 


b b 
J fx) dx = J fayds+] fix)dx 


GENERALIZATION a ee ait can generalized into the following form 
Cy 


b 
(eel ides | ie. aaa! where a < C1 <C2 <C3...<Cy—-1 <n <0 


a a C} Cc. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate: 


1 
: N= 2%,- xS0 
(i) J fs) dx, where fis)=|1 oe es 


4 
4 _ |2x+8, 1sxs2 
(ii) J fe dx, where f(x) = 6x, 2<x<4 


SOLUTION (i) We have, 


{pena = | par pods 


= = 
= f fx) dx = f (1 -2x) act] (1 + 2x) dx [By def. of f(x)} 
-1 -1 


=> f pe dx =[x—x7)°1 + [x+2x7]=[0-(-1-1)]+ [4 +1)-()] =4 
-1 
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4 2 4 
(ii) f(x) dx = | f(x) dx +] f(x) dx 
1 1 2 


4 2 4 
= J f(x) dx = | (2x + 8) dx +f 6x dx [Using def. of f(x)] 
1 1 2 
“f 
=> J feo dx = [2 + 8x]7 + [3x28 = [(4 +16) — (1 + 8)] + [48-12] =.47 
1 
EXAMPLE2 Evaluate: 
1 14 
(i) J | 5x-3 | dx (ii) [ | cosx | dx 
0 0 
5 1 
(ii) [ | x-2| dx (iv) fel *! ax 
-5 =1 
2 4 
(v) f | x27+2x-3 | dx (vi) JC x-1|]+]x-2|+]x-3 |) ax [NCERT] 
0 1 
2 
(vii) J [x?-x| dx [NCERT] 


=e 
SOLUTION (i) Clearly, 


~(5x-3) when 5x-3<0 ie, x<> 
5 
|5x-3|= 3 
5x-3 when 5x-320 ie., x25 
1 
r= | |5x-3| dx 
0 | 
3/5 1 
= 1= | |5x-3| dx+] |5x-—3]| dx 
0 3/5 
| 3/5 1 
= 1 = | -Gx-3)dx+f (x-3) dx 
0 


3/5 


fy = (Sx-3) 






x 
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/5 
5 x? Bix 9 9 1} O2\% 713 

am —-——| 4+/-=-_ aa etn | So Se a Fe | ae 

a ‘ E z] 53 as] E 3} 3 10 


cos x when 0<x< 





Tt 
| | (ii) Clearly, | cosx | = T ; 
| —cos x when paxSn 





Fig. 20.2 

™ m/2 ™ 

] | cos x | dx ={ | cos x | dx + | | cosx | dx 

0 0 m/2 

T n/2 ™ 

= | | cosx | dx=f cos x dx + | (— cos x) dx 

0 0 n/2 
; x /2 
: = J | cosx | dx = |sin x} -[sin x| =1+1=2 
0 /2 


ap ss x-—2 when x-220 ie., x>2 
(iii) Clearly, | x—-2| = eames when x—-2<0 ie, x<2 


5 2 5 
J |x-2| dx =f [x-2) dx+f | x-2] ax 
5 +5 2 


———— 
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5 2 3 
=> J | x-2 | dx =| -(x-2)dx+] (x — 2) dx 
-S -5 2 


5 2 
=> J | x= 2 [ax -|2x-2 [2-24] -(2+49)+(8+2)=2 
=§ 


—5 

(iv) Clearly, | x | = 
1 0 1 

J el*l dy = | e!*| dx +] e!*l dx 


~1 -1 0 
1 


x when x20 
—x when x<0 





= J el*l ax “Je tan |e 
a 
= J el*l dx = [-e*] +(e] 
“4 
1 
= f el*lax = (-1+e!)+(e!-1) = 2e-2 Fig. 20.4 


-1 


2 
(v) Let] = J | x74+2x-3 | dx 
0 
We have, x* + 2x-3 = (x +3) (x-1) 
The signs of x” + 2x — 3 for different values of x are shown in Fig. 20.5. 
i x242x-3 | = [7 +2*-3), if O<x<1 
(x74+2x-3), if 1<x<2 


[x7 +2x-3 | dx 


| x74 2x— aided { | x74+2x-3 | dx 
1 


1 


= ={-(¢2+2x- raul nee <3) dx - + 
1 —- co 3 1 co 
3 Fig. 20.5 

= = a +X 250] «|B a2 se] 


ee coe eer 


(vi) We have, 
4 
=f (|x-1| +|x-2] +] x-3]) dx 


1 
Let f(x) = |x-1|+]x-2|+]x-3] 
Here, we have three critical points, namely x = 1, 2, 3. When these points are marked on 
real line, it is divided into four parts as shown in Fig. 20.6. Therefore, to remove the 
modulus sign, we consider the following four cases. 
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(i) Whenx <1 
(ii) Whenlsx<2 
(iii) When2<x<3 =n Le i ae 
(iv) When x23. 
—(x-1)—(x-2)-(x-3)., ifx<1 rig. 20.6 
f(x) = (x-1)-(x-2)-(x-3) , ifl<x<2 
(x-1)+(x-2)-(x-3) , if2<x<3 
(x -1)+(x-—2)+(x-3) , ifx2>3 
—3x+6 , ifx<1 
_j -x+4 , iflsx<2 
a f(*) = x , if2<x<3 
3x-6 , ifx2=3 
4 
r= f{jx-1[+|]x-2]|+|x-3 |}ax 
1 
4 
=> I = f f (x) dx 
1 
2 
= 1=| sears] fonds) onde 
1 
2 
= r=f Retail iaeail (3x — 6) dx 
1 2 3 
2 
= r=[-Z +0] «[Z [2 
EC HN @ee 22) oe) \ OP 8 
=> I = (-2+8)- (-3+4)+ bs 5|+ 24 24) - E 18) = 6- ato ts = 9 
2 
(vii) Let J = J [xe —x| dx and f(x) = x - x 4 


-1 
Cleraly, f(x) = x°-x = x(x-1)(x+1) 
The signs of f (x) for different values of x are as shown below. 


- + — + 
<_————— |? 
— co —1 0 1 co 

Fig. 20.7 


A f(x) = x? -x>0 forall xe (-1,0) U (1,2) 
and, f(x) = x°-x<0forallxe (0,1) 


_yp .) 2%, xe (-1,0)U (1,2) 
Hence, |x" -#| = —(x°—x),x€ (0,1) 
2 
I= f |x>—x| dx 
—1 
0 


1 2 
=a p= f |xe-x| dx+J |2P-x| dx+] |2P-x| de 
1 0 1 
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J 


=> 


0 1 2 
b= | GP —aae- J@3- se a —x) dx 
0 


ed LES 
CARE 


I[=- 
1 
I = = 


> | Go 


e 
EXAMPLE 3 Evaluate: | | log, x | dx 


l/e 


SOLUTION Wehave, 


=> 


=] a 
| logex | = isin BS cet 
Ofex » ifl<x<e 
e 


= | log, x | dx 
1/e 
1 


é 
I = | log. xdx+| log. x dx 
ue s 


= rs caf loge xa | log, x dx 
1/e 


I = -[x (!oge x - if, +(x (log. x — 1]; a | log. x dx =x (log, x- | 


= -|1 (0-1)-3(-1-9]+[ea--10-0)] 


I= -|-1 +2|+[o+1] = 2-2 


EXAMPLE4 Evaluate: 
3 


2 1.5 
(i) | [xx Gi) f [2] ax (iii) [ [x7] dx 
0 0 0 


SOLUTION (i) Clearly, 
3 


1 2 3 
J txdax = J [xddx+f fax+f [lax 
0 


0 1 2 


3 1 2 3 
Jeddx = f odx+f 1.ax4f 2.x 
0 0 1 2 


3 
J ba ax = o+[x f+[2x} = (2-1)+(6—-4) =3 
0 
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(ii) Clearly, 


2 1 V2 V3 2 
| be) dx = J ide+| [x7] dx+J [x2)dx+f [2] dx 
0 v2 V3 


N 


v2 V3 
=> Pie fowal 1. ax+{ rae+fo.dx 
0 1 V2 V3 


0 

2 

) [x 2) dx = o+[x} +2[x]e+3[ x [a 

0 PY) 

2 
= J b2] dx = 0+ (V2 -1)+2(V3 - V2) +3 (2-13) 

2 

J 


= [x*] dx = V2 -1+2V3 -212+6-3V3 = 5-V2-V3 


0 
(iii) searye 


) orn : |! lees lace [x2] dx 


on 


i [x7] dx = f oan eee 
0 0 1 v2 


a v2 1.5 
J (idx = o+| x | +2[x | 5 = 0+(V2-1)+2(15-V2)= 2-2 
0 


2 
EXAMPLE5 If [-] denotes the greatest integer function, then find the value of | [3x] dx. 
1 
SEUTION We observe that when xé [1, 2],3xe [3, 6]. 
4/3 5/3 


frsas = | [axjdx+ J [axjdx+ | [axldx 
1 4/3 5/3 
: 4/3 5/3 6/3 
= Jtstax - J sdx+ J 4ax+ f 5ax 
1 4/3 5/3 
= fo dx = 3(5-1}+4(5- 3}+5(5- 3]- 14342 = 
1 


EXAMPLE 6 Letf (x) =x —[Z], for every real number x, where [x] is the integral part of x. Then, 
1 


evaluate f f (x) dx. 
-1 
SOLUTION We have, 


J (<-tal)ae= J (<-ti)ace| (x-[al) ax Jorn éx+ee-0 dx 
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| | (x +1)? ein ote 
= | («-tei)ax=| 7 | =35+>= 1 
1 -1 0 


ALITER Itis evident from the graph of y =f (x) that 


1 2 
Wied dx = Area of AOLA + Area of AOMB 
-1 


1 
=> Vico dx 


-1 


2 (Area of A OMB) 


1 
=> J fen dx 


-1 


2.x > (OM x MB) a Aloe 1! 


vy 
A(0, 1) B(1, 1 






0) 








2 
Fig. 20.8 
EXAMPLE7 Evaluate: 
S 2x f 3x rad 
(i) | tan” !|——<|dx (ii) | tan” | ——> | dx 
1-x 1-3x7 
SOLUTION (i) We have, 
2tan-!x , if-1<x<1 
—j 2x — - 
tan F bs —t+2tan “x , ifx>1 
m+2tanx , if&x<-l 
V3 





1 

3 
Sole 

. 








2x * 2x 
-1 
Ga}ee) tan rere 


v3 
2tan-!xdx+] (-n+2tan ! x) dx 
1 


y J 

me me 

ll ll 
o—--, Or ot 

. 

- 
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MATHEMATICS-XII 
1 V3 V3 
=> 1 = f2tan”3xdx+/ ~ndx+| 2tan7!xdx 
0 1 1 
1 V3 V3 
= I= J 2tan-?xdx+f 2 tan7? x dx ~nfi.dx 
0 1 1 
v3 V3 
= I=2 ee. Vx dx—- n|1. ax 
1 
3 VW 
N3- 
=> I = 2)jxt tx] ~| —saxbal x 
etsy So ng 
= = 2 | NS tan 15 - -0}-5 flog (1 +2%)} | m (V3 —1) 
T 1 
= ae 
= I = 52 VB -log 4—n (v3 -1) 
=> l=nj1- : —log 4 
= V3 s 
sa 3tan-}x , if—1/V3 <x<1/V3 
(ii) Clearly, tan ae 3x2 3|- —u+3tan'x , ifx>1/V3 


m+3tan!x , ifx<-1/V3 
1 

r=ft an7! OX x ep 

‘ 1-32 


1/3 

=> 1 =f tan “abe se] ad feces a 
0 
/ 


LS exe i aia 1—3x7 
1/¥3 
=> I = | 3tan! xdx+{(—-n+3 tan! x) dx 
0 he 
1/v3 
= I= rf 3 tan” ee 3tan! x dx at —m™ dx 
0 1/N3 1/V3 
1 1 
=> r= 3tan Vy—n| dx 
0 1/N3 
1 [ 1 
a Te = 
=> 1 = | xtan x Z log + x)| [x | 


[ee J tan” 'xdx=xtan~'x—2 log (1+x%)] 


= I= sl(F- 31082|- o|-|1-5|= n(¥e-4)- 31982 
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tan x cotx 1 
+f >. dt = 1 for all x-for which tanx and 
ve itt ve ( (1 +f) 



































cot x are defined. 
tan x cot x 
SOLUTION Let I = = f >) 
ve itt ve F(1 +8) 
Putting t = * and dt = = du in Iz, we get 
tanx 
b= — du =— 5 du 
~ (ee 1+? ie 
tan x 
=> Ih =- J fae dt [-.. integration is independent of change of variable] 
“+ 
ée 
Hi ' 1 P 
—> I5 == 5) dt + 5) dt 
ely: 1/e 1+t 
1/e 
=> Ib = 1 2 
1° 2 
=> Iy+l,=-F 
nest J 1+# 
1/e 
= h+h=-3 [log + 7)]. 
=> Iy +I, = -+ oe }-16 (1 +2)| 
1 1 1 
= I+] = -= jlog +} = -=x-2log, = 1 
1 DO 3| 2 Se 


PROPERTY IV If f (x) is a continuous function defined on [a, b], then 
b b 
| fe dx = | f@+b-x dx 
a a 


PROOF Letx=a+b-—t. Then, dx =- dt 
Also, x=a=>t=b andx=b => t=a 


b a 
| fx) dx = ~{ fa@+b-f dt 
a b 


b b | 

= | fe) ax = J fat+b-Hat [By prop. I] 
b b 

= | feydx = f fa+b-x) dx [By prop. I] 


b b 
Hence, | Ax dx =| f(a+b—x) dx 





f 
i 
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ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate 
f fF n/3 1 
i) |] ———dx ii soe, 
WO) eat tN teas” 


2 
’ Vx 
SOLUTION (i) Let fl BE ax 


Then, 
| 2 
i-| 5S am 
5 3-(3-x)+V3-x 
2 —— 
=> r= f S—X dx 
= : Vx +V3—x 


Adding (i) and ti), we get 


a= | EEE ae fia [xf oot. 


=> I= 1/2. 

t/3 1 n/3 
ee Vsin x 
A rates | Sa es 
Then, 





zn = f Neos x_ d 
cos x + Vsin x 
1/6 
Adding (i) and (ii), we get 
a YT "ping + Veos 
cos x + Vsin x 
1/6 
1/3 = e 
= We fi-de = [xP = F-E=8 
7/6 
= I = 2/12. 


ff) so, _ b=a 
EXAMPLE 2 Prone that | xf pete 5 


b 


SS | eee (> a 
SOLUTION Let! = SFexsfasb-y® 


MATHEMATICS-XII 


([NCERT] 


...(i) 


[Using Prop. IV] 


...(ii) 


.»-(i) 


.--(1i) 


...(i) 


DEFINITE INTEGRALS 


Then, 
f a+b-x 
ig Fqnb=b efaak GRE 


b 
iz f(a+b—x) 
; “J Feeb-n+fe™ 


=> 


Adding (i) and (ii), we get 


b 
_f f+fa+b-x) 
21 = | re farboa) 


a 


b 
~ 21 =f 1dx = (b-a) 


a 
b-a 
ER 
PROPERTY V If f(x) isa continuous function defined on [0, a], then 
a a 
| feo ax = | f@-x dx 
0 0 


PROOF Letx=a-t. Then,dx = d(a-—t) => dx=-dt 


Also, x=0 => t=aandx=a => t=0 


a 0 
| f@ ax =-f fa-pat 
0 a 

= Wicd dx = | f(a-fat 
0 0 

= [re dx = | fax) dx 
0 0 


Hence, [fe dx=| f(a-x) dx 
0 0 


ILLUSTRATIVE EXAMPLES 
n/2 
EXAMPLE1 Prove that: 


n/2 
SOLUTION Let I = { ——*"* — dy Then, 
0 
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.--(li) 


[By prop. Il] 


[By prop. I] 


(CBSE 2002C, 2007] 


...(i) 


Using: | f(x) dx=J fa—x) | 
) 0 
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| m2 cos x 
| " l= J cos x +sin x qd --{ii) 
i Adding (i) and (ii), we get 
n/2 ; n/2 
a1 = | sin x dx +| cos x 
sin xX + cos x ‘ sin X + cos x 
n/2 : 1/2 /2 
=> 2I = sing +cosz yf 1.dax =[x] = =_9 
sin Xx + cos x 2 
0 0 
1 
=> i= 4 
n/2 
EXAMPLE2 Evaluate: ein — ax [NCERT] 
sin X + Vcos x 
n/2 
Vsin x : 
SOLUTION Let I = ..(i) 
J Vsin x + cca" x ( 


1/2 


sin Vsin (17/2 — x) x) ( * i c 
Then, I il sin (1/2 — x) + Vcos (1/2 — is Jae | fe x) q 


== oy oe dx (ii) 
0 sin x 
Adding (i) and we get 


at 
Vcos x 


= Vsin x 
-f Vcos Basing > Vsin Blsoas 


1/2 n/2 

Vsin x + Vcos x /2 «x 

=> 2I = dx=|1-dx = xi = —-0 
gine + Neos x J [ 2 


Vsin x rE 
sin x + Vcos a 


°” = I 


= 
~ 


Il 
lA 
mia 


a 
o —_—_,™, 
NI 


EXAMPLE3 Evaluate: 
u/2 


(i) | log tan x dx [CBSE 2007] 
0 


1/4 


(i) [ log (1+tanx)dx [NCERT, CBSE 2002C, 2003, 2004, PSB 2001; HPSB 2001C] 
0 


/2 
| SOLUTION (i) Let I = J log tanx dx ali) 
0 
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Then, 


m/2 a a 
1={ log tan 5 - Je Using : | fx) dx =| fla—x) dx 
0 0 0 
m/2 
= 1 ={ log cotx dx ...(ii) 
0 
Adding (i) and (ii), we get 
n/2 
2I = | (log tan x + log cot x) dx 
0 
m/2 m/2 n/2 
=> 21 = J log (tan x+cotx)dx = f logi-dx = [ 0-dx =0 
0 0 0 
=> i= 0 
m/4 
(ii) Let J = J log (1 + tan x) dx «+(i) 
0 
1/4 a a 
Then, =| log {1 + tan (F-=} dx Using : I px dx=| fa—x) dx 
0 0 0 
me tann/4—t me 1-tanx 
an 1/4 —tanx oS — tan 
SR ae og {1+ eh - log {1+ Tan 
Tr © (it atanbeaed Stan le - 2 
an x +1-—tan 3 
eee | oe RR he 8 Trtana} 
1/4 1/4 m/4 
= I= | {log 2 —log (1 + tan x)} dx = ) log 2.dx — | log (1 + tan x) dx 
0 0 0 
=> I = (log 2) [x]h’ oo 
1 Tt 
= al = {log2 = I= | log2 
EXAMPLE4 Evaluate 
m/2 |. 
(i) | SESS x [NCERT] 
6 1+ sin x cos x 
m/2 
(ii) J (2 log sin x— log sin 2x) dx [NCERT, CBSE 2009] 
0 
Ries, 
SOLUTION (i) Let [=] -282%—cosx 4. ...(i) 


5 1+sin x cos x 
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a a 
xx [fled = J fla-x) dx 
0 0 





n/2 2 
cos X — sin x 


.. (ii) 


=> I= 
- 1+cos xX sinx 


Adding (i) and (ii), we obtain 


m/2 /2 : 
pis sin X — COS X cos x —-sm xX 


5 1+sin x cos x ; 1 +sin x cos x 
m/2 F 
ar =| sinx-—cosx  cosx—sinx 
a Pe 
eer oe 
m/2 ; 
= at ={ sin X—cosx +cosx~—sinx 4 _ 4 
; 1+sin x cos x 
=> I=0 
(ii) We have, 
1/2 
I=| (2 log sin x — log sin 2x) dx 
0 
n/2 
=> I= {2 log sin x — log (2 sin x cos x)} dx 
0 
nf2 
= I= {2 log sin x — log 2 — log sin x — log cos x} dx 
0 
1/2 m/2 7/2 
=> I = log sin x dx — J | log cos x dx 
m/2 m/2 1/2 
=i l= J log sin x dx — (log 2) 1-dx- log cos F ~ Je [Using prop: V) 
m/2 
=> I= log sin x dx — (log 2) [ [xt - log sin x dx 
= = — (log 2) is |= pie 


eee <= ee os 


DEFINITE INTEGRALS 





ee e085 x 
EXAMPLE 5 Evaluate : | 
0 


dx 


H. e085 x 
SOLUTION Let I = | 


dx 
0 EOS X 4 6 COS X 





Then, 


ecos (7 — x) 
ecos (% — x) 4 @7 COS (% — x) dx 


e COs xX 
= I 


oa ota 


PES TL 
e~COSX , , cosx 


Adding (i) and (ii), we get 


1 8 
a=fidxenai=2 ff 
; 2 


2a 2a 


EXAMPLE6 Prove that: f(x) dx = f(2a — x) dx. 


0 0 


2a 
SOLUTION Let I = | f(x) dx 


0 
Let 


20.55 


[CBSE 2009] 


...(i) 


[CBSE 2002C] 


2a—x=t. Then, d(2a-—x) = dt = -dx=dt > dx=-dt 
Also, 


x=0 >t=2a-—0=2a and x=a >t=2a-a=a 


= 0 
t= | f2a- Cat) = -| f2a-f at 
2a 2a 


2a 
= 1= | f2a—tdt 
0 
2a 
=> T=] f2a—x)dx 
0 
2a 2a 
Hence, fix) dx = f(2a - x) dx 
0 0 


J 
EXAMPLE7 Evaluate: i) x(1—x)" dx 


0 
SOLUTION We have, 


1 
I= | x(1-x)"dx 
~ 0 


b a 
.° | fx) dx =-f foo ax 
b 


b b 
on | fey ax=f fp at 


[NCERT, HPSB 2000C] 
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1 a a 
= I= J a-x(1-(Q-x)"dx [px ax = J fest 
0 0 0 
1 itl ytt2] 
= r=fa- — x) x" a= for x" tly dx (25-25 
0 
1 1 1 
= t= {ar ra) (0-0) = G41) (+2) 


EXAMPLK8) Prove that : f f(x) dx =| f(x) dx + ) f(2a — x) dx 
0 0 0 


2a 
SOLUTION Let I = ) f(x) dx. Then, 
0 


a 2a b Cc b 
1 =f fexydx+] fix) dx } E | feo dx = f fx) dx+J foo ql 
: a a a c 
= 1 = | fx) dx+h, where I=] fix) dx i) 
0 a 
Let 2a—t=x. Then,dx=-dt. Also, x=a=>>t=aandx=2a>t=0 
2a 0 0 
1, = | fixydx= J f2a-y (dt) = -J foa-tat 
a a a 


. a a 
=> =f po-ydt=J foa-xdx 
0 0 


I= J fix) dx +) fi2a— x) dx [Using (i)] 





EXAMPLE 9 Evaluate: f. aa ~ ax 





3 
SOLUTION Let = | 


—— dx. Then, 
9 it rr 


2a a 
aoe eee “ 5. : 
ery a * ; Jf J ire +f x)} dx 














2 
- fae 
me r=) 5 sant ain 
= 1=frae| f=. 
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EXAMPLE 10 Prove that: 
n/2 
(i) J sin 2x log tanxdx = 0 [HPSB 2002] 
0 


1 
(i) f log --1}ax=0 
0 x 


SOLUTION (i) We have, 
7 n/2 
J = i] sin 2x log tan x dx .«-(i) 
0 
n/2 


=> I = | sin2(§ -x} og tan (5-x a F | fey dx=f f@—x dx 
0 0 0 


m/2 
= I = | sin 2x log cot x dx ...(ii) 
0 


Adding (i) and (ii), we get 
n/2 n/2 








2 = J sin 2x {log tan x + log cot x} dx = sin 2x log (tan x - cot x) dx 
0 0 

m/2 

= 21 = | sin2x-logi1-dx = 0 [-.- log 1=0] 
0 

=> I=0 

f 1 1- | 
(ii) I =f log Es 1}ar = 2 f og = dx wi) 

x 

0 0 

1 1 a a 
= 1 =f log fees dx Using: | f(x) dx=| f(a—x) dx 

0 0 0 

f x 
= I= J log 5 le .-.(ii) : 
Adding (i) and (ii), we get 

a = J tos 22 *) + tos (725 j}az = Jt -dx =0 
0 

a es 11 Evaluate 

sin? x 

(i) Tags hice [CBSE 2002, 2003] 
ois 


- 2 
sin* x 
Gi) J lehainticose on 


- 2 
: sin XxX 
(i) Let 1 = | 5° * — ae. Then, 
0 
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n/2 


2 ; 2 
SOLUTION (i) Let J = | ae Then, 
0 











a a 
= Using : | f(x) dx =] f(a—x) dx 
0 0 
n/2 2 
= I= ) —S08 at .--(ii) 
. cos Xx+sinx 
Adding (i) and (ii), we get 
/2 /2 
ote fctints cost Rpt Si 
& 4 sinx+cosx  sinx+cosx 5 Sinx+cosx " 
n/2 1 
= 21 = ax 
o 2tanx/2 , ietan’ x/2 
1 + tan? x/2 1+tan? x/2 
t/2 1 + tan? — m/2 sec? = 
2 
s a “i a 
0 2 tan = +1 —tan? 2x 0 2 tan ~ +1 =—tan?= 
2 2 2 2 


Let tan > = ae =dt=> sec?> . 5 dx = dt => sec? ~ 9 ax= 2 dt 


Also,x=0 = t=tan0=Oand x= 5 stan ‘ 1 
21=}| ———=2 
Pease ree 2-12" 


ell 


V t+1 








1 
=> aI = 2% 57 08 


ee Oe ee 


v2 -1 
= 21 =~ Fplog |p PE 5}- ~~ log (V2 - I= log (V2 1) 
= = ~ ye log (V2 -1) 
m/2 


-».(i) 





on dx=| fa@-x 
0 0 
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n/2 2 
Oe aie el wii) 
4 1+cos x sin x 
Adding (i) and (ii), we get 
n/2 ay, 2 n/2 
sin“ xX + cos” x 1 
2! = SS SS = i) ——_————- ax 
- 1+sinxcosx 0 1+sin x cos x 
n/2 2 
=> 2I = eee dy [Dividing num. and denom. by cos? x] 
0 sec? x + tan x 
Let tan x = t. Then, d (tan x) = dt => sec? x dx = dt 
Now, x=0 =>t=tan0=0 and x= = t=tan > =o, 
7 = J i» GE. 
0 1+f+t 
5 1+ | al 
0 (t+1/2)* + (V3 /2)" 
=a woth _1({t+1/2 
+; BAT ae gaa 
2 1{2t+1 2 = -j{ 1 2iu 21 
— 2I =——| tan | —— || =| tan © o—tan ("| —] = =!|5-F/=— 
ae (Ae lal (Sel|-elE-3 lane 
Tt 
=> t=———= 
3V3 
1 
EXAMPLE 12 Evalue: | cot! (1-x+x°) dx [CBSE 2008] 
0 
SOLUTION Let 
1 
I = | cot! (1—x+2x?) dx 
0 
Then, 
1 
= 1 Fi -1 | 
I=] tan"? | ——+] dx -- cot x =tan ~ = 
rere x 
1 - 
= mil peewee 
= I =| tan esr i=ey dx 
1 
=> I = | tan7 } _x+(1— x) ax 
- 1-x(1-x) 
1 
= <1=f {tan'x+tan-! a-x} dx 
0 
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=> 


1 
tan”! x dx + | tan”! (1-—x) dx 
0 


ted 
I 


1 
tan” ! x dx +f tan”! {1 —(1—~x)} dx 
0 


1 
tan”? xdx+| tan? x dx 
0 


ey 
i 


Prec 
ll 


1 
=2] tan! x dx 
0 
1 
I=2 J tanc3x- 1 dx 
oes I 





1 
l x 
Il=2 xtan7!x —2 ax 
| er 





9 1+x7 
1 1 
I = 2[xtan-1x| -[log a +2y| 
I=2 (F-9) Cogs toa 
Tt 
I= 7 ~ log 2 
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 [f@dx= J f(a-x)dx 
0 0 


a 
PROBLEMS ON REMOVAL OF x: Let =| x f (x) dx where f (x) is a function of x whose 


0 
integral is known and f (a — x) =f (x). Then, we have 
a 


Now, 


b= (a—x) f (a—x) dx 
0 


1= | @—x) f(x dx 
0 
=a | fee ax - i) x f (x) dx 
0 0 


a 
IT=a | f@ax-1 
0 


2] =a J feo ax = ]= 5 | feo ax. 
0 0 


[By Prop. IV] 


[..- f(a—x) =f (x)] 


a : 
f f (x) can be evaluated as f (x) is known integrable function. 


0 
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EXAMELE 13 Evaluate: 


(i) f ——__*_____ qx [NCERT, CBSE 2008] 
0 a* cos* x + b* sin? x 

(ii) f —XSINX dx, [NCERT, CBSE 2003, 2005, 2008 PSB 2001] 
0 1+cos* x 


SOLUTION We have, 
4 


(i) [= —____+_____ gy ...(i) 
0 a* cos? x + b* sin? x 
4 a a 

= Ce | ee de | fadx =f f@-x dx 
0 a* cos” (17 — x) + b? sin? (1 — x) 0 0 
Tt 

= [= | —___f-+____ 4, .»-(ii) 


0 a* cos? x + b* sin? x 


Adding (i) and (ii), we get 


™ 
Tae | EET ie dx 
0 a* cos? x + b? sin? x 
+ ofa ee 
0a eT sin? x 
n/2 
=> = 20 | Sn ee [Using Prop. VI] 
- a* cos? x + 7 sin? x 
2 
=> 2 = 20 a sec dy [Dividing num. and denom. by cos? x] 
0 a* + b* tan? x 
n/2 9 
=> i= eee dx. 


0 a2 + b* tan? x 
Let tan x =t. Then, d (tan x) = dt => sec? x dx =dt. 


Alsox=0 =>t=tan0=0 and x=F = t=tan 5 =o, 


eo ...(i) 


Using : | fe@ax=f fa-x dx 
0 0 


-_ 
+ 
al 
tad 
— 
x 
eres | 
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=> 


us beady - 
“ J (m — X) sin x ‘ie i) 


9 1+cos*x 


Adding (i) and (ii), we get 
sj (X+7— x) sin X 4, ares f sin x A 








0 1+cos* x 0 1+cos* x 
Tt . 
Be gee | Fae 
9 1+cos* x 
Let cos x = t. Then, d (cos x) = dt = —sinxdx=dt 
Also x=0=—t=cosO=1landx=n=>t=cost=-1 
-1 - ; 
a ¢ —dt 1 tt 1 
} = ea dt = —~=|tan ft 
2714+P 2 1 1+f al | 
Bee ee | 2 ok (_e_ zie 
=> i= S| tan (- 1) - tan (1)] | ; AP = 


EXAMPLE14 Evaluate: 


[NCERT, CBSE 2001C, 2004, 2001, 2010} 





: x 
(i) laene™ 


ris 
33 x tan x 
(ii) secx +tanx wi tan dx <— [NCERT, CBSE 2008, 2010] 


n/2 
x 


Gi) { —*— 
hyo xXx+CcOS X 





SOLUTION (i) Let I= eer wali) 
t ™—X ( 1 
=> I= J evan Gai *.° | feo dx=J fa-x) dx 
0 0- 0 
{ m—-x 
_! = = ; AMeninee w»(ii) 
- Adding (i) and @), we get 
Xxt+T— xa 
at bee Tfsine” 
| 1—sin x 7 Fe 
| => 2I = “| 1 aint J 4. See w+(iii) 
| : 
{ => oneal (sec x—tan xsecx) dx = m| tan x—sec x}, 
i 0 
iN => 2I = m [(tan m — sec m) — (tan 0 — sec 0)] = n((0—-(-1)-(O-1)] = 22 
| _ = l=. 
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ri v4 
3 x tanx xsinx : 
i = AT A Lee = Fee Tee ge d ee 
(ii) Let J J sec x + tanx dx 1+sinx * (i) 


(™ — X) sin (17 — x) 
ax 


1 + sin (1 — x) 


(™ — x) sin x 
dx 


1+sinx 


uwmsinx—-xsinx a 
Se ee (be ...(ii) 
1+sinx 


— 
Il 
ota Ota OA 


Adding (i) and (ii), we get 
14 


TM sinx 
a = J 1+sinx dx 


0 
sin x (1 — sin x) 
= 27=7 = dx 
1—sin= x 
sin x — sin? x 
= 2 es) eee Tae 
cos’ x 


(tan x sec x — tan? x) dx 
{tan x sec x — (sec? x — )} dx 


(sec x tan x — sec? x + 1) dx 


y 
NI 
ms 
II 
pl 


Y 
& 
ll 
a 
OMA OSA CU OA Ota 


=> 21 = n [secx-tanx +x}, 
=> 2] = nm [(secn—tan n+ 7) —(sec0+ tan0+0)] 
=> 2I = x [((-1-—0+7) -(1-—0+0)] 
=> 2I = mt (m—2) 
T 
= [= 9 (2) 
n/2 f 
(iii) Let = Gagan ..-(i) 
m/2 do a a 
2 
=> I = f = = dx | flydx = | fa-x) dx 
0 sin 57% eos Fx 0 0 
n/2 a 
=> L= i) meee ...(ii) 
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Adding (i) and (ii), we get 
4 
/2 —— 2 
T x+5 x a) 1 
2I = f Eamon aX, = | dx 
0 Sin xX + cos'x 2 ‘ sin x +cos x 
n/2 1 
= 2i = x | 
2 0 2 tan ~ 1-tan?= 
2 2 
2x 2x 
1+ tan - 1 + tan 5) 
2 = 2 2x 
nts 1 + tan att sec 9 | 
= a= = f dx = 2 f dx 
2 0 2 tan ~ +1-tan?= 2 0 ~tan?~+2 tan~+1 
2 2 2 2 
Let ta = t. Then, d tan ~ = dt => 3 sec? 9 ax = =dt > Gps 2 2 dt ; 
2 2 sec’ > 


Also, x=0>t=tan0=0 and x=>=>t=tan nga. 








1 1 1 
7 2 dt i 
2 = — ey ae 
Scorer ea Zt il} ee 1)* -2] 
1 
=> 2I = eo a ™- log 2+ — 
= a7=— = 


55 feo eat). == 355 (E52) =p ne (E2) 


_ _t V2 +1)? Lede yo 
—- 2I = ne: D1) ( Fh as log E+ = Ya log (V2 +1) 


=> I = 5p log (V2 +1). 


EXAMPLE 15 If f and g are continuous on [0, a] and satisfy f(x)=f(a—x) and 
& (x) + 8 (@—x) =2, show that 


a a 
J fee g (x) dx = f(x ax [NCERT] 
0 0 


SOLUTION Wehave, 


J fe g@ax =f fe-xga-x dx 
0 0 


= J f@g@ax =] fe@e- g (x)} dx [.- g(a-x) = 2-g (x) 
0 0 


= J fwg@ax = 2) fax] f@g ax 
0 0 0 
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=> 2 f fxg (xdx = 2) fx dx 
0 0 


a: J f@g@ dx = J fe dx 
0 


EXAMPLE 16 Bharati fxsinxcosx gy (CBSE 2010] 


9 sin" x+cos’ x 


“sin x e08 ¥ 


sin* xX + cos* x 


hie x) sin (2/2 “cos (n/2 X) ay 


sin* (7/2 —- x) +cos* (11/2 —x) 


tet 

0 

™ n/2—x) 

| —X Sin X COS X 4, 
0 

n 

2 


SOLUTION Let! = dx. Then, 





——- = 
cos? x + sin* x 
n/2 
iss a sin Xx COS Xx ieee Ae 
‘p sin PT 9 sin? x+cos* x 
= =F] Sin X C08 x Pr 
sin’ x + cos? x 
2 
1 sin x cos x 
% aie 2 oe 
is 
= yp a tt a eae = sec X 4, [Dividing N’ and D’ by cos* x] 
+tan? x 
0 
1/2 2 
TC 2 tan x sec” x dx 
=> 21 =— SER OLASE: 
4 0 1 + (tan“ x) 
o r/2 1 
= a= = | —————d (tan’»x) 
4 0 1 + (tan? x)? 
2[ = rales l= pee where t = tan? x. 
0 
= Sere co— tan! 0] 
Tt r 
— Zita 4 0 SiS 16 
EXAMPL rove that: [2 eee) 
7 1—cos asin x sin & 
ri 





SOLUTION Let! = J 


x 
A 1—cosasinx & Then, 
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(1 — x) 


ie 1 —cos & sin (7 — x) 





dx 


| 
oes, CUO A 


7 
v1 x 
——_—" ____ gx - | AX 
1-—cosasinx ‘ 1-—cos Q@sinx 


1 


ore HY 
1-—cos Q@sinx 


1 
SSS ve 
1-—cosa@sinx 


ul 
s 
ll 
a 
oeny Ota Ota Ofte a ClO enn 

















1+tan* x/2 ne 
(1 + tan? x/2)-2cosatanx/2 — 
a =n sec? x/2 
tan? x/2—2cosatanx/2+1 
2/2 
Re pest sec™ x/ 
2° tan*x/2—2cosatanx/2+1 
Let tan F=f. Then, a tan) = a = sec = dx =2 dt. 
Also, x = 0 = t=tan0 = Oandx=n = t=tan =o. 
pee || . 2 dt 
2 of —2tcosa+l1 
9 (f-—cos a)” + (1 —cos* a) 
= l=2f—— 5 dt 
9 sin” %+(f—cos @) 
| 
sin sina ||, 
aye OU Ly 
a I Site [tan co—tan “(—cot a) 
us 1 
= t 
= I aia [Ft (co a 
a: Tl Tt 
~+ta n|>-o 
> pels {unl 5-9}} 
1 Zi Rig _ Bt ™ (1 — OL) 
=, = ‘sin & 9. 2. a 
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COS X 


EXAMPLE 18 Evaluate: if 1 # cose sin 


1/2 


cos x 
SOLUTION Rebs J 1+cosx+sinx 


aad) 


Then, 
n/2 
re J cos (1/2 -—x 
1+ cos (1/2 —x) +sin (2/2 — papa 
1/2 : 
= I= {| ——Snx __ ...(ii) 


‘ 1+sin x+cosx 
Adding (i) and (ii), we get 


1/2 : 
oI = | cos x+sinx 
7 1+sinx+cosx 


1/2 ; 
1+sinx+cosx-1. 





7 zie 1+sinx+cosx 
n/2 1 
= at = J {1-—_*+____l ay 
‘ 1+sinx+cosx 
n/2 n/2 1 
2 2h 
5 1+sinx+cosx 
' 
= 1 =[ age . 1+ tan? x/2 Ae 
Late x/2+2tanx/2+1-—tan? x/2 
= 3 ae 
= | ew 
: 
1 2 dt x 
= Sa ae aOR where f= tan 5 
1 
aS 2I = 5 —[log (1 +A) 
= 21 = F-log2 = I= 2_log2 


PROPERTY VI Iff (x) isa continuous function defined on [—a, a], then 
a 


f f(x) dx = 2] f(x) dx , if f(x) isan even function 
z : 0 , if f(x) isan odd function 
PROOF Clearly, 
J f(x) dx = J fe) tx] f(x) dx [Using prop. II] 
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Let x =—t. Then, dx =-— dt. 
Also, x =—a = t=a and x=0 => t=0. 
0 


0 0 
fpedx =Jfencay =-f fend 


0 a 
= J ¢@ dx= J fcnat 


[By prop. Il] 
-a 0 


0 a 
=> [fe = J fexdx 


[By prop. I] 
—a 0 


| fee ax = J fex dx+] f(x) dx 
0 


—a 0 
= SJ feyax = J ffex+foo}dx 
-a 0 


f _ jaf feydx , iff =f) 
— J feo dx = Jf f f 
4 0 , iff(—x) = -f (x) 


a 
= f pce ax = Be lies , if f (x) isan even function 
—Aa 


0 , iff (x) is an odd function. 


REMARK The graph of an even function is symmetric about y-axis that is the curve on left side 
of y-axis is exactly identical to curve on its right side. 


a 0 ; 
So, J f(x) dx =| f(x) dx (see Fig. 20.8). 
0 


f fix) dx =f f(x) dx 





Fig. 20.9 


In case of an odd function the curve is symmetric in opposite quadrants, so 


0 a. 
[Kx dx=-| f(x) dx | (see Fig. 20.9) 
-a 0 
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4 0 a 
f fix) dx =-f f(x) dx 





Fig. 20.10 


a a 
NOTE: In the above property, we have proved that ) f(x) dx= | if (x) +f(- x)} dx 


—a 0 
ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate: 
m/2 m/2 
(i) | sin?xdx [NCERT] Gi) | sin? xdx [NCERT] 
—-n/2 —-7/2 
SOLUTION (i) Let f(x) =sin’ x. Then, 
f(-x) = sin’ (-x) = {sin(—x))” = {-sinx}’ = -sin’ x = -f (x) 
f (x) is odd function. 
1/2 n/2 
=> | f@dx =05 | sin?xdx = 0 
—n/2 —-7/2 


(ii) Let f (x) = sin? x. Then, 


f(-x) = sin? (-x) = {sin(—x)}? = {-sin x]? = sin? x = f(x) 
f (x) is an even function 
m/2 n/2 
= | f@dx = 2] f@ax 
—-n/2 0 
m/2 1/2 
=> sin? x dx = 2 i) sin? x dx --(i) 
-n/2 0 
n/2 
Let I = | sin? x dx. Then, 
0 


n/2 a m/2 
I= i) sr? -2) ax => I= J cos” x dx 
0 0 
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= n/2 m/2 
I+] = J sin? x dx + f cos” x dx 
0 0 
m/2 nm/2 
= aI = J (sin?x+cos*x) dx = J1.dx = 2 
0 0 
Tt 
= J = 4 
m/2 
=> sin? x dx = = 
4 
0 
m/2 
Substituting this value in (i), we get | sin? x dx = 2x rm = 3 
-m/2 
EXAMPLE2 Evaluate: 
m/4 a 
(i) J 2 sin* x dx ai) [ V See: [CBSE 2002, 2008] 
-7/4 -a 


SOLUTION (i) Let f(x) = x” sin’ x. Then, 


f (-x) = x)? sin? (-x) = {sin (—x) \ =-x° (- sinx )*=-x sin4 x =- f(x). 


So, f(x) is an odd function. 
1/4 1/4 
Hence, | fx) dx =0 = x? sin* x dx=0. 
—n/4 -7/4 





a 
(ii) Let r= f V4=2 dx. Then, 
=P Aat+X 
f A-xX a-x f a-Xx 
I= \V4=x — = Von d 
-a ieee : 





At+X a-x 
= I=) pbpe-| pie 


= [= lire -| gee 


a . 
es I = ah— Ih, where h = | yx and Ip=| Tarde 
—A& 


Let f(x) = TI and 9(x) SR 7 Then, 
—_ 1 = 1 = _ — mits = = =— 
FCO Cae ee MC eae 


= f(x) is an even function and 9(x) is an odd function. 





DEFINITE INTEGRALS 
cM 
,= ax 
, J Va? =x 


a 
1 
=> I, =2)- d 
: | eo 


a 
and, In = | ~——dx = 0. 


Hence, [=an-O=ant. 


n/4 
EXAMPLE 3 Evaluate: i} Ey: 
2 — cos 2x 
—-7/4 
n/4 x47 
SOLUTION Let! = mi ape De dx. Then, 
—/4 
ip i 1 
x Tt 
[= ——_|— dax+-— ————— dx 
nya 2 7 COS 4 age COS x 
n/4 ca re 
Spe 2 —cos 2x 
7 Pane 2- aE 1 
2—cos 2x 
/4 
= ran | 1+tan? x cP 
2 1+3tan?x 
1/4 2 
=> t=2 —__ SSC * ___ dx 
i 17 + (V3 tan x)? 
m/4 
ae [= ———————~ d (N3 tan x) 
2S | eee 


=> i aT | tan7? (V3 tan yf e 


= Mt =} s I _- tt ae tastes 
=> I = 5 yg (tan V3 —- tan 0) = 33%3 = BS 


n/2 
EXAMPLE 4 Evaluate: es 
wing Lhe 
n/2 
SOLUTION Let I = | ——— dx. Then, 
—~n/2 1+ e* 
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E f(x)= Eo is an even function 
a — 


a 
= I; =2|sinr 12] = 2(sin-11-sin7! 0] = 25-0 = 
0 


E f= Tro is an odd function 


is an odd function and 


is an even function 
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. n/2 1 1 a a 
J fee dx ~ J f@)dx = J if (x) +f (-x)} dex 
-a 
n/2 P 
1 eine 
= l= ——— + ———_} dx 
= 
u/2 3 n/2 
1+¢en* fle on 
= ta | rane = [1 a = [xf iy 


Tt © 
EXAMPLE 5 Evaluate: 2x (1 +sin x) dx 


2 
—, itcos x 


SOLUTION Wehave, 


vw @ 
fe f 2x (1+sinx) 4. 


2 


x .tcos x 
(2x , 2xsi 
— I =| mein ak + i) Sa dx 
SE CO6s x _q itcos’x 
~ 2x { _2xsi 
=~ I = +I, where 1, = | —*——dxand, = J 2=5* gy 
_, i+cos*x =, itcos’ x 
Since f (x) -—= is an odd function and ene is an even function. 
1+cos* x + cos* x 
% s 
h = OandI, =2f “#8 gy 
9 itcos’x 
Now, 
7 ° 
b=4) 4S x i 
9 itcos”x 
m o 
= h=4f G-2sin@=2) 4, 
9 L+cos’ (t—x) 
wt o 
> h=4f sx), i) 
9 i+cos’x 
Adding (i) and (ii), we get 
ond 
2p = 4x] ——7~ sin x dx 
9 itcos’x 


=—1 


J 
> 
i 
nes 
ws 
5 
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= In = -4n/-n/4—n /4| = 2n? 
=> Ip = nt 
Hence, I = 0+72 = x. 
m/2 
EXAMPLE 6 Evaluate | | sinx | dx 
-n/2 
SOLUTION Let f(x) = | sinx |. Then, 
f(- x) = | sin (-x) | = | -sinx | = |sinx] =f(x). 


So, f(x) is an even function. 


n/2 n/2 m/2 
| | sinx | dx = 2 ] | sinx | dx = 2] sin x dx E sinx20for0sx55| 
—n/2 0 0 
1/2 
, /2 Tt 
=> | | sinx | dx= 2|- cos x | =2 — cos 5 + cos 0 =2 
—7/2 
2 . 
EXAMPLE7 Evaluate ie xsintx | dx. (NCERT] 
-1 
SOLUTION We have, 
-1<x<5 => -n<nx<3% 
Now, -1<x<0 
=> —-1t%<nx<0 
=> sintx<0 =>xsinnx>0 [-.- -1<x<0] 
= |xsintx| = xsinnx 
and, 0<x<1 
— O<nx<n => sinnx>0 => xsinnx>0 => |xsinnx| = xsinnx 
3 
and, 1<x<75 
3 1 : : : : 
— M<TX<~_- => sinnx<0 > xsinnx<0 => |xsinax| = —xsinnx 
xsintx, if -l1<x<1 
Thus, [xsinnx| = —xsintx, if 1<x<5 
3/2 3/2 
I= f |xsinmx| dx = f |x sin tx] dx +f |x sin mx] dx 
-1 -1 1 
1 3/2 1 3/2 
=> I= f xsinn xdx+| (-x sin t x) dx = | x sin nx dx —| x sin 1 x dx 
-1 1 -1 1 
1 3/2 
— 1= 2) xsinnxdx—| xsinnxdx [-.- x sin 1 x is an even function] 


0 1 
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. x 1 x Ae 
Now, x sin 1x dx =—— cos Tx +— cost xdx=—-— costx+—5 sin tx 
I Il ™ 7 7 nr 


3/2 
I = ) |xsinax| dx 
-1 


1 2 
x 1h x fT, de f 
= J[=2 —~cos TX +—5 SINTX| —|-—— cosumx +—> sin tN x 
Tl i Tl a : 


1 WS ow 1 om) _(_ 2. 1 a 
=> I= 2|[~ J os n+ sin || - I an COS 7 +3 sin P| ( goo + ae 


= ooo) Qe) 2a da 


PROPERTY Vil If f (x) = a continuous function defined on [0, 2a], then 





ete . 2] fonds , iff(2a—x) = f(x) 
0 0 , iff (2a—x)=—f (x) 
PROOF Clearly, 


2a a 2a 
[ fopdx = J fayaxt] fon ax (i) 
0 0 


a 
2a 
Consider the integral | f (x) dx 


Let x = 2a -—t. Then, dx = d(2a—t) => dx=-dt. 
Also, x=a => t=a and x=22 => t=0 
2a 0 
J fede =-J fea-nat 
2a sey 
me J f (x) dx = J f (2a—t) dt [Using prop. Il] 
20 : 
= J f (x) dx = J f (2a —x) dx [Using prop. I] 
2a ° a 
Substituting | f(x) dx = J f(2a—x) dx in (i), we get 
a 0 
2a a a 
[ feadx = J feeydx+] fea-x dx 
0 0 0 
2a a 
= | f(x)dx = J (F(x) +f (2a—x)} dx 
0 


=> Wianaee 2] foods , iff(2a—x)=f (x) 
: 0 , iff (2a—x)=—f (x) 
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REMARK If f(2a—x) = f(x), then the graph of f (x) is symmetrical about x =a as shown in 
Fig. 20.11. 


2a a 
| fax = J fee dx 
a 0 





a 
ffix)dx ;x=a 9 ix=2a 
0 : 


y’ ' ' 
Fig. 20.11 
If f (2a — x) = —f (x), then the graph of f (x) is shown in Fig. 20.12. 


se 


a 2a 
| fx) dx = ~| f@dx. 
0 a 






y 1 a 


x’ (a, 0) (2a, 0) : 





y' ! Y 
Fig. 20.12 
ILLUSTRATIVE EXAMPLES 
2% 
EXAMPLE1 Evaluate: i) cos” x dx. [NCERT] 


0 


SOLUTION Letf (x) = cos? x. Then, f (2 m— x) ={cos (27 — x) = cos? x 


2m Tt 
| cos’ x dx = 2 f cos” x dx [Using Prop. VII] 
0 0 


23 
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Now, 


f(m—-x) = {cos (xn- x) = —cos’x = -f(x) 


7 
J cos x dx = 0. 
0 


2m T 
Hence, ) cos’ x dx = 2 J cos’ x dx = 2x0 = 0. 
0 0 


EXAMPLE2 Prove that: 
n/2 n/2 


log sin x dx =J log cos x dx =~ F log 2. 


0 0 
n/2 
SOLUTION Let / = f log sin x dx. 
0 


n/2 
Then’ [= ) log sin( 5x] 
0 


n/2 
> I = f log cos x dx 
0 
Adding (i) and (ii), we get 
n/2 m/2 


2I = i) log sin x dx + log cos x dx 
0 0 





n/2 
=> 2I = (log sin x + log cos x) dx 
0 
m/2 
=> 2I = J log (sin x cos x) dx 
0 
n/2 2 si 
=% at = f log 28582 a 
2 
0 
m/2 
sin 2x 
=> 2I = J oa 5} Je 
m/2 1/2 
= 21 = f logsin2xdx — | log2dx 
0 0 
n/2 n 
= 21 = J log sin 2x dx - F (log 2) 
0 
m/2 a 
= 21 = J log sin 2x dx > log 2. 
0 


MATHEMATICS-XIif 


[Using Prop. VII] 


[NCERT, CBSE 2008] 


»».(i) 


.-.(il) 


«».(iii) 


CO is sss, 
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1/2 
Let I =| log sin 2x dx. 
0 


Putting 2x = t, we get 


Tm 
I, = } log sin tS 
0 
rs 4 
=> h = 5 J logsin edt 
0 
m/2 
= h = 5x2 J logsintdt 
0 
n/2 
=> I = log sinx dx = I [Using Prop. T] 
0 


So, from (iii), we get 


Tt Tt 
2I = I—7 log 2 = [= —7 log2 














| 1/2 —n/2 
Hence, J log sin x dx = f log cos x dx = — Flog 2 
0 0 
m/2 
EXAMPLE 3 Prove that J log | tanx+cotx | dx = nm log,2 
0 
1/2 
SOLUTION Let I = | log | tanx+cotx| dx. Then, 
0 
1/2 L 
1 =f log SMe 4 SOS) dx 
; cosx  sinx 
n/2 
1 
= I = | 108 | = enecapeeaes 
; sin X cos x 
m/2 1 
= I= | OG? omeepeeees nae .. sinx>0,cosx>0 forallxe|0 > 
0 sin X cos X 2 
m/2 
= I= = || log (sin x cos x) dx 
0 
n/2 m/2 
=> [=- J log sin x dx — | log cosx dx 
0 0 
= if) us 
=> =—|-5 log.2|- — 5 loge2 [See Example 2] 


=> I= nt log.2 
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Tw 
EXAMPLE 4 Evaluate: | log (1+ cos x) dx [NCERT] 
0 
uf 
SOLUTION Let! = J log (1+cos x) dx. -«(i) 
0 
Then, 
1 $ a a 
= J = fi log {1+ cos (m—x)} dx “' [fa dx = [f@-» dx 
0 0 0 
7 
= 1 = | log (1—-cos x) dx smi) 


0 
Adding (i) and (ii), we get 


Tt 
2] = J llog (1 + cos x) + log (1 —cos x)} dx 





0 
™ 
=> 2I = J log (1 —cos” x) dx 
0 
wT 
= 2I = | log sin? x dx 
0 
r 
=> 21 = 2] log sin x dx 
0 
2a a 
n/2 . © 
aX Tic 2{ log sin x dx slogsin xeog sin (n—2) and | (x) dx=2 | f(s) 
if f (2a —x) = f (x) 
m/2 
> I= 2x-F log, 2 .° J log sin x dx =-F log, 2 
0 
=> I = —nlog,2 


x 


] 
EXAMPLE 5 For x>0, let f (x)= =\|Ss Be pat. Find the function f (x) +f ( and show that 
1 


fo) (2) 25. 
SOLUTION We BANE; 


log. t | 
f (x) = = = dt w».(i) 





1/x 


1) _ ¢ loget 
= nel Tae 


Lett = 1 then, dt = —+ du. 
u u 
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Also,t = 1 => u=1 and f= = = u =x 


s(t) - f Wee CMe) = an 
1 








: 1+ u? 
- 1 a log, u F 
De | (A +u)u g 
x , athe ae 
From (i) and (ii), we get 
1 ail loge! log, t at 
FO) +h], i it+t (+bt 
=> f(x) + 1) _ f loBet (1+!) a 
He|= , RE oe 
1 r log. t 
=> roo+sd| =I ; at 
1 
log. x 
=> roo+f{z)- Jodo, Wheto leat Say Lit = dv 


yy (log, e)” Sk 
fo+s(¢ iE Sper 


EXAMPLE 6 Show that: 
1/2 7/4 
| eins) ace v2 f (cos 2x) cos x dx 


1/2 
SOLUTION Let I = J f(sin 2x) sin x dx (i) 
g n/2 j . 

Then, I= J f {sin 2 5 - } sin é - Je [Using Prop. IV] 

73 
= 1 = f f{sin (n-2x)| cos x dx 

0 

n/2 

= = | f {sin 2x} cos x dx .-.(il) 


0 
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Adding (i) and (ii), we get 
n/2 
21 = f (sin 2x) . (sin x + cos x) dx 
0 
n/4 
= 21 =2 J f (sin 2x) (sin x + cos x) dx [Using Prop. VII] 
0 
n/4 
= 2I = NB J fesin2{ Jy sin x+ Jy cos x ax 
m/4 
= a1 = 2v2 | f(sin 2x) sin(x+ 3) 
0 
n/4 
= 21 = 2N2 J f {sin 2 ki - =} sin Fi —x+ i] dx [Using Prop. IV} 
0 
n/4 
=> 21 = 2N2 f fisin|=- sin| = - x |dx 
‘ 2 2 
n/4 
= 21 = 2V2 | f(cos 2x) cos x dx 
0 
n/4 
I = v2 | (cos 2x) cos x dx 
0 
n/2 m/4 
Hence, f f(sin2x)sinxdx=V2 | f (cos 2x) cos x dx. 
0 0 
2n -_2n 
EXAMPLE 7 Prove that : | —~="—*— dx = 
9 sin” x+cos x 
2n on 
SOLUTION Let I=| ee dx wai) 
0 sin?” x + cos?" x 
i Sere f __@n=2) sin @n-x) 
' o sin2” (2% —x) + cos”" (27 — x) 
3, 
2% —x)sin~ x ‘i 
= = n= x) sin™ x dx ...(ii) 
i sin2” x + cos”” x 
Adding (i) and ve we get 


4 ol = Pe oreo ein wi 4, n= x) sin?” x ax 


sin2" x + cos2" x RCT Re. x 


eS pustue! x 
=> = 
sin? n x + cos2" x 





idl ~ oa => «2s —e 


DEFINITE INTEGRALS 


sin?’ i 
T=n =f apie Se OH. UE OnTe 
sin? Rie +cos” x 


2n 


sin*" x 
I = 2x f 5 ea 
, sin?” x + cos?” x 
™ 
ae an | sin?” x 
3 2n 2n 


9 sin xX + COS” xX 


n/2 2 
pe te ne 


sin?” (11/2 — x) + cos?" (1/2 — x) 


cos2" x 


2n 2n 


n/2 
pate | a x 
cos x+sin" x 


Adding (iii) and be we get 


n/2 
21 = 4n J 1.dx = 4nxt =] = 
0 


Evaluate the following integrals: 


4 
4x+3, if 1<x<2 
1. | fix) dx, where f(x) = teas if 2<x<4 
1 


9 sinx, O<x<7/2 
2: f(x) dx, where f(x) 1, n/2<x<3 
0 3) 3<x<9 


4 
3. J f(x) dx, where f(x) = 


bee if 1<x<3 
1 


8x , if3<x<4 


4 3 
4. | |x+2| dx 5. [ |x+1] dx 
-4 —3 


7. (i) f joe+3| dx 


—2 0 
3 6 
| |3x-1] dx 9. | |x+2| dx 
0 =f 
2 2 
10. | |x+1| dx 11. J |x-—3| dx 


-2 


-_ 


2 
(ii) | |x? -3x+2| ax 


20.81 


[Using Prop. VII] 


[Using Prop. VII] «+» (iii) 
...(iv) 
EXERCISE 20.3 
1 
6. | |2x+1] dx 


-1 


20.82 


n/2 
2 J |cos 2x| dx 
0 
m/4 
14. ) |sinx| dx 
-/4 


nm/2 
1 
————— dx 
“ 1+cotx 


n/2 A 3/2 


1s, | —_=8 


x 
dx [NCERT] 
sin?/ 2 3/2 x 


X + COS 
m/2 


1 
y J 1+ tan x dx 


22. { IR a, 
9 1+x7 


x 


24. | ——~__g 
(1 +x) (1+27) : 


26. | xsinxcos* x dx 


28. | x logsinxdx 


x 


30. | -————_ 
9 itcosasinx 


ona Ot-A OA OS 3 


dx, 0<a<n7 


n/2 
2. (2 log cos x — log sin 2x) dx 
0 
m/2 : 
34. f XSi X COS x dx 
9 Sin x+cos x 


/2 
36. | sin’ x dx 
—-7/2 


n/4 
38. | sin? x dx 
—7/4 


MATHEMATICS-XII 


2n 

13. i) |sinx| dx 
0 
1/2 


ia, || 22 


1+tanx 


f Vcot x 


ax 
Vcot x + vtan x 


1/2 


19. | 
9 sin" x+cos” x 


- Nn 
an * _ iy [CBSE 2004] 


21. 


ra) 
fs 
‘ 
| 
ae 

= 


23. wa +2) dx [CBSE 2008] 


1+x 


x tan x 
sec x cosec x 


25. dx [CBSE 2001, 2007] 


27. | xsin° xdx 


pe), [Pe [NCERT] 


_ 
+. 
”. 
5 
ad 


31. | xcos*x ax 


33. | sin? x cos’ x dx 


o —,, 3 So —,, + oC —, 7 So —, = Oo —, + So —— OO G5 


n/2 
35. f sin? x dx 
—n/2 


37. J ‘os 355] 


U9 
39. i) log (1 — cos x) dx 
0 
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n/2 a 
2—-sin x Vx 
: Jog 5 ein 2] dx 41. J A eT re ax [NCERT] 
5 z 
oe ee ia) j —=— = 
0 x+4+V9-—x 0 7- = 
n/3 1 b 
ee ears 2/16) 
- edt (CBSE 2007] 45. J fait nee 
n/2 
46. ft ess oak 47. J {sin |x| +cos |x|}dx [CBSE 2000] 
2 —n/2 
2 
4s. [x\V2—-x dx  [NCERT, CBSE 2007] 
0 
0 
49. | f(x) dx, where f(x)=|x|+|x+2]+] x45] [CBSE 2005] 





-§ 


4 
J |x-1| dx  [NCERT] 


50. 
0 
51. If fis an integrable function such that f(2a — x) = f(x), then prove that 
2a a 
i) f(x) dx = 2 f(x) dx 
0 0 
2a 
52. If f(2a-—x) =—f(x), prove that | f(x) dx =0 
0 
53. If fis an nea function, show that 
a 
(i) f fe?) dx = a] foe) dx Gi) | xf) dx=0 
—Aa —A 
54. Iff(x)isa Sirens function defined on [0, 2a]. Then, prove that 
2a a 
J fe ax = f fe +fa—x} ax 
0 0 
55. If f(x) is a continuous function defined on [— a, a], then prove that 
J peayas - F(x) +f (-2)} dx 
-a 
ANSWERS 
1. 37 2. 3-F+e8 3. 62 4. 20 
5 : ss 
5. 10 6. 2 7. (i) = (ii) 1 
65 3 
8. 6 9. 40 10. 5 11. 7 
12. 1 13. 4 14. (2-V2) 15. 7 


20.84 


16. 


20. 


Pi2 £/a lA 


24. 


28. 


I 
NAL 
Some 
© 
09 
nN 


1 
32. — 7) log 2 
36. 3 
40. 0 

a4, 


1s 





17. 


21. 


25. 


29. 


33. 


37. 


41. 


45. 


49. 





MATHEMATICS-XI] 
tT Tt ui 
4 18. 4 19. 4 
tr . 1 
; 22. 0 23: = log 2 
rw v1 21 
4 26. 5 27. 3) 
2 
u use Te 
“(3 7 30. aay 31. 4 
0 34. m 35. 0 
16 ? 
tw 1 
0 38. 479 39. —nlog2 
9 5 Z 
) 42. 5 43. 9 
Ca) 46. 9 47, 4 
&3 50. 5 


HINTS TO SELECTED PROBLEMS 


4 
4. | eal geal i) en (x +2) dx 


-4 


=—2 


-4 
: 
5. il |x+1] dx= | esayden| (x +1) dx 


-3 
=1/2 


=~ 


6. f lox +1| dx = | - eeatyarsf (2x +1) dx 


= 


-1 
-—3/2 


aoe 


7. wy { |2x+3| dx=| - ox balues | (2x +3) dx 


—2 


—2 


ss 


8. |3x — -1|ae=f- — (3x — era (3x —1) dx 


1/3 


9. f |x+2| aif Be (x +2) dx 


-6 


-6 


-2 


2 -1 2 
10. f [x+1] dx= [ —(x+1)dx+{ (x +1) dx 


=—2 


—2 


2 2 
11. { |x—3| dx = [ -(«-3) dx 


sb 
m/2 


1 
1/4 


-1 
[.. x-3<0forl<x<2] 


n/2 


12. f |cos 2x| dx= J cos 2x de+ J (-cos 2x) dx 


0 


m/4 
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2n ™ 2n 
13. J |sin x| dx = J sin x dx +| (— sin x) dx 
0 0 


7% 


m/4 0 ™/4 
14. J | sinx| dx= J ~ sin x dx + sin x dx 
—n/4 -7/4 0 


n/2 
21. Putx=asin 6 to get ]= =e cis 
A sin 6 + cos 8 


m/2 
22. Put x=tan0 toget I= i} log tan 6 d6 
0 
n/4 
23. Putx=tan@ to get I= | log (1+ tan 6) do 
0 


sin 8 


cos 8+sin 0 ue 


24. Putx=tan 6 to get ] = sa 
0 


7 
26. Let I =| x sin x cos’ x dx. Then, 
0 


14 7 
I= | (7 — x) sin (1 — x) cos4 (%—x) dx = i} (m — x) sin x cos* x dx 
0 


3 SO 


2] = i) 1 cos* x sin x dx. Now put cosx=t 


0 


14 TT 7 
27. sel x sin? x dx Then, [=| (7 — x) sin? (n — x) dx me 21=n| sin? x dx 


0 0 
7% 2 
x sin x (1% — x) sin (% — x) 7 Sin X 
29: A ~| zane ei] ney J T+sinx® 


a a 
33. Using | fx) dx = | fa-x) dx, we get [=-I>21=0=>1]=0 
0 0 


34. Wehave, 


n/2 

xsin x COS x 
[= jf Semxcosx (i) 
0 sin* xX cos4 x 


n/2 [2 - = }eos sin 
=> I=] dx | ...{ii) 


0 cos* x + sin? x 


Adding (i) and (ii), we have 


20.86 


36. 
38. 


39. 


46. 


49. 


b b 
. Use | feo dx =| fla+b-x) dx 


oI -#f Sin x cos x 


25 cos’ x + sin? x 


MATHEMATICS-XIi 


1 
z f __*_ y) 
=> =— | ———, at, wheret=sin’ x 
4501 ms oe ot a 
| oe 
us 
en it oe AE 
me wie 1) 
2 2 
1 2 
== -1 (2¢- 5 0 (Te et) 
= 21 = 7x2 tan (2t 1}, = 1s tse |=5 
n/2 n/2 
I= 2] sin? x dx = | (1-cos 2x) dx 
0 0 
7/4 m/4 


1=2f sin? x dx = | (1 — cos 2x) dx 
0 0 


0 


ri 4 ™ 
I= J log 2dx+2] log sin 5 dx 
0 0 

m/2 


t= mlog2+4 | log sin t dt, where t = 
0 


I= mlog 2+4x-F log 2 


I = nlog2-—2nlog2 = -—nlog2 


b b 
Use | feo dx = | fa+b-x) dx 


a a 
We have, 
n/2 
= f {sin | x | + cos | x |}dx 
—7/2 
n/2 
=> [= 2 { (sin x + cos x) dx 
0 


=> [=2x2=4 


47. 


4 7 
I = J log (1—cos x) dx = oa(2 sn? 5a 


x 


N 


m/2 
| log sin t dt =—= log2 
0 


b b 
Use | fey dx = | fa+b—x) dx 


[... sin | x | +cos | x | is an even function] 
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20.4 INTEGRATION AS THE LIMIT OF A SUM 


In this section, we shall consider integration as the limit of the sum of certain number 
of terms when the number of terms tends to infinity and each term tends to zero. Asa 
matter of fact the summation aspect of definite integral is more fundamental and it was 
invented far before the differentiation was known. 

Let f(x) be a continuous real valued function defined on the closed interval [a, b] which 
is divided into n equal parts each of width h by inserting (mn — 1) points a+h, 
a+ 2h, a+ 3h, ...,a + (n—1)h between a and b as shown in Fig. 20.13. Then, 


nh =b-aor, pats 
n 


.s o . . 
—_— 
. . 4 H 





A + (1 — 1) pavesereceennenseenesensenennsend 
art nh = b sovccccncccousccrccccssecacosccedensecs 


Fig. 20.13 


Let S,, denote the sum of the areas of n rectangles shown in Fig. 20.13. Then, 
Syn =h-fla)+h:fath) +h-faat+2h)+...+h-fa+(n—-1)h) 
= Sy, = h [f(a)+flat+h)+f(a+2h)+...+f(a+(n—-1)h)] 


Clearly, S,, denotes the area which is close to the area of the region bounded the curve 
y = f(x), x-axis and the ordinates x = a, x = b. It is evident that if n increases, the number 
of rectangles will increase and the width of rectangles will decrease. Consequently, S,, 
gives closer approximation to the area enclosed by the curve y = f(x), x-axis and the 
ordinates x =a, x =b. 


Thus, lim S,, gives the area of the region bounded by the four curves y =f(x), y = 0 (x-axis), 
tl —> co 


x =aand x =b. It can be proved that this limit exists for all continuous functions defined 
on closed integral [a, b] and is defined as the definite integral of f(x) over [a, b). 
b 


i) f(x) dx = lim S,, 





; 
or, i) f(x) dx =lim h Aa) +fla +h) +f(a+2h)+...+flat(n -1)h)| where it = B = 
b 
Or, | f(x) dx = nt h [fla) + fla +h) +f(a+2h)+...+fla+(n—-1) n)| ...(i) 


[-.- 1 30 = h- 0] 
The process of evaluating a definite integral by using the above definition is called 


integration from first principles or integration by ab-initio method or integration as the limit of 
asum. 3 
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REMARK In finding S, in the above article, we have taken the left end points of the subintervals. 


We can also take the right end-points of the subintervals throughout to obtain: 
b 


J f(x) dx = lim h [f(a +h) + f(a+ 2h) + flat+3h)+...+fla+nh)], h= 2=8 
a h-0 

It can be proved that this formula and the formula (i) give the same limit. 
Following results will be helpful in evaluating definite integrals as limit of sums. 


(i) 142434...4(1-1) = 2G) 


(i) 1-427 +374..(n-1)? = SUE) 


2 
(iii) 134+ 2°4+394+...4(n—1)° = Bend) 





‘ — 
(iv) atartar+...tar'1=a — re | 
(v) sina + sin (a +h) +sin (a+ 2h) +...+sin (a+(n—1)/) 
sin Jet ("| nl sine 
2 2 
7 sin a 
2 
(vi) cos a+cos (a+h) + cos (a+2h)+...+cos (a+(n—1)h) 
os Ja+|2=4) nl sin| ™ 
cos Ja 5 9 
S sin B 
2 
ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate the following integrals as limit of sums: 
2 2 
(i) { +4) dx (ii) J (2x+1) dx 
0 0 


SOLUTION (i) We have, 


b 
| fe) dx = limh [F(@) +fla+h) +fla+2h) +... +fla+(n—1) WL where h=7— 
a —_ 





Here, a=0,b=2,fix)=x+4andh="—O == 


2 
1 =f (x+4)dx 
0 


=> I = lim h [f(0) +0 +h) + f(0 + 2h) +... + f(0+(n —-1) h)] 
—0 

= I =limh [00 +4) +(h+4) +(2h+4)+...+((n-1)h+4)] 
h—0O 


= IT=lima [4nth (1+2+3+...+(n—1))] 
h—0 


— 
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=> [= tim h | anh £ aeed 
h—0O 

=< [= lim 5 [ane 2 MOD] E h=2andh 01> 
Pa n 2 n 

= = lim [s+2 (1-F)|=8+2a-oy=r0 
11 —> oo n 


(ii) We have, 


b 
J f(x) dx = lim h [f(a) +f(a+h) + fla+ 2h) +...+fla+(n—-1)h)], where h= a 
a h—0O 





Here a=0,b=2, f(x) =2x + 1andh=5—9 = 
2 
I = [ 2x41) dx 
0 
= I = lim h [f(0) +f(0 +h) + f(0 + 2h) + f(0 + 3h) +... + (0 + (n — 1)h)] 
h-0 
= I = lim ht [f(0) + f(h) + f(2h) + f(3h) + ... + f((n — 1) h)] 
h—0 
= I= lim h [0 +1) +(2h4+1)+(2-2h+1)+(2-3h4+1)+...4(2(n-1)h+1)] 
h-0 
= I = lim h [n+2h(1+2+3+...+(n-1))] 
h-0 
= I=limh jn +2. 22) 
h—0 
= I= lim h [n+nh(n-1)] 
n—0 
= t= tim 2 [nen.2 m1] [t= Fandh0 = n>] 
n—> colt n n : 


—> I = tim |2+4 na})| = tim |2+4 1~7)]|-2+4=6 
n—0O n 11 —> 00 n 


EXAMPLE2 Evaluate the following integrals as limit of sums: 


* 4 
G) J @x+1)dx (ii) { (2x-1) dx 
4 2 
SOLUTION (i) Wehave, 
b 
J fe dx eS er h [f(a) +fla+h) +f(a+ 2h) +... +f(a) + (n —h)], where h=?—4 
a 1—>0 


Here, a=1,b=3,f(x)=2x+1land jee 


= [NM 


a. 
I= f @x+1)dx 
1 
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I aa h [f) +f +h) + fl + 2h) +...4+f(1+(n—-1) h)] 

p= iim. i [((2*1 +1) + (2(1 +h) +1) + (2 (14+ 2h) +1) +...4+(2(1+(n-—Dh41h 
—) 

I = lim h [3 +(3+ 2h) +(3+2 2h) +(8+2 3h) +...4(34+2(n—-1)h)] 


h—0O 


I = lim h {38n+2h (1+24+3+...+(n—-1) 
h—0 
I = lim h {3n-+ah m=O} 


h—0 


yy dt 


J 


ul 


I = lim h {3n + hn (n —1)} 
h—0 


i > co 


a Teilim {+4 moh = tim {+4 1-7] =6+4 a-0)=10 
11 —> co n tt —> co nN 


(ii) We have 


=> I = tim * {an + Fxcn(n—2)| E h== and ho-~0=> ne] 


b 
| f(x) dx =lim h [f(a) + fla +h) + f(a + 2h) +... +f(a+(n—1) h)], where h = an 
h—0 





Here, @=2,b=4,fla)=2x-1andh="—*=4 
4 
1 = | fix)dx = lim h [f(2)+fQ+h) +f(2+2h)+...+f(2+(n-Dh)] 
2 h-0 
4 
= 1 = | (2x-1)dx 
2 
= I = lim h[(2Q)-1))+(2Q+h)—1} +{2@+2h)—1) +... +(22+(a-YM-1 
1—0 
=> I = lim h [3+(3 + 2h) + (3 + 4h) + (34+ 6h) +...4+(3 42 (n—1)h)] 
h—-0 
— I= lim hh [8n+2h(1+2+3+...+(n-1)] 
h—0O 
= I = lim h Jan 42h 2] 
h—0 


= I = tim 2 jan-+2%F xO} 


n— 0° 2 


=> I = lim {o-+4("57} = tim {s+4(1—Z]} = 6+40-0 = 10 


EXAMPLE3 Evaluate the following integrals as limit of sums: 





0 
SOLUTION (i) We have, 


2 3 
(i) | @2+3)dx [CBSE 2001C] (i) f (2x7+5)dx [CBSE 2010] 
1 


b 
J f(x) dx = aie h [fla)+fla+h)+fl@+2h)+...+fla+(n—1) hl, whereh= a= 
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Here, a=0,b=2, f(x) =27 +3 and h=2—9 = 
2 
[= i) (x7 +3) dx 
0 
=~ I = lim h [f(0)+f(0 +h) +f +2h) +... +f0+(n—1)h)] 
h—0O 
= I = lim k [,0) +f(h) +f2h) +... +f(1—-1)h)] 
h—0O 
= = lim h [(0+3) + (? +3) + 27h? +3) + (SI? +3) +... + (n-1)%H2+3)| 
h—0O 
= I=limh [3x +h? (17+2?+...+(1-1)%)] 
h-0 
= I = lim {3n-+1? nia~Den=}) ee) ea) 
h—0O 
= ail BON Den) eee 
nN —> co 
1 —> co n? 
i [638 (12a 8 _ 26 
=> si “| - 645 (1-0)(2-0) = 6+2=7 


(ii) We have, 
b 


J fe) dx = lim h [ff@) +fla+h) +fla+2h)+...+fla+(n-1)h)], where h ="—4 
P h—-0 





Here, a=1,b=3,flx)=2x" + 5andh=2—1 =2 
= f (2x7 +5) dx 

1 
= I = Him [AD +f(1 +h) +f(1 + 2h) +... +fl+(n-1)h)| 
= I = lim | 120)? +5) + (2 (1 +h)? +5) + (2(1+2h)?+5} +... +(2(1+(2—1)h2) +5} 
= I = lim [2 (17+ (1 +h)? + (1 +2h)?+(1 43h)? +...4+(1+(n—1)h)} +5n] 
= I = lim h[2{n+2h(1+2+3+...+(n-1)) +h2 (124224 ... (0-1?) +5] 
= f= uin hla {nz ROAD «ppm On—D} 59 

h>0 2 6 


=> I = lim h 2n+2hn(n—1) +212 2@-YEn-1)  . 
h-0 6 
= I= im F {7n-+2%2 Ge +22) js b=? 


"i —> so 6 


20.92 
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=> I = lim |14+8|2=1),8 @-1 @n-1 
n—) oo n |" 3 n* 
=> I = lim [ua(—)+8(1-2)(2-2) 
Te Gy Mii n n 
= I = 1448 (1-0) +3 (1-0) (2-0) = 1448446 - @ 
EXAMPLE4 Evaluate the following integrals as limit of sums: 
3 3 
(i) J @2+x)dx [CBSE 2000C) (ii) { (x2 +5x) dx [CBSE 2010] 
1 1 


b 
(iii) J x? dx 
SOLUTION (i) We have, 
b 
J eax: = on h f(a) +fla+h) + fla + 2h) +...+fla+(n—-1) h], where h =7=8 
a — 0 


Here, a=1,b=3,f(x) =x? +xandh=>—1 = 


3 
T=] @+x)dx 


1 

=> I = lim h[f(1) +f +h) +f(1 + 2h) +f(1 +3h) +... +/+ (n- 1)h) | 
h—0 

= I = lim h| {17 +1) + ((1 +4)? + (1 +h) + (1 +.2h)2 + (1 4.2%) 
h-0 


+o. + (1+ (0 -1hy + (1+ (@-1)H)}] 
= I = lim h | (12+ (1 +h)? + (1 +2h)2 +... +(14+ (2-1) 7} 
h—-0 


+ (1+ +h) + (+2) +. .+(1+(n-1))}] 
= I = lim h[(n+2h(1+2+3 +. .+(n—-1)) +h? (17427 +...+(n—1)?)} 


+{n+h(1+2+3+...+(n-1))| 
a [= Bim fn hx ORD Pye MBA OBAD ge MOD] 


h-0 


- [= tim h|2n+ahx®@=2, Hise | 


h—0 
; n ae 1), ye (n= 1) (2n-1 ma 
=> I cre 528s x P |. h= | 
oe Pee faro(ts *}s cae 
nN —> 00 : 
= Tain jaro(—Z)+ 3( al Z| 
, n> 00 . 
= [ = 4+6(1-0)+5(1-0) (2-0) = 44648 = B 
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(ii) 


Here 


(iii) 


Here, 


b 
f feo dx = lim h [f(a) + flat+h)+f(a+ 2h) +...+fla+(n—-1) hl, where h = "—4 
a h-0 


a=1,b=3, fx) =x" + 5x and h=2— =2 


3 
[= i) (x* + 5x) dx 


1 
I = lim h[f() +f. +h) +f. +2h) +... +f +(n- 1)h) | 
h—0 


l=limh | 1a? +5x1)) +((1 +h)? +5 (1+h)} + ((1 + 2h)74+5 (1+ 2h)} 
h—- 0 


tot (14+ (n- 1h? +5 (1+ (0-1) )] - 
I = lim h| {22+ (1+)? + (1428)? +... +1 + (1-1) hy} 
h-—0 
+5(14(1+h)+(14+2h)+...4(1+(n-1)h))] 
I = lim h| {a+ 2h (14+2434...4(1-1)+)2 (124224... +(n—1)) 
h-—0 


+5{(n+h(l1 +2+...4(n-1))}] 
I = lim h| 6n+7h (1 #2434..4¢(0-1) +h) (124274... +..4(n-1)7] 


h—0 
I = lim hd6n+7hx2@—D , 72, 2@-) @n-1) 
h—0 2 6 
Savent? n 2 n2 6 
I = lim 124+14(Z£1 , 8 (n-1) 2n~-1) 
1 —> co nN 6 n2 
I= lim 412+414(1-+]+2(1-2](2-1)\=1241444x2=1041448- 86 
Nt —) co PS: n nif - 3 373 


(as ae Veils h) + fla + 2h) +... + fla+(n—1) hj, where h = a 
a 1— 0 
fix) =x? 


b 
I= | x2dx 


I = lim hla? + (a +h)? + (a+ 2h? + (@+ 3h? +... +(@+ (1-1)? 
h—0 


I = lim h| na? +2ah(1 #2434...4(0-1) 40? {174274 ...+(n-1)]] 
h-0 


I = lim h na? 2a x BED 4 922 aot) an } 


h-0 


I= pie. {cn a> +a (nh) (nh —h) +2 (nh) (nh —h) (2nh — n| 


20.94 
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= srs {(o-a)@2-+0 (b-a) (b-a—h) +2 (b-a)(b-a—h) (2 (o-a)~] 

E h =7=8 = nh= b-a| 
=> I ={0-a a +00 aP +2 6-05 
= j= =o (3a? + 3a (b - a) + (b—a)?] 
=> p= Oo (3a? + 3ab — 3a? + b* — 2ab +7) 

= = 5 b-a)(@? +ab +) = 2-0?) 
EXAMPLES Evaluate the following integrals as limit of sums: 
(i) f e* dx (ii) f e* dx [NCERT] 
0 -1 


SOLUTION (i) We have, 

I 19 ax ss h (f(a) +fla+h) +f(a + 2h) +... +fla+(n—-1) h], where h == 
Here,  a=0, b=2,f(x)=e* and f=2—0 2 

i ods 
=, i= ti h [,0) + f(h) +f(2h) + ... +f((n-1) n)| 


=> I = lim eee 


h—-0 


=> I = lim ito I sing a ar..artaa( =H] 
h—0 r- 





— I=limh et) = lim 1 ie =I |. hae = nh=2] 
h—0 hoo e-1 n 
h 

ie eile ig. ss 6 Ae 

s NCR an ae im h =| 
mais 

f b 

(ii) | foo dx = lim h (fa) + fla+ h) + fla+ 2h) +... +fla+(n—1) h], where h="— 


Here, a=-1,b=1,flx) =e andh=-—C*) 2 


1 
= | edx 
-1 


8 26. pues LP 
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=> 


I = lim h[fi-1)+fl-1 +h) +ft-1+2h) +... +f{-1+(n-1))] 
h—0O 


I = lim hfe teenth ger try ge dtm-Dh) 


h-0 
I = lim he 1+ tems... Dh] 
h—0 
(e"y" — me 
[= lim he") 4 : Using atart+...tar'—l=a e=1) 
h-0 i nat 
a. 
I = lim e} ae L E Seo 
h—0 et J Nn 
h 
2 
-1je—t > dn 
Perr =e=e .- lim ——=1 
| } hoo ft 
b 


EXAMPLE6 Evaluate | sin x dx as limit of sums. 


a 


SOLUTION We have, 


Here, 


b 

Wie dx = lim h[f(a)+f(a+h)+fla+2h)+... + fla+(n 1) h], where h =2=4, 
a h—-0 

f(x) =sinx 


b 
I = i} sin x dx 
a 


I = lim h|sina+sin (a+h)+sin (a +2h) +...+sin (a+(n—-1) iy] 
h-0 








: h)\ . nh ; nh h\ . nh 
sin(a+n—1 sn 5 sin(a+ 7} 3) sn 7} 
I = limh = lim hh j 
h—0O sin 2 h-0 sin 5 
sin ue le sin WSL 
2 2 2 
I= limh 7h ae [-.. nhh=b—al] 
h—0 sin 5 
h 
I = lim Z x2 sin ost SIC sin bea 
h30 - h 2 Pe 2 
sin 








I = lim a xlim 2sin{ 272 _#) in (2-4) = 2 5in( 242) cin (2=2 


I = cosa—cosb [-.. 2sin A sin B = cos (A—B)-—cos(A+B)] 


¥ 
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EXAMPLE7 Evaluate the following integrals as a limit of sums. 

1 4 
(i) | 2-3 dx [NCERT] (i) | 2° dx 

0 2 


SOLUTION (i) We have, 
b 


N 


| fe ax = lim h| f@) +fa+h) +f (a+2h)+...+f(a+(n-1)h)| where h = bx 
a h—0 


Here,a=0,b=1andf(x)=e"** 


He dvcs dhs 1 
n 





Thus, we have | 
1 
[= | emcee bs 
0 
= I = lim h| f(0) + f(t) +f(2h)+...+f(-1)h) | 
h-0 
= I = lim ler aer-Sh ye? 3OH 4 4 P-3(1-Dh) 
h—0 
=> I = lim he*| 1 +e 46 Hee pe ON pe oe DE 
h-+0 x,’ 
3liyn 1 
=> I = lim he? emt 
h30 | 
l=ii he? Rie =f Fae 
a = om lim, i ee ele = 
h-0 ie h—0 es 3 Lb ne 
Cah: 
2 1 = 
ae ee ee 


(iil) Here,a=2,b=4 and f (x) =2* 


h = =? = nh =2 


Thus, we have 


; | 
| 2 ax = lim hf Q)+fQ+h)+fQ+2h)+...4f(24+(n-1) h} | 


2* dx = lim h|2?+ 22th o2t2h, $Q2t(n- ve 
h->0 


2° dx = lim 4h|1 +2424. 4200-01) 
h-0 


N—-9 2 NY Sj NY KS 


hyn 
2 ae = im 44| 2 =} A tim |Z =! 


h-0 2"-4 h—>o|{2"—4 
= h #1 


i D) 1 12 # 
= | [2 ae = 0 3) log 2 . nh=2 and lim = =10g2| ) 





h->0 


: 
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EXERCISE 20.4 
Bones the following integrals as limit of sums: 
2 
1. Gad 7 2. | (+3) dx 
0 0 
3 1 
3. | (Gx—2) dx 4. | (x43) dx 
1 es 
5 x 
5. | (x+1)dx 6. | (2x43) dx 
0 
5 2 
7, | (2—x)dx 8. | (2 +1)dx « 
3 0 
2 Ps 
9, | x2 adx 10. | (2x7 +1) dx 
; eSths: 
2 
11. ae 12. | (2+4)dx » 
1 ¢ 0 
4 : 1 
13. |.@7-x)dx [CBSE 2010] 14. | (x7 +5x) dx « 
— 1 0 
2 b 
15. | e“dx © [NCERT] 16. | & dx 
0 a 
b n/2 
17. cos x dx 18. sin x dx 2 
a 0 
1/2 4 
19. J cosxdx ° 20. | (3x? + 2x) dx 
; 0 
s 2 
21. | (3x22) dx , 22. | (x2 +2) dx [CBSE 2000] 
0 
0 
4 2 
23. | (x +¢7*) dx » [NCERT] 24. (x +x)dx °? [CBSE 2005] 
0 


0 
3 


2 
25. { (x242x4+1)dxe [CBSE2007] 26. | (2x*+3x+5)dx * [CBSE 2007] 
0 0 


b 5 

27. J x dx [NCERT] 28. J (x +1) dx, [NCERT] 
a 0 
3 4 

29, x* dx [NCERT] 30. (x7 —x) dx [NCERT] 


pa ERS 


“ 9 2 10, 4 


33 35 = 
1 28 38 46 5 6.14 7-4 8. = + 





20.98 
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11. : 12. 22 13. 2 14. Z 15. e-1 16. e’-¢" 17. sinb-sina 
18.1 19.1 20.78 21.4 22. * 23. ite! 2a. = 25. 2 26. 2 
27. ae 28. 2 29. 2 30. a 





VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 


of the question: 
m/2 


1. Write the value of | sin? x dx. 
Om 
/2 
3. Write the value of | sin? x dx. 


-7/2 
n/2 


5. Write the value of | sin? x dx. 


—/2 
n/2 


6. Write the value of x cos? x dx. 
—-n/2 
1 


ed 


10. Write the value of | e * dx.: 
0 





1 
8. Write the value of | ax. 
0 


1 
Roe 





3 
12. Write the value of | & ax. 
0 


m/2 


n/2 
2. Write the value of | cos* x dx. 
0 
n/2 
4. Write the value of | cos’ x dx. 
—1/2 
[CBSE 2010] 
1/4 
7. Write the value of | tan’ x dx. 
0 


1 
9. Write the value of | tat ax. 
—2 


4 
1 
11. Write the value of | ax. 


m/2 
13. Write the value of J V1 —cos 2x dx 


0 
n/2 


3+5sinx 


14. Write the value of ) log tan x dx. 15. Write the value of ) log Gerre dx. 
0-. 0 


m/2 a 
16. Write the value of | > 
9 Sin x+cos x 


Tw 
17. Write the value of J cos” x dx. 


0 
15 


19. Write the value of i) [x] dx. 
0 


dx ,neN. 


2 
18. Write the value of | [x] dx. 
0 


ives 
20. Write the value of | {x} dx, where {x} denotes the fractional part of x. 


0 


1 
21. Write the value of e4) dx. 
0 


1 
23. Write the value of ] ox— [x] gy. 
0 


2 
22. Write the value of | x [x] dx. 


0 
n/2 in) | 
24. Write the value of | log|4—S"*) ae, 
_z/2 | \a@tsin 8 
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1 2 
25. Write the value of | x |x| dx. 26. Write the value of f log, [x] dx. 
=f 1 


b 
27. Write the value of J 


2 fi CONE SEE FS 
f(x)+flatb—-x) 


3 
28. Write the coefficient a, b,c of which the value of the integral (ax* +bx +c) dx is 











-3 
independent. 
1/4 
29. Write the value of the integral | sin {x} dx, where {} denotes the fractional part 
0 
function. 
v2 1 ; 
30. Write the value of the integral | [x7] dx. 31. Evaluate: | see dx [CBSE 2008] 
0 g +t 
1 
32. If| (3x2+2x +k) dx = 0, find the value of k. [CBSE 2009] 
0 
ANSWERS 
TC Tl TC TU “Tt 
1. 7 2.74 3.5 4.5 5. 0 6. O 71-7 
Tt T Tl 
8. 7 941 "10041 11. 5 1255 13. v2 14.0 15.0 
T 1 aL Fi 3th. 1 
16. 4 17. 0 18. 1 19. 5) 20. 5) 21. e-1 22. °) 23. log, 2 
b—a v2 -1 T 
24. 0 25. 0 26. 0 27. —— 28. b 29. —5— 30. V2 -1 31. 5 
32. —2 


MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 


1 
ik i Vx (1-2) dx = 
0 





r r Tn n 
(a) 5 O) (©) (4) 3 
i onl 
2. Tesin x ot cquals 
(a) 0 (b) 1/2 (c) 2 (d) 3/2 
wT 
3. The value of | ee ax is 
a cos 


w 
As 
aS 


2 2 
@) + o) > CFs (a) = 


20.100 
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2 
4. The value of | V4 +sin 5 dx is 
0 
(a) 0 (b) 2 i (c) 8 “(d) 4 
5. The value of the integral f one dx is 
cos x + Vsin x | 
(a) 0 (b) 1/2 (c) 1/4 (d) none of these 
6. f dx equals 
0 1+e& 
- log2-1 (b) log2 (c) log 4-1 (d) -—log2 
rf ‘singe dx equals (a) 2 (b) 1 (c) 2/4 (d) 12/8 
7, cos x 
J (2+sin x) (1+sin x) @* Cals 
2 3 3 4 
(a) log 5) (b) log 5) (c) log q (d) log 5) 
n/2 
a) Oivicaa se * eaels 


(a) $ tan” 5) (b) se tan 5) (c) V3 tan (v3) (d) 2 V3 tan?! V3 


10. f VERE ax = 
; 1+x 
(a) 5 (b) 571 (c) atl (d) +1 


11. | ps 





thee 





y8 Tt Tt 
(a) Veo (b) Pm (c) Pak (d) (a+b) 


t/3 
1 ‘ 
12. J TM Neote dx is 
- 1/6 
(a) 2/3 (b) 17/6 (c) 2/12 (d) 2/2 


oo 2 n 
1S. Given that J) gx = ——__=____, 
J (2 +02) (7 +B) (x2 4.02) 2 (a+b) (b+ c) (c +a) 


dx ; 
the value of | ————————’ is 
Ka» (x7 +9) 


(a) = ) # ©) 4 (d) 
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e 
14. log x dx = 
1 





2 1 (b) e-1 (c) e+1 (d) 0 
15. ; 5 dx is equal to 
a U3 x LL 
(a) (b) = (©) 7 (d) 2 
16. jf oztt ioe 
0 x7 +9 


(a) 15 t log (2V2) (b) 5 tlog (2V2) (c) bat (2V2) (d) 3 t log (2V2) 


17. The value of the tifegral | 





9 (1+2x) Ri + Be 
(a) 5 (b) ri (c) = (d) none of these 
1/2 
18. J sin | x | dx is equal to 
—m/2 
(a) 1 (b) 2 (c) -1 (d) -2 
1/2 
19. J = dx is equal to 
Tt 1 Tt 
(a) 7 ) 5 (©) 5 (d) 2 
1/2 
20. The value of | cos x e*"* dx is 
0 
(a) 1 (b) e-1 (c) 0 (d) -1 
21. If f Fa Fis = a then a equals 
0 
T 1 T 
(a) 5 b) 5 () F (d) 1 
1 1 
22. I iff f (x) dx = 1, x f (x) dx= nape) ax- =a" ‘mente — x) 2 f (x) dx equals 
0 0 
(a) 427 (b) 0 (c) 2a? (d) none of these. 
23. The value of f sin? x cos” x dx is 
| 4 ce 4 
(a) i (b) a (c) 0 (d) none of these 
t/3 
24. J dx is equal to 





e/6 oe 





20.102 


(a) loge3—(b) logeB(e) A Jog (-1) 


1 
25. | | 1—x | dxis equal to 


-1 
(a) -2 (b) 2 (c) 0 


26. The derivative of f (x) = a dt, (x > 0), is 
Ofe 


@a—- ©) ne Pee © nay x e-1) 


m/2 
27. If lig = x’ sin x dx, then the value of io + 90Ig is 


0 
9 
(c) g 


ny ny 
wf onl 
3 
(c) se 








1 


x 
2A |) rar (be 
15 3 
(a) 56 (b) 36 
29, lim =e is equal to 
" n30(22+1 2n+2 2n+n 
1 2 3 
() (5) (b) In 5) © (3 
2 


30. The value of the integral | | 1-x? | dx is 
-2 





(a) 4 (b) 2 (c) -2 
x/2 1 
1 Bicemaanae A 
1 ) TeNeR ee ee caualito 
(a) 0 (b) 1 (c) 2/2 
ae sin x 
=) Bie aha dx equals to 
(a) x (b) 2/2 (c) x/3 
1 
fdas By 2x ‘ 
gol ae {sn ; : a} dx is equal to 
(a) 0 (b) 7 (c) 1/2 
n/2 
34. | x sin x dx is equal to 
0 
(a) 1/4 (b) 2/2 (c) x 
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(d) log (—1) 


(d) 4 


3 x? 
In x 


of 
(@) -2 
ox( 
(d) 0 

(d) 1/4 
(d) 1/4 
(d) 2/4 


(d) 1 
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n/2 
35. sin 2x log tan x dx is equal to 


0 





(a) 7 (b) 2/2 (c) 0 (d) 2x 
36. The value of f a ee dx is 
‘ 5+3cosx 
(a) 1/4 (b) 1/8 (c) m/2 (d) 0 
jal eres A 
a7.) lax +5] eae bes 
(a) mln2.  (b) -nIn2 (c) 0 (d) -Fin2 
2a 
38. J f (x) dx is equal to 
0 
(a) 2) f (x) dx (b) 0 
0 


39. 


40. 


41. 


42. 


a a a 2a 
(c) [Foy dx+] t (2a — x) dx (d) [fey dx+] fQa—x) dx 
0 0 0 0 


b 
If f(a+b—x) = f (x), then x f (x) dx is equal to 


a 


(@) 2? f po-nax bo) 2" J pe+x dx 
ba a+b 
) > 2 


f (x) dx (d) f (x) dx 


a —|F 2 eS 





1 
The value of | tan”! ; 2x—1 | dx, is 
0 


+X—-X 

(a) 1 (b) 0 (c) -1 (d) 1/4 

me 4+3sinx 

i 

The value of log f eicos ; dx is 
(a) 2 (b) : (c) 0 (d) -2 

m/2 
The value of i) (2 +x cos x+tan?x +1) dx, is 

-n/2 


(a) 0 (b) 2 (c) % (d) 1 
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NWR 
1. (d) 2. (c) 3. (a) 4. (d) 5. (c) 6. (b) 7. (a) 8. (d) 
9 (b) 10. (6) 11. (a) 12) 33, (a) 14. (a) 15. (a) 16. (a} 
17. (b) 18. (b) 19. (a) 3=— 20. )~—sot, (b) 22. (b) 23. (c) 24. O) 
25. (b) 26. (c) 27. (b) 28. (d) 29, (c) 30. (a) 31. (d) 32. @d) 
33. (d) 34. (c) 35. (c) 36. (a) 37. (b) 38. (c) 39. (d) 40. (b) 


41. (c) 42. (c) 


I ————— REVISION EXERCISE 


Evaluate the following integrals: 


4 








2 5 
1. J xVa—x dx 2. J xV8x—T ax 3. i dx 
0 1 rene 
1 1 1 2 
4. | cos) x dx 5. f tan-! x dx 6. | cos™! tax dx 
0 0 0 1+x 
1 1/¥3 
2x ~1 [3x-x 
7. | tan7} dx 8. | tan”? | ——=_ | gy 
J fag J reel 
1 1 n/3 2 2.9 
2 | ae 10. | 8 gx 11, Sint 
0 0 sin x 9 (1+cos x) 
m/2 gine m/2 
in cos x 
12. Perris 13. J Tes 


r 4 


14. J sin? x(14+2cosx) (1+cos x)? dx 


0 


/4 


16. ] sin 2x sin 3x dx 
0 


1/4 
19. cos 
0 


45 sin? x dx 


1 
22. J tog a +x) dx 
0 


1 
25. f (cos™ ! x)? dx 
0 


1/4 
28. f tan’ x dx 
0 


1 2 
17. { Vi=* dx 18. [ 
0 1 
T/ 
“20. f 
23. 
26. 


29. 


2 
V1 + COS X 


“n/3( — cos x)/2 


4 
f +x d 
5 Wax+l “s 





2 
f x+3 ay 


1 © +2) 


1 
f [ox-1] a 
0 





x 


= J (1+x) (1+22) 





e 1/X gy 


i 
a 


m/2 


ax 21. | x2 cos 2x dx 
0 


1 
24. i] x (tan™? x)? dx 
0 


7/4 
27. & sin x dx 
0 


3 
30. f | x2-2x | dx 
1 


dx 
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n/2 1 3 
31. | sinx-—cosx | dx 32. | | sin2xx|dx 33. | x*-4 | dx 
0 0 
/2 1/2 ‘ 
34. | sin? x dx 35. cos Xx oa; =| dx 
—-n/2 -1/2 
a n/2 1 2n 
36. 37. | ———dx 38. | cos’ xdx 
Me 1 oe J 1+co’ x 
a n/2 
Vx 1 x sin x 
39. SI EY rap dx 405> |) dx aie | —————— 
x+VaA-X pers 9 1+cos? x 


™ 


42. | xsinx cos* x dx 43. | ————*—_—_—__ ax 
J a® cos? x + b? sin? x 
1/4 1.5 Fs 4 
x 
a4. [ | tanx | dx 45. | [2] dx a6. | sone ih 
—n/4 0 
EA. 1/2 9 Tt 
47. ee OS dix 48. f Sos * — ay 49, | cos 2x log sin x dx 
9 sin* x +cos* x jot COSx 0 
Tt ‘ 3 JE 
x x tan x x 
50. orn cere a>1 51. (eae 52. J Se 
0 2 
1/2 2 m/2 4 
——— x 54. J =" 55. J x29 sin? x dx 
0 sin X + COs X 0 sin~ x + cos* x ae 
1 T d m/2 1 
-1 74 _ ya RI 2 a SEs 
56. J cot (1—x+x2)dx 57. oe 58. J ——— 
‘ n/2 d 
cosec x cot x x 
es |) Se 60 eee ae 
[ soseasgt : Presta 


Evaluate the following definite integrals as limit of sums: (61- 69) 


4 2 4 

61. { xdx 62: [ (2x2+3)dx 63. f 2 +x) dx 
0 0 1 
1 3 3 

64. | eax 65.  e*dx 66. (2x2 + 5x) dx 
55 2 1 


3 22. 3 
67. | (x2 +3x) dx 68. | (x7 +2)dx 69. J 02 +1) dx 
1 0 0 


13. 


17. 


Nia lA 


T 
21. rar 


29. 


> Nile 


33. 


37. 


lA 


N/AL 


41. 
45. 2-—V2 


Tt 
49. - 7 
53. se log (V2 +1) 


7 
57. Wes 


60. 2 log ae) 


64. 5 (2 8") 


20 
68. = 


18. 


22. 


1 
26. 2 


30. 


34. 


38. 


42. 








BO ae 


50. 


54. 


58. 


cy) 


65. 


69. 


1. 


, V5 +1 
TE 198 2(V5 —2) 
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4, 1 
—log2 8. 213 ~ 21°83 
11. 2-= 12. 2(Vv2 -1) 
Tl 3 
15. 4 16. ae 
2 3 
19, 35 20. 9 
2 
97 TT td 
23. ~ —V5 24. 52-4 ta log 
1 tT 2 
27. 4 28. 4.3 
31. 2(V2-1) 32. - 
35. 0 36. 0 
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SUMMARY 
1. Let ¢ (x) be the primitive or anti-derivative of a function f(x) defined on [@, 5] i.e., 
b 
£ ( (x)) = f(x). Then the definite integral of f(x) over [a, b] is denoted by | f(x) dx 


and is defined as [6 (b) — 6 (a)]. 


b 
ie, | feydx = 00-0@ (i) 


The numbers a and b are called the limits of integration, ‘a’ is called the lower limit 
and ‘b’ the upper limit. The interval [a, b] is called the interval of integration. 


2. Following are some fundamental properties of definite integrals which are very 
useful in evaluating integrals. 


b b ; 
(i) J f(x) dx = | f(t) dt i.e., integration is independent of the change of variable. 


a a 


bel a 
(ii) J f(x) dx =| f(x) dx 
a b 


i.e., if the limits of a definite integral are interchanged then its value changes by 
minus sign only. 


c b 
(iii) J f(x) dx = f(x) dx + f(x) dx, where a<c<b. 
a a c 
The above property can be generalized into the following form 


b c C b 
| fen = | feo ax+J feo dx +... +] fx) dx 


a Ci Cy 


where @ <C} <Cy <C3 ... <Cy_ 4 < Cy <O. 


(iv) ) f(x) dx = | f(a—x) dx 
0 0 


a 
2 | f(x) dx , if f(x) is an even function 


(vy) | feydx={ ° 
ii 0 , if f(x) is an odd function 


ds 2) fix) dx , if f(Qa—x) =flx) 
(vii) | fixydx = 4 ° 
e 0 _, if f(2a—x) =—fix) 


2a 2a b b 
(viii) I fe dx = f { f(x) +f (2a —x)| dx (ix) I feo dx = J fa +b—x) dx. 
0 0 a 
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b 1 
(x) J flxydx = (b-a) J f(b -a)x+alax 
a 0 


3. If f(x) is a real valued continuous function defined on [a, b] which is divided into 
nm equal parts each of width h by inserting (n—1) points a+h,a+2h,..., 
a+(n—1)h between a and b. Then, 


b-a 


b 
J f(x) dx se h |fla) +fla+h)+flat+2h)+...+f{(a+(n-1) hy | , where h = > 
a i— 
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21.1 INTRODUCTION 


Integration has a large number of applications in science engineering. In this chapter, we 
shall use integration for finding the areas of bounded regions. The first step in finding 
the areas of bounded regions is to identify the region whose area is to be computed. For 
this, we first draw the rough sketches of the various curves which enclose the region. In 
order to draw the rough sketches of the curves, readers are advised to go through the 
appendix prior to this chapter. 


21.2 AREA OF BOUNDED REGIONS 


THEOREM Let f(x) be a continuous function defined on [a, b]. Then, the area bounded by the 
curve y = f(x), the x-axis and the ordinates x =a and x = b is given by 


b b 
J f(x) dx or, J y ax 
a a 


PROOF Let AD be the curve y = f(x) between the ordinates BA (x = a) and CD (x = b). 
Then, the required area is the area of region ABCD. 


Let P (x, y ) be any point on the curve and Q(x + Ax, y+ Ay) bea neighbouring point 
on it. Draw ordinates PL and QM. Then, 
PL=y, QM=y + Ay and LM = Ax. 
Let A denote the area BLPA, and let A+ AA be the area BMQA. Then, 
A A=area LMQP. ; 
Also, area LMNP = y Ax, and area LMQR = (y + Ay) Ax. 
Now, Areaof rectangle LMNP< Area LMQP s Area of rectangle LMQR 





Fig. 21.1 


=> 
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yAx S AA S (y+Ay) Ax 
ys aa S yt+Ay 
AA 
lim y Ss lim —— slim y+A 
Resa” Ax 0 AX eS fad Z 
dA 
ys sy 
dA _, 
dx 
f dA 
J fe dx = | y dx [ Integrating between the limits a and }] 
a na 
b 
x =b 
[4 ie = J y de 
a 
b 
(Area A when x= b) —(Area A when x =a) = | y dx 
a 
f Wh PL coincid ith AB 
xe en x =a, PL coincides wi 
AreaABCD—0\= J yidx So, area ices 


b b 
Area ABCD = J ydx = J f(x) dx 


REMARK 1 If the curve y = f(x) lies below x-axis, then the area bounded by the curve y = f(x), 
the x-axis and the ordinates x = a and x = b is negative. So, area is given by 


b 
| yax : 


REMARK2 The area bounded by the curve x = f(y), the y-axis and the abscissae y = c and y =d 


is given by 
d 


d 
J fy) dy ox, J x dy 
c c 





Fig. 21.2 
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In order to find the area of bounded regions, we may use the following algorithm. 
ALGORITHM 

STEPI Make a rough sketch showing the area to be found 

STEPII Slice the area into horizontal or vertical strips as the case may be 





STEP II Consider a representative strip and the corresponding approximating rectangle. 





STEPIV Find the area of the approximating rectangle. If the representative strip ts parallel to 





y-axis, then its width is taken as Ax and if it is parallel to x-axis, then its width is taken 
as Ay. In Fig. 21.3, RLMQ is the approximating rectangle of area yAx and in Fig. 21.4, 
the area of the approximating rectangle RLM is x Ay. 





Fig. 21.3 Fig. 21.4 


STEPV Find the limits within which the approximating rectangle can move. 
In Fig. 21.3, the approximating rectangle of area y Ax can move between x =aand x=}, 


b 
therefore the area bounded by y = f(x), y=0,x=aand x=b is given by J y dx. 
a 
In Fig. 21.4, the approximating rectangle of area x Aycan move between y =c and 
d 


y =d, therefore area bounded by x = 9 (y), x =0, y =c and y =d is given by | x dy. 
c 


The above procedure is illustrated in the following examples. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the area bounded by the parabola y¥ = 4ax and its latus rectum. 
[NCERT] 


SOLUTION A roughsketch of the parabola y” = 4ax is shown 
in Fig. 21.5. Let S (a, 0) be the focus and L SL’ be the directrix 
of the parabola y“ = 4ax. The required area is LO L’ L. Since 
the curve is symmetrical about x-axis. 


So, required area = 2 (Area LO SL). 


Here, we slice the area LOSL into vertjcal strips. For the 
approximating rectangle shown in Fig. 21.5, we have 


Length = y, Width = Ax 
Area= yAx 
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[-. P (x, y) lies on y* =4ax .. y= Vax | 
Since the approximating rectangle can move between x = 0 and x =a. 


Required area A is given by 
A = 2(Area LOSL) 


=> Area= V4ax Ax 


a 
=> A =2J Vaax dx 
0 
a 
= A= 4a | ve dx 
0 
/2)" 
= A=4va si 
alo 
2 (3/2 8 2 
= A= 4Vax3 (a —-0) = 3 a” sq. units 


EXAMPLE2 Using integration, find the area of the region bounded between the line x = 4 and 
the parabola y? = 16x. 

SOLUTION The equation y¥ = 16x represents a parabola with vertex at the origin and 
axis of symmetry along the positive direction of 
x-axis as shown in Fig. 21.6. Clearly, x = 4 is a line 
parallel to y-axis. The region is the shaded portion 
shown in Fig. 21.6. Since 1 = 16x is symmetrical 
about x-axis. 

Required area = 2 (Area OCAO). 


Here, we slice the area above x-axis into vertical 


strips. For the approximating rectangle shown in 
Fig. 21.6, we have 


Length = y, Width = Ax and Area = yAx. 


The approximating rectangle can move between 
x=QOandx=4. 


Required area A is given by Fig. 21.6 
A = 2 (Area OCAO) 





; 2 
= A=2 fy dx 
4: 
4 
= A =2 | Viéx dx [-.- P(x, y) lies on y2=16x -. y =Vi6x] 
0 
4 
=> A=8 | vxdx 
0 
4 
2/2) _ 16 (43/2_ 93/2) — 16.8 — 128 , 
= A=8 ow == —0°/?) = —x8 = "sq, units 
2 Jo 
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EXAMPLE 3 Sketch the region bounded by y = 2x — x* and x-axis and find its area using 
integration. 
SOLUTION We have, y= 2x- x 
Clearly, it represents a parabola opening downward which cuts x-axis at (0, 0) and (2, 0). 
The rough sketch of the curve is as shown in Fig. 21.7. The required region is the shaded 
region in Fig. 21.7. Here, we slice this region into vertical strips. For the approximating 
rectangle shown in Fig. 21.7, we have 

Length = y, Width =A x and, Area=y Ax 


The approximating rectangle can move from x = 0 to x = 2. Y 


So, required area A is given by 


2 
A=] ydx 
0 


2 
= A= J (2x-2)dx [-» P(x,y)lies ony =2x-2] 
0 





2 
=> a-| -2| = 4-2 = = sq. units. 
0 Fig. 21.7 


EXAMPLE4 Find the area of the region bounded by the curve y? = 2y — x and the y-axis. 
‘SOLUTION The equation of the given curve is 

y? = 2y-x 
=> y” —2y=-x 
=> y—2y+1 =-+x+1 
= (y-1)?=-(x-1). 
Clearly, this equation represents a parabola with ver- 
tex at (1,1) and opens on the left. Putting x = 0 in y? = 
2y — x, we get 

y*-2y=0 => y=0,2. 

So, the curve meets y-axis at (0, 0) and (0, 2). A rough 
sketch of the curve is as shown in Fig. 21.8 and the 
required area is the shaded area. Here we slice this 
region into horizontal strips. For the approximating 
rectangle shown in Fig. 21.8, we have 

Width = Ay, Length = x, and Area = xAy. 
The approximating rectangle can move from y = 0 to y = 2. So, required area A is given 
by 





Fig. 21:8 


2 
A = | x dy 
0 
=> A=) (2y-y’) dy - PY) foe | 
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EXAMPLES Find the area of the region included between the parabola y = 3 and the 


line 3x -2y + 12=0. [NCERT] 
SOLUTION The given quations are 
3x* i 
y _ 4 vei) 
and, 3x-2y+12=0 wil) 


Equation (i) represents a parabola having vertex at the origin, axis along the positive 


direction of y-axis and opens upwards. A free hand sketch of the parabola y= a6 is 
shown in Fig. 21.9. 


Equation 3x — 2y + 12 = 0 represents a straight line. Putting y = 0 and x = 0 respectively 
in (ii), we obtain x = — 4 and y = 6 respectively. So, the straight line given by (ii) meets 
x-axis at (— 4, 0) and y-axis at (0, 6). 

A rough sketch of the curves represented by (i) and (ii) is shown in Fig. 21.9. 


In order to find the points of intersection of the given parabola and the line, we solve 
(i) and (ii) simultaneously. 





From (ii), we get y = setts ; 
—2 2 
Putting this value of y in (i), we get forts 
3x+12 3x2 
7) omar 
=> 3 (x7 2x - 8) =0 
=> (x+2) (x-4)=0 


=> x = -2,4. 
Substituting these values of x in (i) or (ii), we have 
y = 3 forx = —2 and y = 12 for x = 4 





Fig. 21.9 


So, curves (i) and (ii) intersect at the points (— 2, 3) and (4, 12). 


Here, we slice the shaded area into vertical strips. We find that each vertical strip runs 
from the parabola to the line. So, the approximating rectangle shown in Fig. 21.9 has 
Width = Ax, Length = (y2 — y;) and the Area = (y2 — y;) Ax. 


Since the approximating rectangle can move from x = —2 to x = 4. 
So, required area A is given by 
4 


A= J (Y2 — y1) dx 
-2 


4 -.* (X, 1) and (x, 2) lie on (i) and (ii) respec. 
= An] ( 525? lax 3x +12 327 
~-2 


Y= ) and y2 =~7— 
4 
= [+6-2] 
-2 


= A = (Gx6+6x4-G )-@-1242)= 27 sq unt 





J 
> 
iB 


tt hood 
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EXAMPLE 6 Find the area bounded by the curve x? = 4y and the straight line x = 4y — 2. 
[NCERT, CBSE 2004, 2005, 2010, HPSB 2001C] 


SOLUTION The equations of the given curves are 
x? = dy »»«(1) 
and, x = 4y-2 »«(ii) 
Equation (i) represents a parabola with vertex at 
the origin and axis along positive direction of 
y-axis. Equation (ii) represents a straight line 
which meets the coordinate axes at (— 2, 0) and 
(0,1/2) respectively. 
To find the points of intersection of the given 
parabola and the line, we solve (i) and (ii) simul- 
taneously. Solving the two equations simul- 
taneously y" 
We obtain that the points of intersection of the Fig. 21.10 


given parabola and the line are (2, 1) and 
(-1,1/4). 


The region whose area is to be found out is shaded in Fig. 21.10. 


Let us slice the shaded region into vertical strips. We find that each vertical strip runs 
from parabola (i) to the line (ii). So, the approximating rectangle shown in Fig. 21.10 has 


Width = Ax, Length = (y2 — y;), and the Area = (y2 — y;) Ax. 


Since the approximating rectangle can move from x =—1 to x = 2. 
Required area A is given by 





2 
A= J (Y2 — y) dx 
=4 





2 -: P (x, y2) and Q (x, y}) lie on (ii) and (i) respec. 
x+2 x 
=> A= fae | x42 
“4 4 4 - Yo=", and ¥4= 
2 
le etre herein 
is A=| 8), 2) tae | 
4, 2 8 s ers is ER ees) ; 
rs 4=($+3-i)-([d-ata |o se 
EXAMPLE7 Find the area of the region enclosed by the parabola y* = 4ax and the chord y = mx. 
[NCERT] 
SOLUTION The equations of the given curves are 
y* = 4ax .».(i) 
and, y = mx ...(ii) 


The equation y¥ = 4ax represents a parabola in standard form and the equation 

y = mx represents a line passing through the origin having slope m. 

In order to find the points of intersection of (i) and (ii), we solve them simultaneously. 
Putting y = mx from (ii) in (i), we get 
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m* x? = 4ax => x (m? x — 4a) =O0>x*=0,x= 44 
m 


From (ii), we find that 


x=0 = y=0 and x= => ya 
m iL 


So, the points of intersection of the given curves are (0,0) and| 4a/ m? , 4a/m |}. 

The rough sketch of the two curves is shown in Fig. 21.11 and the shaded portion is the 

required region. Now, we slice the shaded region into vertical strips. We observe that 

each vertical strip has lower end on the line y = mx and the upper end on the parabola 
= 4ax.So, the approximating rectangle shown in Fig. 21.11 has 

Width = Ax, Length = (y2—-y,) and Area = (y5 — y;) Ax. 


Since the approximating rectangle can move from x = 0 to x = 4a/1m”. So, required area 
A is given by 












4a/m*” 
A=] (-y)dx 
0 
4a/m* -- P (x, yg) and Q (x, y3) lie on (i) 
= A= (2 Vax —mx) dx and (ii) respectively 
0 "Yo" =4ax and yy, =mx 
4a/m? Y 
/2 4a_ 4a 
=> A= Digi ne ad 
3 2 
2 0 


Q(x, y,) 





X 


Y' Fig. 21.11 


EXAMPLES Find the area of the region included between the parabolas y° = 4ax and x” = day, 


where a > 0. [CBSE 2003, 2004] 
SOLUTION The equations of the given curves are 

¥ = 4ax «»(i) 
and,  x* = 4ay --o(ii) 


Clearly, (i) and (ii) represent parabolas in standard forms. The rough sketch of these 
parabolas can easily be drawn as shown in Fig. 21.12. 


In order to find the points of intersection of the curves (i) and (ii), we solve them 
simultaneously. 


Putting y = _ from (ii) into (i), we have 
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2 
(Al = dax = x* = 64a x 


=> x (x° - 64a") =0 => x=O0or, = 4a 
From (ii), we observe that 
x=0 => y=0 and x=4a => y=4a. 


So, the two curves intersect at (0, 0) and (4a, 4a). The 
region whose area we have to find is the shaded 
region in Fig. 21.12. Here, we slice this region into 
vertical strips. We observe that all vertical strips have 
lower end on the parabola x= 4ay and the upper end 
on the parabola y” = 4ax. For the approximating rec- 
tangle shown in Fig. 21.12, we have 


Width = Ax, Length = (y2 — y,) and the Area = (yz — y}) Ax. 


Since the approximating rectangle can move between x = 0 and x = 4a. So, required area 
A is given by 





Fig. 21.12 


4a 
A= J (Y2 — y) dx 
0 


- P (x, y;) and (x, y) lie on (ii) and (i) respec. 


4a 
x2 
=> A= 2 Vax -— ld 
f ax 4a x x7 = 4ay, and ys = 4ax => Y= V4ax and Yi =7. 


4Na ve 
=> A -| 48 one 


4a 
0 


3 2 2 
= A= AM (an)3/?- (4ay” _ 32a" 16a" 160 


Th a ee sq. units 
NOTE The above area can also be obtained by horizontal slicing. In that case, we have 
fq 4a ~ 
Required area = i) (Xp -X,) dy = re - aay | dy 
0 0 


EXAMPLE9 Find the area of the region bounded by the curves y = x? +2,y=x,x=Oand 
x = 3. 
SOLUTION The equations of the given curves are 


y= x7 +2 ««-(1) 
y=x »-.(1i) 
x=0 ...(iil) 
and, x= 3 ...(iV) 


Clearly, y = x7 42 represents a parabola with vertex at (0, 2) and axis along positive 
direction of y-axis. This parabola opens upwards as shown in Fig. 21.13. Clearly, y=x 
is a line passing through the origin and makes 45° angle with x-axis, x = 0 is y-axis and 
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x =3 isa line parallel to y-axis at a distance of 3 units 
from it. A rough sketch of these curves is shown in 


Fig. 21.13 and the region bounded by these curves is 
shaded. 


Here, we slice this region into vertical strips. We 
observe that each vertical strip runs from the line 


y =x to the parabola y = x* +2. So, the approximating 
rectangle shown in Fig. 21.13 has, 


Width = Ax, Length = (y2— y;) 
Area = (yz — y;) Ax. 


Since the approximating rectangle can move from 
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x = 0 to x =3. So, required area A is given by pee as 

3 

A=J W-y) dx 
0 
3 ; ss . 4 
-.- P (x, y;) and Q (x, y2) lie on (ii) and (i) respec. 

. “SS ae (yi) and Q (x, yz) He on Gi) and (i) resp | 

0 * Yy=xX and yo=x+2 ] 

3 
vt ie 9 21 

= A=| "42-5 Pee 2 oe 
EXAMPI ind the area of the region {(x, y) sa y SX}. [CBSE 1991, 1992, 2005] 
SOLUTI t R={(x, y):x* Sy <x} Then, 


R= ((x,y):x7 Sy) (x,y): ys x} 


R= Ry AR, where R, = {(x,y):x*Sy} and Ry = {(x,y): y Sx} 


Region R,: Clearly, x = y represents a parabola with vertex at (0, 0), positive direction 
of y-axis as its axis and it opens upwards. Since ons y, SO interior of the parabola is the 


region R,. 


Region Ry: Clearly, y = x is a line passing through the origin and making an angle of 
45° with the x-axis. Since y<x, so Rp is the region lying below the line y =x. 
Hence, the required region R is the shaded region as shown in Fig. 21.14. 


Solving y = x” and y = x, we obtain O (0,0) and A 
(1, 1) as the points of intersection of y = x* and 
y=x. 

Here, we slice this region R into vertical strips. We 
observe that each vertical strip has its lower end on 
the parabola y = x* and upper end on y = x. So, the 
approximating rectangle shown in Fig. 21.14 has, 


Length = (y2- yj), 
Width = Ax and Area = (y2 — y;) Ax. 


Since the approximating rectangle can move from 
x=O0tox=1. 





Fig. 21.14 
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Required area A is given by 


1 
A= J (Yo — yi) dx 
0 


= A =| (x-x)dx 


So = 
ae | 


-- P (x,y) and Q (x, y2) lieon y= x7 and 
y=x respectively. So, y, = x2 and Y2=x 


1 
x x 1 ms lea 
=> a=|=-% = 973 7 6 Sa mt 
EXAMPLE11_ Find the area of the region {(x, y) : r< ys |x |}. ([NCERT, CBSE 2002] 


SOLUTION Let R = { (x,y) : <ys< | x | }. Then, 
R = (x,y) : x7 sy} lx, y) sys |x|) 

= R = {(x,y): x <y}O[l(x,y) >¥<Sx,x20) Ul(x, y): ys—x,x<0}] 
=> R = R, MN (Ro U R3), where 

R, ={(x, y): x <y),Ro= {((x, y): ySx,x20}and R3= {(x, y): ys —x,x <0} 
Region Rj: Clearly, vay represents a parabola with vertex at (0, 0), positive direction of 
y-axis as its axis and it opens upwards. The interior of the parabola is the region R, . 
Region Ry: Clearly, y=x, x 20 is a line passing 
through the origin and making an angle of 45° 
with the positive direction of x-axis. So, Ro is the 
region lying below the line y = x. 
Region Rg: Clearly, y = x, x < 0 is a line passing 
through the origin and making an angle of 135° 
with the positive direction of x-axis. So, R3 is the 
region lying below the line y =— x. 
The required region R is the shaded region 
shown in Fig. 21.15. Since both the curves are 


symmetrical about y-axis. So, required area A is 
given by 





A = 2 (Shaded area in first quadrant) Figse}-18 
I 
=> A= 2] (x—x*)dx | [See Example 10] 
0 
= A=2 x2 = = Sq. units [See Example 10] 


EXAMPLE12 Find the area of the region 
(x,y): OS y<x74+1, OS ysx+1,0<x<2}. [NCERT, CBSE 2001C] 
SOLUTION Let R= {(x, y):0<y<x7+1, O<y<x+1,0<x <2}. Then, 


R =((x, y):O0SySx74+1} A {((x,y):0SySx4+1} 9 {(x, y):0Sx<2} 
= R =R, NR, R3, where 

R,=((x, y):0Sysx7+1), 

Rp = {(x, y): OS ySx+1} and R3= {(x, y):0<x <2} 


21.12 MATHEMATICS-XE 


Region R,: Clearly, y = x7 41 represents a parabola with vertex at (0, 1), axis along the 
positive direction of y-axis and it opens upwards. 


Since,0<y<x7+1  y2Oandy<x7+1. 


So, R, is the region lying above x-axis and outside the parabola y = a, 

Region Ry : Clearly, y = x + 1 represents a straight line cutting x-axis at (—1, 0) and y-axis 
at (0, 1). 

SinceOSySx+1 — y20andy<x+1. 


Therefore, R, is the region lying above x-axis and below the line y = x + 1. 
Region R3: Clearly, R3 is the region lying be- 
tween the lines x = 0 i.e. y-axis and x = 2. 
Hence, the required region R is the shaded 
region as shown in Fig. 21.16. 


Solving y= x7+1andy=x+1, wefind that 

these two intersect at (0,1) and (1, 2). 

Now, we slice the shaded region into vertical 

strips. We observe that vertical strips change 

‘heir character at the point B. Draw a line BC 
arallel to the y-axis which divides the area 
ABDEO into two portions OABCO and 


JECB. For the area OABCO, the approximat- 
ig rectangle has 





Length = y;, Width = Ax and Area = y; Ax Fig a1 16 


As it can move from x = 0 tox = 1. 


1 

So, Area OABCO = i y; dx 
0 
1 

— Area OABCO = (x7 +1) dx | -- P (x, y;) lies ony =x" + 1. y1 =7+1] 
0 


For the area BDECB, the approximating rectangle shown in Fig. 21.16 has 
Length = yz, Width = Ax and Area = y5 Ax 


Since it can move from x = 1 tox =2 


2 
So, Area BDECB = | yp dx 
1 


2 
=> Area BDECB = f (x +1) dx [ -- Q(x, y2) lieson y=x+1.. yo=x+1| 
1 
Required area = Area OABCO + Area BDECB 


1 2 
= Required area = { @2+1)dx+] (x + 1) dx 
0 1 


R, 
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1 2 
=> Required area ahead oleae =$+2 = Sq. units 
EXAMPLE13 Find the area bounded bi by the curve y= 4ax and the lines y = 2a and y-axis. 
SOLUTION Clearly, the equation y° = 4ax represents 
a parabola with vertex (0, 0) and axis as x-axis. The 
equation y = 2a represents a straight line parallel to 
x-axis at a distance 2a from it as shown in Fig. 21.17. 


The required region is the shaded portion in Fig. 
21.17. 


To find the area of the shaded region shown in 
Fig. 21.17, we slice it into horizontal strips. We ob- 
serve that each horizontal strip has its left end on 
y-axis and the right end on the parabola y" = 4ax. 


So, the approximating rectangle shown in Fig. 21.17 
has its length = x, width =Ay and area = x Ay. 





Since the approximating rectangle can move from Fig. 21.17 
y=0 toy = 2a. So, required area A is gievn by 
2a 
A = x dy 
0 
a 2 
= ee E P (x,y) lies on y* =4ax a rf 


=> 


2 
_ fe] = 2 = $69) = 22 sq unis 


EXAMPLH14 Fjnd the area kal by the curve y = 4a” (x-1) and the lines x =1 
and y = 4a. 
SOLUTIO e have, 


y? = 4a? (x -1) 
=> (y — 0)? = 4a? (x —1) 
Clearly, this equation represents a parabola with ver- 
tex at (1, 0) as shown in Fig. 21.18. The area enclosed 
by y= = 4a" (x-1),x=1and1 y = 4a is the area of shaded 
portion in Fig. 21.18. 
When we slice the area of the shaded portion in 
horizontal strips, we observe that each strip has its 
one end on the line x = 1 and the other end on the 
parabola y¥ = 49” (x — 1). So, the approximating rec- 
tangle shown in Fig. 21.18 has, 

Length = x-— 1, Width = Ay and Area = (x — 1) Ay 


Since, the approximating rectangle can move from 
y =0 to y = 4a. So, required area A is given by Fig. 21.18 





4a 
A =f (x-1)dy 
0 


—-. 


MATHEMATICS-XIE 
4a 
2 
1 
= A = f andy | -. P (x, y) lies on y* = 4n? (x - 1) “- x-1=7/40 | 
0 


1 Pp 5 1 | 64 16a 
— rer ey L a — —_—_—— M 
= A A | 3 \- ig ‘lcs 3 >| = 3 Sq: units 


EXAMPLE 15 Find the area of the region bounded by y =— 1, y= 2,x = y° and x =0. 
SOLUTION We observe the following points about the curve x = y”: 


(i) Its equation remains same when x is replaced by — x and y by — y. So, it is 
symmetrical in opposite quadrants. 


(ii) The curve x = passes through the origin and tangent at the origin is obtained 
by equating lowest degree term to zero. Equating the lowest degree term to 
zero, we get x = 0. So, y-axis is yen at the origin. 


dx 
dy 
Now, ig 0=> y=0. Putting y = Oinx=y, we obtain x = 0. 


So, (0, 0) can be a point of local maximum or minimum. 


2 A 
But, ax =0 at (0,0) and fx #0. 
dy dy 


(ili) We have, x = =y? => = =3y?, 4 a= =6y and —; dx 3 = 640 
dy? dy? 


So, (0, 0) is a point of inflexion. 


(iv) Clearly, iy =31 y? > 0 for all y, so x increases 
with y. 


Keeping the above facts in mind, we obtain a rough 
sketch of the curve x = y” as shown in Fig. 21.19. 


Clearly, y=—1 and y=2arestraight lines parallelto  _ 

x-axis. The required region is shaded in Fig. 21.19. 2—— 
When we slice this region into horizontal strips, we 
observe that each strip has its one end on y-axis and 
other end on x = 1. So, the approximating rectangle 
shown in Fig. 21.19 has, length = | x, |, width = Ay 
and area = | x, | Ay. Fig. 21.19 





Since the approximating rectangle can move from 
=—1 to y =2. So, required area A is given by 
2 


A =| | x1 | dy 
-1 
0 2 
." x1 <Ofor—1sy<0 
zr aka J -ayy+] x, dy HL eae oeney | 
0 2 
= A = f-ydy+] yay [-.. P (x1, y) lies on x = y? «*. x=y)] 
-1 0 
0 2 
4 4 
1 17 : 
= A --|<] aa = —+4 = — sq. units 
4 = 4 0 4 4 
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EXAMPLE16 Find the area bounded by the curves y =x and y = Xe 
SOLUTION The equations of the given curves are 

y=x »(i) 
and, y=x »-(ii) 
For the rough sketch of the curve (ii) see Ex. 1 in Appendix. Clearly, y =x is a line passing 
through the origin and making an angle of 45° with x-axis. The shaded portion shown 
in Fig. 21.20 is the required region. 
Solving y=x andy = x’ simultaneously, find that 
the two curves intersect at O, (0,0), A (1, 1) and B 
( = 1) 
When we slice the shaded region into vertical strips, 


we observe that the vertical strips change their char- 
acter at O. X ax i: PX yy) 


Required area = Area BCOB + Area ODAO 









Area BCOB: Each vertical strip in this region has its 
lower end on y = x and the upper end on y = x". So, 
the approximating rectangle shown in this region has 


Length = (ys — y3), Width =Ax and Area 1" 


=(¥4— 3) Ax. Since the approximating rectangle 
can move fromx=-1tox=0. Rigi2 1x20 
0 
Area BCOB = | (ys — y3) dx 
-1 
0 ‘ - : 
-.- R (x, y3) and S (x, ys) lie on (ii) and (i) 
= aaa 
Serra BOR J , Gores respectively .. y3= x? and Y4=X 


Area ODAO: Each vertical strip in this region has its two ends on (ii) and (i) respec- 
tively. So, the approximating rectangle shown in this region has 


Length = y.—y,, Width = Ax and Area = (y2 — y;) Ax 


Since it can move fromx=0tox=1 


1 
Area ODAO = (> — Y3) dx 
0 


1 
= Area ODAO = | (x — x?) dx 


0 


-- P(x, y;) and Q (x, y>) lie on (ii) and (i) 
respectively -. y= x? and yo =x 


Hence, 


0 


1 4 4 
Required area = J @-23) dx +) @-2)dx= ee [5-2] 
, 1 


-1 


. 2 | _ (Ao) | (ieee ie 
= Required area= E i} |+(2 g}= gor uni 
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2 wn? 
EXAMPLE17 Find the area of the region bounded by the ellipse * + £ =1. 
a 


[NCERT, PSB 2001; HPSB 2001} 
2 
SOLUTION The equation of the curve is x + = 1. Since all powers of x and y bothare 
a 
even in the equation of the curve. So, it is symmetrical about both the axes as shownin 
Fig. 21.21. 


Area enclosed by the ellipse 


= 4 [Area enclosed by the ellipse and the 
coordinate axes in the first quadrant]. 
Here, we slice the area in first quadrant into 
vertical strips. We observe that each vertical 
Strip has its lower end on x-axis and the <’ 
upper end on the ellipse. So, the approximat- A’(—a, 0) 
ing rectangle shown in Fig. 21.21 has 


Width =Ax, Length=y, and Area =y Ax. 





The approximating rectangle can move be- B‘(0, -b) 
tween x = 0 and x = a. So, required area A is hy: 
given by Fig. 21.21 
a 
A= 4 | y dx 
0 
x ee 
a - P (x,y) lies on=~+4=1 
— A=4f? a* — x dx r Y 
0 ate y = A Vaz = a 
= ee q*—x* dx 
a 
a 
= Ave eet DN gta? 42 asin t= 
a)}2 2 a jo 
=> A=< {O45 sin BN oes «3 (5) =m ab sq. units 


NOTE If the area enclosed by the ellipse in te first quadrant is sliced into horizontal strips. 


Then the approximating rectangle has, length =x, width= Ay and area = x Ay and it moves from 
y=Otoy=b. 


b b 
SO, Required area = 4 | xdy = 4 J 4 V2 y? dy 
0 0 


EXAMPLE 18 Find the area of the smaller region bounded by the ellipse x + u; = 1 and the 
a 


straight line= +4 = 1. [NCERT, HPSB 2002C, 2004] 
SOLUTION The equations of the given curves are 


5 ae = 4 w«(i) 
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xy i 
and, Faire 1 .«.(ii) 


2 : 
Clearly, => + s = ] represents an ellipse as shown in Fig. 21.22 and = + - = 1 is the equation 
a 


of a straight line cutting x and y-axes at (a, 0) and (0, b) respectively. The smaller region 
bounded by these two curves is shaded in Fig. 21.22. 


We slice this region into vertical strips. We observe that each vertical strip has its lower 


ve 








Pe RL Me 2 
end on the line 7 f b 1 and upper end B(O, b) Q(x, ¥>) 


2 STP Pleey) 
on the ellipse 2 + we = 1. So, the ap- [2 : 
b? x’ X 
proximating rectatigle shown in Fig. 
21.22 has A'(—a, 0) P(a, 0) +e =1 
Length = (y2— y1), a 


Width = Ax and Area = (¥/2 — y;) Ax. B’(0, -b) 
Since the approximating rectangle can y’ 
move from x = 0 to x =a. So, required Fig. 21.22 


area A is given by 
a 
A=] (y2-y)ax 
0 


Since point P (x, y) lies on = +4=1and point Q (x, y2) lies on x + % =1 
a 


b 2 
x, WL, and 2 ye = Al 
a b = az b2 % 


=> Yj =? @-x) and yp = N= 


So, required area A is given by 


A= | ie PP —2 (ax) | ds 


=> ert a? —x* dx— Kae x) dx 
0 0 
atl Fbeor (| fa 
a 2 f 
=> A -*| {order sin @|-{a-e I] 


2 |S 


_bj1 9 ma _if% ‘ 
= = {2a x5 | Ap 1) sq, units 


EXAMPLE19 Find the area of the region {(x, y): x? + y <1sx+y}. 
[HSB 2001, 2002, CBSE 2010] 
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SOLUTION Let R= {(x,y):x7+y?<1<x+y). Then, 
R = ((x, yi? +? s1sx+y) 
= R = ((x,y)ix?+y¥ sir ((x,y):1<x4+y) 
=> R = Ry OR, where 
Ry = {(x, y) x74 y* <1} and, Ro =({(x,y):1sx+y} 
Region Ri : Clearly xo 4: y’ = 1 represents a circle 
with centre at (0, 0) and radius unity. Since 


x? + y? <1, so region R, represents the interior of 


circle x° + y° =1. (0, 1) Q(x, 2) 


pale P(X, Wy) 


(1, 0) 
x? +y" = 







Region R2 : Since x + y = 1 is the equation of a 
Straight line cutting x and y-axes at (1, 0) and 
(0, 1) respectively. This line divides the xy-plane in 
two parts represented by x+y<S1 and x+y21. 
Since (0, 0) does not satisfy the inequality 
x+y21. So, Ry is the region lying above the line 
x+y=1. 

Hence, region R is the shaded region shown in Y’ 

Fig. 21.23. Fig. 21.23 











When we slice the shaded region into vertical strips, we observe that each vertical strip 
has its lower end on the line x + y = 1 and the upper end on x” + y” = 1. So, the 
approximating rectangle shown in Fig. 21.23 has, Length = (2 — y,), Width = Ax and 
Area = (¥2 — y;) Ax. Since the approximating rectangle can move from x = 0 tox=1. 
So, required area A is given by 


1 
fe J (Y2 — y3) dx 
0 


=" 


» P (x, y1), and Q (x, y2) lie on x + y=1 and 
= A= (Vi - 2 _ (1 —x)} dx r+y=1 respectively... x+y, =1la and 


0 x* + y3 =1.So, yy =1—x and y)=V1—-x" 
1 . 
= A= ty Vi-2 +4 sin! x aif 
2 2 1 2 Jo 
Syl cane eee el ae lean ce : 
= A= {043 sin 1 145 | o= (7 5 | $4- unit 
EXAMPLE20 Find the area of the region {(x, y) : y? < 4x, 4x” + Ay? <9}. [NCERT] 
or 


Find the area of the circle 4x* + Ay? = 9 which is interior to the parabola x” = 4y. [CBSE 2010] 
SOLUTION Let R = {(x,y):y? S$ 4x, 4x7 + 4y2 <9} 


=> R = {(x,y):y* S$ 4x} 1 ((x, y) :4x7 + 4y* <9} 
== R =RiNRo, 
where R, = (x,y): < 4x} and Ro = (x, y) : 4x7 + 4y? <9}. 


Region R,: Clearly, y’ = 4xis the equation of the parabola with vertex at the origin and 


axis along x-axis. Since we are given that y < 4x, so R; is the region lying inside the 
parabola y” = 4x. 
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Region Rz: Wehave, 
3° 
4x? + 4y?=9 = P+ea[3 


Clearly, it represents a circle with centre at the origin and radius 2. It is given that 


Peyse so R, is the region lying inside the 
2 

circle x* + y? = 5 

Thus, the region R is the region bounded by the 


2 
parabola y’ = 4x and the circle x7 + y¥ = | , as 


shown by the shaded portion in Fig. 21.24. 


To find the points of intersection of the given 
curves, we solve their equations simultaneously. 


We have, y* = 4x .+-(i) 





and, 4x? + Ay” =9 ..(ii) 
Putting y? = 4x from (i) into (ii), we get 


Fig. 21.24 


4x? +. 16x =9 = 4x7 + 16x -9 =0 = (2x+9) Qx-1)=0=x=5 or, x=— 
From (i), we find that 


NI |\o 


x=5 = y=42 and x==3 = yis imaginary. 


So, the two curves intersect at (1/2, V2 ) and ( 1/2, - 2 ) 
Clearly, both the curves are symmetrical about x-axis. 
So, Required area = 2 (Area of the shaded region lying above x-axis). 


To find this area, we slice it into vertical strips. We observe that vertical strips change 
their character at the point A. Draw a line AD parallel to y-axis which divides the shaded 
region lying above x-axis into two portions OADO and ADCA. 


For the area OADO, the approximating rectangle has, 
Length = y,, Width = Ax and Area = y, Ax. 


As itcan move from x =0 tox =3 


1/2 
SO, Area OADO = y, ax 
0 
1/2 
=> Area OADO = J 2Vx dx | -- P (x, y;) lies on y* =4x «. y2=4x => 1 = 2x | 
0 


For the area ADCA, the approximating rectangle shown in Fig. 21.24 has, 


Length = y,, Width = Ax and Area = yp Ax. As it can move from x=5 to x= 


No 


21.20 
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3/2 
So, Area ADCA = Yo dx 
1/2 
3/2 peas. -» Q(X, 9) lies on 4x7 + 4y* =9 
= Area ADCA = | 2_ 42 dx 


1/2 4 ar 4x? + 4y3 = 9 = Yo = V2-2 


Hence, eee area A is given by 
= 2 [Area OADO + Area ADCA] 


1/2 
= Awa 1.2 aan V2 x? dx 


1/2 


_ 2N2,;9, 1 y a 1( 1 
=> A = 3 “Ie Vo 74 sin ai. 
V2 9n 9. aif 1 ; 
=> A=| 6+ 3 ~qsin E Sq. units 
EXAMPLE 21 Find the area of the region {(x, y) x7 +7 <2ax, y’ >ax,x 20, y 20). 
SOLUTION LetR = {((x, y) x7 +7 $ 2nx, y* >ax, x >0,y>0} 


— R= {(x, y) 2x7 + y? S$ 2ax) A {(x, y): 
=> R = Ri NR2NR3, where 


2 ax} {(x, y): x20 y20} 





Ry = {(x, y) : x7 + y* S 2ax}, Ro = {(x, y) : R= ax] and R3= {(x,y):x20,y20} 


Region Ri: Clearly, x? + y= = 2ax or, (x—a)* + (y—0)\> a” represents a circle with centre 
at (a, 0) and radius a as shown in Fig. 21.25. 


We have, (x —a)* + (y— 0)* <a”. So, R, is the region 
lying inside the circle shown in Fig. 21.25. 


Region R2; Clearly, y¥ = ax represents a parabola 
with vertex at (0, 0) and its axis along x-axis. It is 


given that y 2 ax. So region R> is the region lying 
outside the parabola y” = 


Region R3: Itis given thatx 20 and y 20. So, region 
R, is the region in the first quadrant. 

Thus, R = R; Q Ro OR; is the shaded portion shown 
in Fig. 21.25. 





Fig. 21.25 
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The equations of the given curves are 


x7 +y% = 2ax --(i) 
and, y* = ax -.-(ii) 


To find the points of intersection of these two curves we solve (i) and (ii) simultaneously. 
Solving these two equations simultaneously, we find that the two curves intersect at O 
(0, 0) and A(a, a). 

To find the area of the shaded portion shown in Fig. 21.25, we slice it into vertical strips. 
We observe that each vertical strip has its lower end on the parabola y” =ax and upper 
end on x* + y” = 2ax. So, the approximating rectangle shown in Fig. 21.25 has Length 
=(Y — y,), Width = Ax and Area = (> — y) Ax. Since the approximating rectangle can 
move from x = 0 to x = a. So, required area A is given by 


a 
A=] (y-y)dx 
0 


‘ -« P (x,y) and Q (x, yz) lie on (ii) and (i) 
— y ef: - Pags ANG oe ; 
= & -J (NE ay Nem a respectively .. (x- a)* + ys =a’ and yj =ax | 


=> A -| 5 @- fl) Na? —(x— 1) persia 1( 254 =| cel 
= A= [| 5atsin 20-3 #2 | 3 oP sir 1-1) 
= 22 Mal 
= A=-34 5 | 
a A= 2 


2 
ma’ _22 we a | 2Z_2),2 : 
4 3% ) sa-unts = | 3) sq. units 
EXAMPLE 22 Find the area of the region enclosed between the two circles x* +1 y? =1 and 
(x-1)? +7 =1. 
[CBSE 2007; HSB 2002; HPSB 2002C] 
SOLUTION The equations of the given curves are 
aig V¥ =| «--(i) 
and, & _ 1 +(y— 0)? = 1 -.-(ii) 
Clearly, x? + 1 y? =1 represents a circle 
with centre at (0, ,0) and radius unity. Also, 
(x-1)7+ (y—0)° =1 represents a circle with 
centre at (1,0) and radius unity. To find the 
points of intersection of the given curves, 
we solve (i) and (ii) simultaneously. 
Solving (i) and (ii) simultaneously, we 
find that the two curves intersect at 
A(1/2, V3/2) and D( 1/2, -—V3/2). 
Since both the curves are symmetrical 
about x-axis. 


So, Required area = 2 (Area OABCO) 





Fig. 21.26 
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Now, we slice the area OABCO into vertical strips. We observe that the vertical strips 
change their character at A ( 1/2, N3 /2 ). So, 

Area OABCO = Area OACO + Area CABC. 
When area OACO is sliced into vertical Strips, we find that each strip has its uppe? 
end on the circle (x— 1)" + (y—0)" = 1 and the lower end on x-axis. So, the approximating 
rectangle shown in Fig. 21.26 has, Length = y,, Width = Ax and Area = y; Ax. Asitcan 
move from x = 0 to x = 1/2. 

1/2 
Area CACO = J Yy; dx 
0 


1/2 ; m) r 
+ P(X, y3) lies on (x — 1) +y=1 
=> Area CACO = 1-(x-1)* dx 
Bi (x- 1)? + y2=1=> y, = V1-(x-1) 


Similarly, approximating rectangle in the region CABC has, Length = y2, Width = 
Ax and Area = y/o Ax. As it can move from x = 5 tox=1. 


1 
Area CABC = | Yo ax 


1/2 
' : 2 , 
“a; 7 ] xX +1 =] | 
— Area CABC = J Vj — x2 dx a 2 ies on y? 
1/2 xX +yG=1 > yo=V1-2 


Hence, required area A is given by 


1/2 1 
A= | J Vi-(-1? ax+ f Vi -2 «| 
0 





1/2 
1/2 
= 4=a{[3 ade ee (“|| 
1 
+] 52M spain F]) | 
1/2 
=> A= 


[ae tat 9 frst ten | + {sit ay —B sin 3) 


V3 nn V3 un (22 VW 
=> An DE Ee tT ae (a | oo uni 


EXAMPLE 23 Using integration, find the area of the region bounded by the line 2y =—x +8, 
x-axis and the lines x = 2 and x = 4. 

SOLUTION Clearly, 2y =— x + 8 represents a straight line cutting x and y-axes at (8, 0) 
and (0, 4) respectively. Also, x = 2 and x = 4 are straight lines parallel to y-axis as shown 
in Fig. 21.27. The shaded portion shows the region whose area is to be found. When we 
slice the shaded region into vertical strips, we find that each vertical strip has its lower 
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end on x-axis and upper end on the line 2y = — x + 8. So, the approximating rectangle 
shown in Fig. 21.27 has, Length = y, Width = Ax and Area = y Ax. The approximating 
rectangle can move from x = 2 to 

x = 4. So, required area A is given by 


4 
A =| yas 
8 
ss a (=o Ja 
2 
+: P (x,y) lies on 
2y=-x+8 yas 


MI 
> 
i 





1 x2 
F 9 +6] 

1 16 a = ’ 
= (- 9 2 +32|-(-$+16]| = 559-unis 


EXAMPLE 24 Using integration, find the area of the triangle ABC whose vertices have coor- 


Fig. 21.27 











dinates A (2, 5), B (4,7) and C (6, 2). [CBSE 2001, 2010; HPSB 2000C] 
SOLUTION First we find the equations of the sides of triangle ABC by using 
ae By2aY1 Gea ) 
UA Xp — 4 1 
The equation of AB is 
y-5 = =2 (x -2) => x-y+3=0 -..(1) 
The equation of BC is 
y-7=2— Z (x-4) => Sx+2y-34 = 0 (ii) 
The aes ae ae AC is | 
y-5= 2=3 (x - 2) => 3x+4y-—26 = 0 .+.(ili) 


Clearly, Area of A ABC = Area ADB + Area BDC 


Area ADB: To find area ADB, we slice it into 
vertical strips. We observe that each vertical strip 
has its lower end on side AC and the upper 
end on AB. So, the approximating rectangle has 
Length =(y.-—y;), Width=Ax and Area 
= (> — y,) Ax. Since the approximating rectangle 
can move from x = 2 to 

x = 4, 


4 
Area ADB = | (y—y,) dx 
2 





a 
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:  P (x, yy) and Q (x, yo) lie On (ij 
26 — 3x 1 Iii) & ( 
er ecaaD Er [+a-[ 78% la pe “ OX + 4y, — 26 = 0& y= tay 


Similarly, we have 


6 
=> Area BDC = | (YW4 — Y3) ax 
4 


6 
~ 26 — 3x 
= aren Bbc = J }( 455 )-( 2572 J} 
4 


»* R (x, y3) and S (x, y4) lie on (iii) and (ii) respectively) 
“. 3x + 4y3 — 26 =0 and 5x + 2y, —- 34 =0 


Area of A ABC = J{a+9- a bas of {(252)- (75% ha 


4 
= Area ofA ABC= 4{ (7x- inact] (a ~7x) dx 
2 


2 


0 


4 6 
Ss aractaance [72 -ur| of x7] | 
2 


=> Area of A ABC = ; (6 — 56) — (14 — 28)} + {(252 - 126) - (168 —56))] = 7 sq. units 


EXAMPLE 25° Compute the area bounded by the lineg x + 2y = 2, y-x=1 6nd 
2x +y=7, 


SOLUTION The equations of the given lines are 


X+2y=2 afi) 


y-x=1 (i) 
2x+y=7 va (iii) 


The line x + 2y = 2 meets x and y-axes at es " and (0, 1) respectively. By joining these 


two points we obtain the graph of x + 2y =2 


Similarly, graphs of other two lines are drawn as 
Shown in Fig. 21.29. 
Solving equations (i), (ii) and (iii) in pairs, we have 
X+2y=2 
oe ep = X= 0 and y =]; 
—-x=1 
faye = x=2 and y = 3; 


2x+y=7 


SOT Fs 





Fig. 21.29 
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Thus, the points of intersection of the given lines are A (0, 1), B (2,3) and C (4,—1). 


‘When we slice the shaded region into vertical strips, we observe that the strip change 


their character at B. 
Required area = (Area ABD) + (Area BDC) 


Area ABD : When we slice the area ABD into vertical strips, we find that each vertical 
strip has its lower end on line (i) and the upper end on line (ii).So, the approximating 
rectangle shown in Fig. 21.29 has, Length = Y2 - y;, Width = Avand 
Area = (Y2—¥1) Ax. Since the approximating rectangle can move from x = 0 to x = 2. 


2 
Area ABD = | (Y2— y1) dy 
0 


2 ee  P (x,y) and Q, (x, y2) 
=> Area ABD = J | (x +1) -( tae } dx lie on (i) and (ii) respectively 
0 *. Yy—-x=Landx+2y,=2 


Area BDC : When area BDC is sliced into vertical strips, then each strip has its lower 
end on the line (i) and the upper end on the line (iii). So, the approximating rectangle 
shown in Fig. 21.29 has, length = (y4 - y3), width = Ax and area = (y4 — 3) Ax. Since the 
approximating rectangle can move from x =2 tox =4. 


4 
Area BDC = | (yg—ys) dx 


2 
4 pees -« R (x, y3) and S (x, y4) 

= Area BDC = (7 —2x) - ( ee dx lie on (i) and (ii) respectively 
2 . X+2y,=2and 2x + y4=7 


Required area = Area ABD + Area BDC 


{e+-(754]) dx + | | 7-20)-( 25*) fa 


0 
2 4 2 
3x 3x 3x2 Ce ee j 
~ | Save J(6-¥)ee| 4 []o-¥ | 6s9-anis 


EXAMPLE 26 Using integration, find the area of the region bounded by the following curves, 
after making a rough sketch: y=1+ |x+1|,x=-3,x= 3, y = 0. 
SOLUTION We have, 
1+xt+1 ,if x+120 _ | x+2, if x2-1 

oa Tey | 2 |e y 1-(x+1), ifx+1<0 |-x,if x<-1 
Thus, the equations of the given curves are 

y =x+2 for x2-1, y = -xforx<—1, x = —3,x=3 and y = 0 
Clearly, y = x + 2 is a straight line cutting x-axes and y-axes at (— 2, 0) and (0, 2) 


sae ectively. So, y =x +2, forx >— 1 represents that part of the line which is on the right 
Side of x =— 1. 





21.26 MATHEMATICS-XII 
The equation y =—x forx<-—1 represents that 
part of the line passing through the origin 
and making an angle of 135° with x-axis 
which is on the left side of x =—- 1. 


Clearly, x =—-3 and x =3 are lines parallel to 
y-axis. 


The region bounded by the given curves is 
shaded portion shown in Fig. 21.30. 


We slice the shaded region into vertical 
strips. We observe that vertical strips change 
their character at A. 





Fig. 21.30 


So, 1equired area = Area CDAB + Area ABEF. 


Area CDAB : In area CDAB, each vertical strip has its upper end on y = — x and lower 
end on x-axis. So, the approximating rectangle shown in Fig. 21.30 has, length = y, 


width = Ax and area = y Ax. Since the approximating rectangle can move from x =—3 to 
x=-1, 


-1 -1 
Area CDAB = J ydx = J —xdx [-. P (x, y) lies on y=- 4] 
-3 -3 


Area ABEF: In area ABEF, each vertical strip has its lower end on x-axis and the upper 
end on y = x + 2. So, the approximating rectangle has, 
Length = y, Width = Ax and Area = y Ax. As it can move from x =—1 tox =3. 


3 3 
Area ABEF = | ydx = | (x + 2) dx [-- Q (x, y) lies on y =x +2] 
-1 -1 
Hence, required area = Area CDAB + Area ABEF 
=] 3 
= Required area = [-xax+] (x + 2) dx 
=—3 —1 
-1 3 
2 
= . Required area = — x + aoe 
2 Nia [2 , 
= 4 
: = 9) OR eee ee ) 
=> Required area = . at +{(3+6] (3 2)| = 16sq. units 
1 
EXAMPLE 27 Sketch the graph y= | x +1 |. Evaluate | | x+1 | dx. What does this value 
-3 
represent on the graph? 
SOLUTION We have, 
Hi 1\|= x+1, ifx+120 
y=[x+11=) _ (44), ifx+1<0 YW 
Se} et Liha — 1 ¥ 
ae y=|x+1 [= —x-1, ifx<-1l te 
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So, we have y=x +1 forx2—1and y=—x-1 forx<-—1. Clearly, y=x +1 isa straight 

line cutting x and y-axes at (— 1,0) and (0,1) respectively. So, y=x + 1,x 2—1 represents 

that portion of the line which lies on the right side of x =—1. Similarly, y = —x- 

1,x<-1represents that part of the line y =-—x-1 which is on the left side of 
=-—1. A rough sketch of y = | x +1 | is shown in Fig. 21.31. 


1 —] 1 
J fata |dx =f [xt.|dx+f | x41] dr 
-3 = = 


1 =I 1 
= | |x+1]adx J -@+de+] (+ 1yax ae 
=a -3 -1 x=-3 ec 









277 oy! |, EERE ARS 
= f |xt1]dx= -| 3" | +| a2 | XESS Bi. ae 
im 2 4.3 2 |, C€C3,0) 1,0) jo (0) 


Vy? 
4 “4 


This value represents the area of the shaded portion shown in Fig. 21.31. 


l 
=> | |x+1| dx 
-3 


EXAMPLE 28 Draw a rough sketch of the curves y = sin x and y = cos x as x varies from 0 to 
5 and find the area of the region enclosed by them and x-axis. 


SOLUTION The values of sin x and cos x at different points lying between 0 and 5 are 


given as under 





By plotting these points and joining them witha free hand, we obtain the graphs 
of y = sinx and y =cos x as shown in Fig. 21.32 These two curves intersect at point 
A. At the point of intersection, we have 


: Tt 
SU a COS 


The required region is the shaded region shown in 
Fig. 21.32. To find the area of this shaded region, we 
slice it into vertical strips. We observe that vertical 
strips change their character at A. So, required area 
A is given by 
A = Area OAC + Area ACB 

/4 m/2 

= A=Jydx+J ypdx 
0 7/4 
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n/4 n/2 
°° s = . i= 
=> A= J sin x dx + | cos x dx P (x, Y) and Q (x, ¥>) lle ony =sinxa = 
0 avy y =cos x respectively .. y; = sinx and yz =cos = 


n/4 ; n/2 
= A =|-cosx | +| sin x | 


n/4 


=> A= (ert }+(1-] = 2- = (2— 2) sq. units 


EXAMPLE 29 Draw a rough sketch of the curve y = cos* x in [0, n] and find the area enclosed 
by the curve, the lines x =0,x =m and the x-axis. 

SOLUTION We prepare a table for the values of cos” x at different points between 
0 and 7 as given below. 





By plotting these points and joining them with a free hand, we obtain a rough sketch of 
y= cos*x as shown in Fig. 21.33. The required region is the shaded region in Fig. 21.33. 
To find the shaded region, we slice it into vertical strips. Each vertical strip has its lower 
end on x-axis and the upper end on y = cos’x. So, the approximating rectangle shown 
in Fig. 21.33 has, length = y, width = Ax and area=y Ax. Since the approximating 
rectangle can move from x = 0 to x = 7. So, required area A is given by 


™ 
A=] ydx 
0 


wT 
=> A= i) cos*xdx |... P (x, y) lies on y = cos? x] 
0 


Sit 


14 
=>] (1 + cos 2x) dx = eS 
5 2 2 


ak sin 27 | _ T 
=> ae 0 | - 5 94: units 


EXAMPLE30 Find the area bounded by the curve y = sin x between x = 0 and x = 2n. 
[NCERT] 
SOLUTION A rough sketch of the curve y = sin x between x = 0 and x = 2r is shown in 
Fig. 21.34. The required region is shaded in Fig. 21.34. We slice this region into vertical 
strips. Each vertical strip has its lower end on x-axis and the upper end on y = sin x. So, the 
approximating rectangle shown in Fig. 21.34 has, length = y. 
Width Ax and area = y Ax if it moves between x=0 and x=7. If the approximating 
rectangle is between x =m and x=2m7 then its length = — y, width = 
Ax and area =— y Ax. So, required area A is given by 


A = Area OAB + Area BCD 
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Fig. 21.34 
Tt 2n 
= A =| ydx+{ —ydx 
0 Tt 
™ 2n 
= A= sin x dx +| —sinx dx [-.- P (x, y) lies on y = sin x] 
0 T 
ri 
=> A =[-cosx [ +[ cosx | = 2+2 = 4sq. units 


EXAMPLE 31 Sketch the region common to the circle x7 + y" = 16 and the parabola x = 6y. 
Also, find the area of the region using integration. 


OR 


Using integration, find the area of the region L(x, y): x + y <16,x"< 6y}. [CBSE 2010] 
SOLUTION The equations of the given curves are 


r+ = 16 .»(i) 
and, x? = 6y ...(ii) 
Clearly, x? + y” = 16 represents a circle having centre at the origin and radius four units 


and x? = 6y represents a parabola opening upward and having its vertex at the origin. 
To find the points of intersection of these two curves, we solve (i) and (ii) simultan- 


eously. Putting y = = obtained from (ii), in (i), we get 







Q(X, y) 


4 
aan as = 16 
(2N3, 2) 


= x* +36 x7-576 = 0 P(x}, ) 
=> (x* + 48) (x?-12) = 0 

— x*-12 =0 

=> x = +2N3 

Putting x =+ 2V3 in (ii), we get y = 2. Fig. 21.35 


Thus, the two curves intersect at (2 V3, 2) and (— 2N3, 2). 


Clearly, both the curves are symmetrical about y-axis. 


21.30 MATHEMATICS-XIE 


Required area = 2 (Area of the shaded region lying in first quadrant) 


To find this area, we slice it into horizontal strips. We observe that the horizontal strips 
change their character at the point A. Draw a line AD parallel to x-axis which divides 
the region OABO into two portions OADO and ADBA. 


For the region OADO, the approximating rectangle has, lengthd = xj, 
Width=A y and area =x, Ay. As it can move from y =0 to y =2. 


2 
Area OADO = fx, dy 


0 
2 
-, (X1, ¥;) lies on x7 = 6y 
ADO = | Véyd 
=: sega me fiscepmoa 


For the area DABD, the approximating rectangle as shown in Fig. 21.35 has, 
Length = x5, Width =Ayand Area =x, Ay. As it can move from y =2 to y =4. 


4 
So,  AreaDABD = J x,dy 
2 
4 9 
-.« (Xo, y) lies on x? + y* = 16 
Area DABD = | V16-y? d 
<4 tA pe $e : X97 + y? =16 => X> = V16-¥ 


Required area = 2 [Area OADO + Area DABD] 


2 
=> Required area = 2 | ey y dy + V16 - y* dy 


4 
=> Required area = 5 V6 6[y*/?] 2) 3 y V16- 7 + = sin’! ‘| | 


= Required area = 2| 25° x vl -0)+ 8 sin” 1-V16-4 -Bsinr15 | 
= Required area = 2[5 VIZ +8x5 ~ Viz - 8 x | 

4n| _ (4N3 | 16n 
=> Required area = 2 SVS +40-218-= = aT sq.units 


EXAMPLE 32 Sketch the region lying in the first quadrant and bounded by 
y= 9x”, x =0, y =1 and y =4. Find the area of the region using integration. 


SOLUTION Clearly, the shaded region is the region lying in the first quadrant and 
bounded by y = 9x7, x =0, y=1 and y =4. So, required area A is given by 


4 
A= Jxdy 
1 
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Fig. 21.36 


4 
=> A an (AL ay P(e, y) lies ony =92? ~. x= : 
1 







x-axis at (0, 0) and (2, 0). Clearly, y=-x 
represents a line passing through the origin 
and making 135° with x-axis. A roughsketch 
of the two curves is shown in Fig. 21.37. The 
region whose area is to be found is shaded 
in Fig. 21.37. Here, we slice the shaded region 
into vertical strips. For the approximating * 
rectangle shown in Fig. 21.37, we have 


Width = Ax 


Ty’ 
Length = (yj — y2) Fig. 21.37 
Area = (ij — Y2) Ax 


The approximating rectangle can move horizontal between x = 0 and x=3. 


So, required area A is given by 


3 
Aa= J (yy — Y2) dx 
0 


3 -- P(x, y;) and Q (%, y2) 
lie on y = 2x — x7 and 
~ A= J (2x —x2-(—x)} dx iene 


Vy = 2x —x* and yo=-x 
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3 
= A =] (x-x2) dx 
0 
3 
=> A= 32_% 
aa 


2h 27 9 
A= 97 3 = 9 84: units 





WY 
SOLUTION The equation y=2x—x” represents a 
parabola opening downwards having vertex at (1, 1) 
and crossing x-axis at (0, 0) and (2, 0). 







The equation y = 2° represents the exponential curve 
as shown in Fig. 21.38. Lines x = 0 and x = 2areshown 
in Fig. 21.38. The area bounded by these curves is 
shaded in Fig. 21.38. We slice the shaded region into 
vertical strips. For the approximating rectangle 
shown in Fig. 21.38, we have, 


Length = (y/4 = Yo), width =Ax (2,0) X 
y=2x-x 
Area = (Yj — yo) Ax | 


The approximating rectangle can move horizontally 
between x =O and x =2. So, required area A is given 
by 


Fig. 21.38 


2 
A = J (yi—yo) dx 
0 


2 ‘- P (x,y) and Q (x, yz) lie on 
> A= J (2* — 2x +27) dx y =2* and y = 2x — x’respectively. 





0 * yy =2* and y.=2x-x* 
2 
x 
= A -|Z ee < 
og 5 
4 8 1 3 4 -., 
= a= log2 +37 log2 a log2 gorums 


EXAME la the curves and identify the region bounded by the curves 
x=5,X%2,Y¥=log x and y= 2°. Find the area of this region. | 


SOLUTION Since the inverse of a logarithmic function is an exponential function and 


vice-versa and these two curves are on the opposite sides of the line y = x. Thus, y =2° 
and y = log x do not intersect. Their graphs are shown in Fig. 21.39. The shaded region 
in Fig. 21.39 shows the area bounded by the given curves. Let us slice this region into 
vertical strips as shown in Fig. 21.39. For the approximating rectangle shown in 
Fig. 21.39, we have 
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Fig. 21.39 


Length = (y; — y2), Width = Ax 
Area = (1 —Y2) dx 


As the approximating rectangle can move horizontally between x = ; and x =2. 


So, required area A is given by 


2 
A= J (yy — Yo) dx 








1/2 
2 -- P (x, y3) and Q (x, y2) lie on 
=> A = ) (2* — log x) dx y=2* and y=log x respectively 
1/2 “. yy, = 2* and y2=logx 
2 
A = l + | 
=> = |——~ -xlogx+x 
log 2 é 1/2 
4 ND eal 1 
=> A= {S5—2og 242} {325 +5 log2+ 5} 
_ (4-N2)_5 3 
= A= log 2 7 10g 2+7 Sq: units 
EXAM Find the area bounded by the curves y = 6x — x and y= oe — 2X. 


SOLUTION The equation y=6x—- at represents a parabola opening downward and 
cutting x— axis at O (0, 0) and A (6, 0). 
Similarly, y = x7 — 2x also represents a parabola opening upward and crossing x-axis at 


O (0, 0) and B (2, 0). Solving the equations y = x? —2x and y= 6x — x”, we find that the 
two parabolas intersect at O (0, 0) and C (4, 8). 


21.34 MATHEMATICS-Xil 


The rough sketches of the two parabolas in shown in Fig. 21.40 and the shaded region 
is the region enclosed the two curves. We slice this region into vertical strips as shown 
in Fig. 21.40. So, required area A is given by 





Fig. 21.40 

4 

A=] (-m)ax 
0 
4 
 (%q,Y) li =x*—2x 1. yy =x?-2 

=> A = | {(6x— x2) - (x2 - 2x)} dx ni yD) a atid 2 oa 2 

0 (Xo , Y2) lies on y= 6x —x* 2. Yo = 6x - 

4 
= A =| (8x—2x2) dx 

0 

Beals 128 _ 64 

=> A=| cal = 64—". = 3 §q- units 


EXAMP ove that the curves y” =4xand x*= Ay divide the area of the square bounded 
by x =O\y=6;x =4 and y=A4 into three equal parts. [NCERT, CBSE 2009] 
SOLUTION Let Aj, A> and A; denote areas OAPLO, OAPBO and OBPMO respectively. 
We have to prove that A; = A, = A3. 


4 
Now, Aj, = J y, dx 
0 


4 
= Ay = J x dx E (x4, ¥1) lies on x? = 4y . x* = 4yy — Yl 4 
0 
4 
=> Ay =+ ft den 2/2] = Exo Mog unit 
0 
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and, A; = Area OBMO = Area bounded by y*=4x,y=Oandy=4 


= ay mw f x, dy = Lay E S (x1, y) lies on y? = 4x y? = 4x; | 
0 
ot ||. 24 hte de 
Ey ,-1[¢] - 4° 3 3 
16 
Clearly, A, = Ap = A3 = 3 84: units 


EXAMPLE 38 [If the area enclosed between the curves y= ax” and x= ay” (a > 0) is 1 square 
unit, then find the value of a. 


SOLUTION Clearly, y= ax? and x = ay” intersect at (0,0) and e , “| 
1/a 


J (Yo-—Y;) dx = 1 


l/a 


4 J NE at} ax = 





2 /2_ a A/a 
3/2_2 3 = 
= Ea a 1 
=> or ee 
3Va qo/2 3 > 
ig wiles 
= Age a 
= | is Do aaa Bae i" 
=> qi } SOS 3 Caray [-.- a>0] 


EXAMPLE 39 If the area above x-axis, bounded by the curves y= 2™ and x=0 and x=2 is 


3 
log, 2 then find the value of k. 


et BO Pm ee * 


i 
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SOLUTION It is given that 














2 
3 
J yige= log, 2 
f 3 
kx st oe 
= J 2” ax log, 2 
2 3 
—> — 
k log, 2 log, 2 
ss 2 ee ee Fig. 21.43 
klog-2 klog.2 log,2 
4k -1 
=> nee 3 
Clearly, k = 1 satisfies this equation. 
Hence, k = 1. 


EXAMPLE 40 Find the area of the region bounded by the line y = 3x +2, the x-axis and the 
ordinatesx=-—land x=1. [NCERT] 


SOLUTION Let P (x, y) be any point on the line y = 3x + 2. The approximating rectangle 
shown in Fig. 21.44, has length |y| and width dx. Also, it moves from (— 1, 0) to (1,0). 


1 
Required area A is given by A = J ly| dx 
=i 







1 
=> A = | |3x+2] dx 
-1 
—2/3 1 
— A = | [3x+2]| dx + { [3x+2| dx 
-1 —2/3 
-2/3 1 x 
=> A=-J (8x+2) dx+f @x+2) dx x=-1 
=f, —2/3 
—2/3 
3 2 3 2 
1 2/3 y=3x+2 
Fig. 21.44 
= eae 2 = 2 square units 


EXAMPLE Ly sing the method of integration find the area-bounded by the curve 
|x| + ly} =1. [NCERT] 
SOLUTION The equation of the curve is 

x+y = 1 when x20,y20 

—x+y =1 when x<0,y20 

x-—y = 1 when x20,y<0 

—x-—y = 1 when x<0,y<0 


Lines x+y = 1,-x+y = 1,x-y = 1 and —x-y = 1 enclose a square as shown in 
Fig. 21.45. 


Ixl[+ly] =1e 
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R(x, Y3) 
-x-y=1 


Fig. 21.45 


Required area A is given by 


1 0 0 1 
A= | Yj dx +f yodx +] | y3| dx+[|ya| dx 


0 -1 -1 0 
1 
=> A= 1 Ge By or |-x- Ere | (em 1| dx 
0 -1 -1 0 
1 0 0 1 
= A =f (-x)dx+f +xdx+] @+1)dx+) (1-2) ax 
0 -1 -1 0 
0 
= = 2 arnarsa J a- —x) dx 
0 
1 
a As a sa] 2-3 
2 0 


erence. 


= 1+1 = 2 square units 
EXAN is ind the area bounded by the curve y =x |x|, x-axis and the ordinates x =—3 
and x33 





SOLUTION“ The equation of the curve is 


x*,x20 
PBT -\3 EG 


The graph ofy = x |x| isshownin Fig. 21.46 and the area bounded by y =x |x|,x-axis 
and the ordinates x =— 3 and x =3 is shaded in Fig 21.46. 


Clearly, y=x |x|, being an odd function is symmetric in opposite quadrants. 
Required area = 2 (Area shaded in first quadrant) 


3 
=2 x* dx = 2x|2 -= 2x9sq. units = 18 sq. units 
0 
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11. 


12. 
13. 
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Ax A(3,0) X 


y’ 
Fig. 21.46 


EXERCISE 21.1 


. Using integration, find the area of the region bounded between the line x = 2 and 


the parabola y’ = 8x, 

Find the area of the region between the curves y¥ = 4x and x =3. 

Find the area of the region bounded by the parabola y* = 4ax and the line x =a. 
Find the area lying above the x-axis and under the parabola y = 4x — x. 

Find the area bounded by the parabola x = 4 - y? and the y-axis. 


. Calculate the area of the region bounded by the parabolas y* = x and ay. 


Find the area of the region common to the parabolas 4y* = 9x and 3x7 = 16y. 


. Draw arough sketch to indicate the region bounded between the curve y? = 4x and 


the line x =3. Also, find the area of this region. 


. Makea rough sketch of the graph of the function y = 4 — x”, 0 <x <2and determine 


the area enclosed by the curve, the x-axis.and the lines x = 0 and x = 2. 


Sketch the graph of y = Vx + 1 in [0, 4] and determine the area of the region enclosed 
by the curve, the x-axis and the lines x = 0, x = 4. 


Find the area under the curve y = V6x + 4 above x-axis from x = 0 to x = 2. Drawa 
sketch of the curve also. 


Find the area bounded by the curve y = 4 ~x* and the lines y=0,y =3. 


Draw the rough sketch of y’ + 1=x, x <2. Find the area enclosed by the curve and 
the line x = 2. . 


Draw a rough sketch of the graph of the curve x + ¥ = 1 and evaluate the area of 


14. 
4 9 
the region under the curve and above the x-axis. [NCERT] 
15. Sketch the region {(x, y) : 4x” + 917 = 36) and find its area, using integration. 
16. Find the area of the region bounded by y = Vx and y =x. 
17. Find the area of the region bounded by the parabola y = 4x and the line y = 2x. 
Pe 
18. -Find the area of the region j (x, y): rhs ate : 
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19. 


20. 


21. 


71 bi 


23. 


24. 


25. 
26. 


27. 


28. 


29. 
30. 


31. 


32. 


33. 


34, 


35. 


36. 


37. 


Draw a rough sketch of the graph of the function y=2NV1 -x*, x [0,1] and 
evaluate the area enclosed between the curve and the x-axis. 


Determine the area under the curve y = Va? — x* included between the lines x = 0 
and x =a. 


Using integration, find the area of the region bounded by the line 2y = 5x + 7, x-axis 
and the lines x = 2 and x = 8. 


Using integration, find the area of the region bounded by the triangle whose vertices 

are (2, 1), (3, 4) and (5, 2). 

Using integration, find the area of the region bounded by the triangle ABC whose 

vertices A, B, Care (—1, 1), (0,5) and (3, 2) respectively. [CBSE 2008] 

Using integration, find the area of the triangular region, the equations of whose 

sides are y = 2x +1,y=3x+1landx=4. 

Find the area of the region {(x, y) : y” < 8x, x7 + y <9} 

Find the area of the region common to the circle x? 4+ y* = 16 and the parabola 

y’ = 6x. 

Find the area of the region between the circles x +. ¥ = 4 and (x-2)*+ y¥ = 4. 
[NCERT] 

Find the area of the region included between the parabola y’ = x and the line 

X+y=2. 

Using definite integrals, find the area of the circle x? + y? =a", 


Using integration, find the area of the region bounded by the following curves, after 
making a rough sketch: y=1+ |x+1|,x=-2,x=3,y=0. 


1 

Sketch the graph y= | x—5 |. Evaluate | | x-—5 | dx. What does this value of the 
0 

integral represent on the graph. [NCERT] 


0 
Sketch the graphy = | x+3 | - Evaluate f |x+3 | dx.Whatdoes this integral repre- 
—6 
sent on the graph? [NCERT] 


2 
Sketch the graph y= | x+1 |- Evaluate | |x+1 | dx. What does the value of this 
-4 
integral represent on the graph? 


Find the area of the region bounded by the curve xy — 3x —2y—10 =0, x-axis and the 
lines x =3,x = 4. 


Draw a rough sketch of the curve y = 5 +2 sin” x and find the area between x-axis, 


the curve and the ordinates x = 0, x = 7. 


Draw a rough sketch of the curve y= = +2sin” x and find the area between the 


x-axis, the curve and the ordinates x = 0 and x = 7. 


Find the area bounded by the curve y = cos x, x-axis and the ordinates x = 0 and 
X= 2m. [NCERT] 
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38. Make a rough sketch of each of the following curves and determine the area of the 
region bounded by the curve and the axes: 


(i) y=sin 2x, 0<x<F (i) y=cos?x, O<x<% 
(iii) y= cos 2x, O<x<7 (iv) y =cos 3x, 0<x <7 
(v) y=sin’s, O<x<F (vi) y=tan’ x, Onmss 


4 


(vii) y =sin? x, Osxs= 


N 


39. Show that the areas under the curves y=sinxandy=sin2x between 


x=Oand x= are in the ratio 2: 3. 


40. Compare the areas under the curves y =cos” x and y=sin* x between x =0 and 


x=T. 


41. Draw a rough sketch of the region {(x, y) : y < 3x, 3x7 + 3y" < 16} and find the area 
enclosed by the region using method of integration. 


42. Draw a rough sketch of the region {(x, y) : y? < 5x, 5x7 + 5y" < 36} and find the area 
enclosed by the region using method of integration. 
43. Draw a rough sketch and find the area of the region bounded by the two parabolas 
| y’ = 4x and x” = 4y by using methods of integration. 
44. Find the area included between the parabolas y? = 4ax and x” = 4by. 
45. Prove that the area in the first quadrant enclosed by the x-axis, the linex = V3yand 
the circle x” + y¥ = 4is t/3. 
46. Find the area enclosed by the curves y= |x-1| and y=— |x-—1| +1. 


47. Find the area common to the circle x* + y* = 16a” and the parabola y* = 6ax. 


[CBSE 2004] 
48. Find the area, lying above x-axis and included between the circle x* + y? = 8x and 
the parabola y” = 4x. [CBSE 2008] 


49. Find the area enclosed by the parabolas y = 5x” and y = 2x7 +9, 

50. Prove that the area common to the two parabolas y = 2x” and y = x? +4 is = Sq. 
units. 

51. Compute the area of the figure bounded by the straight lines x = 0,x = 2 and the 
curves y = 2", y = 2x—x’, 

52. Find the area enclosed by the curves 3x" + Sy = 32andy = | x-2 |. 


53. Find the area bounded by thecurves4 y = | 4 =o P x” +y" = 25andx = Oabove 
the x-axis. 


54, Find the area in the first quadrant bounded by the parabola y = 4x“ and the lines 
x=0,y = landy = 4. 


55. Find the area of the region bounded by the parabola y” = 2x+1 and the line 
x-y-1=0. 
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56. 


57. 
58. 


59. 
60. 


61. 
62. 


63. 


64. 
65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


Find the area of the region bounded by the curves y=x-1 and 
(y—1)? = 4(x +1). 
Find the area bounded by the parabolas y = 6x — x and y= x7 — 2x.. 


Find the area bounded by the parabola y = 2-x* and the straight line 
y+x= 0. 


4x —x* andy = x7 x. 


Sketch the region bounded by the curves y = x? +2, y = x, x = Oandx = 1.Also, 
find the area of this region. 


Find the area enclosed by the parabolas y 


Find the area bounded by the curves x = y’ andx = 3-2 ie 

In what ratio does the x-axis divide the area of the region bounded by the parabolas 
y = 4x —x* and y = x*-x? 

Find the area of the figure bounded by the curves y = | x-1 |and y=3- |x|]. 
Find the area of the region bounded by y = | x-1 | andy = 1. 

Find the area bounded by the curvey = x | x |, x-axis and the ordinatesx = 1 and 
0 Nien a 


Zitivss9 
Find the area bounded by the ellipse * + 2 = 1 and the ordinates x = ae and x =0, 
a 


where b* = a* (1- e*) ande<1. ([NCERT] 


Find the area of the region bounded by 7 = l6y,y=1,y=4 and the y —axis in the 
first quadrant. 
Find the area of the region in the first quadrant enclosed by the x ~axis, the line 


y =x and the circle x” +y" = 32. 
Find the area of the circle x* + y” = 16 which is exterior to the parabola ¥ = 6x. 
[CBSE 2007] 


Find the area of the region enclosed by the parabola 7 = y and the line y=x +2. 
[NCERT, CBSE 2005] 


Make a sketch of the region given below and find its area using integration. 
(x,y) :0Sy<x2+3; O<y<2x+3;0<x<3] 
Using integration, find the area of the region bounded by the line y— 1=x, the 


x —axis and the ordinates x =— 2 and x =3. [CBSE 2002] 
Find the area of the region bounded by the curve y= V1 —x’, line y=x and the 
positive x-axis. [CBSE 2005] 
Find the area bounded by the lines y = 4x +5, y=5—x and 4y=x+5. 

[CBSE 2005] 
Find the area of the region enclosed between the two curves x? + y =9 and 
(x-3)*+y7=9. [CBSE 2009] 
Using integration, find the area of the region enclosed between the circles 
x +7 =4and (x—-2)? +y7%=4. [CBSE 2010] 


Using integration, find the area of the following region: 


{a y) D4 < 1 <i+¥} [CBSE 2010] 


21.42 MATHEMATICS-x 
78. Using integration find the area of the region: 
(x,y): | x-1| sy <V5-x7] [CBSE 2010] 


79. Using integration, find the area of the triangle ABC coordinates of whose vertices 
are A (4, 1), B (6, 6) and C (8, 4). 





ANSWERS 
32 phen 
Uo 3 84: units 2. 8V3 sq. units 3. 3% Sq units 
4. 32 sq. units 5. 28 sq. units 6. sq. unit 
3 3 3 
7. 4sq. units 8. 8V3 sq. units 9. 8 Sq. units 
10. = (5°/ 21) 11. = Sq. units 12. = sq. units 
13. : sq. units 14. 37 sq. units 15. 67 sq. units 
1 1 ab 
16. 6 59: unit 17. 3 $4: unit 18. (m—2) 4 
Tl mae 
19. > 54: units 21. “4 54: units 21. 96 sq. units 
22. 4sq. units 23. 2 sq. units 24. 8sq. units 
25. 2 N2 9% 9 ga - 5 Sq. units 26. 4 (4n +B) sq. units 
3 4 2 3 
Sit 9 
27. oF 23 |sq. units 28. 9 8: units 
29. na” Sq. units 30. a Sq. units $1. 2 sq. units 
32. 9 sq. units 33. 9 sq. units 34. 3+ 16 log 2sq. units 
35. F(m+2)sq.units 36. 5 sq. units 37. 4sq. units 
38. (i) 1 sq. unit (ii) rm Sq. units (iii) - sq.unit (iv) - sq. unit 
wt 1 : : Tt : any TE - 
)( F-3 Joa unit (1 }sq- un (vii) 7 Sq. unit 
40. Each equal to 5 Sq. unit. 
41. = a°/? 4 SB _ avii6/3- —a -% i sn *(%"} where a =—2* 28 ie 
i= = V 
a2, SNS 43/2, 18 _ 36/5 - 79 Bre oe eS. 
3 "Ss S) 6 10 
16 16 : 1 ~ 
43. 3 54 units. 44. 3 ab sq. units 46. 5 $4: units 
4a7 = : poe ; : 
47. —>— (4m +13) sq. units 48. |4n—">|sq. units 49. 12V3 sq. units 
3 + « 33 . . —1 ob 
. — -=— sa. units 52. sq. units 53. 25 sin +4 unis 
51 log2 3 sq. uni > $4 (5) sq: 
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54. z Sq. units 55. * sq. units 56. “ sq. units 
(eae: Ch iechaiie: 125p eae 
57. 3 84: units 58. > $4: units 59. 74 59: units 
11 ; 
60. % °4 units 61. 4sq. units 62. 121:4 
63. 4 sq. units 64. 16 sq. units 65. : sq.units 
66. ab le Vi-e +sin7! e| 67. = Sq. units. 68. 47 sq. units 
69. 5 Sq. Lunits 70. 2 Sq. units 72. u Sq. units 
73. . Sq. units 74. = sq. units 75. 6m — eae Sq. units 
Sit oT : 
76. ais 2V3 Sq. units 77. F = 3) Sq. units 
io) (mens a? 4 = 1p) 5) eo: : : 
78. F (si V5 t sin 5) +t sq. units 79. 7 sq. units 
HINTS TO SELECTED PROBLEMS 
2 4 
9. Required area = J (4 — x7) dx 10. Required area = | Vx +1 dx 
0 0 
2 3 
11. Required area =| V6x +4 dx 12. Required area = 2 V4—y dy 
0 ° 0 
2 2 2 3 
13. Required area =2 i} Vx —1 dx 14. Required area = f ydx=2 f 2 V4— 32 dx 
1 = 0 


2 
15. Given region is the region enclosed by ellipse x + 7 =1. 


3 3 
So, required area = 4 ly dx=4J2V9-x dx 
0 0 


2 
19. We have, y=2 V1 =x =y?=4 Atay E40 a1, This is the equation of an 
ellipse. So, y = 2 V 1-x* represents the portion of the ellipse lying in the first quadrant. 


1 1 
So, Required area = fyax = f2 1-x dx 
0 0 


a a 
20. Required area = Jy dx = | a” — x? dx 
0 0 


8 
23. Required area =| y dx 
2 
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a a 
29. Required area = 4 I ydx=4 J Va? — x2 dx 
0 0 


4 4 4 
34. Required area =| y dx =| es ae a a =||3 [s+2 
3 3 3 





“i}* 


m4 
35. Required area = Iyar=f(5 +2 sin? x x ara | F+1-cos2x Jas 
0 


us 
36. Required area = Jyac=J(2 +2 sin” x ara |( $+1-cos2x Ja 
0 


0 0 
1/2 31/2 
37. Required area = | cos x dx + | —cos x dx+ if cos x dx 
0 m/2 3/2 


75. See Example 22. 


MULTIPLE CHOICE QUESTIONS (MCQs) 


1. If the area above the x-axis, bounded by the curves y = 2** and x= 0, and x=2is 
fee , then the value of k is 
log, 2 
(a) 1/2 (b) 1 (c) -1 (d) 2 
2. The area included between the parabolas y = 4x and x” = 4y is (in square units) 
(a) 4/3 (b) 1/3 (c) 16/3 * (d) 8/3 
3. The area bounded by the curve y = log, x and x-axis and the straight line x =e is 
(a) e sq. units (b) 1 sq. units 
(c) 1- Sq. units (d) 1+ : Sq.units 
4. oe ver? & wdetvr 0 is 
(a) Z Sq. units (b) 2 sq. units 
(c) 9sq. units (d) none of these 
5. The area bounded by the parabola x = 4 — y? and y-axis, in square units, is 
3 32 33 16 
@) = (Or © 5 (d) 3 


6. If A, be the area bounded by the curve y =(tan x)” and the lines x =0, y=0 and 
x =1/4, then for x >2 


1 1 
(a) A, +A,-2 = —— P) One n= 2 Sy 


1 
(c) A,-A,-2 = mie 


i (d) none of these 
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7. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


ibs 


18. 


The area of the region formed by x +y* —6x—4y +1250, ysxandx<5/2is 


(a) z_ NS +1 (b) m,NS+1 
(c) z _ Wat (d) none of these 


. The area enclosed between the curves y = log, (x + e), x =log, q and the x-axis is 


(a) 2 (b) 1 (c) 4 (d) none of these 


- The area of the region bounded by the parabola (y — 2)? =x-1, the tangent to it at 


the point with the ordinate 3 and the x-axis is 


(a) 3 (b) 6 (c) 7 (d) none of these 
The area bounded by the curves y = sin x between the ordinates x = 0, x = 7 and the 
X-axis is 


(a) 2sq. units (b) 4 sq. units 

(c) 3sq. units (d) 1 sq. units 

The area bounded by the parabola y? = 4ax and x” = 4ay is 
8a° 1627 320° 64a” 

(a) =F b) OV (d) 3 


The area bounded by the curve y= x*—2x° +x7+3 with x-axis and ordinates 
corresponding to the minima of y is 


91 30 
(a) 1 (b) 35 (c) “> (d) 4 
The area bounded by the parabola ¥ = 4ax, latusrectum and x-axis is 
@) 0 =) Sa’ () $a (ay © 
3 3 3 
The area of the region {(x, y): x7 + y? <1<x+ y} is 
7 T ye re 
(a) (b) 7 () 5-3 (d) 5 
The area common to the parabola y = 2x” and y= x7 +4 is 
(a) . Sq. units (b) sq. units 
32 3 
(c) 3 §q- units (d) 39 84: units 


The area of the region bounded by the parabola y =x*+1 and the straight line 

X+y=3 is given by 
45 25 Te 9 

(a) = ) = © a. (d) 5 

The ratio of the areas between the curves y = cos x and y =cos 2x and x-axis from 

x=0tox=7/3 is 

(a) 1:2 (b) 2:1 (c) ¥3:1 (d) none of these 

The area between x-axis and curve y=cos x when0<x <2 Tis 


(a) 0 (b) 2 (c) 3 (a) 4 
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19. 


20. 


21. 


22. 


24. 


25. 


26. 


27. 


28. 


29. 
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Area bounded by parabola yf = x and straight line 2y = x is 
(a) 4/3 (b) 1 (c) 2/3 (d) 1/3 


The area bounded by the curve y = 4x — x” and the x-axis is 

(a) > Sq. units (b) Se sq. units 

(c) = Sq. units (d) = sq. units 

Area enclosed between the curve y’ (2a — x) =x° and the line x = 2a above x-axis is 
(a) ma? (b) Sua? (c) 2na (a) 31a 

The area of the region (in square units) bounded by the curve x? = 4y, line x = 2and 


x-axis is 


(a) 1 (b) 2/3 (c) 4/3 (d) 8/3 


. The area bounded by the curve y =f (x), x-axis, and the ordinates x = 1 and x=b& 


(b —1) sin (3b + 4). Then, f (x) is 
(a) (x -—1) cos (3x + 4) (b) sin (6x + 4) 
(c) sin (38x +4) +3 (x—1) cos (8x + 4) (d) none of these 


The area bounded by the curve y’ = 8x and x? = 8y is 
(a) 2 Sq. units (b) = sq. units 

() sq, units (4) 3 sq. units 

The area bounded by the parabola y¥ = 8x, the x-axis and the latus rectum is 
Oe Os O) = (a) 1682 


Area bounded by the curve y= x°, the x-axis and the ordinates x = — 2 and x=1is 
=15 15 17 
@-9 &)> ©) = (d) | 


The area bounded by the curve y =x |x| and the ordinates x = — 1 and x = Lis give 
by 


(a) 0 (b) 


Wi 


2 4 
OF (d) 3 
The area bounded by the y-axis, y = cos x and y=sin x when 0 <x <F is 


(a) 2 (V2 -1) (b) V2 -1 
(c) ¥2+1 (da) V2 


The area of the circle x* + y” = 16 enterior to the parabola y* = 6x is 
4 4 ; 
(a) 3 Gn-%3) (b) 5 (4n+%3) 


(c) = (6x3) (d) = (6n +5) 
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30. Smaller area enclosed by the circle x? + 7 = 4 and the linex+y=2 is 


31. 


32. 


(a) 2 (m2) 
(c) 2x-1 


Area lying between the curves ¥ = 4x and y= 2x Is 
1 
(b) 3 


(a) $ 


(b) m-2 
(d) 2 (m+ 2) 


(c) r 


(a) 5 
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Area lying in first quadrant and bounded by the circle x? +y?=4 and the lines . 


x=Oand x=2, is 





(a) x (b) 5 () 5 (4) 7 
33. Area of the region bounded by the curve y? = 4x, y-axis and the line y =3, is 
9 9 9 
(a) 2 (b) 7 (c) 3 (d) 5 
ANSWERS 
1. (b) 2. (c) 3. (b) 4. (b) 5. (b) 6. (a) 7. (c) 8. (a) 
9. (c) 10. (a) 11. (b) 12. (b) 13. (b) 14. (c) 15. (c) 16. (d) 
17. (b) 18. (d) 19. (a) 20. (c) 21. (b) 22. (b) 23. (c) 24. (a) 
25. (c) 26. (d) 27. (c) 28. (b) 29. (c) 30. (b) 31. (b) 32. (a) 
33. (b) 
SUMMARY 
1. Let f(x) be a continuous function defined on[a, b]. Then, the area bounded by the 


curve y = f(x), the x-axis and the ordinates x =a and x =b is given by 


b b 
| f(x) dx or, J ydx 


b 
J yax 


a 





is given by 


d d 
J fy) dy or, J x dy 
Cc c 





. If the curve y =f(x) lies below x-axis, then the area bounded by the curve y = f(x), 
the x-axis and the ordinates x =a and x=b is negative. So, area is given by 


. The area bounded by the curve x = f(y), the y axis and the abscissae y=c and y=d 
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DIFFERENTIAL EQUATIONS 


22.1 SOME DEFINITIONS 


DIFFERENTIAL EQUATION An equation containing an independent variable, dependent vari- 
able and differential coefficients of dependent variable with respect to independent variable is 
called a differential equation. 


For instance, 


G) Weony 


2 
(ii) a =Ax 
(iii) ay =sinx+cosx 
(iv) ou — + 2xy = x 
(v) #5 5 fy dans 6y = = x? 


di d? 
(vi) hs (#1) ae =k" 


2 
7 _,4y dy 
(vii) yaa 1+ is] 


(viii) (x7 +1) dx -—2xydy=0 


2 
(Bt 


are examples of differential equations. 


ORDER OF A DIFFERENTIAL EQUATION Thi order of a differential equation is the order of the 
highest order derivative appearing in the equation. 


2 
ILLUSTRATION1 = In the equation ay + 3a + 2y =e*, the order of highest order derivative 


dx* 
is 2. So, it is a differential equation of order 2. The equation 
2 
dy —6 dy a 4y =0 
ac dx 
is of order 3, because the order of highest order derivative in it is 3. 


NOTE The order of a differential equation is a positive integer. 


22.2 MATHEMATICS-XE 


DEGREE OF A DIFFERENTIAL EQUATION The degree of a differential equation is the degree of 
the highest order derivative, when differential coefficients are made free from radicals and 
fractions. 

In other words, the degree of a differential equation is the power of the highest order 


derivative occurring in a differential equation when it is written as a polynomial in 
differential coefficients. 


3 2 
ILLUSTRATION 2 Consider the differential equation s —6 ay —4y=0. 
3 7 ; 


In this equation the power of highest order derivative is 1. So, it is a differential equation 
of degree 1. 


ILLUSTRATION3 Consider the differential equation 


2 4 
3 
dy) (44) 4. 
(3) (3) +y°=0 
In this equation, the order of the highest order derivative is 3 and its power is 2. So, itis 


a differential equation of order 3 and degree 2. 
ILLUSTRATION 4 Thie differential equation 


2 
=v dy 
yax.t 1+) oy 


when expressed as a polynomial in derivatives becomes 
2 
~1)(24) oxy 44 2-1) = 
(x? — 1) ie oxy ty 1) = 0 
In this equation, the power of highest order derivative is 2. So, its degree is 2. 
ILLUSTRATIONS Consider the differential equation 


ere 


The order of highest order differential coefficient is 2. So, its order is 2. To find its degree 


we express the differential equation as a polynomial in derivatives. When expressed as 
a polynomial in derivatives it becomes 


(ts -|1 rail = 0 
Clearly, the power of the highest order differential coefficient is 2. So, its degree is 2. 
ILLUSTRATION6 The differential equation (x? + y’) dx —2xydy=0 may be written as 
dy _ x+y" 
dx xy 


So, it is a differential equation of order 1 and degree 1. 
ILLUSTRATION7 Consider the differential equation 


iene eee Be, _ 4y 
y=px+Na‘p + b*, where p op 


The order of the highest order derivative is 1. So, its order is 1. To determine its degree 
we express it as a polynomial in differential coefficients as follows: 


y = pxt+ Va2p? + b? 


DIFFERENTIAL EQUATIONS 22.3 
= (y — px)? = arp? +? 

= p?(x* - a’) - 2xyp + y* - b* = 

= (x* — a* dt) — y(t +y*-b? = 0 


Clearly, the power of highest order differential coefficient is 2. So, its degree is 2. 
ILLUSTRATION 8 Consider the differential equation 


2 
2 
bed + Sin i = 0 
dx dx 
: y 


We observe that the highest order derivative present in the differential equation is + 
x 


So, its order is 2. Since the differential equation cannot be expressed as a polynomial in 
differential coefficients. So, its degree is not defined. 


LINEAR AND NON-LINEAR DIFFERENTIAL EQUATIONS A differential equation ts a linear dif- 
ferential equation if it is expressible in the form 


n, q'-1 n-2 
py iL +P, fd +p Ps eee 
(E chamalaade sitesi i (b 


where Po, Py, Po, ., Py — 4, P, and Qare either constants or functions of independent variable x. 


a 
alia oae =Q 


Thus, ifa differential equation when expressed in the form of a polynomial involves the derivatives 
and dependent variable in the first power and there are no product of these, and also the coefficient 
of the various terms are either constants or functions of the independent variable, then it is said 
to be linear differential equation. Otherwise, it is a non linear differential equation. 
It follows from the above definition that a differential equation will be non-linear 
differential equation if 
(i) its degree is more than one. 
(ii) any of the differential coefficient has exponent more than one 
(iii) exponent of the dependent variable is more than one. 
(iv) products containing dependent variable and its differential coefficients are 
present. 


ILLUSTRATION9 The differential equation 


3 2 2 
ee 


is anon-linear differential equation, because its degree is 3, more than one. 
ILLUSTRATION 10 The differential equation 


ay {dy . 
at2(3 “) + 9y =x, 


is anon-linear differential equation, because differential coefficient au has exponent 2. 
ILLUSTRATION 11 The differential equation (x* + y*) dx — 2xy dy = 0 is a non-linear differen- 


tial equation, because the exponent of dependent variable y is 2 and it involves the product of y 


dy 
and qx’ 
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ILLUSTRATION 12 Consider the differential equation 


dz 
ay 5 W . oy asi 
te —5 77 + by =sin x 


This is a linear differential equation of order 2 and degree 1. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Determine the order and degree of each of the following differential equations. State 
also if they are linear or non-linear. 





2)3/2 2 
(i) eee =K Gi) “Y 21+ V@ 
d?y /dx* dx dx 
nt ; dy 1¢ 
(iii) Gera (iv) yr as) y dx 


SOLUTION (i) The given differential equation when written as a polynomial in deriva- 
tives becomes 


2. 3 
dx” dx 
The highest order differential coefficient in this equation is = and its power is 2. 
x 


Therefore, the given differential equation is a non-linear differential equation of second 
order and second degree. 


(ii) The given differential equation when written as a polynomial in derivatives be- 
comes 


dx” dx dx* dx* dx 
Clearly, it is a non-linear differential equation of second order and second degree. 


2 
ey Sys. (#4) yay se 


(iii) —The given differential equation when written as a polynomial in ay is 


dx 
2 
Li's) Lee 
Bee as To 0 
Clearly, it is a non-linear differential equation of order 1 and degree 2. 
(iv) We have, 
Yt ao =—7 ral y dx 
o 
dy oe i de 
ae dx + Wee @ av [ On differentiating w.r. tox] 


Clearly, this is a differential equation of order 2 and degree 1. Also, it is a linear 
differential equation. 


EXAMPLE2 Ineach of the following ee equations indicate its degree, wherever possible. 
Also, give the order of each of them. 


(i) qe +sin Zt] = 0 (ii) a + efyldx 4 2 = 0 


il 
© 


3 
(iii) ey +sin =) =0{[NCERT] (iv) (4) +cos zt] 


DIFFERENTIAL EQUATIONS 22.5 


SOLUTION (i) The highest order derivative present in the differential equation is a ; 


So, it is of order 1. 
Clearly, LHS of the differential equation cannot be expressed as a polynomial in ay 


So, its degree is not defined. 
s) 


(ii) The highest order differential coefficient present in the differential equation is + 
x 


So, it is of order 5. 

We observe that the LHS of the differential equation is not expressible as a polynomial 
_ dy 
in 
(iii) The highest order derivative present in the given differention equation is 4, so the 
order of the given differential equation is 4. As it is not expressible as a polynomial in 
differential coefficients. So, its degree is not defined. 


. So, its degree is not defined. 


(iv) The order of the highest order derivative present in the given differential equation 
is 2. So, its order is 2. The given differential equation is not expressible as a polynomial 
in differential coefficients. So, its degree is not defined. 


EXERCISE 22.1 


Determine the order and degree of each of the following differential equations. State also whether 
they are linear or non-linear. 





dx dx dxY t d°y 
1. ager acl orrtd bt 2 +4y =0 
dP dt? (ir ae” 
sae? i 5 aye 
ay = ayy _ 
3. zt *ay/dx = 7 4. 1+ Ge 
2 2 | | 2 lay 
5 4 +xy = 0 6. ay ay 
d dx dx dx 
dy dy) _ dy 
7 -|e+ te rl 8. +(#)- 1+( By 
d?x ae dt 
9. y= +1 10. s*—S+st7-=s 
dy? ds 
(@y), (au) 6 ie: Py) , dy 
11. x + +y =0 12. +—“+4 sin x 
ey a (| z dx? {e a) Ms 
13. (xy? + x) dx + (y—xy) dy=0 14. Vi-y¥7 dx +V1-x dy =0 
2 2/3 2 
dy _(dy d’y 1) (AUP 8 
15. = i 16. 273 +3N1-17e| ~y =0 
2 2)3/2 
7. 5TH={1+(H) 18. y ee ANG: (#) 
dx dx Wax 


Nap? +b, d@y 
19. y=px+ ap? +b, where p= 20. rae Al - #09 | 


ey yee’ a 


22.6 


MATHEMATICS-* 
2 2 
dy) , (dy on | Qo dintieBis & 
21..(— + = xsin 22. \~ + (1/')? +5 = 
ed i] be YY) +) +siny = 0 
2 2 3 2 
23, {¥ 45x it] -6y = logx [NCERT] 24. OU FY Vy siny = 0 
dx dx dx? dx? ax 
a di yi di . - 
25, vie =0 26. i] 4%) +7y=sinx [NCER 
dx dx dx : 
ANSWERS 
Order Degree Linear/ Non-linear 
1. 3 1 Non-linear 
2. 2 1 Linear 
3. 1 3 Non-linear , 
4. 2 2 Non-linear : 
5. 2 1 Non-linear 
6. 2 2 Non-linear 
Zs 4 2 Non-linear 
8. 1 2 Linear 
9. 2 1 Linear 
10. 2 1 Non-linear 
11. 2 3 Non-linear 
12. 3 1 Non-linear 
13. 1 1 Non-linear 
14, 1 1 Non-linear 
15. 2 3 Non-linear 
16. 2 2 Non-linear 
17. 2 2 Non-linear 
18. 1 2 Non-linear 
19. 1 2 Non-linear 
20. 2 Undefined Non-linear 
21. 2 Undefined Non-linear 
22. 3 2 Non-linear 
233 2 1 Non-linear 
24. 3 1 Linear 
25. 1 1 Non-linear 
26. 1 1 Non-linear 


22.2 FORMATION OF DIFFERENTIAL EQUATIONS 


Consider the family of curves given by y = A e*, where A is the parameter. For different 
values of A, we obtain different members of the family. 


Differentiating y= Ae” with respect to x, we get 


2Y _ pet 
ax 
On eliminating the parameter A between y =A e* and wv = Ae*, we get 
My 
deo 


This is the differential equation of the family of curves represented by the equatics 
y= Ae". 
Thus, by eliminating one arbitrary constant, a differential equation of first orders 
obtained. In other words, one parameter family of curves is represented by a first ordet 
differential equation. 
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Now, consider a two parameter family of curves given by 
y = Acos2x + Bsin2x »»-(i) 
where A and B are arbitrary constants. 


Differentiating (i) w.r.t. x, we get 


a = —2Asin2x + 2B cos 2x ...(ii) 
Differentiating (ii) w.r.t. x, we get 
2 
ay = —4A cos2x-—4B sin 2x (ili) 
dx? 
Eliminating A and B from equations (i), (ii) and (iii), we get 
2 2 
La Sy = Os = 0. 
dx” Yo ee 


Here, we note that by eliminating two arbitrary constants, a differential equation of 
second order is obtained. In other words, a two parameter family of curves is represented 
by a second order differential equation. 


Similarly one can see that by eliminating three arbitrary constants a differential equation 
of third order is obtained or, three parameter family of curves is represented by a third 
order differential equation. 
Thus, from the examples cited above it can be concluded that if an equation involves n 
arbitrary constants, a differential equation of nth order can be obtained by eliminating 
these n arbitrary constants. In other words, an n-parameter family of curves is repre- 
sented by an nth order differential equation. 
Formulating a differential equation from a given equation representing a family of 
curves means finding a differential equation whose solution is the given equation. If an 
equation, representing a family of curves, contains n arbitrary constants, then we 
differentiate the given equation n times to obtain n more equations. Using all these 
equations, we eliminate the constants. The equation so obtained is the differential 
equation of order n for the family of given curves. 
In order to formulate a differential equation from a given relation containing inde- 
pendent variable (x) dependent variable (y) and some arbitrary constants, we may follow 
the following algorithm: 
ALGORITHM 
STEPI Write the given equation involving independent variable x (say), dependent variable 
y (say) and the arbitrary constants. 
STEPII Obtain the number of arbitrary constants in Step I. Let there be n arbitrary constants. 
STEP Ill Differentiate the relation in step I n times with respect to x. 
STEPIV Eliminate arbitrary constants with the help of n equations involving differential 
coefficients obtained in step III and an equation in Step I. 
The equation so obtained is the desired differential equation. 


The following examples will illustrate the above procedure. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Form the differential equation of the family of curves represented by 
c(y+ c)? =x°, where c isa parameter. 


22.8 


SOLUTION We have, 


c(y+cy =x 
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wl 


Since only one parameter is involved, so we shall get a differential equation of first order- 


Differentiating (i) w.r.t. x, we get 
dy _ 
2c (y + C) ae ax 


Dividing (i) by (ii), we get 


cyte? x? 
dy 3x 
2c y+0( 


=> ytc= = a 
_ 2x dy _ 
= Gaia ir Pa 
Substituting this value of c in (i), we get 


2 
axdy_.\(2 dy) _ 
€ dx (5%) =x 


2 
4(dy\ (2 dy. \_ 
a (a Ga y= 
3 2 
8 (dy) 4/(dy). _ 
as 27% a 9 pts 
3 2 
dy) _ dy) _ 
=> 8x ( op 12y pe fe 27x 


This is the required differential equation of the family of curves represented by (i). 
EXAMPLE 2 Form the differential equation of the family of curves represented by 
y=c(x- cy, where c is a parameter. 


SOLUTION We have, 


Ail) 


(I 


Since the given equation contains only one parameter, we differentiate it once, so that 


y=c(x—c)* 
a = 2c(x—-c) 

From (i) and (ii), we get 
Le eSon 
dy  2c(x-c) 
dx 

; Y xe 

=> dy 
dx 


(lil 
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2y 
=> x-c = dy 
dx 
2 
= ae 
dy 
dx 
Substituting this value of c in (i), we get 
2 
y =lx—-2){2Y 
2! dy || dy 
dx |\ dx 
3 
- a) et 
3 
hy ea caty 
=> ( 4 = 4y (: ie 2 


which is the required differential equation. 


EXAMPLE 3 Form the differential equation representing the family of curves 


y =A cos (x + B), where A and B are parameters. [CBSE 2007] 
SOLUTION We have, 
y =A cos (x + B), .--(i) 


Since the given equation contains two arbitrary constants, we shall differentiate it two 
times and we shall get a differential equation of second order. 


Differentiating (i) w.r.t. x, we get 


ay = —Asin(x+B) pit) 


Differentiating (ii) w.r.t. x, we get 


2 
LSU Were x+B 
12 ( ) 
dy sine 
=> Se eu [Using (i)] 
dx 
2 
LE aes 
=> +y = 0, 
ae 


which is the required differential equation of the given family of curves. 


EXAMPLE 4 Form the differential equation of the family of curves y=a sin (bx +c), aandc 
being parameters. [NCERT] 


SOLUTION We have, 
y =asin (bx +c) ...(i) 


Since the given equation contains two arbitrary constants, we shall differentiate it two 
times and we shall get a differential equation of second order. 


Differentiating (i) w.r.t. X, We get 


a = abcos (bx +c) ...(ii) 
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Differentiating (ii) w.r.t. x, we get 


fy = —al* sin (bx +c) 


= fy == iy [Using ()] 
=> FL +iy = 0 


This is the required differential equation. 


EXAMPLES Form the differential equation corresponding to y” =a (b — x) (b + x) by eliminat- 


ing parameters a and b. [CBSE 2004] 
SOLUTION We have, 
y=a(h-x) Ai) 


Since there are two arbitrary constants in the given equation, so we shall differentiate if 
two times and we shall get a differential equation of second order. 


Differentiating (i) w.r.t. x, we get 


d 
2y = —2ax 
= yt = —ax wi) 


Differentiating (ii) w.r.t. x, we get 
Py (avy _ e 
y dx +() =-&@ w(ili) 


From (ii) and (iii), we get 


Bah 


This is the required differential equation. 

EXAMPLE 6 Form the differential equation corresponding to y” = m (a" — x”) by eliminating 
parameters m and a. 

SOLUTION We have, 

— Pam@-2) £6) 
Since the given equation contains two arbitrary constants, so we shall differentiate it 
two times and we shall get a differential equation of second order. 

Differentiating both sides of (i) w.r.t. x, we get 


ay a = m(=2x) 


> y ay = —mx ) w(ti) 
Differentiating both sides of (ii) w.r. to x, we get | 
vts(S) =—n 0 


ta i oh i Ce eee es ee 
oN 
Fo 
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From (ii) and (iii), we get 


: E dy x (ae) | a4 dy | perk ear al 
dx2 \dx dx —m from(iii) in (ii) 
This is the required differential equation. 
EXAMPLE7 Find the differential equation of all circles touching the 
(i) x-axis at the origin ([NCERT, CBSE 2005, 2008, 2010] 
(ii) y-axis at the origin (NCERT] 


SOLUTION (i) The equation of the family of circles touching x-axis at the origin is 


(x -0)7+(y—-a)* = a 


= x+y? —2ay = 0 .»-{i) 
where a is a parameter. 

This equation contains only one arbitrary constant, we 
differentiate it once w.r.t. x, so that 


2x + 2y 2 q = 0 


_ x+y (dy/dx) ‘. 
=> a= dy/dx .»-(ii) 


Putting the value of a from (ii) in (i), we get 


Per. = ay ( Sue | 





dy /dx 


_ 4p) . 


This is the required differential equation. 
(ii) The equation of the family of circles touching y-axis at the origin is 
(x —a)*+(y-0)* = a 
=> x+y? —2ax = 0 »»(i) 
where a is a parameter. 
This equation contains only one arbitrary constant, we differentiate it only once w.r.t. 
x, so that 


ox +2y 24-24 = 0 


dx 
=> a=xt+y au (ii) 


Putting the value of a from (ii) in (i), we get 
P+y—2(r+y ft] =0 


= y-x = Day a 
This is the required differential equation. 
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EXAMPLES Obtain the differential equation of all circles of radius r. [CBSE 2010] 
SOLUTION The equation of the family of circles of radius r is 

(xa) +(y-bY = 7 wll 


where a and b area parameters. 


Since equation (i) contains two arbitrary constants, we differentiate it two times w.r.t. x 
and the differential equation will be of second order. 


Differentiating (i) w.r.t. x, we get 


2 (x-a) +2 (yb) = 0 


ie _p) & = , 
— (x —a)+(y—b) ax 0 (il) 
Differentiating (ii) w.r.t. x, we get 
atte 4. dyy _ »-(iii) 
dx? \dx . 


From (iii), we have 
2 
foe He f eS aliv} 
d“y/dx 
Putting the value of (y — b) in (ii), we obtain 
dy | dy 
ROE | 
-a = ———_ lV 
d?y/dx* 
Substituting the values of (x — a) and (y — b) in (i), we get 


ey) Cay eeley) 


(@Pylaey Py /aeye ~ 


és f.+(4 \ : (és) 
dx dx? 


This is the required differential equation. 


EXAMPLES Find the differential equation of all the circles in the first quadrant which touch the 
coordinate axes. [NCERT, CBSE 2010] 
SOLUTION The equation of circles in the first quadrant which touch the coordinate axes 
is 

(x- a) +(y— a)" = @ »-(i) 
where a is a parameter. This equation contains one arbitrary 


constant, so we shall differentiate it once only and we shall get 
a differential equation of first order. 


Differentiating (i) w.r.t. x, we get - 
Eph 
2(x-—a)+2(y—a@) dx 0 


=> x-a+(y—a) 4 = 0 





Fig. 22.3 
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spe ee 
tad os 
Me alae 
i+? 
=, q =*~~PY where poet 
1+p dx 


Substituting the value of a in (i), we get 


2 2 2 
ose) ease) «(ee 


L+p 1+p 1+p 
= (xp — py)? + (y- x)? = (x + py)? 
=> (x - y)* p* +(x — y)* = (x+ py)? 
=> (x — y)? (p2+1) = (x+py)* 


2 
=> (x —y)* t (Hy) = [+t] 


This is the required differential equation. 
EXAMPLE 10 Show that the differential equation that represents the family of all parabolas 
having their axis of symmetry coincident with the axis of x is yy2 + y; =0. 


SOLUTION The equation that represents a family of parabolas having their axis of 
symmetry coincident with the axis of x is 

y* = 4a (x —h) ...(i) 
This equation contains two parameters a and Ht, so 
we will differentiate it twice to obtain a second 
order differential equation. 
Differentiating (i) w.r.t. x, we get 


2y = 4a 


y Zh = 2n (ii) 
Differentiating (ii) w.r.t. x, we get 





”) 2 
d“y (dy\ _ 
ae =e Y’ y= tae—h) 
Fig. 22.4 


= yy2t yi" = 0, 

which is the required differential equation. 
EXAMPLE 11 Form the differential equation of family of parabolas having vertex at the origin 
and axis along positive y-axis. [NCERT, CBSE 2010] 
SOLUTION The equation of the family of parabolas having vertex at the origin and axis 
along positive y-axis is 


= 4ay , where a is a parameter. -»-(i) 
Differentiating w.r. to x, we get 
= dy = = 
2x = 4a Ag ae 5 dy 


ax 
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Substituting the value of a in (i), we get 


pi x dy 
ee ayy Yas ~ 
dx 


This is the required differential equation. 


EXAMPLE 12 Form the differential equation of the family of ellipses having foci on ie and 
centre at the origin. [NCERT] 


SOLUTION The equation of the family of ellipses having centre at the origin and foci 
on y-axis is 


aaa 
—+-~-— = 1,whereb>a (i) 
re TUE 

Differentiating w.r.to x, we ee 
2x, 2y dy _ gu i 
D 2 dx ae at 2 dx 0 -o{ii) 


Differentiating (ii) w.r. to x, we get 


1 1 (ay) vey _ 
4+} (#) +44 a 


Multiplying throughout by x, we get 


...(iii) 


x x (dy) xydy _ 
carat f) EY ge 


Substracting (ii) from (iv), we get 


2 
2 
A) e(W) yy Fu_, (HI X ayy ny PY Wy _ 
i + (i) Li a ae “sé =0>x as TAY a 0 
This is the required differential equation. 
EXAMPLE13 Form the differential equation not containing the arbitrary constants and satisfied 


by the equation y = ae™™, a and bare arbitrary constants. 
SOLUTION We have, 


yer wll) 


Since there are two arbitrary constants in (i), so we shall differentiate it two times and 
we shall get a differential equation of second order. 


Differentiating (i) w.r.t. x, we get 


dy _ i obx. 
1 OE a 


S MM = by [By using (i)] wii) 
Differentiating (ii) w.r.t. x, we get 


dy _ =»! ay | ; (ii) 
dx? 
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From (ii) and (iii), we obtain 


@y _ (1 dy)dy ‘iy, p= 2 
dxz r dx | dx Krom (it), y dx 
dy _ (dy) 
= y a4 _ | “11 which is the required differential equation 
dx? dx 
EXAMPLE 14 Show that the differential equation representing one parameter family of curves 
(x7 - y’) =¢ (x7 + y¥’)*is (x3 — 3xy") ax = (y? - 3x*y) dy ([NCERT] 
SOLUTION We have, 
xy = ¢c(x*+y') ...(i) 
Differentiating (i) w.r.t. x, we get 
2x — 2y = 2c t+) (ae+2y it] 
= (. -yi)- aectev[xty Gt] (ii) 


[On substituting the value of c from (i) to (ii)] 


(-=ylt) = 2 eash(ool 


=> + y)(x-v Ht) = 202-A[x+y@) 
= (x (x2 +97) — 2x (7 -y*)) = MY tay (2 - yyry(e+y)) 


= (3xy? — 23) = a  (3x7y-y’) 
= (x - 3xy") dx = y — 3x7y) dy, 


which is the given differential equation. 


EXAMPLE15 Represent the following family of curves by forming the corresponding differential 
equations ( a, b are parameters): 


(i) Son =] (ii) 54% = 1 [NCERT, CBSE 2007] (iii) (y—b)* = 4(x—a) 
SOLUTION We have, 


ae oe wei) 


where a, b are parameters. 
Differentiating (i) with respect to x, we get 


1] 1 dy _ ss 
Slee et ~-{ii) 


Differentiating (ii) with respect to x, we get 


1@y _ +5 
b dx? 


py jot 


moa ad Gal We 


aS 
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¥ 
=> d° “4 = 0 
dx” 
This is the required differential equation. 
2 ay? 3 
ii Ss +75 =1 wi) 
(ii) at iP 
=  F+¥M ao fi 
— (ii) with respect to x, we get 
BY “We 
ao 2 dx = 0 (iit) 


Differentiating (iii) with respect to x, we get 


1 Afdyy yy _ 
2 tia \dx) * a2 


Multiplying both sides by x, we get 
xx (dy) ,mudy _ wiv 
az mot 92 b | + b2 dx2 0 (iv} 


Subtracting (ii) from (iv), we get 


2 
1) (dy dy dy 
3 {a(t FAY Y dx] ~ 


dy xy dy _ 
a *{ “| + xy 2 —y ax = (0 
This is the required differential equation. 
(iii) (y—b)? = 4(x—a) w»(i) 
Differentiating with respect to x, we get 
_— dy = 
2 (y — b) qx 4 
_py Ht = wi 
=> y-b)7 = 2 (ii) 
Differentiating with respect to x, we get 
d*y (dy “ty 
—b avy + = 0 w«,( ili) 
v0) 
Eliminating (y — b) from (ii) and (iii), we get 
ay 
dx” (dy) _ 
2 dy + oF pea 0 


dx 
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=> 


3 
d*y dy\ _ 
eet = 0 


This is the required differential equation. 





10. 


11. 


12. 


13. 


14. 
15. 


16. 


. Form the differential equation corresponding to y= 


EXERCISE 22.2 


. Form the differential equation of the family of curves represented by 


y = (x- cy : 


e”* by eliminating m. 


. Form the differential equations from the following primitives where constants are 


arbitrary: 
(i) y? = 4ax (ii) y=cx+ 2c7+¢° 
(iv) xy= a’ (iv) y= ax*+bx+c 


. Find the differential equation of the family of curves y = Ae + Be, where A and 


B are arbitrary constants. 


. Find the differential equation of the family of curves, x = A cos nt + B sin nt, where 


Aand Bare arbitrary constants. (CBSE 2007] 


. Form the differential equation corresponding to y = a(b-x’) by eliminating a 


and b. 


. Form the differential equation corresponding to y — 2ay + x =a by eliminating a. 


[CBSE 2005] 


. Form the differential equation corresponding to (x — a)’ +(y—b)* = r by eliminating 


aand b. 


. Find the differential equation of all the circles which pass through the origin and 


whose centres lie on /-axis. 


Find the differential equation of all the circles which pass through the origin and 
whose centres lie on x-axis. 


Assume that a rain drop evaporates at a rate proportional to its surface area. Form 
a differential equation involving the rate of change of the radius of the rain drop. 
Find the differential equation of all the parabolas with latus rectum ‘4a’ and whose 
axes are parallel to x-axis. 


2 
Show that the differential equation of which y = 2(x7-1)+ce™* is asolution, is 


dy = 
ae t oxy = 4x 


Find the differential equation of all non-vertical lines in a plane. 


Form the differential equation of the family of curves represented by the equation 
(a being the parameter): 


(i) (2x +a)* +y* =a" 
(ii) Qx-a-yY =a 
(iii) (x—a)* +2y” = a? [NCERT] 
Represent the following families of curves by forming the corresponding differen- 
tial equations (a, b being parameters): 


(i) x*+y7 = a? (ii) x*-y7 = a? (iii) y* = 4ax 
Gv) P+y-by=1 = (vy) @-aP-¥ =1 Wi) rote 
a 
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(vii) y = 4a (x —b) (viii) y = ax® (ix) x7 +y7 = ax? 
(x) y= 
17. Form the differential equation representing the family of ellipses having centre at 
the origin and foci on X-axis [NCERT, CBSE 2007] 
18. Form the differential equation of the family of hyperbolas having foci on X-axis and 
centre at the origin. [NCERT] 
19. Form the differential equation of the family of circles in the second quadrant and 
touching the coordinate axes. [NCERT] 
ANSWERS 
3 
dy\ _ dy _ 
1. (it) 27y 2. x7 =y logy 
2 3 
4 dy = il = dy dy dy 
3. (i) 2x. y (ii) yaxae le +|7 
te dy _ fy. ¥ 
(iii) y+x eS 0 (iv) 4 
2. 
a. TY aay 5. a, 
i at 
2 
6. y4 = Wis dy 7. o (x2 — 2) — Apxy — 27 = 0, p= 
ax G dx 
@y) 4 d 
23_ 2) 4 y _ AY EP Sd A 
8. (1+p) aeP p Ae 9. (x Ws 2xy 
10. (x2 — y?) + xy 44 =0 11 Gi 
ax 5 at 
“? 2 
12. 2a yo+y;=0 14. 7 t=0 
x 
15. (i) y?-4x"—2ry = 0 (i) 2x Hears 
rr d 
(iii) 2y" - x” = aay 
, dy _ ty eee 
16. (i) x+y = 0 (ii) x Y oy 
é 2 
SL ie AY ; dy _ (dy 
(i) ye ML = 0 w 2 pa(f) | -(2) 
; Py ay | 
ay) _ 2 _ ) ly Sev (2u) Ley 
4 “ ire ‘ + (a) | Yas 
(vii) ys $+(at) =o = (viii) xa mM = 3y 
(ix) ie Day (x) ol = ylogy 


a7. xy T+ (it ‘) -y 
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2 
2 2 2 d 
18. xy ae ta -yt=o 19. [+ Z| =e tyr (4) 


HINTS TO SELECTED PROBLEMS 
1. We have, 
y= (x-cy 
= 2yy,=3 (x —c)? 
=> (2y y1)° =27 (x -c)° 
=> 8Y° yp = 27 (yy [.- @-cP = y)] 
=> 8y)? = 27y, which is the required differential equation. 
2. We have, 
y — en 
=> y,=me"™ 
=> yy =my. 


x 


Now, y=e"* = logy=mx => m= 28 


Substituting this value of m in y, = my, we get 
xy, = y log y, which is the required differential equation. 
3. (i) We have, 


y” = 4ax 


ae 

= 2y zp 4a 
d\ 
dx 

Substitute this value of a in y? =4ax 
(ii) We have, 

e*+ce¥=1 
= &+ ce Wag 
dx 


wp andy H 


—y ax 
dy 
Substituting this value in e* + ce” = 1, we obtain the required differential equation. 
(iii) We have, 


=> c=-¢ 


y=cx+2c7+0° = Mc 


Substitute c in y = cx + 2c? +c’, to get the required differential equation. 
(iv) We have, 


xy=a => x a +y = 0, which is the required differential equation. 


(v) Differentiate y three times to get ey =0 as the required differential equation. 
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2 
4. Differentiate y two times to get = = 4y as the required differential equation. 





2 
x 
5. Differentiate x two times w.r.t. t to obtain 
2 
at 
as the required differential equation. 
7. Wehave, 
ny gy OY 
y?—2ay+x° =a"? = 21 AY _ oq .0x=0 => ~ wT dx 
J moe Y ax dx dy 
dx 
Substituing the value of a in y’ — 2ay + x? = a”, we obtain the required differential 


equation. 
12. The equation of the family of parabolas is 
(y— k)* = 4a (x —h), where ht and k are arbitrary constants. 


Differentiate this relation twice and eliminate /iandk to get the differentia! 
equation. 


18. The equation of the family of circles in second quadrant and touching the coordinate 
axes is 


(x +a)? +(y —a)* = a’, a>0 or, x? + 7 + 2ax — 2ay +07 = 0 


22.3 SOLUTION OF A DIFFERENTIAL EQUATION 


DEFINITON The solution of a differential equation is a relation between the variables involved 
which satisfies the differential equation. Such a relation and the derivatives obtained therefrom 
when substituted in the differential equation, makes left hand, and right hand sides identically 
equal. 


For example, y =e is a solution of the differential equation au = y. 


Consider the differential equation 


dy | 
+y =0 wi} 
de y 

and, consider y = Acosx+Bsinx .»(ii) 


where A and B are arbitrary constants. 


Differentiating (ii), w.r.t. x, we get 


ay = — Asinx+Bcosx 
dx 


Differentiating this w.r.t. x, we get 


dy = —~Acosx-Bsinx 
dx? 
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d’y 
= — ,+y=0 
dx? 7 


This shows that y = A cos x + B sin x satisfies the differential equation (i) and hence it is 
a solution of (i). 


It can be easily verified that y=3cosx+2sin x, y=Acos x, y=B sin x etc., are also 
solutions of (i). 


We find that the solution y = 3 cos x + 2 sin x does not contain any arbitrary constant 
whereas solutions y = A cos x, y=Bsinx contain only one arbitrary constant. The 
solution y = A cos x + B sin x contains two arbitrary constants, so it is known as the 
general solution of (i) whereas all other solutions are particular solutions. 


GENERAL SOLUTION The solution which contains as many as arbitrary constants as the order 
of the differential equation is called the general solution of the differential equation. 


For example, y = A cos x + B sin x is the general solution of the differential equation 
2 
a’y 
+y=0 
dx* 
But, y = A cos x is not the general solution as it contains one arbitrary constant. 


PARTICULAR SOLUTION Solution obtained by giving particular values to the arbitrary con- 
stants in the general solution of a differential equation is called a particular solution. 


For example, y = 3 cos x + 2 sin x is a particular solution of the differential equa- 
tion (i). 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Show that y= Ax + 2 ,x#0 isa solution of the differential equation 


2 
ody dy _ = 
x acer? y =0 


SOLUTION We have, 
y =Axt—,x#0 -(i) 


Differentiating both sides w.r.t. x, we get 


d és 
a = A-5 ws (il) 


Differentiating w.r.t. x, we get 


@y _ 2B ise 
oo) ere ..-(iii) 


2. 
Substituting the values of y and oy in x? = +x a — y, we have 
x 


PHY, lye 2 B3(A-B}-(a+3) 


=> POY, My = 2B, py B_az—B = 0 
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; Bi ees ' 
Thus, the function y = Ax + = satisfies the differential equation 


2 
aay) ay 
at * ay y=0 


Hence, y = Ax + 2 is a solution of the given differential equation. 


EXAMPLE2 Show that the function y =(A + Bx)e>* is a solution of the equation 


@y 6. oy - 
12 Oat 0 


SOLUTION We have, 

y = (A+ Bx) e* wi) 
Differentiating (i) w.r.t. x, we get 

a = Be* + 3e°* (A + Bx) wa(ii) 
Differentiating (ii) w.r.t. x, we get 


2 ; 
a = 6Be** + 9e* (A + Bx) (iii) 


dy _ dy 
a2 6 <P Oy 
= {6Be>* + 9e>* (A + Bx)} — 6 {Be** + 3e* (A + Bx)} + (9 (A + Bx)e**} 


Thus, y=(A+ Bx)e™* satisfies the given differential equation. Hence, it is a solution of 
the given differential equation. 


EXAMPLE3 Show that y= ae~ + be * is a solution of the differential equation 


ey = au —2y=0 
SOLUTION We have, 

y = ae*+be* (i) 
Differentiating (i) w.r.t. x, we get 


a 
= Qne~* — be * .»(ii) 
Differentiating (ii) w.r.t. x, we get 


oy = Bee 


fy At ay = (Ane + be™*) — (2ae™ — be-*) — 2 (ae + be-*) = 0 


So, y =ae™ + be™ satisfies the given differential equation. 
Hence, it is a solution of the given differential equation. 


~ 
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EXAMPLE4 Show that y =a cos (log x) + b sin (log x) is a solution of the differential equation 
2 
Ua ER! LE te 
be 2 Fe Ty 0 


SOLUTION We have, y =a cos (log x) + b sin (log x) 
ay w.r.t. x, we get 


_ asin (OE x) bcos (log x) 
= i x 


= xO = —asin (log x) +b cos (log 2) 


Differentiating both sides w.r. to x, we obtain 


a we ay _ _acos (og x) _ bsin (log x) 
x 


de i. 

=, seta = —[acos (log x) + b sin (log x)] 
re 

= PEN =- 
dx? % 

=> PEt, Mery =0, 


which is same as the given differential equation. 
Hence, y =a cos (log x) + b sin (log x) is a solution of the given differential equation. 


EXAMPLE5 Show that y = cx +2 is a solution of the differential equation 
ae (i 
y= (roe 
dx 
SOLUTION We have, 


a : 
y= cx + - ase(i) 
Differentiating w.r.t. x, we get 
dy _ ve 
a = »«-(ii) 
BY Be et wet Data 
Now, ax dy * xc +7 | Putting Fi | 
dx 
Gils: JG ae ee 
=> ae + a y [Using (i)]} 
dx 


This shows that y =cx + ; is a solution of the given differential equation. 


EXAMPLE6 Show that xy =ae* + be * +x” isa solution of the differential equation 
dy, dy _ eae 
re ae xy+x°-2 = 0. [NCERT] 
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SOLUTION We have, 
xy =ae™ + be * + x” + (i) 
Differentiating w.r.t. x, we get 


QW ia csppXc ye ® 
x ty = ae be * + 2x 


Differentiating this w.r.t. x, we get 


2 
ew = ae*+be*+2 


dx* ax 
=> xy 2dt = ae +be*+2 .«(ii) 
Now, vf 2M ay 4s?-2 = [ae* + be* +2] — [ae* + be * + x7] +x*-2 

x 


= 0 [Using (i) and (ii) 
Thus, xy = ac* + be * + x” is a solution of the given differential equation. 


EXAMPLE 7 Verify that the function y =C, e™ cos bx + C, e™ sin bx, Cy, Co are arbitrary 
constants is a solution of the differential equation 


d2 
Te ~ 20 Eh + (@? +P)y =0 [NCERT] 
SOLUTION Wehave, 

y = C,&™* cos bx+Cye& sin bx aid 


Differentiating both sides with respect to x, we get 


aM = C; {ae cos bx - he sin bx} + Cp {a e™ sin bx + b e™ cos bx} 
= alc, e"* cos bx + C> &™ sin bx} +b{- C, e™* sin bx + Cy e&™ cos bx| 


= 


ae abe 


=aytb {- C, &™ sin bx + C, &* cos bx} : (li) 


Differentiating with respect to x, we get 


EY = ah b{-a Cy sin bx —b Cy cos bx +. Cpe cos bx b Cy ein 
=> ay aBea b{- C, &™ sin bx + Co &* cos bx} — 2? {Cy &* cos bx + Cy e@ sin b 
= fy = asa a {ae ay} by | [Using (ii)) 
= fy 2a + (a+ yy = 0 


Hence, the given function is a solution of the given differential equation. 


J 
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1. 


10. 


11. 


12. 


13. 


14. 


. Show that y = Ae®* is a solution of the differential equation ay 


Veri Qe: : : : . d’y dy 
. Verify that y = et b is a solution of the differential equation ae += =0 


EXERCISE 22.3 


Show that y = be* + ce~" is solution of the differential equation, 


2 
dy dy - 


. Verity that y = 4 sin 3x is a solution of the differential equation 


Ev oy = 0 
dx? 


d- 


. Show that y = ae~* + be™ is a solution of the differential equation 12 ate 2y =0. 


x? ax 


. Show that the function y =A cos x + B sin xisa solution of the differential equation 


2 
ae y=0 [NCERT] 
x 


. Show that the function y = A cos 2x — B sin 2x is a solution of the differential equa- 


2 
tion im +4y=0 [CBSE 2007] 


@) 


2 


eal 
dx? y 


x 


. Verify that1 y= = 4ax is a solution of the differential equation y = x wy +a dx 


. Show that Ax* + By” = 1 is a solution of the differential equation 


dy .(duy| _ ay 
«| h(t) =v 


Show that y = =ax° + bx” + cis a solution of the differential equation dy = 6a 





Show that y = ao is a solution of the differential equation 


(142%) ~+(1+y)) = 0 


Show pet y =e (A cos x +B sin x) is the solution of the differential equation 


ay 2 4 2y = 0 [NCERT] 
dx 


Verify that y =cx + 2c? is a solution of the differential equation 


9 ( au. aye 
(ae) Te ae 


Verify that y =— x — 1 is a solution of the differentia] equation 
(y —x) dy —(y*—x2) dx = 0 
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15. Verify that y’ = 4a (x +a) is a solution of the differntial equations 
dy¥| _ 5, dy 
{1 (at) | aingr 
16. Verify that y = ce" *is a solution of the differential equation 


2, dy cae p iN ioe 
(+2) 5+ x 1 =0 


-1 
17. Verify thaty=e"°°° “satisfies the differential equation 


2 
Cr a = 0 


18. Verify that y = log (x + Nx? +a" )* satisfies the differential equation 


2 
Dey. ay _ 
(a* + x”) a2 t* ay = 0 


2 

19. Show that the differential equation of which y = 2 (x? —1)+ce * isasolutionis 
dy 458 
ae t 2xy = 4x 


2 
20. Show that y=e *+ax+b is solution of the differential equation e* mo =1 
x 


21. For each of the following differential equations verify that the accompanying 
function is a solution in the mentioned domain (a, b are parameters). 


Differential equation Function 
(i) xlay y = ax,x € R-(0} 
(ii) xty Gl = 0;xeR,y#0 y= qa? —x* ,xe (-a,a) 
See 1 ee - rp AS a 
(iii) xa ty =y ;xe R-(0} y = req te {a} 
2 
(iv) o SH = 1x6 R-(0) y = axtb+2-,xe R-(0} 
dy 1 
(v) y=(2) ,xER,y20 y =4(xtay,xeR 


22.4 INITIAL VALUE PROBLEMS 


In section 22.2, we have seen that a first order differential equation represents a 
one-parameter family of curves, a second order differential equation represents 2 
two-parameter family of curves, and so on. Therefore, if we wish to specify a particular 
member of such a family of curves, then in addition to the differential equation we 
require some other conditions for the specification of the parameter(s). These conditions 
are generally prescribed by assigning values to the unknown function (dependent 
variable) and its various order derivatives at some point of the domain of definition of 
independent variable. 


For example, the differential equation au = 4x represents one parameter family of curves 
given by y= 2x + C, where C is a parameter. In order to specify a particular member, 
say y = 2x* +3, of this family, we require the differential equation au = 4x and one more 


condition, namely y (1) =5i.e. y=5 when x= 1. 
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Similarly, the differential equation 
2 
ae 3652210 
dx* 
represents two parameter family of curves given by y = 3x7 + ax +b 
where a and b are parameters. 
Now, if we want to specify a particular member, say y = 3x” — 2x + 1, of this family. Then, 


2 
we require the differential equation o4-6=0 and two conditions, namely 


y (0)=1 and y’ (0) =—2. 

It follows from the above discussion that to specify a particular member of a family of 
curves, we require the differential equation representing the given family of curves and 
the values of dependent variable and its various order derivatives at some point of the 
domain of definition. These values are generally prescribed at only one point of the 
domain of definition of independent variable and are generally referred to as initial 
values or initial conditions. 

The differential equation with these initial values or initial conditions is generally 
known as an initial value problem. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Verify that the function defined by y=sin x -—cosx,x€ R is a solution of the 
initial value problem au =sin x +cos x, y (0) =—1. 
SOLUTION Wehave, 
y =sin x —cosx 


a ; 
=> aL = cosx+sinx 


‘2 y = sin x—cos x satisfies the differential given equation and hence it is a solution. 
Also, when x = 0, y=sin0—cos 0=0—-1=—1i.e. y (0)=—1. 
Hence, y = sin x — cos x is a solution of the given initial value problem. 


AMPLE 2 Show that y=x?+2x+1 is the solution of the initial value problem 
d*y , ” . 
x 


SOLUTION Wehave, 
y= x7 42x41 


2 3 

=> Yi 9g 3 GEE: 1b and BENE 
dx dx* dx 
Thus, y= x* + 2x +1 satisfies the differential equation ey = 0 
2 

Also, y=x242e +1, = 2x +2 and ay 9 

x dx? 

2 
= y(0) = 0+04+1 =1, | = 2 and te! =i 
2 dx” 
x=0 x=0 

=> y (0) = 1,y’ (0) = 2 and y” (0) = 2. 


Hence, y = x* + 2x + 1 is the solution of the initial value problem. 
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EXAMPLE 3 Show that the function 9, defined by o (x) =cos x (x € R); satisfies the initial value 
problem 


2 
oy ey =0 0) = 1 ‘(0) = 


SOLUTION We have, 
(x) = cosx 


= o’ (x) = —sinx and 6” (x) = -—cosx 
=> o’ (x) = —sinx and 6” (x) = — 6 (x) 
Clearly, if we replace » by y in » ” (x) =— 6 (x), we obtain 
2 2 
Cn) ee Be y-.0 


dx? ce dx? 
Thus, (x) satisfies the given differential equation for all x € R. 
Also, (0) = cosO = 1 and 0’ (0) = -sinO = 0 
=> °* y(0) =1 and y’(0) =0 
So, > satisfies the initial conditions. Hence, 6 satisfies the initial value problem. 


EXERCISE 22.4 


For each of the following initial value problems verify that the accompanying function Is 2 
solution: 


Bauer cne! equation Function 

1. xf = 1,y(1) = 0 y = logx 

2: M = y,y (0) =1 Weve 

3. FL sy = 0,y(0) =0,y'O =1 y = sinx 
dy _dy one 7 

4. = ay = Or ¥ (0) =2,y’ (0) =1 y=e+1 

5. My =2,y(0) =3 y=e*+2 
x 
2 

6. Tay =0yO=Ly’(@ =1 y = sinx+cosx 

He #L_y =0,y() = 29’) =0 y=e+te™ 


dz 
8. aa ga 42y = 0, y (0) = 1,y’(0)=3) y= e+e 


@y_.4y SiG 2 : 
9. a2 -27 ty =0,y(0)=1,y'()=2 y= xe +e 


22.5 GENERAL FORM OF A FIRST-ORDER FIRST-DEGREE DIFFERENTIAL 
EQUATION 


A differential equation of first order and first degree involves the independent variable 


x, dependent variable y and au . So, it can be put in any one of the following forms: 


dy _ wi 
ae LOY) ) 


—— SE Se eS 
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dy _ o(%y) : 
or, dx = yxy) «-(ii) 
or, In general ple pales ix) = 0, 


where f (x, y) and g (x , y) are obviously the functions of x and y. 


In the chapter on differentials and approximations, we have proved that if dx and dy 
denote differentials of variables x and y, then 
= Y iy 
dy = re dx 
Therefore, equations (i) and (ii) can be written as 
dy = f(x,y) dx 
and, dy = 2 dy or, (x, y)dx = w(x, y) dt 
Y= Wee yy kor OE Wdx = wey) dy 
Hence, a first-order first-degree differential equation is expressible in one of the 
following forms: 


dy _ 
dx = f(x,y) 


ar dy _ 9(x,¥y) 
dx = W(x, y) 
or, dy = f(x,y) dx 


or, f(x,y) dx+g¢ (x,y) dy = 0 


22.6 GEOMETRICAL INTERPRETATION OF THE DIFFERENTIAL 
EQUATIONS OF FIRST ORDER AND FIRST DEGREE 


The general form of a first order and first degree differential equation is 


pfx ¥, ae | Ai) 


We know that the tangent of the direction of a curve in Cartesian rectangular coordinates 
at any point is given by am so the equation in (i) can be known as an equation which 
establishes the relationship between the coordinates of a point and the slope of the 
tangenti.e., ay to the integral curve at that point. Solving the differential equation given 


by (i) means finding those curves for which. the direction of tangent at each point 
coincides with the direction of the field. All the curves represented by the general 
solution when taken together will give the locus of the differential equation. Since there 
is one arbitrary constant in the general solution of the equation of first order, the locus 
of the equation can be said to be made up of single infinity of curves. 


22.7 SOLUTION OF FIRST ORDER AND FIRST DEGREE DIFFERENTIAL 
EQUATIONS 

As discussed earlier a first order and first degree differential equation can be written as 
f (x, y) dx +g (x,y) dy = 0 
ay _ f(xy) 

Or, = 
dx g(x,y) 

Or, a = $(% y) 


where f(x, y) and g(x, y) are obviously the functions of x and y. 


= 
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It is not always possible to solve this type of equations. The solution of this type © 
differential equations is possible only when it falls under the category of some standaF: 


forms. In the following article we will discuss some of the standard forms and method 
of obtaining their solutions. 


22.8 METHODS OF SOLVING A FIRST ORDER FIRST DEGREE 
DIFFERENTIAL EQUATION 


In this section, we shall discuss several techniques of obtaining solutions of vario™ 
' types of differential equations. 


22.8.1 DIFFERENTIAL EQUATIONS OF THE TYPE ey = f (x) 


To solve this type of differential equations we integrate both sides to obtain the generé 
solution as discussed below: 


a = f(x) = dy = f(x) dx 
Integrating both sides, we obtain 

| dy=| f(x) dx+C 
or, y=] f(x) dx+C 


Following examples will illustrate the procedure. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Solve: 
i) & =—*— Gi) (+e%) Wae-6*) [NCERT 
41 dx 


SOLUTION (i) We have, 
d 





x 
x7 +1 





= dy = dx 


x 
7 +1 


Integrating both sides, we get 








at 


J 
= 
‘ 





1 
2 


= y= -—.. 


N 


Clearly, y =5 log | x7 +1 | + Cis defined for allxe R. 


Hence, y= : log | x*+1|+C, xe R isasolution of the given differential equation. 


+ 


2S. 28 5 8 
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(ii) (+e) Bl = (e-e*) 





x dy ee 
dx eX +e * 
Se 
= dy = = —- dx 
e+e 


Integrating both sides, we get 
a 
J dy = | c = dx 


x x 





e+e 
= f dy = J %, wheree +e" = 
=> y = log|t|+C 
= y = log | e+e *|+C. 


Clearly, y=log | e*+e * | +Cis defined for allxe R. 


Hence, y=log | e+e * | +C,xeé R isa solution of the given differential equation. 
EXAMPLE2 Solve: 


(i) (+2) Ua 44x-9,x4-2 
(ii) OY = sin? x cos? x +x € 


SOLUTION We have, 





dy _ & 
(i) (x +2) 30 = xo 44x 9 
ue Aa? 
dy _ x +4x—9 Aan 
ad dx x+2 Lette 
2 
x“ +4x-9],. 
=> iy =( PT) Jes 
Integrating both sides, we get 
2 
x +4x-9 
J dy = ry i 
13 
=> fay = J (x+2-Zh) 
x 
=> y = “7 +2x—-13log|x+2|+C 


Clearly, it is defined for allxe R, except x=—2. 


2 
Hence, y = = +2x—13 log | x+2 | +C, xe R—{2}isasolution of the given differential 


equation. 
(ii) uh sin? x cos? x +xe 
ax 
= dy = (sin® x cos? x + x e*) dx 
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Integrating both sides, we get 
dy = | (sin® x cos? x +x e*) dx 
= | dy = | sin? x cos? x dx + x e* dx 
=> Jay = | cos* x (1—cos* x) sinx dx + | xe* dx 
Il 
= y=- JPa-Pat+(re-f e* dx}, where t = cos x 
3B 5 
= y=-\5- Spt (et e)+C 
=> elem 
Cee! oa 


Clearly, — cos X+— COS X+x e* — ¢* + Cis defined for all x € R. 


Hence, y =— ; cos’ x + 5 cos” x +x e* —e* +C,x © Risa solution of the given differentia 


equation. 
EXAMPLE3 Solve: 
1 .. ay 3e% +3e%* 
Oe 4 = 7 aR OLE ae =m 
x sin’ x+cos’x x e+e 

SOLUTION (i) Wehave, 

CN] See 

dx sin4x+cos* x 
=> dy = ——.. dx 


sin” X + cos* x 
Integrating both sides w.r. : x, we get 
J ay = | ———- «x 
sin* x + cos* x | 
Dividing num. and denom. on RHS by cos’ x 
eee ; aie 4 
— J dy = J = dx supposition that with the cos* x #0 
an” Le. #(2n+1)n/2,neE Z 


sec? x - sec? x 

= J ay | tan* x +1 oa 
(ibetanca) eer x 

= J ay = J a x+1 ax 

= J ay = Ii dt , where t= tan x 








Dividing num. and denom. by f? with the 
supposition thatt#QOie.tanx40>x¢n7n,neZ 
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du 1 
=> , where t-~—=u 
jd is le u ue + (V2) t 
1 
= y = Yo tan '(aa}+¢ 
wd 


= y = 5 tan™} = +£C 

1 ~1 { tanx—cotx 1 
=> y = Y> tan ras yas, +C,wherex#nn,(2n+1)5,néZ 
This is the required primitive of the given differential equation. 


4x 
x ay _ 3e°*+3e 
(ii) sr ae oes 


e“+e* 
= f - a 3e* (1 + e2*) 
x er +. = eel +1 
€ e* 
= dy _ 3e>* (1 +e") 
dx (1 +e”) 
= AY _ 363% 
dx 
= dy = 3e** dx 
=> dy = 3 e* dx [Integrating both sides] 
ex 
= y=3 $a) +C 
=> y = e°* + C,, which is the required solution. 


EXAMPLE4 Solve the initial value problem elty/dx) — 41; y(0) =5. 
SOLUTION Weare given that 


tyldx — xy 

dy _ 
=> rat LOB (eer) 
=> dy = log (x +1) dx 


Integrating both sides, we get 
1-dy = log (x +1): 1dx 
I II 


x 








=> y = xlog(x+1)- J ax 

=> y = xlog (x+1)- -f Swe 
1 

=> y= x log (x +1)—| eerste 


= y = xlog (x+1)—x+log (x+1)+C ---(i) 
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Itis ESM: that y(0) = 5 i.e., when x =0, we have y =5. 
= log 1-0+1log1+C 
=> é =5 


[Substituting x = 0, y =5 in (i)] 
Substituting the value of C in (i), we get 

= x log (x+1)—x + log (x+1)+5 
We observe that x log (x + 1) —x + log (x +1) +5 is defined for all x € (—1, ©). 


Hence,y =x log (x + 1) —x + log (x + 1) + 5,wherex € (— 1, -) is the solution of the given 
initial value problem. 





EXERCISE 22.5 
Solve the following differential equations: 
1. BU ee x0 2: CA 5 Tee a 
dx x dx x 
dy =e* 2 dy _. 
3. G+ 2x e 4. (x +1)50=1 
dy _1-—cosx dy 2 
5. 5 ae [CBSE 2002] 6. (x +2) qe at +3x+7 
dy _ dy _ 
Le ax tan”! x 8. dx =logx 
9. ae =tan!x, x#0 10. OWS cop sin?x+ xVox 4 ,xe [-1/2,- 
x dx dx 
11. (sin x + cos x) dy + (cosx—sin x) dx =0,x¢nn+5" ne Z 
dy ies: riot ek dy _ 5S tan (43 
12. 7 x sin X=" log x 13. aa tan ~ (x~) 
14. sin 4M = cos x 15. cos x SY — cos 2x = cos 3x 
16. Vi-x! dy=xdx 17. Va+x dy+xdx=0 
18. (1 +22) x=? tan] x [NCERT, CBSE 2007] 
19 a = x log x 20, Ha xe 2 4cos? x 
: : dx 2 a 
21. (Bs2+x¢1) Maree [NCERT, CBSE 2010] 
Solve the following initial value problems: (21-24) 
22. sin i) kH¥O=1 23: efyldx x41; y(0)=3 
24, C’ (x) =240.15x;C(0)=100 25. xed = 0;y(-1)=0 
ANSWERS 





ee 
2% 
1. y=% 4+ —log |x| +C,x#0 2. y="— +75 —2 log |x| +C,x#0 


3. yttase*+CxeR 4, y=tan }x+C,xeER 
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5. 


10. 


x 


y=2 tan 


x+C,x#(2n+1)n,nE Z 


: y=*- +245 log |x+2|+C,x#-2 

; y=xtan"! x2 log | 1+2x7|+CxeR 
- y=x (log x-1)+C, xe (0,0) 

; y=5 2 +1) tan”! x¥-= 94 GixH0 


2 


a UR Pome Bt. reyes Wire lay pre it 3/2 gM aes 
y=, sin'x 5 sin X +79 (2x +1) 6 (ext) +C,xeE 2° 


11. y+log | sinx+cos x | =C,x#nn+=" ne Z 
2 : ; 
We y= ~ ASRS _ O08 + log | logx | +C,xe (0,1)U (1,°¢) 
13. y=2 [x6 tan”? 9-23 + tan” 4] +C, xe R 
14. y=-5 cose? x+C,x¥enn,ne Ls 
15. y=sin 2x-x+2sinx+log | secx+tanx | +C,x#(Qn+1)5,ne Z 
16. y=5 sin"! (x)+C,xe (—1,1) 17. y+ (a+x)/?— 20 atx =C,xe (— a, 0) 
1 Fauste 1 x? 
18. y=5 log | 1+2x7|+(tan-!x)?+C 19. y=5x logx-7+C,xe (0, ©) 
20. y=xe'—e 2x44 sin 2x +C 
1 3 1 =| 
21. y=> log [lx+1] +7 log (x +1)-> tan x+C 
22. y-1=xsin ! (kK), wherek € (-1,1)andxe R 
23. y=(x +1) log (x +1)-—x+3,xe (—1,°) 
24. C(x) =2x + (015) = +100 25. y = —log |x| ,x<0 
HINTS TO SELECTED PROBLEMS 
13. Putx° =f and integrate by parts 
15. We have, 
dy _4cos*x-3cosx+2cos*x-1 


, provided that cosx #0 
cos x 


d 
=> ay =4cos*x—-3+2cosx—secx 


ax 
Now, integrate both sides. 
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16. We have, © rs Seine provided that 1—x*<0 ie.-1<x<1 


Put x7 =¢ and integrate. 
17. Wehave, 


x 
dy =— - aa dx , provided thatx>-—a. 


x+a—a - a 
= dy =— EAR de, = — Na + ist 


Now, integrate both sides. 


21. We have, 


(dy )_ 

sin( | k 

=. UE eee 
ax 


= dy=sin”" | kdx 
Now, integrate both sides. 


22. We have, 
ey lax x41 = ay = log (x + 1), provided thatx+1>0 
Now, integrate both sides. 
23. Wehave, 
a D4015x => C= a2 4 0I5E , k 
For x = 0, we have C = 100 
*: kK = 100 


Hence, C = 2x +92? x? +100 


22.8.2 DIFFERENTIAL EQUATIONS OF THE TYPE au =f(y) 


To solve this type of differential equations we integrate both sides to obtain the general 
solution as ee under: 


= = “4 ) 

dx . 
= “ “F9) , provided that f(y) #0 
ea 


Integrating both pie we obtain 
J ax= Jae FEnysteeS or x= J ao Ay te 


Following examples see illustrate the ius 
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ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Solve : 


Nea nay, Tt 
(i) “Z- _— ,y#0 (ii) =secy,y#(2n+1)—,nEZ 
dx y? +siny y dx YY 2 
SOLUTION (i) We have, 
(1 fai S ES 
dx y*4-sin y 
dx 
=> dy = y* + Sin y 
= dx = (y* +sin y) dy 
sacle Om pa sides, we obtain 
(= J yy? +siny) dy 
3 
=> san -—cos y+C, 
Hence, x= va —cos y+C, where y #0 is the required solution. 
+ at 
(ii) ae = secy 
=> ee cos 
dy ~ secy “7 
=> dx = cos ydy 


Integrating both sides, we obtain 
i) dx = cos y dy 
=> x =siny+C, 


Hence, x = sin y+C, where y # (21 +1) A ,n& Z is the required solution. 


EXAMPLE2 Solve: a +y=1 
SOLUTION We have, 


Mey = ] 
ai 
=> aL = 1- y 
=> & = —1_, provided thaty #1 
dy =i 
— dx = ——d 
-y y 


__ Integrating both sides, we get 


fae = f ha ay 


_ beg cic 8 y|+C, 


Hence, x =— log | 1—y | +C, where y ¥ 1, is the general solution of the given differen- 
tial equation. 
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EXAMPLE 3 Solve the initial value problem + 2y? = 0, y (1) =1and find the correspondirz; 


solution curve. 
SOLUTION Wehave, 


dy 52 _ 
dx * 2Y 0 


= au =- y" 

= a = - af rify #0 

Integrating both sides with respect to y, we get 
Jax = J - ae dy 

=> x= at C 


We have, y (1) =1li.e.y=1 whenx=1. 
Putting x = 1 and y = 1 in (i), we get 


1 1 
PeRre= c= 5 


Putting C = 1/2 in (i), we get 


 Qy 2 
1 
ae WS oat 


Clearly, it is defined for allx € R- a 


Hence, the required solution curve is y = 


Solve the following differential equations: 
1. hy 1+¥" -o,yx0 
ey 


3, a 


en 
ax NY 


1. xt log | 1+y?|=C 


3. x+coty=C 





2x — 


EXERCISE 22 


dy _1+y° 
nde 4p 
4. dy _1—cos 2y 
dx 1+cos2y 


2 y#0 


ANSWEF, 


1 
2. r= L_Liog | y+1]+C 
4. x+coty+ty=C 


22.8.3 EQUATIONS IN VARIABLE SEPARABLE FORM 


If the differential equation can be put in the form f(x) dx = 9(y) dy we say that the variab} 
are separable and such equations can besolved by integrating on both sides. Thesolutis 


is given by 


| fos dx = gy) dy+C, 
where C is an arbitrary constant. 
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NOTE There is no need of introducing arbitrary constants on both sides as they can be combined 
together to give just one arbitrary constant. 


Following examples will illustrate the procedure. 
ILLUSTRATIVE EXAMPLES 

EXAMPLE1 Solve: 

(i) @+1)5 aM a = 2xy 


(ii) cos x bs cos y) dx —sin y (1+ sin x) dy=0 
SOLUTION (i) We have, 


(+1) = 2xy 








= (x+1)dy = 2xy dx 
=> a 7 x, ifx#—1. 
y <x+ 

= J va y= 2 {— 4 dx [Integrating both sides] 
Metalic 1, 

= Je — dy =2 f= BePes Ts 

=> aces 

=> log y = 2[x-log | x+1|]+C, 


Clearly, it is defined for all x € R— {—1)}. 
Hence, log y =2 [x —log |x+1] ]+C, is the solution of the given differential equation. 


(ii) cos x (1+ cos y) dx —sin y (1 + sin x) dy =0 
= cosx 4. _siny dy = 0 

1+sinx 1+cos y 

_cOSx__ ‘ 

=> jausin ax + { See eee y=0 [Integrating both sides] 
= log | 1+sinx | +log | 1+cosy | = logC 
=> log (| 1+sinx |-|1+cosy |) = logC 
— | 1+sinx] |1+cosy| =C 
= (1+sin x) (1+cos y) = C,xe R. 


This is the required solution. 


EXAMPLE2 Solve: 
(i) sec* x tan y dx + sec’y tan x dy =0 [NCERT, CBSE 2007] 


(i) &VI-¥7 dx += dy=0 
SOLUTION (i) We have, 

sec’ x tan y dx + sec*y tan x dy =0 
=> sec” x tan y dx = — sec” y tan x dy 
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2 2 
eC dy 3s oe 

mx tan x ae tan y ay 

sec? x cia sec” Sosy , ides! 
=> aaa J ann [Integrating both sid 
=> log | tanx | = —log | tany | +logC 
=> log | (tan x) (tan y)| =log C 
= | tanxtany | =C 


Clearly, it is defined for x € R—{(2n+1)n/2:ne Z| 


Hence, | tanxtany | =C, where xe R—-{(2n+1)n/2:neE Z } is the solution of the 
given differential equation. 


(ii) We are given that 


evi-y? dx +% dy=0 
= eV -y¥ dx = -= dy 


= xedx = -——* dy 
vi-y? 


y ; aves 
=> xe dx = —- ay Integrating both sides] 
J xe ‘ lao y [Integrating 

1 f¢ dt 
=> x-| kdx= 5] ©, where t = 1-7 £€ 2 
1/2 ft | 
=> xe — f= pee +C om 
1/2 
= xe*—e* = VE+C 
= xe*—e% = Vi- y” +C, wherex é Ris the required solution. 


EXAMPLE3 Solve the differential equation (1 + e*) dy + (1+ y*) & dx =0 given that when 


x=0,y=1. [NCERT, CBSE 2004, 2005] 
SOLUTION Weare given that 


(1 +e) dy+(1+y*) e* dx=0 





= (1 +e7*) dy = —(1+y7) e* dx 
Sy 1 Sn 
1+y2  1+e* 
mi J a = -J ae [Integrating both sides] 
- =a where t = e* 
= ae 1+y° iia ee +P 
= tan ly = —tan™ (ft) +C 


= tan”! y = —tan™ Lery+C wi} 
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It is given that y = 1, when x = 0. So, putting x = 0, y = 1 in (i), we get 


tan- cea ale 
ee os oe 
=> 4 te = 


Putting C = 5 in (i), we obtain 


tan! y = —tan™ {(e*) +5 


= tan” ly + tan™ lie) = 
= tan”! y= 5 — tan (¢*) 
=> tan-! 1 y= cot” lig *) 


This is the required solution. 


EXAMPLE4 Solve the differential equation (1 + y’) (1 + log x) dx + x dy = 0 given that when 
x=1,y=1. 
SOLUTION The given differential equation is 


(1+y?) (1+log x) dx+xdy = 0 





= (1 + log x) (1+y*) dx = —xdy 
= (i tlogx) a = 1 dy 
x sy 
= J A482 ay = aa [Integrating both sides] 
ap 
1 

= tdt = —| ——~dy, where 1+logx =f 

J ers: y & 

2 ae 
=> > =~ tan y+C 
=> 5 *(1+logx)? = —tan-ly+C »-(i) 


It is given that when x = 1, y = 1. So, putting x = 1, y = 1 in (i), we obtain 
[1 +log 1]? = —tan"41+C 


: 
ae 
2 


Tt 1 
eo te = Cai + 


lA 


Putting C=> + in (i), we obtain 


al 2. spelen cline Te 
9 (1 + log x)" = tan y+otG 
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Le ol 
= y = tan ft +3 3 (1 +1og3] 
x> 


Clearly, it is defined for all x > 0. 


Hence, y = tan i + $5 7 > (1 + log 2 x > 0 is the solution of the given differential 


equation. 

EXAMPLES Solve the differential equation x (1 + y”) dx—y (1 +x”) dy = 0, given that y=0, 
when x = 1. 

SOLUTION The given differential equation is 


x(1+y dx—y (1+37) dy = 0 





= x(1+y*) dx = y(1+x*) dy 
x 
dx = —L-d 
Ei 1+x7 1+y “ 
2x 
=a 2x 


2 
dx = —L-d 
1+x 1+y z 


Integrating both sides, we get 








at =] ay 
=> cet, = log ]1+y7 | +logC 
= log oe] = logC 
8 wae a6 
14+y 
= (1+x*) =(1+y°)C i) 


It is given that when x = 1, where y = 0. So, putting x = 1, and y = 0 in (i), we get 
(1+1)=(1+0)C > C=2 
Putting C = 2 in (i), we get 


(1+x4)=2(1+) > y = 2VE=1 


2 
This is defined for x*— 120 i.e. for xe (—co,—1] U[1, ©). 
Thus, we obtain two functions 
f:(-,-1] U[1, ~°) > Rand g: (-~,—1] U[1, ©») > R given by 


2 
f(x) = x and, g(x) =- at 





But, both f and g are not differentiable at x = + 1. 
Hence, f, g: (—°,—1) = co) > R 








given by f (x) = Y i 1 andg (x) = -V2= are solutions of the given differential 


equation. 
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EXAMPLE6 Solve the following differential equations: 


(i) Me +xXx+y+xY 











sie. ocx, OY dy 
(i) y-x 7 =al yt [CBSE 2002] 
SOLUTION (i) Weare given that 

ay Ll+x+y+xy 

dy _ 
> dx = (1+x)+y(1+%) 

ay “- 
=> = (1+x)(1+y) 
= rey 0 y#-1 
= [| =- T+y a ay (1 +x) dx [Integrating both sides] 

xe 
= log |1+y| = xt tC, 
2 2 
x+=4C x+7 + C 
= [i+y|] =e ? =>y=te —1 
2 
Cy +C 
Clearly, itis defined for allx € R. Hence, y=+e -—1,xé Ris the general solution 
of the given differential equation. 
(ii) The given differential equation is 
dt da 
y-x tt ( ‘en 
ape Ue! 
= y ay” dx (a + x) 
= —ay”) dx = (a+x) dy 
AX o> sdye Z al 
=> a+xy = a,y#0," 
=> f : dx = [Integrating both sides] 
atx al 
l ax af{t . 

=> | Tene dx = io + aa dy [By partial fractions] 
=> log | x+a| = log | y | —log | 1-—ay | +logC 
= log Se = log C 








ee (x + a) (1 —ay) =C 
y 


=> (x +a) (1—ay) = 


Hence, (x + a) (1 — ay) = Cy ,x #—a is the general solution of the given differential equa- 


* tion. 
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EXAMPLE7 Solve: 
(i) (x? - yx”) dy + (y* + x? y’) dx=0 
(ii) 3e* tan y dx + (1 —e*) sec” y dy =0 [NCERT 
SOLUTION (i) The given differential equations is 
x? (1 — y) dy +y* (1 +x*) dx = 0 
= x? (1—y) dy = —y* (1+x*) dx 





1-y sc ct a 
= dy = - dx, ifx,y #0 
ae 

iba 1 
=> ———> |dy =| +1 |dx 

(r}#-[3") 
= | wot dy = f 441 lax [Integrating both sides. 

y ¥ 2 
— log | y | +t =—~4x4C 
Yer eeex: | 

Hence, log | y | 1S = -24x+Gxe R-{0} gives the general solution of the differen- 
tial equation. 


(ii) Weare given that 
3e* tan y dx + (1-e*) sec” y dy=0 


=> 3e* tan ydx = —(1—e*) sec” y dy 

See sec*#y 
=> 7 ae nid 

2 «a sec? y . . pak 
= 3 Ie eee im -J tan y dy, ifx#0,y#40 [Integrating both sides; 
ce Ser ax = [Mg y 
=> eae = log | tany | +logC 
e-1)° 

] jiceouiis = ] C 

ess. 


3 
= (e*-1)° = Ctany 


Hence, (& — by = Ctany,xeE R- {0} gives the general solution of the given differentia! 
equation. 


EXAMPLES Solve: 


Rage eC L aeee by AY, nji=v _ 
(i) sin ey ay (ii) qx * ae 0 [NCERT] 
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SOLUTION (i) The given differential equation is 


sin? x & = sin 
dy: 

=> sin? xdx = sin y dy 
=> J sin? x dx = J sin y dy [Integrating both sides] 
ae S5in z= sm 3x Pte sin y dy 
=> ~3 cos x ++ cos 3x = —cosy+C 

4 12 9 
= cos y- 2 cos x += cos 3x = C 

4 idee d V2 


Hence, cosy- rn cos X + + cos 3x = C,x€é R gives the required solution. 


(ii) The given differential equation is 


dy \fiay? _ 
dx” 1-x* : 


dy _ _Vi-¥ 
=> == 
dx 1-x 
V1-x7 di =-Vl1-y~ dx 
y 
dy dx 
1 


Vii 9 Nee 
J Se = -| oe [Integrating both sides] 
= x 


sin! y = —sin"!x+sin™1C 
1 


Y 


ul 


sin’! y+sin™}x = sin"! C 

sin! fyVi-x2 +xV1-y7] =sin!C 

yVi-x*+xVi-y?=C 

This is defined for 1 — x* >Oi.e. x € [-1, 1]. 

Hence, Vi-x? +x Vi- = C,x € [—1, 1]is the general solution of the given differen- 


Yu g¢vd 


tialequation. 
EXAMPLE9 Solve: 
ay _ox-y ~y a dy_1+y¥ 
(i) Fae Y4 x*e (ii) = Sa [NCERT] 
SOLUTION (i) We have, 
ay _ x-¥a4 ory 
ae e-V4xre 
=> dy = (e*~¥4+2x%e-Y) dx 


= e dy = (e& +x°) dx 
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aay J e dy = ) (e* + x7 ) dx [Integrating both sides} 
=> v= ee +e +C, which is the required solution. 

(ii) The given differential equation is 
dy _ 1+ 
dx 144? 
= (1+x) dy = (1+?) dx 
= dy _ ax 
1t+y 14+2x 
om J : 2 dy = J ! ax [Integrating both sides} 
l+y 1+ 
=> tan” ty = tan”! x+tan™!C 
= tan”! y—tan™! x = tan'C 
= tt oe | = tan’!C 
1+xy 
= 3 os 
1+xy 
=> y—x = C(1+xy), which is the required solution. 
EXAMPLE10 Solve: 
AY _oxt+y ss dy \_ 
(i) ae e* (ii) oa qe |= OX by 
SOLUTION (i) The given differential equation is 
YT ety 
dx 
dy 
= = ee 
dx 
=> dy = & dx 
— e Vdy = e dx 
= J eV dx = J e* dx [Integrating both sides] 
= —é 4 = e&+C, whichis the required solution. 


(ii) Weare given that 


log Gt |e ax +y 


=> ay _ gxtly 
ax 

=> ay _ gx dy 
dx 


=> dy = &* &' dx 
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= e Y dy = &® dx 
— by ¢ 
=> = = oo +C [Integrating both sides] 


This is the required solution. 


EXAMPLE11 Solve the initial value problem 


y’ = ycot2x, (3) =2 
SOLUTION We have, 


y’ = ycot2x 
=> au = ycot 2x 
= yy = cot 2x dx 
= log y = log sin 2x + log C [Integrating both sides] 
= 2 log y = logsin 2x +2 logC 
= log y” = log sin 2x + log (Om 
=> y* = C*sin 2x ---(i) 
It is given that y= 2 whenx = i . Putting x=1/4 and y= 2 in (1), we get 


4=Csint => C=4 


Putting C? = 4 in (i), we get 
y*=4sin2x => y = +2Vsin2x 
Clearly, it is defined for sin 2x 2 Oi.e. 2x € (2n 2, (2n + 1) 7) 


or, re(nn,(n+3}x}ne Zi 


Hence, y=+£2 Vsin 2x ,x€ (> Tl, (> + 3| " ne Z is the solution of the given differen- 
tial equation. 


EXAMPLE12 Solve the initial value problem x (x dy —y dx) = ydx,y (1) = 
SOLUTION We have, 


x (x dy—ydx) = ydx 





=> x* dy = y(x+1)dx 
1 x+1 

= —dy = dx ,ifx#0,y #0 
y y we: y 


~ Racial 


=> log | y | = log | x|-2+C 
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= log | y| -log |x| =-2+C 
=> log | =—-—+C 

= log 2 =-24C 

R. u = e-1/x+C 








It is given that y = 1 when x= 1. 
Putting x =1 and y = 1 in (i), we get 


pee (tty MPa ec ItCa C= 


Putting C = 1 in (i), we get 








Wi =p A/e+1 
x 
=> ¥ — +¢1-1/x 
x 
=> y = xel~'/* oy y = — xe! 1/2 
But, y=—-xel—l/ * is not satisfied by y (1) =1 
y = xel—1/* +0 is the required solution. 


EXAMPLE13 Solve ay = ysin 2x, it being given that y (0) = 1. . 


SOLUTION Wehave, 


aon we 
Ae = ysin 2x 
= y fy = sin 2x dx 
= J ay = sin 2x dx 
= log | y | =-3 cos 2x +C 


It is given that y (0) =1i.e.y=1whenx=0. 
Putting x =0 and y =1 in (i), we get 


eS C= — 
Siig t . <5 
Putting C=> in (i), we get 
1 1 
log | y | = —5 cos 2xt+5 
= log | y | = 5 (1 ~cos 2x) 


= log | y | = sin’x 


\ 
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ABD 


[CBSE 2004] 


(i) 
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. 2 2 
> lyp=ers 
eof 2 
in? x sin? x 
—- y = e . or, y = — ce . 


bois 
But, y=—e"™ “is not satisfied by y (0) =1 
y = esi’ X is the required solution. 


EXAMPLE14_ Solve the initial value problem x dy + ydx = xy dx, y(1) = 1 
SOLUTION Wehave, 


xdy+ydx = xydx 


= xdy = (x-1)ydx 
re (end ae 
= jay = (1 _ |e if #0,y #0 
1 1 
=> IF dy = fa ax 
=> log | y| =x-log|x|+C 
= log | y|+log |x| =x+C 
=> log |xy| =x+C 
= |xy| =e*° ...(i) 


It is given that y (1) =lie. y=1whenx=1. 
Putting x = 1 and y = 1 in (i), we get 
p=elt© = Pa et > CH=-1 


Putting C = — 1 in (i), we get 


|xy| =e’ 
= xy = +e"! 
= yosoe} 

=k eel sod x1 
= y= re or,y=——Te 


But, y = -2 e*~ is not satisfied by y (1) =1. Also, y= : e —1 is defined for all 
x #0. 


Hence, y = . e*~! xe R-—{0} is the required solution. 


EXAMPLE15 Find the equation of the curve passing through the point (0 ; i] whose differential 


equation is sin x cos y dx + cos x siny dy = 0. [NCERT] 
SOLUTION We have, 
sin x cos ydx+cosxsiny dy = 0 


MATHEMATICS-*# 
re sinx 7, SiNy 1) _ : ie 
ez. See dx + aay dy = 0 [On separating the variabless 
= tanxdx+tanydy = 0 
= Jtanxdx+]tanydy = 0 
= —log | cosx | —log | cosy | = logC 
= -log(| cosx | | cosy |) = logC 

1 
=> log | cosxcosy | = log C 
=> lcos x cos y| = A 
c 
=> cos xcos y = Cy; where C; =+ * : .»-{i) 
It is given that the curve passes through (o i| 
y = a when x = 0. 
Putting x =0 and y = 1/4 in (i), we get 
T 1 
cos0 cos 7 =C; > C, = io 
ae Yes Somers 
Putting C; = in (i), we get 
1 
cos x cos y = 7 
1 
= cosy = 75 secx 
my ) 
=> y = cos "| 75 secx 
Spe yi aL 
Hence, y = cos (a sec :) is the required curve. 
EXAMPLE16 Solve the initial value problem: dy = e*“*¥ dx ,y (0) = O. 
SOLUTION Wehave, 
dy ='e**¥ dx 
= dy = e* dx 
= eV dy = e* dx [On separating the variables 
=> JeYay = JP ax 
=> -@4= a C well 


It is given that y (0) =O i.e. y=0 when x=0. 
Putting x =0 and y =0 in (1), we get 


1 Bas ho. 
—lep, +e = c= ) 
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Putting C = -5 in (i), we get 








se 
ide 
2. 2 
es 3—e~* 
yi. 
= e 5 
y 2 
=> e= eee 
3—e~ 
= y = log Z 
: 3—e% 





2 F , 
Also, lo is defined, if 





= > 0 = 3-e*>0 


oe 
= e* <3 => 2x<log,3 
1 1 
=> x<7 loge.3 = xe — 2 , 5 loge 3 





2 1 : ; 
Hence, y=log E E zs) ,xe i. 45 log, 3 is the required solution. 


EXAMPLE17 Solve the following initial value problems: 


(i) +1) = 2e ¥-1,y(0) = 0 [NCERT] (ii) y- fnr[1+s4 Z).yo=t 


SOLUTION Wehave, 














7 GU oed = 

(i) (x +1) dx 2e 1 

= (x+1)dy = (2e° 4-1) dx 

=> —ax= yates dy ,ifx#—landy#log,2 [Onseparating the variables] 
1 + 1 

= lendo= sad 

> aoe es 

=, jel ae ary 

> log | x+1 | ete oo 

=> log | x+1|+log | Y-2]| = logC 


= log | (x +1) (7-2) | = logC 


- oe eee eee + ee ~~ 
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=> | (x+1)(e%-2)| =C 
It is given that y (0) = Oi.e. y=0 when x=0. 
Putting x = 0 and y =0 in (i), we get 
|(O+1)(1-2)] =C>Ce=1 
Putting C = 1 in (i), we get 
| (x+1)(e%¥-2)] =1 


























=> (x +1) (e¥ -—2) = 

= U-2=-—17, ifx#-1 

=> d= (2-2) 

= y = log 2-siq)x4-1 which is the required solution. 
Gi) _y-x = 2(r+0Zt) 

=> y-2=xQx+1@ 

a (y — 2) dx Sea 

=> momen 7 +. dy, ifx#0, -S andy #2 
=> lean = [poo 

a IES sei] = Joa 

=> oo eel = log | y-2 | +logC 
=> log ee = log | y-2 | +logC 

=> log Sar —log | y-—2| = logC 

=> log a oD = logC 

= lerie=al > 


It is given that y (1) =1i.e. y=1 when x=1. 
Putting x =1 and y = 1 in (i), we get 


+5 =O eC as 


Putting C = - in (i), we get 
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But, 


Hence, 





pea. FSA eaters |e 
(2x+1)(y-2)| 


Wie Wile 


x 
(2x+1)(y—-2) ~~ 


3x 
2x+1 
3x 
2x +1 


3x 
2x +1 


3x 
2x +1 





y-2=+ 





y=2+ 





y=2+ is not satisfied by y (1) =1 





y=2- , where x #— 5 is the required solution. 


2 
EXAMPLE 18 Show that the general solution of the differential equation au + vautt = 0 


x-+xX+1 

is given byx+y+1 = A(1—x-—y-—2xy), where A is a parameter. ([NCERT] 
SOLUTION We have, 

dy ¥ +y+1 

+ = 0 

dx ax+] 

dy yr +y+1 
=> = — 

dx 4x41 
=> oe dy = — -> 4 dx [On separating the variables] 

y+yt1 r4+xt1 


1 1 


Integrating both sides, we get 


= 


1 1 

J 2 5 dy = -J 2 z ax 
yt= | + [22 yee |p ed (See 
ro) “2 o\ | 

2-1 (2y+1)_ 2 4 (2x41) 

V3 tan ae) =—- tan =| +C 
_1(2x+1 -1(2y+1)_ V3 

tan (755+) + tan a)- 5 G 

tan? | 2x+1+2y+1 | - V3, 


3 — (2x +1) (2y+1) 


Qx+2y+2 _ 3 
2—2x—2y—4xy ~ tan c| 
V3 


x+y+1 = A(1—x-—y-—2xy),whereA = taal C 


This is the required solution. 
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EXAMPLE 19 Find the particular solution of the differential equation log Ed = 3x + 4ygive= 
that y = Owhen x = 0. [NCERTE 


SOLUTION We have, 


log (it) = 3x+4y 


x 
ax 
=> dy _ (3 Ay 
dx 
= eV dy = &* dx 
On integrating, we get 


mht ay x 
ri = 30 +C 


= 4e* +3e 4¥412C = 0 At. 
It is given that y=0 when x = 0. 
Substituting x = 0 and y = 0 in (i), we get 


7 
44+3+12C =O0>Ce= -70 


Substituting the value of C in (i), we get 4e% +36 *¥-7 = 0 


as a particular solution of the given differential equation. 


EXAMPLE 20 Find the equation of the curve passing through the point (1, 1) whose differenti=: 
equationis xdy= (227 +1)dx (x#0). 


SOLUTION We have, 


x dy = (2x +1) dx 
= ay (24) dx 


= dy = (2+) dix 
On integrating both sides, we get 
1 
) dy =| (2+) dx 
= y=x*+log |x|+C wit 


This equation represents the family of solution curves of the given differential equation 
We have to find a particular member of this family which passes through the poir: 
(1, 1). 


Substituting x = 1, y= 1 in (i), we get 
1=1+0+C => C=0 


Bb S.E84 BL obi Le 
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Putting C = 0 in (i), we get 

y =x* + log | x | as the equation of the required curve. 
EXAMPLE 21 Find the equation of the curve passing through the point (— 2, 3) given that the 
slope of the tangent to the curve at any point (x, y) is 7 ; 


SOLUTION We know that the slope of the tangent to a curve is given by a : 
dy 
dx 

=> y* dy = 2x dx 


On integrating both sides, we get 
| y* dy = J 2x dx 
= ¥ -2+C (i) 
3 


This equation represents the family of solution curves of given differential equation. We 
have to find a particular member of this family which passes through the point 
(- 2, 3). 
Substituting x = — 2 and y =3 in (i), we get 

9=4+C > C=5 
Putting C = 5 in (i), we get 


v = x*+5 as the equation of the required curve. 


EXAMPLE 22 Ina bank principal increases at the rate of 5% per year. In how many years 


Rs 1000 double itself. [NCERT] 
SOLUTION Let P be the principal at any time f. Then, 
dP _ 5P 
dt 100 
ae dye PoE 
dt 20 
1 1 
= P dP= 20 at 


Integrating both sides, we get 
1 1 
J = ap=J 5, at 


1 
= log P=p5 t+ log C 
Races 
= log G=50 t 
= p=ce'/ (i) 


When t = 0, we have P = 1000 
Substituting these values in (i), we get 
1000=C 
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Substituting C = 1000 in (i), we get 

P=1000 e!/2° Ai 
Let tf years be the time required to double the principal i.e. at t = t, P = 2000. 
Substituting these values in (ii), we get 

2000 = 1000 e41/20 


E 
= ef /20 9 =» 59 = 10Be2 = t,=20 log,2 


Hence, the principal doubles in 20 log, 2 years. 


EXAMPLE23_ Find the equation of the curve passing through the point (0, — 2) given thatatar; 


point (x, y) on the curve the product of the slope of its tangent and y coordinate of the point = 
equal to the x-coordinate of the point. [NCERT 


SOLUTION We know that the slope of the tangent at any point (x, y) on the curve = 
given by a According to the given problem, we have 


d 
y mare otf 
= y dy=x dx 
On integrating both sides, we get 
J ydy=J xax 
= v= =a tC 


(13 


This is the aS of the family of solution curves of differential equation (i). Wehavs 
to find a particular member of the family which passes through (0, — 2). 


Substituting x = 0 and y =— 2 in (ii), we get 
=z=0+C => C=2 

Putting C = 2 in (ii), we get 
ve oie 
Fp t2= y=x+4 


This is the equation of the required curve. 


EXAMPLE 24 Atany point (x, y) of a curve the slope of the tangent is twice the slope of thelirz 


segment joining the point of contact to the point (— 4, — 3). Find the equation of the curve give 
that it passes through (— 2, 1). [NCERT 


SOLUTION Theslope of the tangent at any point P (x, y) is given by a The slope of th 
line segment joining P (x, y) and A (— 4, — 3) is ute 
According to the given problem, we have 


dy _, (y+3 
dx “\|x+4 


1 


er i 


x+4 
On integrating both sides, we get “ 
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1 1 

js 22) a ae 
= log (y+3)=2 log (x +4) +logC 
= (y +3) =C (x+4)" .--(ii) 
This represents the family of solutions of differential equation (i). We have to find a 
particular member of this family which passes through (— 2, 1). 
Substituting x = — 2, y = 1 in (ii), we get 

4=C(-2+4)* > C=1 
Putting C = 1 in (ii), we get y +3 = (x +4)" 
This is the required equation of the curve. 





EXERCISE 22.7 

Solve the following differential equations : 

1: (x-1) Mea2ny 2. (1 +x”) dy =xy dx 

3, Y= (6* 41)1 4. (x—-1) ary 

as y ae” dx 

5. xy (y+ 1) dy =(x* +1) dx 6. 5 acy! 

Kx cos y dy =(x e* log x + e*) dx [CBSE 2007] 

dy _ ERY sae dy ap 

ae x eY 9. xa +y=y 
10. (ec +1) cos x dx +e” sin x dy=0 11. x cos” y dx = y cos” x dy 
12. xy dy =(y —1) (x +1) dx 13. x + coty=0 
14, 4¥ xe logx+e 5, Wate 8 

dx Xx COS Y ax 

16. yVi+x7 +xV1 +y" a = 17. V1¢x7 dy+Vi+y’ dx =0 
ei + x7 +y" +x" y? + ay =0 [CBSE 2010] 
19 dy _ eX (sin? x +sin 2x) 99, 4 = x @logx+1) 

‘dx y(2logy +1) ‘dx sinytycosy 
21.. (1 — x) dy + xy dx =xy” dx 22. tan y dx + sec” y tan x dy =0 
23, (1+x)(1+y7) dx +(1+y) (1+x*) dy=0 24. tan y & = sin (x+y) +sin (x-y) 
25. cos xcosy 4 =—sinxsiny 26. ete tm 
a7. xV1-y* dxt+y V1-x dy=0 28. -y (1 +e") dy =(y+1) & dx 


29. (y+xy)dx+(x—xy dy=0 [CBSE 2002] 
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; MATHEMATICS= 
, = 1-x+y—xy [CBSE 2002C] 

31. (y* +1) dx—(x7 +1) dy = 0 32. dy +(x+1)(y+1)dx = 0 

33. M = +7) +y?) 34, (x- 1) = avy 

35. ov = te tty 36. a = (cos* x — sin? x) cos” y 


37. (xy? + 2x) dx +(x" y +2y) dy = 0 


 - ay = ee 7S dy _ 2 rs 
38. (i): xy ie L+x+y+xy (ii) y (1 x”) ae (1+y*) [CBSE 200 
Solve the following initial value problems: (39-45) 
di : di 
39. ae = tan 2x, y(0) =2 40. 2x * =3y, y(1)=2 
dy _ = dy 5% 13 woyat 
41. XY a= +2, y(2) =0 42. dx 2 y, yO)=, 
43, =- rt, (0)=r a ag, Y—ysin2x, y(0)=1 
" dt E Q ‘dx 7 aI 


45,~(i) a = ytanx,y(0)=1 [CBSE2010] (ii) 2x oY =5y/y (1) =1 


Gi) Y= 2 Py) = -1 (iv) cosy = &,y(0) = 5 
d 
ue (v) 4 = 2xy,y(0) = 1 
Oy 
| 46. Solve the differential equation x au +coty = 0, given thaty = i when x = V2. 
47. Solve the differential equation (1 +x?) a + (1 +y*) =0, given that y = when x=@ 
a 48. Solve the differential equation a ~ 2x (log x+1) , given that y=0, whenx =] 
3 x siny+ycosy 
i | 49. Find the particular solution of e#//"* = x +1, given that y = 3 when x = 0. 
are 50. Find the solution of the differential equation cos ydy+cosxsin y dx =0 given 
J _ # at 
4 that y=5 whenx=5 . 
Hey 51. Find the particular solution of the differential equation LS 4xy* given th 


ax 
y=1 whenx=0. 


52. Find the equation of a curve passing through the point (0, 0) and whose different 
equation is a =e" sin x. (NCER] 
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53. For the differential equation xy a = (x + 2) (y + 2). Find the solution curve passing 


through the point (1, — 1). ([NCERT] 
54. The volume of a spherical balloon being inflated changes at a constant rate. If 
initially its radius is 3 units and after 3 seconds it is 6 units. Find the radius of the 


balloon after ¢ seconds. [NCERT] 
55. Ina bank principal increases at the rate of r% per year. Find the value of r if Rs 100 
double itself in 10 years (log, 2 = 0.6931). [NCERT] 


56. In a bank principal increases at the rate of 5% per year. An amount of Rs 1000 is 


deposited with this bank, how much will it worth after 10 years (29° = 1.648). 
([NCERT] 
57. Inaculture the bacteria count is 100000. The number is increased by 10% in 2 hours. 
In how many hours will the count reach 200000, if the rate of growth of bacteria is 
proportional to the number present. [NCERT] 


ANSWERS 





1. 2x+2log | x-1 | =log y+C 
74 y=cV1 +x 3. log | y | =e +x+C 


4. log | y | =P +x? +2x +2 log |x-1/+C 


an? a 

re eee = 5 
5. “a ty = 5 tlog | x1 +C ee mea 

: x -y < 
7. sny=e logx+C 8. -e s+ +C 
9, y-1=Cxy 10. sinx-(e7+1)=C 
11. x tanx—ytany = log | secx | —log | secy | +C 
12. y-x=log |x |-log|y-1|[+C 
13. x=Ccosy 14. siny=¢e logx+C 


4 
15. +e 447 =C 


16. Vi+y +Vi+x +2 log ——— +4 log ee zal 
“ 142741} 2 l+y +1 














17. (y+V1+y2) (x+V1+x2)=C 
18. Vit +Vi +27 +5 log Lagat 
+ 


x41 








19. y’ log y = e*sin2x+C 
20. ysiny = x” log x+C 


21. log | y-1 | -log| y | =—J log | 1-x*|+C 
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22, sinx tany=C 23. tan”? x+tan”1y +3 log (a+xya+y 


24. 2cosx+secy=C 25. siny=C cos x. 


26. log |siny| = —sinx+C 27. Vi-x7 +Vi-y? = C 


28. y-log |y+1| =log|1+e*|+C _ 29. logx+x+log y-3i =C 


30. log (1+y) = ae 31. tan) x—-tan ly =C 
3 
32. log | y#1 | +%4x=C 33. tan ty =x+7>+C 


a iae 2s. 
34, y= C]x—-1]7e2/9* #2 +2% pe R11} 





35. e*-e Y= e+C 36. tany = > sin 2x+C 
A 
37. y +2 = 
y x? +2 
38. (i) y= x+logx(1+y)+C,x(1+y)#0 (ii) (l+y*)(1-2x2)=C 
39. y= 40. ¥=4x 
41. y~21o0g +2) =Io8{ 5) 42. y¥° (8—4e*) =1 
2 . 
43. r=rye'/? 44, y =e’ x 
45. (i) y= secx,ze(-F,5) (ii) y = |x ]o? xe R-— {0} 
(iii) y = Soe (iv) y = sin” (e*),x<0 


) ye ,xeR. 





46. x=2cosy 47. xt+y=1—-xy 

48. 2 ysiny=2x*logx+x*-1 

49. y=(x+1) log | x+1 | -x+3 50. logsiny+sinx=1 
1 

51. y= 52. 2y = & (sinx—cosx)+1 

OO +1 

53. y-x+2 = log {x? (y + 2)} 54. r = (63t+27)!/9 

55. 6.931% ~ 56. Rs 1648 

57. 2 log 2 


11 
log 0 
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HINTS TO SELECTED PROBLEMS 





52. We have, 


dy 
dx 


On integrating both sides, we get 


= e*sinx 


aap 
y= = (sin x —cos x)+C ..(i) 
It passes through (0, 0) 


1 1 
Tae 


Putting C = in (i), we get 


y = a {e (sin x — COS X) + 3| as the equation of the curve. 
53. We sane 
xy SE = = (x +2) (y+2) 


=> wl bp EL dx 
y+2 x 


42 
= (1-5 a = (1+ =| 
2 2 

=> ffi -ses ev = J (243) 
=> y—2log(y+2) = x+2logx+C »»(i) 
It passes through (1, — 1). Putting x = land y = —1 in (i), we get 

-1-2log1 =1+2log1+C > C=-2 
Putting C = —2 in (i), we get 

y--xX+2 = 2log {x (y+2)} 





54. Let r be the radius and V be the volume of the balloon. Then, V = : tr 
It is given that 
a = - , where 4 >0 
=> £ E n| =—-2X 
= Arr” a =- 


=> 4nr* dr = —Adt 
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MATHEMATICS 

On integrating, we get 

oar =-At+C wd 

3 
Att =0,r=3 

C = 36n [Gives 
Putting C = 367 in (i), we get 

=n = -At+367 AE 
Att = 3,r = 6 (given) 

288n = —3A+36n => A = — 840 
Putting A =— 847 in (ii), we get 

=a = 84nt + 367 
=> Pe = 63t+27 = r = (63t+27)'4 
55. Let Pbe the principal. It is given that 

dP r dP 

= Too? > Pion = BP = 3q9*C 
Initially i.e. att = 0, let P = Po. Then, 

log Po =C 

OTE 

log P = ann + log Py) => log = Po = 500 
Substituting Py) = 100, P = 2Pp = 200 and ft = 10, we get 

log 2 = =a = r = 10log2 = 10 x0.6931 = 6.931 
56. We have, 

dP _5P dP _ 1 z 

= 100 P= 204 = losP = =. tlog C | 


Initially i.e. att = 0,P = 1000 
log 1000 = logC 

Substituting the value of log C in (i), we get 
log P = 70° log 1000 

Putting t = 10, we get 


ain wR 05 a = 
log 7000 > 05 => i007° = P = 1000 x 1.648 = 1648 


57. Let at any time the bacteria count be N. Then, 
aN .. 
dt 
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=> mM = AN => dN = Adt = logN = At+logC 


Att = 0,N = 100000 

log C = log 100000 
So, log N = At + log 100000 
Att = 2,N = 110000 


log 110000 = 2A +log 100000 => 5 log + =k 


log N = 3 log tc i) t + log 100000 
When N = 200000, let ¢ = T. Then, 


log 200000 = 2 71°85 5)* log 100000 


=> log2 = Dloga = T = 2-82 
10 is 11 
570 
22.8.4 EQUATIONS REDUCIBLE TO VARIABLE SEPARABLE FORM 
Differential equations of the form a = f (ax + by + c)can be reduced to variable separable 


form by the substitution ax + by + c =v as discussed in the following examples. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Solve: 
. -1 aa 
(i) sin it =x+y (ii) ae = cos (x + y) 


(iii) a =(4x+y+ 1)” 
eins (i) We are given that 
sin”! te x+y 
=> ae sin (x + y) 
ax 
Let x+y =v. Then, 


dx dx dx dx ae 


Putting x + y=v and My * @ — 1 in the given differential equation, we get 


dv —l = sinv 


dx 
dv : 
ry = 1+sinv 


dv 


=> 2 
1+sinv 
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= J : dv = J dx [Integrating both sid= 
1+sinv & & 

=> J ax = J tasing dv 

1-sin“v 
= | dx= ising dv 

cos~ v 
= J dx = f (sec? v — tan v sec v) du 
= x = tanuvu-secv+C 
= x = tan (x + y) —sec (x +y)+C, which is the required solution. 


(ii) We are given that 
ay 
dx COS F+Y) 


Let x+y=v. Then, 


dx dx dx dx” 
Putting x + y=v and ay = ae — 1 in the given differential equation, we get 


x 
oo = cosv 
po sia 





=> e = 1+cosv 

= 1+ = v Bprenne 

= . sec’ 5 dv = dx. 

=> sec? 5 dv = J 1-dx [Integrating both sides] 
= tan 5 =x+C 

=> tan "| = x+C, which is the required solution. 


(iii) We are given that 
dy _ 2 
Re (4x + y +1) 


Let 4x +y+1=v, Then, 
dy __dv _. dy_dv_ 
Sade dx : 


Putting 4x + y+1=vand a = & — 4in the given differential equation, we get 


dv S 
a arr 

=> a =vu+4 

=> dv = (v* +4) dx 
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= fu — ax 
vu +4 
=> J L dv = 1-dx [Integrating both sides] 
ue +4 
tse nee. ( AS) 
= > tan 5) =x+C 
=> i tan”! ee = x+C, which is the required solution. 


EXAMPLE2 Solve : (x + y)” au =a’. 
SOLUTION Letx+y=v. Then, 


dy_dv _, dy_dv_ 
Lt ae ae — dx dx : 


Putting x + y =v and au = o — 1 the given differential equation, we get 


2(20\ .\\ _ 2 
at: 1) =< 


2 dv 7 











=> vo =<42 +0 
dx 
= v*dv = (a + v*) dx 
vu 
=> 5 av = dx [By separating the variables] 
vw +a 
ee 
= - v= ax 
v* +a 
1 : : 
=> 1-dv—a’ dv = | dx+C On integration] 
J J v* +a J S 
= v-atant{ 2 =x+C 
= @ty)atan( 54) = x*+C 


EXAMPLE3 Solve the initial value problem : cos (x + y) dy = dx, y (0) =0. 
SOLUTION The given differential equation can be written as 

(1 Me at ae 

dx cos(x+y) ~ 
Letx+y=v. Then, 


dy _dv _, dy_dv_ 
i FE dx dx dx : 


Putting x + y=v and au = a —1 the given differential equauon, we get 


=> co — 
ax COS U 
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dv _ 1l+cosv 


dx cos UV 
=> SOS Pay = dx 

l+cosv. 
as cosy (I~ cos ¥) erhay 

1 —cos* v 

=> (cot v cosec v —cot* v) dv = dx 
= (cot v cosec v — cosec* v +1) dv = dx 
=> —cosecu+cotu+v =x+C [On integratiom 
=> —cosec(x+y)+cot(x+y)+x+y =x+C 
= —cosec(x+y)+cot(x+y)+y =C 

_ 1-cos (x+y) x 
am sin (x + y) nysaC 
= -tan (254) +9 =C (E 
We have, 


y (0) = Oie. y = Owhenx = 0 
Putting x =0 and y =0 in (i), we get C=0. 
Putting C = 0 in (i), we get 


— tan (5) +y =0 => y = tan 25") * which is the required solution. 


EXAMPLE4 Solve: dy = cos (x + y) + sin (x + y). 


dx 
SOLUTION Letx+y=v. Then, 
dy dv 
LE dx 
dy _ dv 
= dx dx : 


Putting x + y=vand a 8 = oe — 1 in the given differential equation, we get 


dv ; 
dx = cosv+sinv 
= — = 1+cosv+sinv 
1 . a 
= bles 
=> 7 RGSS U AAD dv = dx [By separating the variables] 
1 s . 
= ° tion 
= l Sa if: dx+C [On integration] 
=. J fo x4 


1 — tan? (v/2) , 2 tan (v/2) 
1+tan?(v/2) 1+ tan? (v/2) 
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2 
os f sec* (v/2 
2 {(1 + tan (v/2)} 
= log | 1+ tan (v/2) | =x+C 


1 +tan(*54)| =x+C 


EXAMPLES Solve the following initial value problems: 

(i) (x+y+1)* dy = dx,y(-1) = 0 

(ii) (x -—y) (dx +dy) = dx-—dy,y (0)=-1 [NCERT] 
SOLUTION We have, 


dv=x+C 


=> log 





(i) (x+y +1)* dy = dx 


5 dy, 2, ot Ee i) 
dx (x+y+ 1)? 
Let x+y+1=v. Then, 


dy _ dv _, dy _ do 











Le. ae dee ee 
7 Ay) 42 Ae ane 

Putting x+y +1=vand 7 = 4 —1in (i), we get 

du 1 

mee ap 
= dv _1+v" 

ax v2 

2 

U 
=> dv = dx 

v+1 
= J v dv = | dx 

uv +1 

v+1—1 
=> ———_ dv = | dx 

J v-+1 J 

1 

= — dv = | dx 

I Fi] J 
=> v—tansiv = x+C 
=> (x+y+1)—tan *(x+y+1) = x+C 
a yti-tan}(x+y+1) =C »--(Li) 


It is given that y (— 1) =Oi.e. y=Owhenx=—1 

Putting x = 1 and y =0 in (ii), we get 
1-tan'0 =C>C=1 

Putting C = 1 in (ii), we get 


y = tan7} (x+y +1) => xtyt1= tan y as the required solution. 
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(ii) (x -y) (dx +dy) = dx—dy 
= (x-y-1)dx = —(x-y+1) dy 
=> dy = ee YL me fF 
ax t—yr 1 
Let x-y=v. Then, 
_dy_dv_j dy _,_dv 
Sie ix ix dx 
‘ di 
Putting x - y= and “= 1- © in (i), we get 
,-# 2 vel 
dx v+1 
ah (a 8 +4 
dx v+l1- 
By dv _ _2v 
dx vt+l1 
= a dv = = 2dx 
= (1+ s| = 2 dx 
1 
= f(s p}do = 2f a 
— vtlog |v| = 2x+C 
=> x-yt+log |x-y| =2x+C 
=> log |x-y| =x+y+C .»(1i) 
It is given that y (0) =— lie. whenx=0,y=-1. 
Putting x =0 and y =—1 in (ii), we getlog1 =-1+C => C=1 
Putting C = 1 in (ii), we get 
log | x-y | =x+y+1 
= |x-y | i extytl 
=> x-y=tety*! 
But, y (0) =—1 does not satisfy x -y =—e*t4¥*? 
Hence, x-—y=e''t¥*! gives the required solution. 
EXERCISE 22.8 


Solve the following differential equations: 


ae 2 dy 
1. ae (x+y+1) 2. P 
3, (x= y) +3 

* dx 2(x-y)+5 


2 dy _ 
5. (x+y) ae 
dy _ 
7. dx eC +) 
9. (x+y) (dx — dy) =dx +dy 


4. a= (ety) 


2 (494) 1-2 4 
6. cos (x-—2y)=1-2 ax 
dy _ 
8. dx 7 tan (x+y) 
dy _ 
10. Xty+1) a= 


DIFFERENTIAL EQUATIONS 22.69 


a |6—LANSWERS 


1. tan) (x+y+1)=x+C 2. cot( 254 J-y+e 

3. 2(x-y)+log(x-y+2)=x+C 4. x+y=tan(x+C) 

5. y-tan/ (x+y)=C 6. x=tan(x—-2y)+C 

7. ystan(*54) +c 8. y—x+log | sin(x+y)+cos(x+y) | =C 
9. 5 (yx) +5 log | x+y | =C 10. x=ce¥-y-—2 


22.8.5 HOMOGENEOUS DIFFERENTIAL EQUATIONS 
DEFINITION A function f(x, y) is called a homogeneous function of degree n, if 
frx, dy) =X" f(x, y) 
For example, f(x, y) = x? - y? + 3xy is a homogeneous function degree 2. Because, 
fx, Ay) = A2x? 274? +3 dx. Ay =? flay) 
Consider the following functions: 


F,y)=2x-39, 6 y)=sin( 2] and, H (x, y)=sin x +cos y 


We have, 
F (Ax, Ay) = 2Ax — 3Ay =A! (2x -3y) =A! F (x,y) 
F (x, y) is a homogeneous function of degree 1. 


G (Ax, Ay) =sin (| =° sin (4 =)9G (x,y) 
x x 
G (x, y) is a homogeneous function of zero degree. 
H (Ax, Ay) = sin Ax + cos Ay #4" H (x,y) for any n 
H (x, y) is not a homogeneous function. 


Let F, (x, y) = + 2xy be a function of x, y. Then, 
Fy (Ax, Ay) = A2 x? + 2Ax Ay =A? (x? + 2xy) =A? Fy (x,y) 


F, (x, y) is a homogeneous function of degree 2. 


Also, Fy (x, y)=27 + 2xy =x" {1 +{2} =2 «(3 


2 
Agein, Fy (xy)=22+2y=¥2 (@) & 2 -7(2 
Thus a homogeneous function f(x, y) of degree can always be written as 


fer=x'7( Lore d=v4{ 5 | 


DEFINITION Ifa first-order first degree differential equation is expressible in the form 


dy _ f(x,y) 
dx (x,y) 
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where f(x, y) and g(x, y) are homogeneous functions of the same degree, then it is called a 
homogeneous differential equation. 


Such type of equations can be reduced to variable separable form by the substitution 
y = vx as explained below : 


The given differential equation can be written as 
ees ais) | oY 


dt dv 
Let y = vx. Then, dx = Ut*Xa: 


d 
Substituting these values in es = F (y/x), we get 


oe = F(v) 


dx 
= ao ~ dx 
F(v)-v x 
On integration, we get 
J —— dv = ax + C, where C is an arbitrary constant of integration. 
F(v)—v x 


After integration, v will be replaced by y/x to get the complete solution. 


Following algorithm may be used to solve a homogeneous differential equation. 
ALGORITHM 


STEP1 Put the differential equation in the form 


dy _ 9 (x,y) 
dx w*°(x,y) 


STEPII Put y=vxand ay =U+x ae in the equation in Step I and cancel out x from the right 
hand side. The equation reduces to the form 
dv 
vt ha F(v). 
STEP I Shift von RHS and separate the variables v and x. 
STEPIV Integrate both sides to obtain the solution in terms of v and x. 


STEPV Replace v by . in the solution obtained in Step IV to obtain the solution in terms of x 
and y. 
Following examples illustrate the procedure. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Solve the differential equation a dy + y(x + y) dx=0, given that y=1 when 
x=1. : 
SOLUTION The given differential equation is 


x7 dy +y (x+y) dx = 0 
= x? dy = —y(x+y)dx 





DIFFERENTIAL EQUATIONS 22.71 


dy _ _yx+y) ; 
=> Ei 2 ,ifx #0, y#0 

dy _ xyt+y _(j 
=> Elia 2 (i) 


Since each of the functions xy + y’ and x” is a homogeneous function of degree 2. 
Therefore, equation (i) is a homogeneous differential equation. 


Putting y = vx and Br =U+X 2 in (i), we get 












































dx 
vay de _ _( wxtavx? 
ay x2 
dv _ _ 2 
=> Utx = —(v+v*) 
dv = aw 
=> ae 2u-v 
= x dv = —(v*+2v) dx 
=> Es [By separating the variables] 
v* +2v x 
1 1 
= dv = -—| —dx [Integrating both sides] 
bees UE e 
1 1 
=> =-—]| —dx 
aan Ie 
1 1 
= =— | —dax 
Wie pe Ue: 
me ES v+1-1 
ge oxi 8 \ya41| 2? eo 
1 v 
=> 9 108 Te = -logx+logC 
v 
=> log ae) +2logx = 2logC 
=> log |5 40 5| tlog x? = log k, where k = e 
=> log | —>| = logk 
vx 
= v+2 i 
Uy x2 x2 
= x =k= | 











142 
x 


Itis given that y = 1, when x = 1. Putting x = 1, y = 1 in (ii), we get 
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1 
i 3 
Putting k = 1/3 in (ii) , we get 
Pr 
an =< = 3x7 y = +(y + 2x) 
But, 3x7 y = —(y + 2x) is not satisfied by y (1) =1. 
3x” y = y+2x 
= y = a 
3x7 -1 
Now, = ox is defined for 
3x7 -1 


2x ; ] 
3x 1#0ie.x4#t 75 


Hence, y = soe ,X#4£ ct is the required solution. 


EXAMPLE2 Solve the differential equation (x + y) dy + (x —y) dx = 


x=1. 
SOLUTION The given differential equation is 
(x+y) dy+(x-y)dx=0 


= dy __x-y 
dx x+y 

bee dy _y-x 
ax x+y 
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0, given that y =1 when 


«) 


Since each of the functions y — x and x + y is a homogeneous function of degree 1. 


Therefore, equation (i) is a homogeneous differential equation. 


Putting y= vx and “=v +x 2 in (i), we get 




















dx 
Phe 
dx Xx+0vx 
dv _v-1 
= a ee v+1 
dv _v-1 
= dx v+l1 aes: 
hd v-1-v*-v 
= oo a v+1 
ye K uv +1 
=m oa a (#4 
=> eed fom = #0 
w+] x 
v+1 ax 
=> dv =—- | — 
ve +1 J x 
Uv 1 
> du+ 
Upeaes hres 


[By separating the variables ] 


[Integrating both sides] 
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1 2v 1 dx 
=> = du-+ | ———d0 ==) = 
aI Baa la J x 
=> 5 log (x? +1) + tan!» = log |x| +C 
=> log (v? +1) +2 log |x| +2tan™!v = 2C 
= log (v2 + 1) + log x7+2tan7!v = k, wherek = 2C 
=> log (v7 +1) x} +2tan tv =k 
=> log ((y2/x?) +1) x7} +2 tan (y/x) =k [-.. v = y/x] 
= log (x? + y”) +2 tan! (y/x) = k ..(ii) 


Itis given that y = 1, when x = 1. Putting x = 1, y = 1 in (ii), we get 
log 2+2 tan™! (1) =k => k = log2+2(n/4) = (1/2) +log2 
Substituting the value of k in (ii), we get 
log (x7 + y*) +2 tan! “il = 5 tlog 2 
2:8 2 -1;/¥|_2 
Hence, log (x*+y*)+2 tan Zc 7 t log 2,x#0 
is the required solution of the given differential equation. 


EXAMPLE3 Solve the differential equation (x? — y’) dx +2xy dy = 0; gipen that y = 1 when 


x=1. [NCERT, CBSE 2008] 
iss pee 


SOLUTION Weare given that 
(x* — y*) dx + 2xy dy = 0 


> (x? - 7) dx = —2xy dy 
= sis 
dx 2xy 
At ie 
dy _ yx 
= 7¢ Ey ...(1) 


since each of the functions y” ~x* and 2xy is a homogeneous function of degree 2, the 
given differential equation is therefore homogeneous. 





,; 2 dy _ (Lt eae 
Putting y=vxand dx 7 Ute Gin (i), we get 
pt = Um 
dx - 2x - ux 
dv _ v*-1 
=> ae aw 
= dy _vql_, 
dx | 20 
3. pte ga 20 
dx 2u 
a (oem ve +1 
dx 2v : 


=> kG dv = — & x#0 [ By separating the variables ] 


. 
oF oes 
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ax 
= Iz aa tae 
= “Jog (v? +1) = —log |x| +C 
= log (v?+1)+log |x| = logC 
=> (v7 +1) |x| =C 
=> [(y7/x7) +1] |x|] = 
= (x? +y*) = C |x| 


It is given that y = 1 when x = 1. 
So, putting x = 1, y = 1 in (ii), we get C = 2. 
Substituting C = 2 in (ii), we obtain 

x7 + y¥ = 2 |x| 
= x7 + y = +2x 
But, x=1,y=1 donot satisfy x? + y* =— 2x 
Hence, x*+¥* = 2x is the required solution. 
EXAMPLE4 Solve: x” y ax — (x? +y°) dy = 0 
SOLUTION The given differential equation is 

x? y dx —(x° + y*) dy = 0 


Ws oy 
dx iy 
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[Integrating both sides] 


[-. v= y/x] 
...(ii) 


[CBSE 2002] 


...(i) 


Since each of the functions x” yandx’+yisa homogeneous function of degree 3, so the 


given differential aac is homogeneous. 


Putting y = vx and £! = v+x in (i), we get 











dx 
dv ‘ux? 
v+x7- = 
C+Pr 
dv Vv 
=> DEN ics ewe 
dv v ' 
= xa = —v 
l+v° 
i X v-v—-v* 
— Ee 
ae = ae 
dv v4 
=> %— => - 
_ ax 1l+v° 
= x (1+ 0°) dv=—v' dx 
12% 4 dx 
= == 


= 1% =- provide thatx#0, v#0 
see 


[ By separating the variables] 


ETE EE 


- sage 


hei BS 


eit: Mies ee Seg tl) | ee OE ee ee 
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—3 
= =; + log |v] = —log |x| +C [Integrating both sides] 
1 
= -—,z +log |v| +log |x] =C 
peg 06) | 2) et Oe | 
ike 
= “3 athe We =C [-. v = y/x] 
= 25 + log |y| = C, whichis the required solution. 
EXAMPLE 5 Solve: (x? + xy) dy = (x7 + y’) dx. [NCERT, CBSE 2005 


SOLUTION The given differential equation is 
(x*-+ xy) dy = (x7 +7) dx 


a dy _ x+y (i) 
dx x + xy 


Since each of the functions x” + y* and x” + xy is a homogeneous function of degree 2, so 
the given differential equation is homogeneous. 


Putting y=vxand ay =U+X e in (i), we get 


d d. 
dv x*+u*x 
LE Ser ed a TT 
dx x*4ux 
= pee a0) 1 et 0 
F dx 1+v 
dv 1+v*-v-v* 
= “dx ~ l+v 
=» ee eee 
dx 1+0v 
> x(1+v) dv = (1-v) dx 
=> rt dv = &, x#0,v#1 [By separating variables] 


=> ee 
l-v x 


= et jo=4 
l-v a 


Integrating both sides, we get 


{(q25-1 Je -f& 


32 ax 
= J =< av- Jide = J = 
= —-2log |1—v| —v = log |x| +logC 
= log |x| tlog C+2 log |1-—v| =-v 
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=> log (C |x] (1-v)*}) = -v 
=> C |x| (1-v)? = &? 
= C |x| (1-y/x)*? = e¥/* 
= C(x-y)* = |x| oY 
Hence, C(x-y)*= |x] e¥/* x0 gives the required solution. 
EXAMPLE6 Solve: (3xy+y*) dx + (x7 +xy) dy = 0. [CBSE 2008] 


SOLUTION Weare given that 
(3xy +’) dx + (x* + xy) dy = 0 


2 
is ay _ _| Sxyty ...(i) 
dx x2 + xy 


Since each of the functions (3xy + y*) and (x7 + xy) is a homogeneous function of degree 
2, the given equation is, therefore, a homogeneous differential equation. 


Putting y = vx and au =U+X @ in (i), we get 


d d 
Pept) | G0 wad xe v 
dx x? + ux? 
as pede. _[sutv 
ax 1l+v 
= 7 av Se 3u+v | 
dx l+v 
dv _ 2u* + 4v 
at 2 = -| v+1 
=> (v+1)xdv = —(2v* + 4v) dx 
v+1 dx ; 
— => aU = —— ,x#0,0+0,-2 By separating variables ] 
2u* + 4v x PEYISEP 6 
a (2v + 2) dv — 44% 
v* +2 x 
2u+2 dx ; 
=> ——dv = -4 | — Integrating both sides] 
v* +20 x ENiee e 
=> log | v7 +2v | = —4log |x| +logC 
=> log | v* +20 | = log £ 
x 
=> | v* +20 | =£ 
x 
= | y2/x*+2y/x | = C/x4 [-.- v = y/x] 
ec : 
= | y+2xy | = =) 


Hence, _ | y” +2xy | = 5 ,x #0, gives the required solution. 


ieee, Pit oe | Be 


— 
— 
=| 
= 
= 
— 

” 
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EXAMPLE7 Solve: (x? - 3xy”) dx = (y> — 3x y) dy. 
SOLUTION Weare given that 


(x3 — 3xy*) dx = (y? — 3x? y) dy 
























































= dy _ x° — 3xy" 
y?—3x7y 
Clearly, the given equation is a homogeneous equation. Putting y = vx and 
iM = v+x init, we get 
ae dv _ x? = Bue 
dx Px —30x3 3ux° 
dy _ 1-3v 
=> U+-x—" = 
dx y — 3 
y 1—3v" 1-v* 
= = v= 
* dx vu —3v vy — 3v 
=> x (v? —3v) dv = (1 -—v*) dx 
= y= 22 ay = © x40, vetl 
1-v* x 
[z= dx : : 
=> z dv = | — [Integrating both sides] 
1-v x 
3 
v v dx 
> dv -—3 dvu=|— 
oe Nee: J x 
1 -40° dx 
= >a aie =| 
la S40" 4 Bt dbs odes ie 
= a7) rapa ap rely —, where t = v”. 
_i me ce L+t} _ 
=> g log |1 v- | = X57 OE Ta = log | x|+logC 
1+v- 
=> -41o 1-v - 210 = log | Cx 
g | | | er g | Cr] 
=> -—log | (1- ot) | —3log = = 4log | Cx | 
—v 
4,~1 1+v" S 4 
=> log | (1-—v") ee =log | (Cx)* | 
v 
1 1-v 4 
=> = (Cx 
1-v* (228) oP 


= (1—v*)? = (1+07)* (Cx)* 
=> 1-—v* = (1+ 0°)? (Cx)? 
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=> Lay?/x? = (14/22)? C2 2 [-.- v=y/x] 
=> x — y = (x7 4+ y’)* C*, which is the required solution 
EXAMPLES Solve: xdy-—ydx = V x2 + y? dx [NCERT, CBSE 2005] 
SOLUTION The given differential equation can be written as 

dy — Vxt ty +y x+0O0 
x x a 
Clearly, it is a homogeneous differential equation. 
Putting y = vx and SY = vx Zin it, we get 
dv Vet+0% x +x 
Dap 20 Soe) encore anger 
dx x 
= vex @ aise to 
= x avi 
=> we = ee [By separating the variables] 
View x : 


Integrating both sides, we get 


1 1 
ie! = 
— log | v+ V1 +02 | = log |x| +logC 


=> Jot Vise | =| cr] 
+ Va +6| 
= fy+V2aP) = 2x4 


2 
Hence, ty + V2 +7 | = C’ x4 gives the required solution 
EXAMPLE9 Solve: 


y | xeos{ E+ ysin( 4) }ax—x{ysin{ ¥\-reoe( 4) | ay=c [NCERT, CBSE 2010] 


SOLUTION The given differential equation can be written as 


=> 





| Cx | [-.. v = y/x] 


.».(i) 





Putting y = vx and 24 =v +x in (i), we get 


vex _ vx {xcosv+uxsinv} _ v{cosuv+vsinv} 


dx x {vx sin v — x cos v} {v sin v —cos v} 


dv _ veosv+vesinv—vsinv+vcosv  __2vcosv 
Fs “dx v sin U— cos v vsin v—cosv 
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=> ete) jhe ifx#0,vcosv#0 [By separating the variables] 
Vv COS V x 
cos U—vUsinvV dx : 

_ | Ww = = tegrating both sid 
=> J Tens dv || x [Integrating both sides] 
> —log |vcosv | ‘= 2log |x| +logC 

1 
= 108 To cos 9] 7108 Ix" | +10gC 
= a elt: 

vcosSv 
= [pe (Z] te 

y x 
> | xycos(y/x) | = all 
= | xy cos (y/x) | = k, wherek = 1/|C| 
Hence, | xy cos =k,x #0,k>0 gives the required solution. 








EXAMPLE10 Solve: x a = y—xtan : } [CBSE 2002] 
LS 


SOLUTION We are given that 
BY ei, Lia iY 
Xa = y—x tans 
a 4 tan) (i 
axe x x 
Clearly, the given differential equation is homogeneous. Putting y = vx and 


a = v+x Zin (i), we get 








V+X Bo = v-tanv 
dx 
du 
=> x ES — tan v 
> cotudv = =i pL Xe O [By separating the variables] 
dx ; : 

J cotvdv = — | aE [Integrating both sides] 
> log | sinv | = —log |x| +logC 
= [sin v| «= c 

x 

=> | sin (y/x) | = | C/x| 
Hence, sin ~ = e gives the required solution. 














REMARK Sometimes a homogeneous differential equation is expressible in the form 
dx _ fy) 
dy g(x,y) = 


22.80 MATHEMATICS-XII 


where f (x, y) and g (x, y) are homogeneous functions of same degree. 


In such a situation, we substitute x =v chee Ba i ion. 
y and dy v+y xy to solve the differential equation 


EXAMPLE11 Solve: 2y e*/Y dx + (y — 2x e*/¥) dy = 0. [NCERT] 
SOLUTION Wehave, 


2y &/Y dx +(y— 2x &/¥) dy = 0 


Jy _ 
= eh = EN) shez »+(i) 
dy 2y e/¥ 


Clearly, the given differential equation is a homogeneous differential equation. As the 
right hand side of (i) is expressible as a function of 7 So, we put x=vy and 
dx du 








dy + Y gy set 
aie ae = 2ve” — 1 
dye 
dv _ 2ve"-1 
= SS) Say 
dy 2e” 
= eee 
dy 2e” 
= 2ye’ dv = —dy 
=> 2? do = —" dy ,y #0 
1 
=> 2? dv = — J dy 
=> 2e” = —log | y | +logC 
Dv Cc 
=> 2e = log | 
= 2e*/¥ = log 5 





Hence, 2e*/Y = log 
tion. 
EXAMPLE12 Solve the following initial value problems: 


(i) x sin(f]+2-vsin(t}n0,y c= 





| ,y #0 gives the general solution of the given differential equa- 


es /x a . y dy . y = = 
(ii) xe¥/* —y sin a +x ax in (4) 0,y (1)=0. 
SOLUTION We have, 


(i) x je sin(t) +2—ysin( 2] = 0 
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—~ysin| 2 
x ysin(¥) 


x sin (| 
x 


This is a homogeneous differential equation. 


Ys = 
= 7h 


Putting y = vx and oy =u+x" sy it reduces to 


dx 
dv 1-vsinv 
VU+tX— = -—-— 
dx sin Vv 
dv 1-—vsinv 
= a ee 
dx sin v 
dv 1 
=> Ce 
dx sin v 
=> sinvdv = —~dx,ifx#0 
; 1 
= Jsinvdv = - |< dx 
=> - -cosv=-log|x|+C 
= -cos{ +108 [x |e -«+(i) 


It is given that y (1) = i.e. whenx=1,y= 5 : 
Putting x =1 and y= 5 in (i), we get 


— cos + +log 1 =C=>C=0. 
Putting C = 0 in (i), we get 


-eos{ + 10g |x| =0 


x 


=> log | x | = cos (4) 


Hence, log | x | =cos a , x # Ois the required solution. 


ee j-S _ 1 Y dy _ | Y = 
(ii) xey/* —y sin Js qx 5in (4 0 


x 





This is a homogeneous differential equation. 


OO ee OO EB 8 


—— ee Segre ow ~ = 
et aoe ye ee 


la -_ = 
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d 
Putting y = vx and fp =U+x ae , it reduces to 


dv vsinv—e® 
v+x——- = 


dx sin UV 
dv ovsinv-—e” 
=> ee 
dx sin Vv 
dv ev 
=> 90 eet liane 
dx sin Vv 
ara dx . 
= e “sinvdy = ——~, ifx#0 
i, ts 1 
= e " sinvdv = — 7 
e ” 
= > (-sinv—cos v) = —log | x | +logC 


|. Je in bdrm (asin sb cos) 


a? +b 
=> -3 r¥/+{sin( H+ os 2} = —log |x| +logC 


= ey/x isn()+ cos {4} = 2log | x | -—2logC 
= e~ylx {sin Gh cos (4 = log | x |?-—2logC ---(ii) 


It is given that y (1) =0 i.e. y=0 when x = 1. Putting these values in (ii), we get 


1 = 0-2logC => log = -4 


Putting log C = — > in (ii), we get 


e~ ¥/x {sin( 2} + os(¥} = log | x |7+1 
x x 


Hence, e¥/* {sin a + cos (4 = 1+log x*,x #0 gives the required solution. 
EXAMPLE13 Solve each of the following initial value problems: 

@) 2? Hoy +y = 0,y(@) =e 
(ii) 2xy ty?— 2x? = 0,y (1) =2. [NCERT] 
SOLUTION (i) We have, 


22M ry ry = 0 = MY = UY 


This is a homogeneous differential equation. 
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Putting y = vx and ay =U+Xx ie, it reduces to 


d dx 
dv 2v—v" 
ane a ) 
dv at To ld 
=> x7 = (4 
=> ~4 dy = © itx20,020 
U 
—2 1 
=> J=Fdv = J vax 
= = = log |x| +C 
=> ms = log |x]+C .--(i) 


It is given that y (e) =e i.e. y=e when x=e. 
Putting x =e and y =e in (i), we get 
2=1+C>Ce=1 
Putting C = 1 in (i), we get 
= = log |x|]+1 
2x 


= 4 T+log |x| 


Clearly, y exists, if 1+log | x | #0ie. log | x | #-1 


=> |x| #e1 = xe 
Hence ye where x # 0 7 =u gives the required solution. 
 1+log |x|’ 62 Ve 


(ii) Day + y? — 2x2 2 = 0 
a dy _ 2xy+y? 
dx 2x? 


This is a homogeneous differential equation. 


Putting y=vx and M +x, itreduces to 


vex lt _ Qv+v" 
ae 39 
=> ov+ox 4 — 29402 
dx 
=> 2x a _ 


oF 
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=> 2 dp = + dx ,ifx#0,v#0 
v x 
=> 2 4 dv = 1 ax 
v x 
=> -= = log | x | +C 
2x ‘ 
=> =F =log|x|+C .»(i) 
It is given that y (1) =2i.e. y=2 when x=1. 
Putting x =1 and y = 2 in (1), we get 
-1=0+C>C=-1 
Putting C = —1 in (i), we get 
~ 7 = log |x| -1 
a _ ae 
J = {=log | x | 
Clearly, y is defined if x #0 and 1—log | x | =0. 
Now, 1-log|x| =O=> log|x| =1> |x| =e>x=te. 


Hence, y= isl , where x #0,+€e gives the solution of the given differential 
equation. 
EXAMPLE 14 Solve each of the following initial value problem: 
(i) (x7 +y*) dx +xydy = 0,y(1) = 1 (ii) (xeY/* +y) dx = xdy,y(1) =1 
(iii) (x7 — 2y*) dx + 2xy dy = 0,y(1) = 1 
SOLUTION (i) We have, 
(x? + 7”) dx +xydy = 0 
dy __x+y 
=> —_— — 
ax xy 
This is a homogeneous differential equation. 


Putting y=vx and a v+x & it reduces to 


dx 
dv 1+v 
vVvt+xX——- = - 
dx v 
dv a 
=> e—— i — | —————= 
dx v 
vdv 1 5 
= —— = —-- dx ,ifx #0. 
2u* +1 x 
4v 4 
=> ——— dv = —-—dx 
2u*+1 x 


= 
— 
Me 
a 
=) 
4 
<4 
— 
= 
3 
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= Ta = - JF ax 

= log (207 +1) = —4log | x | +logC 

= 2u*+1 = ie 

Be OP ex)2 = | C| Ai) 


It is given that y (1) =1i.e. y=1whenx=1. 
Putting x=1,y=1in(i),we get | C| =3 
Putting | G | =3 in (i), we get 

(2y* +x?) x* = 3. 


=> 2x2 y? = 3-x* 











3 —x* 
=> y=tt 
y 2x7 
l oh 
But, y=- = = is not satisfied by y (1) =1 
x 
L. 3-x' 
y oat D2 
Now, y exists, if 
3-x*>0andx+#0 
=> x4-3<0andx#0 
= x*-3<0 and x#0 
J ~ V3 <x<v3 and x#0 => xe [-V3,0)U 0,43] 





| TA 
Hence, y= a where x € [- ¥3 ,0) U (0, ¥3] 


(ii) (xeY/* + y) dx = xdy 


~ ay _ glx .¥ 
dx oe 


This is a homogeneous differential equation. Putting y = 0x and au =vU+xX @ it reduces 


to 

ge! SP HO 

dx 
dv _ oy 
= ra =e 
= e "dv = & ite 40. 
=> fe’do = frax 
x 


=> -@"=log|x|+C 
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= —~e¥/* = log |x|+C .»(i) 
It is given that y (1) =1 i.e. when x=1, y=1. 

Putting x =1, y = 1 in (i), we get 


-e@l=C 


Putting C = — in (i), we get 


—¢e ¥/* = log | x | -4 

-y/x 1 
=> ge ies hog’ | x" 
= —% = log (1-elog | x |)-1 
=> y = x-x log (1—e log | x |) 


Hence, y = x — x log (1 —e log | x |), is the solution of the given equation. 
(iii) (x? — 2y*) dx + 2xy dy = 0 
= dy _ 2y°-x* 


dx = -2xy 


This is a homogeneous differential equation. 


Putting y = vx and 94 =y +x it reduces to 





d d 
v+x 22 = 2v°-1 
ax 2v 
an dv _ 2v*-1_ 
ax 2v 
=> x#@-— 
dx 2u 
=> av do = -& ifx #0 
1 
=> J2vdo = -J—ax 
= v* = -log |x| +C 
=> y? = —x*log | x | + Cx ..(i) 


It is given that y (1)=lie. whenx=1,y=1. 
Putting x = 1, y = 1 in (i), we get 
1=0+C > C=1 
Putting C = 1 in (i), we get 
yf =-x*log | x | +x“ as the required solution. 
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EXERCISE 22.9 
Solve the following differential equations: 


1. x’ dy+y (x+y) dx=0 [CBSE 2010] 2. a 


¥=* [CBSE 2004 
y +X 





2 

dy _y-x dy _ 
3. dx xy 4. xix x+y,x#0 
5. (x*-y*) dx -2 xy dy =0 6. mM ztu [NCERT] 

x x-Y 

7. ary Hav? + 7 8. P= Pay xy [NCERT] 
9, ya 10. ye!) dx=(xe/¥ +y) dy 
11, PH a? says? 12. (y? — 2xy) dx = (x* — 2xy) dy 
13. Qxy dx + (x* +2y") dy = 0 14. 3x’ dy = (3xy + y’) dx 

(hee ae = (x= = 
15. dx 2y +x 16. (x +2y) dx —(2x—y) dy = 0 

yy Ve _ dy _¥ | ioe ¥ 
17. Pee 2 1 18. Fee log = +1 
19. MU 4 sin ) [NCERT] 20. y? dx + (x* -— xy + y’) dy=0 


21. [x V2 +7 - 7] dx +xy dy=0 22. x fhay-xcos?(¥) 
23. teos( 4 \ir—| Fsin(t }+cos{ #) hay =o 
x x y x x 
24. wylog{ 3 Jee+ | y#-24og{ 3) ay =0 [CBSE 2010] _ 
25. ase ars el9( 1 )dy ag [NCERT]__ 26. (ery) Z = 8x*-3xy+2y 
27. (x°— 2xy) dy + (x? — 3xy + 2y”) dx =0 28. x Ghay-xcos"| £) 
29, xB _ya2Vy¥—2 
30 xeos(t)}.(yderxdy)=ysin(# }-cedy yd) 


31. (x24 3xy +) dx—x2 dy =0 32. (x—y)al = x42y [CBSE 2010] 
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33. (2x? y +y”) dx + (xy? - 3x°) dy = 0 34. x a —y+xsin e) = 0 

35. ydx+ ‘ log (4) dy —2xdy = 0 

36. Solve each of the following initial value problems: 
(i) (x2 +7) dx = 2xydy,y(1) = 0 (ii) xe¥/* -y+x on = 0,y(e)=0 
(iii) ay - "+ cosec% = 0,y(1) = 0 [NCERT, CBSE 2009] 


(iv) (xy — y*) dx —x* dy=0, y(1)=1 


dy _ y(x+2y) Bs 
(v) ihre x (2x+y)’¥ =e 


(vii) x (x? +3y7) dx + y (y* +3x’) dy = 0,y(1) =1 


(vi) (y* — 2x° y) dx + (x* -— 2xy3) dy = 0,y(1)=! 

















ANSWERS 
1. x*y=C (y+ 2x) 2. log a+) +2tant{ 4) = 
3. x74+y°=Cx 4. y=xlog | x | +Cx,x#0 
5. x (x7-3y*)=C 6. ant Hla tog t+ vA +c, 
7. x=C (x2-y?) 8. X#N2Y (Cy? 
y 
9, x7 (x7-2y7)=C 10. e/Y=logy+C 
11. tan }actog |x 12. x7 y—xy*=C,x#0 
13. 3x7 y +2? =C, xy #0 14. = =log | x | +C 
15. (x+y) (2y-x)*=C 16. Vx24y? = Certn'Y¥/t, x40 
17. y+Vy?-2 =C 18. og (4) =cx 
19. tan fa Cx 20. y=Cetan” (y/x) 
21. Vx2 +? =x log £ 22. tn(¥ |=10g £ 
23 ysin( 4) =C 24. si | 98( | |-a] toe? =c 








25. xt+ye/¥=C 
26. C | 2x—y [9/8 (4x2 + y?)9/16 = 7 3/8 ta Y/2), x #0 
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27, *+logx=C 28. ian & |= tog £ 

29. y+VP-=Cxr 30. sec( ¥ = cxy 

31. Fay tlogx=ac 

32. log Ix? + xy +y"| = 2NB tan" (AEH +C re R — {0} 

33. vy? = C Jay? — 32° 34. rsin( = (1 +c0s t);xsin(t}0 

35. Cy = log : -1,x#0 

36. (i) (x? -y*)* = x? (ii) y=x log (log | x |);x € (-%,-1) U(1, &). 
(iii) log | x] = cos(]-1 ,x #0 (iv) y = slog xy 7 *0Fte | 
(v) xy =2|y-x|?7,xeR (vi) (x9 +y°)* = 4x7 y*,xER 


(vii) x* + 6x7 y* +3 = 8,xeER. 


22.8.6 ee DIFFERENTIAL EQUATIONS 
ttial 


Adiffe equation is linear if the dependent variable (y) and its derivative appear only in first 
degree. ‘The general form of a linear differential equation of first order is 


d : 
a f. Py = Q ..-(i) 


where P and Q are functions of x (or constants) 


For example, 


AY oy 

(i) ae tye 
oe d —_ 
(i) x +2y=x°, 


(iii) a +2y =sin x etc. are linear differential equations. 


This type of differential equations are solved when they are multiplied by a factor, which 
is called integrating factor, because by multiplication of this factor the left hand side of 
the differential equation (i) becomes exact differential of some function. 


Multiplying both sides of (i) by e) ?4*, we get 
J pax { dy zi Pax 
é Aa Py | = Qe 
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d Pd d 
= rae *} = Qed Pas 
On integrating both sides w.r.t. x, we get 
ye Pax - { Qe) Parac »++(li) 
This is the required solution, where C is the constant of integration. 


Here, el Pdx is called the integrating factor. 


The solution (ii) in short may also be written as 
y- (LF) = | Q-(LF)dx+C 
Following algorithm may be used to solve a linear differential equation. 


ALGORITHM 


STEPI Write the differential equation in the form ay + Py = Qand obtain P and Q. 


STEPII Find integrating factor (I.F.) given by I.F. = | eae 
STEPII Multiply both sides of equation in Step I by IF. 
STEPIV Integrate both sides of the equation obtained in step III w.r.t. x to obtain 


y (LF.) = | Q(LF) dx+C 
This gives the required solution 


Following examples illustrate the procedure. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Solve the differential equation 


2 =e = 2x’,x>0 [CBSE 2004, 2007] 


SOLUTION Weare given that - 
(ty = wl 
= +| F )y 2x7 (i) 
Clearly, it is a linear differential equation of the form 


ay = enh oy) 
ax t PY Q, where P = —and Q = 2x". 
Now, IF. = J Pax = ef -zax Om cae glog x” 2 xl =, = 


Multiplying both sides of (i) by IF. = , + we get 


et 
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Integrating both sides w.r.t. x, we get 


y: x)= J 2xarc [Using : y(LF.) = {| Q(LF) dx+C] 
= yr =x +C 
=> y = x~°+Cx 


Hence, the required solution is given by y= +ex,x>0. 
EXAMPLE 2_ Solve the differential equation 


a, = 3x*,x>0 


SOLUTION The given differential equation is 


Wy Dey — 3x2 .--(i) 


This is a linear differential equation of the form 
dy = = 1 = 2 
ax + Py = Q, where P x and Q = 3x°. 
ia al Pdx _ 5 (1/2x) dx _ e(l/2) logx _ glog x '/* = xl/2 
Multiplying both sides of (i) by LF. = Vx, we get 
dy 1. _ 35/2 
MF ax DRY = 8 


Integrating both sides w.r.t. x, we get 


y Vx = 3x°/2 dx+C [Using : y (LF.) = i) Q(I.F.) dx+C ] 
7/2 
=> y Vx = ie +C 
=> ye = 2x74 


Hence, the required solution is given by y Vx = 2 x’/2+C,x>0 


EXAMPLE3 Solve the differential equation 
xlogx GH +y = =logx,x>0 [CBSE 2010] 
SOLUTION The given differential equation is 


dy ya 2 
xlogxa ty x Bx 





Gy ig NS ies | (i 
ei dx *xlogx’~ x2 w) 


This is a linear differential equation of the form - 


dy = Pie Coe | oer see 
ay t PY Q, where P Apes ote te 2 


LF. = el Par — d zlogs = rey = log x 


= eS! = t = logx 


a" 


= y (x7-1) = Flog [2 
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Multiplying both sides of (i) by I.F. = log x, we get 
dy 1,22 
log x tay = 2 log x 
Integrating both sides w.r.t. x, we get 
y:logx = z log x dx+C (Using: y (I.F.) =| Q (LF.) dx+C] 
=> y-logx = 2- | logx-x2dx+C 
I I 
x 1 (| x? : 
= y-logx = 2 logx-|2—|- J =. —— |dx |+C 
= aes tamed 
= ylogx = 2] ~198% 4 J xa |+c 
=> ylogx = 2{ -9B*—2 Jc 
eer eek 
2 
= ylogx = —~ (1 +log x)+C 
Hence, the required solution is given by 
y logx = 21 + log x)+C,x>0 
EXAMPLE4 Solve the differential equation (x* — 1) au +2xy = = [CBSE 2010] 
SOLUTION The given differential equation is 
x2 — 1) + Oxy = — 
Pe x*-1 
a Pras: 
=> + ~(i) 
z 17 G=1y 
This is a linear Ne, equation of the form 
AP | where P = —*— and Q = —L— 
eh x*-1 (x? - 1)? 
Tee el Pee gO TE gc) ta) 
Multiplying both sides of (i) by IF. = (x? — 1), we get 
~y Beale. 
(x? — 1) 7 + 2xy Sar 
Integrating both sides, we get 
y@—1 = f>— dx+C [Using: y(LF) = { Q-(.F)dx+C] 


<== = +C. This is the required solution. 
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EXAMPLES5 Solve au +ysecx = tanx (o <x< 5] 


d: (CBSE 2008] 
SOLUTION The given differential equation is 
dy = , 
ay +(secx) y = tanx wast) 
This is a linear differential equation of the form 
dy 


os + Py = Q,where P=sec x and Q=tanx 


LF. = A Pdx _ ») secxdx log (sec x + tan x) 


=¢ = (sec x + tan x) 
Multiplying both sides of (i) by IF. = (sec x + tan x), we get 
(sec x + tan x) ay +y sec x (secx + tan x) = tanx (sec x + tan x) 


Integrating both sides w.r.t. x, we get 


y (sec x+tan x) = | tan x (sec x + tanx)dx+C 
[Using: y(LF.)=] Q-(LF.) dx+C] 
=> y (sec x + tan x) = | (tanxsecx+tan?x)dx+C 
y (sec x+tanx) = J (tan x sec x'+ sec? x — 1) dx+C 
=> y (secx+tan x) = sec x+tan x—x +C, which is the required solution. 


EXAMPLE6 Solve: cos” x a +y = tanx (o <x< 5| [NCERT, CBSE 2008] 


SOLUTION We are given that 


dt 
cos*x E+ y = tanx 
=> a + (sec? x) y = tan xsec*x -.(i) 


This is a linear differential equation of the form 


aU + Py = Q, where P = sec*x and Q = tan x sec? x 


x 
f=ahe = A sec” x dx = pgtanx 
Multiplying both sides of (i) by IF. = e“"*, we get 


2 


d 
etan x 2Y 2 tana = eM tan xsec? x 


+ sec“ xe 
ax 


Integrating both sides w.r.t. x, we get 


y ean .— e'NX. tan x sec? xdx+C [Using : y (I.F.) = { Q (L.F.) dx + C] 


=> yeanx — [ tetdt+C, where ¢ = tanx 

III 
=> y elanx = tel — e' dt+C [Integrating by parts] 
= yer = tebe +C 


= ye@n* = e"X(tan x—1)+C, which is the required solution. 
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EXAMPLE7 Solve : (x* + 1) a +2xy = Vx? 4 4. [CBSE 2010] 
SOLUTION We are given that 
(x? +1) 2 +2xy = Vx? 44 
a ay iy. V2 +4 | F 
x? + ii x7 +1 


This is a linear differential equation of the form au + Py=Q, where 





pus aoe ets 
x7 +1 x7 +1 


THe) Pe = el 2/0? +1) dx = eB +) = 241) 


Multiplying both sides of (i) by LF. = (x7 +1), we get 

(x2 +1) a + 2xy = Vx244 
Integrating both sides w.r.t. x, we obtain 

y(7+1) = | Vit44 dec [Using :y (I. F.) = [ Q(LF.)dx+C] 
=> y P41) = 5x Va? 44 +5 (2) log| x4+Vie+4 | +C 


=> y P41) = Sax Ve 44 4 2log | x4 Vee +4 | +C, 


which is the required solution. 


EXAMPLES Solve: oY ay = cos 3x 


SOLUTION Weare given that 
Woy H= | 
dx t 2) ¥ = cos 3x .»-(i) 
This is a linear differential equation of the form 


Ml 5 Py = Q, where P = —2andQ = cos 3x. 


LF. = el Par = of 2dr _ go 
Multiplying both sides of (i) by LF. = e~*, we get 
re au _ 2ye>* = cos3x-e 
Integrating both sides w.r.t. x, we get 
ye = [ e* cos3xdx+C [Using: y(.F) = { QUE) dx+C] 
= ye*=I+C, whereI= e cos 3x 


Now, 1 =f e*cos3xdx 
a Tt 
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=> I= 5 e? sin 3x— CA) 6 sin 3x de 
= [= 5 sin3x+4 f e** sin 3x dx 
— 12x ay 2| a1 2x ~ f (9) --2x( = SOS 3x 
=> f= 3e sin3x+ 353 e™ cos 3x fc 2)e 3 ax| 
oy dL -2x 8 2 _1 2 _2 —2x 
= f= 3e sin3x+3| 3 ¢ cos 3x alle cos 3x de 
— 12x 9, _ 2-2 ae 
= I= 3° sin 3x 9 ¢ cos 3x 9! 
4 e2x 
— 1451) = 9 (3 sin 3x — 2 cos 3x) 
grax 
= I “7g 8 sin 3x — 2 cos 3x) 
Substituting the value of I in (ii), we get 
-2x 
ye * = <—_ (3 sin 3x — 2 cos 3x) + C, which is the required solution. 


1 


EXAMPLE9 Solve: (1 +x”) au + 2xy—4x* = 0 subject to the initial conditon y(0) =0. 
SOLUTION The given differential equation can be written as 


2 
dy. 2x = eer At 
ae gt ee ee ) 


This is a linear differential equation of the form a + Py = Q, where 


2x Dea 
pen NS 1+x7 


2 2 
We have, LF. = e) Pax = J 2/0 +x) dx = glog(1+x) — 4442 





P= 
1 


Multiplying both sides of (i) by I.F. (1 + x”), we get 
(1 +27) 4 oxy = 47 


Integrating both sides w.r.t. x, we get 


y (1+) = | 4x2 dx+C [Using: y(LF) = | Q(F)dx+C] 
=> y(1+x7) = aE oc ...(ii) 


It is given that y = 0, when x = 0. Putting x =0 and y =0 in (i), we get 
0=0+C > C=0 
Substituting C = 0 in (ii), we get 
y = = Ae + which is the required solution. 
3 (1 +x’) 
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di 
EXAMPLE10 Solve: ae +y = cosx-sinx 


d 
SOLUTION The given differential equation is 
ay +y = cosx-sinx s-s(i) 


This is a linear differential equation of the form ay + Py=Q, where P = 1 and 


Q=cosx-sinx. 
Th. =e Pdx _ J 1ax = ¢& 
Multiplying both sides of (i) by IF. = e*, we get 
May = ¢ (cos x —sin x) 


Integrating both sides w.r.t. x, we get 


ye. = e* (cos x —sin x) dx+C [Using : y (I.F.) = QO (I.F.) dx+C] 
=> ye = | eX cosxdx- f esinxdx+C 
nN 1 
= ye’ = e&* cosx- —sin x e* dx — | e*sinx+C_ [Integ. 1st integral by parts] 
=> yet = eXcosx+ | &sinxdx— | e‘sinxdx+C 
= ye = e*cosx+C, which is the required solution. 


EXAMPLE11 Solve: ay +ytanx = 2x+ x? tan x. 


SOLUTION The given differential equation is 


aU sy tanx = 2x+27tanx | --(i) 


This is a linear differential equation of the form am + Py =Q, where P = tan x and 
Q=2x+ 7 tan x 

LF. = e Pdx x pl tanxdx _ plogsecx _ ony 

Multiplying both sides of (i) by I.F.= sec x, we get 

| secx V+ yseextanx = 2x secx +27 sec x tan x 
Integrating both sides w.r.t. x, we get 

y sec x=] (2x sec x + x” sec x tan x) dx + C [Using: y (LF.) =| Q(I.F.) dx+C] 
=> ysecx = | 2xsecxdr+ J xsecxtanxdx+C 


=> ysecx = | 2xsecxdx+x*secx— | 2xsecxdx+C 


=> ysecx = x*secx+C, which is the required solution 
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sin x 
FE ,x>0. 





EXAMPLE12 Solve: ay ¥ = cosx+ 
dx <x 


SOLUTION The given differential equation is 


dy sa sin x , 
+t \y = cos x + .».(i) 


This is a linear differential equation of the form 








Ml 5 Py = Q, where P =2 and Q= cosx+- 


LF. = e) Pax = dx = SX = x 
Multiplying both sides of (i) by I.F. = x, we get 


d ; 
xey = xcosx+sinx 


Integrating both sides w.r.t. x, we get 


yx = J (x cos xX + sin x)dx+C (Using: y (I.F.) = Q (I.F.) dx + C] 
= xy = J xcosxdx+ J sinxdx+C 
I il 
=> xy = xsinx- J sin x dx + | sinxdx+C [Integrating 1st integral by parts] 
=> xy = xsinx+C 


Ld C . a oF 
Hence, y=sinx+ Pe ee 0 gives the required solution. 


EXAMPLE13 Solve: av +xsin 2y = x? cos” y 


SOLUTION The given differential equation can be written as 
sec’ y uy +x ane = x? 


cos? y 
=> sec? y a y4 eit 2x tany = x 
Let tan y =v. wa 
-@ : 
sec? y “2 y4 a »+.(i) 


Putting tan y =v and sec” y my 8 = ae in (i), we get 
du ; * 
dx +(2x)v = x »(ii) 


This is a linear differential equation of the form @ + Pv=Q, where P = 2x and 
Q=x’. 


ie las 


a i ee 
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Multiplying both sides of (i) by ef , we obtain 
+e Ox)v = x3 ex 
x 
Integrating both sides w.r.t. x, we get 
ve =f Pe dx+C (Using: v (LF) = [ Q(LF)dx+C] 
=> ve™ = > | te'dt+C,wheret = x2 
= ve® = S(t-e+C 
= é* tan y= : (x7 - 1) e* 4 C, which gives the required solution. 
EXAMPLE 14 Solve : i) XY COS X 
ax 1+sinx 
SOLUTION We have, 
dy __ x+ycosx 
dx  1+sinx 
GUppeCOSICE. eX : 
5: dx“ 1+sinx? ~~ 1+sinx .»(i) 
This is a linear differential equation with P = coe “and Q =-—— x 
1+sin x 1 +sin x 
J cos x 
IF.seltsinx  — glog(i+sinx) _ (1 4 sin x) 
Multiplying both sides of (i) by I.F. (= 1+ sin x), we get 
ea 
(1 +sin x) 7 +y cos x =—X 
Integrating with respect to x, we get 
y(1+sinx) = = xdx+C [Using > y (1.F.) = Q (I.F.) dx + C| 
= y(l+sinx) = -~4C 
2 ec ae 
¥~ 2(1+sinx) 


Clearly, it is defined for 1 + sin x # Die. forx#n2+(—1)"2/2,neE Z 


2G =n 2 
Hence, y = 2(1¢sinx (4sina) ,x#nnt+(—1) m/2,né Z gives the solution of the given 


differential equation. 
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EXAMPLE15 Solve each of the following initial value problems: 
x. a 

() Hoy =¢,y(0)=1 

(ii) xMey = xlogx,y(1) = 

SOLUTION (i) We have, 


1 
4 


This is a linear differential equation with P=—1 and Q=& 
IF. = d-t% 2% 


Multiplying both sides of (i) by e *, we get 
De — yer* = e*-e* 


Integrating both sides with respect to x, we get 


22.99 


(i) 


ye * = fe .e *dx+C | Using : y (I.F.) =| Q (I.F.) dx + C| 


= ye *=x+C ) 
It is given that y (0) =1li.e. y=1whenx=0 
Putting x = 0, y = 1 in (ii), we get 
1=0+C>Ce=l 
Putting C = 1 in (ii), we get 
ye *=x+1 
= y = (x+1j)e 
Clearly, yis defined forallxe R. 


Hence, y=(x+1)e*,x€ Ris the required solution. 


(ii) xalsy = xlogx 
Bilt 


a logx,x>0 


1 
ey 


This is linear differential equation of the form eu + Py=Q with 


= = and Q = log x 


1 
Me, = : xO" _ gloex — x 
Multiplying both sides of (i) by LF. = x, we get 
ad 
x ae +y = xlogx 


Integrating with respect to x, we get 


(ii) 


«»(i) 


[-.- x>0] 


yx= slog aK [Using :y CF) = foar) de +C] 


22.100 MATHEMATICS-XII 


= yx = © (og x -3fxax 
= = X (log »-© 4c -+»(Ii) 


It is given that y (1) =4 Le. y= ; when x = 1 


1 1 1 
es O-7+C => C= 9 
Putting C=> in (ii), we get 
1 
xy = © (logx)-* 42 
=> y= 5 xlogx-= +2 


Hence, y= x log x - ; + o ‘ x >Ois the solution of the given differential equation. 
EXAMPLE16 Solve each of the following initial value problems: 
aT Bi iy 0) =0 
(i) dx Le 2412/74 
(ii) (x2 +1) y’ — 2xy = (x4 + 2x7 +1) cosx,y(0) =0 
SOLUTION (i) We have, 
CURSE, ae aa (i) 
241” +p 











This is a linear differential equation with P = ax and Q=—5—_,;, 
x" + (x? ae 
2x 
——d 
UR ad Peto gentten 244 


Multiplying both sides of (i) a LF. (= x*+1), we get 
(x? + 1) & 3 t 2xy = 





Z, +1 
Integrating both sides with respect to x, we get 





y (x7+1) = Jaicerse [Using : y (LF.) =] Q(LF.) dx+C] 


= y (x74+1)=tan7™1x+C (ii) 
It is given that y (0) =0 i.e. y=0 when x =0 
Putting x = 0, y =0 in (ii), we get 

0=0+C>C=0 


LE 0 0 Bs ee eee 
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Putting C = 0 in (ii), we get 


y (x? +1) = tan! x 


P tan7! x 


=> 

. x7 +1 

Clearly, it is defined for all xe R. 
~] 





Hence, y = fan x ,x € R gives the required solution. 


ees 
(ii) (x7 +1) y’—2xy = (x4 +2x*+1) cos x 
=> fea TY = (+1) cosx 


This is a linear differential equation with P = 5 = 
x + 





2x 4, 
IFoo 8 tl = eG +) = 24171 


Multiplying (i) by ae swe get 


Sr. ee: 
x2414x (x2+1)? 


Integrating both sides, we get 
1 
x 
2 x +1 


= —Y_ = sinx+C 
+1 





= cosx 


= Jcos xdx+C 


It is given that y (0) =O i.e. y=0 when x =0 
Putting x = 0, y =0 in (ii), we get C=0 
Putting C = 0 in (ii), we get 


ele = sine 
a 
=> y = (7 +1)sinx 


Clearly, it is defined for all xe R. 


Hence, y = (x* +1) sinx,x€é R gives the solution. 


EXAMPLE 17 Solve: (i) x SL +y—x-+aycotx = 0,x#0 


(ii) (1 +x”) dy+2 xy dx = cotxdx,x #0 


SOLUTION (i) We have, 


My y— : 
Xa ty x+xycotx = 0 


dy - 
=> Xa, t(l+xcotx)y x 


and Q=(x*+1)cosx 
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.+-(i) 


...(ii) 


[NCERT] 


eee 


eee, ee 
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dy (1 = sali 
= apt F + cot : y=1 (i) 
This is a linear differential equation with P = , +cotxandQ = 1. 


LE. = el Pax — a [E+ o s)é = log x + log sin x ms elOB (xsinx) _ xsin x 
Multiplying both sides of (i) by I.F. =x sin x, we get 

xsin x 4 (sinx +x cos x) y = xsinx 
Integrating with respect to x, we get 

y (x sin x) = i) xsinxdx+C 

I oI 

=> xy sinx = —xcosx+sinx+C 
(ii) We have, 

(1 + x’) dy + 2xy dx = cotx dx 


dy, _2x_ | _ cotx mG 
=x dx 44327 1 +x? ” 











This is a linear differential equation with P = ; ax and Ope 


+37 +x? 
LF. = el Pax - of eter = S04) _ 1442 
Multiplying both sides of (i) by ILF. = 1+ x", we get 
(1 +2)De ony = cotx 





Integrating both sides with respect to x, we get 
y (1+) = J cot x dx +C 


= y (1+) = log | sinx| +C 
22.8.7 LINEAR DIFFERENTIAL EQUATIONS OF THE FORM 
Sometimes a linear differential equation can be put in the form 


dx 
ages = S 


where R and S are functions of y or constants. 

Note that y is independent variable and x is a dependent variable. 
The following algorithm is used to solve these types of equations. 
ALGORITHM 


STEPI Write the differential equation in the form a + Rx =S and obtain R and S. 





STEPH Find LF. by using LE. = al Ray 
STEPH Multiply both sides of the differential equation in Step I by 1.F. 
STEPIV Integrate both sides of the equation obtained is Step III w.r.t. y to obtain the solution 
given by 
x (I.F.) = S (L.F.)dy+C, where C is the constant of integration. 


DIFFERENTIAL EQUATIONS 22.103 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Solve: y dx—(x+2y”) dy = 0 [NCERT] 
SOLUTION The given differential equation is 


y dx — (x + 2y”) dy = 0 
= i rae 


dx” xX + 2" 
beg dx _xX+ 2y" 

dy y 

dx .(-1 
=> 7 + 7 }: = 2y ..-(i) 
This is a linear differential equation of the form 


GX Rx = S, where R = ~tand$ = 2y 
dy y 
-1 
LF. = A Rdy _ 2 yo te e-logy — logy” _ y 
Multiplying both sides of (i) by LF. y, we obtain 
ydy 
Integrating both sides w.r.t. y, we get 


2 


x=] 2dy+C [Using :x(LF.) = | S(LF.) dy+C] 
7 = 2y+C, which is the required solution. 


EXAMPLE2 Solve: ydx+(x—y>) dy = 0 
SOLUTION The given differential equation is 


y dx +(x — y?) dy = 0 
dx x 


dy ry = y* »»-(i) 


This is a linear differential equation of the form 


ax 1 
dy + R*=S, where R=7 and S=y/ 


1 
UR = al Ry a dy = doey ay 


Multiplying both sides of (i) by I.F. = y, we obtain 


dx 
—+x = 
Yayt* y 


Integrating both sides w.r.t. y, we get 
xy = { pdy+C [Using :x (LF) = J S(LF.) dy+C] 
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y¥ 

= xy “t+ C, which is the required solution. 
EXAMPLE3 Solve: (x+ 2y°) dy = ydx. 
SOLUTION The given differential equation can be written as 

dx (-1 

—— +|— |x = 2y°,y #0 .-.(i) 

dy ( ; vy ( 
This is a linear differential equation of the form 

ax |. Rx=S, where R=— and S=2y? 

dy y 

d J = dy A 1 

We have, I.F. = el Ry = @ y ~ =e BY = oey = yl — 5 
Multiplying both sides of (i) by IF. = : , we get 

ldx_ 1 Loy 

ydy 
Integrating both sides w.r.t. y, we get 

(i) = | 2ydy+C [Using : x (LF.) = | SF.) dy+C] 

x 
— =—=y+C 

al 
=> x= y+cy 
Hence, x=y>+cy, where y #0 gives the required solution. 
exAnirueacGoe |e oe |#t 0 [NCERT] 

olve: ARTIS dy = 1,xFU. 
SOLUTION We have, 
— 2Vx 
é ax 
a . 4) dy 
— 2x 

Gy! ie 

= dx Nx a5 
—2Vx 

dy rate (i 

Scheade Se” te =f) 


ois ; ‘ ‘ : ‘ x 1 x; e 2Vx 
This is a linear differential equation with P = 7 and Q = Saper 
1 
Pdx d 
ee _ Jet _ oe 
Multiplying both sides of (i) by LF. = vx , we get 


e2 Vx 
AY Q2NX 4. = APS 
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Integrating both sides with respect to x, we get 


-2 Vx 
Vx e oe 3 
ye ‘= J ee <——— dx +C | Using :y (LF) =] QF) dx +C] 
>= ye = yodx+C 
= ye = 2VK+C 
> y = (2Vx +Cje-? Ve which gives the required solution. 


EXAMPLE5 Solve each of the following initial value problems: 
(i) (x—sin y) dy + (tan y) dx = 0,y(0) = 0 


(ii) (1+y7) dx = (tan! y—x) dy,y (0) = 0 [NCERT] 
SOLUTION Wehave, 
(i) (x —sin y) dy + (tan y) dx = 0 

dx _ ? —sin 4) 
= =_-> — 

dy tan y 

ax ; 
= Figg (cot y)x = cosy --(i) 


This is a linear differential equation with R = cot y and S = cos y. 


UF = AY = dossiny = sin y 
Multiplying both sides of (i) by sin y, we get 


4) SY + XC08 y = cos y sin y 


Integrating both sides with respect to y, we get 


x sin y=| cosy sin ydy+C [Using : x (I.F.) =|s (I.F.) dy + C] 
=> xsiny = 5 J (sin 2y) dy +C 
=> xsiny = - 4 cos 2y +C ...(ii) 


It is given that y (0) =0 i.e. y=0 when x = 0. 
Putting x = 0, y = 0 in (ii), we get 


1 =o 
0 = -4rc =a (Cos 4 
Putting C = fin (ii), we get 


xsiny = - 4 cos 2y +4 


- 19 
= xsiny = 5sin’y 


= 2x = siny 
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=> y = sin! 2x 
Clearly, it is defined for 
-1s2xs1l > -3sxs3 = xe 3-3 | 

Hence, y=sin™!2x,xeé - ; ; | gives the required solution. 

(ii) (1 + y*) dx = (tan™) y—x) dy 

eo a a 

= dx, _% fan y (i) 


dy i+y 1+y¥ 





—j 
5 and S = rar 


This is a linear differential equation with R = : 
1+y 1+y 


Joy 


ih — es 





-1 
= ean y 


-1 
Multiplying both sides of (i) by LF.=e"" 4, we get 


dx tonty, %  ,tanty _ tan y jtanty 
dy 1+y 1+ 


Integrating both sides with respect to y, we get 


= ak ss 
xen 'y = f ae 'Y dy+C [Using :x (LF) = fsaray+c| 
= xetan'Y = | tefdt+C,wheret=tan“ly 
= xetan'y = e' (t-1)+C 
=> xen 'y = tan 'Y (tan-1 y-1)+C -»{il) 


It is given that y (0) =0 i.e. y=0 when x =0 
Putting x =0, y =0 in (ii), we get 

0=(0-1)+C>C=1 
Putting C = 1 in (ii), we get 


zeta ¥ = oN Y (tan 1 y—1) +1 
=> (x—tan7}y41)e" Y = 1 
This gives the required solution. 
EXAMPLE6 Solve each of the following initial value problems: 
(i) ye¥ dx =(y? + 2x eY) dy, y (0) = 1 
(ii) V1-y~ dx = (sin™} y—x)dy,y (0) = 0 
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SOLUTION Wehave, 


(i) yeY dx = (y° + 2x eY) dy 
dx 2h 
=> —=y-é¢ 4+—,ify#0 
a ge 
dx 2 ie : 
a oe y ci 
=> ay ie ye (i) 


This is a linear differential equation with R=—2/ yand S= y? e 4 


2 -_ 
ince! -y = p-2Zlogy _ plogy™” _ y2 = 2 
Multiplying both sides of (i) by + iP + we get 


Le ed (ii) 


yap 


Integrating both sides of (ii) with respect to y, we get 
x Fa = J e Ydy+C | Using : x (I.F.) =| S (I.F.) dy + C| 


x 


— =—-¢ ¥+C ...(iii) 


Itis given that y (0) =1lie. y= 1 whenx=0. 
Putting x =0, y = 1 in (iii), we get 


0=-~'+C4C=% 


Putting C = 4 in (ii), we get 


<= e942 => x= y*(e!-eY) 


y? 


Hence, x = y” (e~ ! — e~¥), y #0 gives the required solution. 


(ii) Vi -y? dx=(sin” | y—x) dy 





dx sin”! x ‘ ; 

—_—_ = — ,if1l- + 0 i.e. #2+1 
= We Ve eae y#0iey 

dx 1 _ sin”! ...(i) 
See att Vey 


- —1 
This is a linear differential equation with R = ae and S = x 


1 


J=—¢y ee 
IF. =e ‘1-/ = esin'y 


- =i 
Multiplying both sides of (i) by LF.=(e"" ), we get 
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“Vy dx | sin” | 
eosin” a esin’ ty = gin ty 
ers av 

Integrating both sides with ei to y, we get 

a i ein” y ae 2 dy+C | Using : x (LF.) = J S (LF.) dy + c| 
= xen | Y= | te' dt + C, where t = sin7! y 
=> xin ¥ = ef (t-1)+C 
= x ain 'y — gsin''y (sin“! y-1)+C .»(ii) 


It is given that y (0) = 0 te. y = 0 whenx = 0. Putting x = 0, y = O in (ii), we get 
0=e(0-1)+C>C=1 

Putting C = 1 in (ii), we get 
xetin Y= eI Y (gin y—1) +1 

= efi” Y (x —sin-} y +1) = 1. 

= x—sin'ly+1 = n'y ye (-1,1) 


This gives the required solution. 





EXERCISE 22.10 
Solve the following differential equations : 
1. a 2y = e* 2. 4 a +8y=5e oe [CBSE 2007] 
3. Y+2y=6e* [CBSE2007C] 4. We yne™ 
dy _ ay oy = 
5. xy ety 6. dx t 2y = 4x 
d d 4x 1 
7. xtey=xe,x>0 g, Sey 4s = 0 [CBSE 2005] 
TE dx 244 7 2417 
ad 
9. ia 10. xe —ya(x- Ie 
11. hs =x 12. 7 ty=sinx ([NCERT] 
d ya ee . 
13. fica. ™14. dx tym ain (NCERT] 
15. 4Y _ ytanx—2sinx 16. (1427) Ba y=tanx (CBSE 2009] 
dx dx 
17. & + y tan x=Ccos x 18. AY + y cotx=x" cot x + 2x ([NCERT, CBSE 2005] 
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~1 
19. a y tan x =x" cos’ x 20. (1 +27) U4 yaa? Ss [CBSE 2002] 
-1 
21. x dy = (2y + 2x* + x”) dx 22. (1+ y7)+(x—e'™ ¥) & <9 
23. fe ex—1eo 24. (2x - 10y%) 4% 4 y=0 
dy y . ax 
25. (x + tan y) dy =sin 2y dx 26. dx + xdy =e" sec” y dy 
27. aU y tan x-2sinx 28. OY 5 y cos x=sin x cos x 


29. (1 +x?) a — 2xy = (x? + 2) (x7 +1) [CBSE 2005] 


30. (sin x) © + y cos x=2 sin? x cos x 31. (1) 2 + 26+ 2)y=26@ +1) 


32. x at +2y = xcosx 33. eye y = xe (CBSE 2002] 
ax dx 
34. au +2y = xe [CBSE 2002C] 


lve the differential equation (x + 2y”) a = y, give that when x = 2, y= 1 [CBSE 2000] 


6. Find one-parameter families of solution curves of the following differential equa- 
tions: (or Solve the following differential equations) 


(i) aU 4 3y = e* _ misa given real number 4+ - pee ge 
Si W+2Y 
(ii) MY _y = cos2x (iii) xB iy = (ese 
(iv) xBey = x4 (v) (xlogx)Yry = logx 
(vi) eg Pe (vii) Ms ycos x = cos x 
a 
(viii) +y) 2 a ae (ix) OY cos? x = tanx-y 
(x) €- 4 sec’ y dy = dx+x dy (xi) xlogx 2 +y=21ogx [CBSE 2009] 
(xii) xs by =x log x . yo a Vv 
Te 


37. Solve each of the following initial value problems: 
@) ¥+y = ,y@) =5 (ii) xl _y = logx,y(1) = 0 


Gi) May =e sinx,y()=0 Gv) xB _yogsne*,y(@) =0 


7 2 VK 
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(v) (1 +y?) dx +(x—e7 ®" '% dy = 0,y(0) = 0 
(vi) M+ ytanx = 2x + x? tan x, y (0) = 1 


vy AY :; m) _ 
(vii) xy ty = rcosx+sinz,y(5) =1 


(viii) aM +ycotx = 4x cosee x y(5) = 0 [NCERT] 
(ix) AY 5 Dy tan x = sinx; y = 0 when naz [NCERT] 
(x) a —3y cotx = sin2x; y = 2when x = 5 [NCERT] 


38. Find the genreal solution of the differential equation x oY +2y = x* (x #0) 





dx 
[NCERT] 
39. Find the general solution of the differential equation a —y=cosx [NCERT] 
ANSWERS 
ee +Ce™ 2 y'= ~2 684.06" 
3. ye* =26* +C 4.y=-¢ *+Ce* 
5. YT =log | x|+C,x#0 6. y = (2x-1)+Ce ~ 
72 y= (FST}e +S, x50 8. y(x74+1)?=-x+C 
9. 4xy = 2x" log |x| —x7+C,x#0 10. y=e"+Cx 
11. 5xy=x+C 12. y=Ce* +5 (sin x — cos x) 
13. y=Ce* +> (cosx +sin x) 14. y=Ce™ += (2 sin x—cos x) 
15. 2y cos x =cos 2x +C 16. y=tan?x-14+Ce%" * 
17. ysecx=x+C 18. ysinx =x" sinx+C 
19. ysecx=x sinx+2x cosx-2sinx+C 
20. dyer * Plan x, C 21. y=x' +x logx + Cx” 
22. axetan ¥ = Plan YC 23. y=[4Et) +e" 
24. x=2y°+Cy~ 25. x=tany+c Vtan y 
26. xeY =tany+C 27. y=sec x (-sin?x+C) 
28. y=sinx-1+Ce ""* 29. y=(x+tan )x+C)(x*+1) 
30. ysinx=*sin®x+C 31. ya eS bP 6x + Blog (r+ 0} +C 
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2 
32. xy = 2 sinx+2xcosx—2sinx+C 33. y = sce 
34. y = z et Le 4 co 35. x=2y" 
el'x 
36. (i) y = ag TCO ifm +3 #0;y = (x+C)e"**, ifm+3 = 0 
(ii) y = 5 (- cos 2x +2 sin 2x) +Ce* (iii) y = -e-*4+Cx,xER 
a A _- th aoe 
(iv) y = 5 x +7 x#0 (v) y = Ne So SPER ase 
(vi) y = (x7+1) {(x+ tan”! x)+Cl,xeER 
(vii) y = Fer Ce xe R (viii) xt+y-—1 = Ce¥ 
(ix) y = tanx—1+Ce"""*,cosx#0 (x) x =e ¥(tany+C),xeER 
ie ie Ree ee [ct 
(xi) y = OB Eee (xii) y = i6 (4 log |x| 1) +3 
37. (i) y = se, xe R (ii) y = x-1-logx,x>0 
(iii) y e* = 1-cosx,xER (iv) y= xe 1-e* xeER 
(v) xetan'y — tan ly (vi) y = x*+cosx,xER 
(vii) y = sinx,xER (viii) ysinx = 22-™ xenn,neZ 
(ix) y = cosx—2cos*x (x) y = 4sin? x-—2 sin? x 
38. y= 4cx7? 39. y = eee 


22.9 APPLICATIONS OF DIFFERENTIAL EQUATIONS 

In this section, we shall discuss some problems on the applications of differential 
equations in science and engineering. We shall also discuss problems on applications to 
other disciplines. 


TypeI APPLICATIONS ON GROWTH AND DECAY 


EXMAPLE1 The surface area of a balloon being inflated changes at a constant rate. If initially, 
its radius is 3 units and after 2 seconds, it is 5 units, find the radius after t seconds. 

SOLUTION Let r be the radius and S be the surface area of the balloon at any time t. 
Then, 


S =4nr 
dS dr : 
= FT 8 r FT ee(i) 


It is given tha é = const = k (say). Putting & = kin (i), we get 


dr 
k= 1 ar 


—-+ 
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= 8nrdr = kdt [ By separating the variables ] 
Integrating both sides, we get 

4nr? = kt+C ..(ii) 
Weare given that att =0,r=3 and att=2,r=5 

36m = k(0)+C and 100m = 2k+C = C = 36mandk = 32n 
Substituting the values of C and k in (ii), we obtain 

4nr* = 32nt+36n => 1° = 8t+9 = r = V8I+9 


EXAMPLE 2 A population grows at the rate of 8% per year. How long does it take for the 
population to double ? Use differential equation for it. 


SOLUTION Let Pobe the initial population and let the population after t years be P. Then, 


do Ge ; 
dt ~ 100 (Grey 
a age a 
dt = 25 
=> ae 2 of [By separating the variables] 
P 2 
1 2 : ; 
a J p aP 7 OS J Ldt [Integrating both sides] 
= log P = =t+C (i) 
25 
At t = 0, we have P = Py 
log Py = =X? +¢ [Putting f= 0 and P= Pp in (i)] 
> C = log Py 


Substituting C = log Pp in (i), we get 


log P=~ t+ log Pp 


25 
2. 
= log PAT 25! 
25 P 
= t = 7) os( 5, 


_ 25 jo, 27%o} _ 25 
t= ae 7 10g2 


Thus, the population is doubled in 2 log 2 years. 


EXAMPLE3 Suppose the growth of a population is proportional to the number present. If the 
population of a colony doubles in 25 days, in how many days will the population become triple? 
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SOLUTION Let Po be the initial population and P be the population at any time t. Then, 
dP 


7 oc P [Given] 
= & = XP, Xisaconstant 
dP 
7 p= A dt 
1 
= Jap =2J at 
=> log P = AE+C | ..-(i) 


Att=0, we have P= Pp 
log Pp = 0+ C = C = log Po 
Putting C = log Pp in (i), we get 
log P=A t+ log Po 
=> log fF) = hy: ...(1i) 
Po 
It is given that P = 2P) when t = 25 days. 
Putting t= 25 and P = 2Pp in (ii), we get 


1 
log2 = 25A>A= 75 108 2 


Putting = =~ log 2 in (ii), we get 


P 1 vi 
log fF, = & log 2) t ...(iil) 


Suppose the population is tripled in f, days. ie. P=3 Pg when t =). 
Putting P = 3Pp and t = f, in (iii), we get 


log 3 = & log 2) => f = 25 ioe | devs 


log 2 
Hence, the population is tripled in 25 oo days. 


EXAMPLE4 It is known that, if the interest is compounded continuously, the principal changes 
at the rate equal to the product of the rate of bank interest per annum and the principal. 


(i) Ifthe interest is compounded continuously at 5% per annum, in how many years will Rs.100 
double itself? 


(ii) At what interest rate will Rs. 100 double itself in 10 years? (log, 2 =0.6931) 


(iii) How much will Rs. 1000 be worth at 5% interest after 10 years? (e%> = 1.648). 


SOLUTION If P denotes the principal at any time t and the rate of interest be r % per 
annum compounded continuously, then according to the law given in the problem, we 
have 
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dP _ Pr 
dt = 100 
dP r 
a P = 100” 
1 r 
= JoaP = oJ at 
rt 
= log P = 100 +C .»-(i) 
Let Py be the initial principal i.e. att=0, P= Po 
Putting P = Pp in (i), we get 
log Po =C 
Putting C = log Pp in (i), we get 
rt 
log P= 39 + log Po 
P rt + 
= log F,) = 700 .».(ii) 


(i) In this case, we have 
r = 5,Pp) = Rs.100 and P=Rs.200 = 2Pp 
Substituting these values in (ii), we-have 
log 2 = = = t = 20log,2 = 2 x0.6931 years = 13.862 years. 


(ii) In this case, we have 
Pp = Rs.100, P=Rs.200 = 2Pp and t = 10 years. 


Substituting these values in (ii), we get 


log 2 = 7 => r = 10log2 = 10x 0.6931 = 6.931 


Hence, r = 6.931% per annum. 
(iii) In this case, we have 


Po = Rs.1000,r=5 and t=10 
Substituting these values in (ii), we get 


08 (zo05| - Se Eg 


i000/~ 100 .2 
Rian tgs 

rm: tooo * 

= P = 10001.648 = 1648 


' Hence, P = Rs.1648. 


EXAMPLE 5 It is given that the rate at which some bacteria multiply is proportional to the 
instantaneous number present. If the original number of bacteria doubles in two hours, in how 
many hours will it be five times? 

SOLUTION Let the original count of bacteria be Np and at any time? the count of bacteria 


be N. Then, 


-ibieae Belen abl! 


- _ Nee 
— a =— 
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dN 


an .. Given 
aN [ ] 
= “ = XN ,Aisaconstant 

dN 
=> NW = Adt 

1 

= J San = af at 
=> log N =At+C (69) 


We have, N = No at t = 0. 

log No = 0+ C = C = logNy 
Putting C = log Np in (i), we get 

log N = AE+logNo 


fel) ati 
= log i =At (ii) 
When t = 2 hours, N=2No [Given] 

2No)_ a. 

log Tae 2X [Putting N =2Np and ¢ = 2 in (ii)] 
0 

=> va log 2 

2 


Putting A = . log 2 in (ii), we get 


log ty = GS log 2) t 


= ape lo eM 
= log 2 & No 
Suppose the count of bacteria becomes 5 times i.e. 5 No in t; hours. Then, 
5 No 
oe 2 hee No 
= f = = 7» (log 5) = aoe 2 hours. 


EXAMPLE6 It is given that radium decomposes at a rate proportional to the amount present. If 
p % of the original amount of radium disappears in | years, what percentage of it will remain 
after 21 years? 
SOLUTION Let Ag be the original amount of radium and A be the amount of radium at 
any time ¢. Then, 


aA .. Given 
“nA | . | [ J 


ee een Ot een eee ee ere ee eee, oe ere eee ee ee 
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=> a = -AA,jXisa positive constant 
=> aA = —-)dt 
= log A = -At+C 


Att=0, we have A = Ao 

log Ap = 0+C => C = logAy 
Putting C = log Ap in (i), we get 

log A = —At+log Ap 


= 085} ~ —-At 
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vos(1) 


.».(ii) 


It is given that p % of the original amount of radium disintegrates in! years. This means 


that 


A 
A= (409 when = ie Se 
0 


100 


Substituting these values in (ii), we get 


— fe 
oa(1 a) rl 


a ee 
=> X= oa(1 ita 


Substituting the value of A in (ii), we get 


Beet =D 
os *s| = joa a] 


When t = 21, we have 


A 
log | = 2 log (3 = ibs] 


A py 
= ae = (1-355) 

A - ip 
=> 4% 100 = (1-5) «100 
= A 

Ap 


2 
=a es 
x 100 = (10 ‘g 


2 
. Afro 
Hence, required percent = (1 1 1 : 
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EXAMPLE 7 A radioactive substance disintegrates at a rate proportional to the amount of 

substance present. If 50% of the given amount disintegrates in 1600 years. What percentage of 
~log2 

the substance disintegrates in 10 years? | Take e 18° = 0.9957 


SOLUTION Let A denote the amount of the radioactive substance present at any instant 
t and let Ag be the initial amount of the substance. 


It is given that 
dA dA _ ‘ 


where A is the constant of proportionality such that 4 > 0. Here negative sign indicates 
that A decreases with the increase in f. 


Now, 

dA __ 

Th AA 
= 1 aA = —-)dt 

A 

1 

= Jaa =-aJ1.at 
=> log A = -—At+C ..-(ii) 


Initially i.e. att =0, we have A=Ap 

log Ag = 0+C => C = logAg 
Putting C = log Ap in (ii), we get 

log A = —At+log Ap 


= log (5 =a (iii) 


A 
Itis given that A = —~ at t= 1600 years 


A 
Putting A = Sst and t= 1600 in (iii), we get 


oa(3] - =-1600A > A= 


Substituting the value of A in (iii), we get 


A ee 
os rae fe og2} 


Er 


ee 
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Att=10, we have 
_ log2 
A = Ag (0.9957) ie e 160 = 0.9957| 
Amount that disintegrates in 10 years . 
=> Ao -A= Ao — 0.9957 Ao 
= Ag—A = 0.0043 Ap 
Ap-A 
= —j— = 0.0043 
Ao 
Ap-A 
= x 100 = 0.43 
Ao 


Hence, 0.43% of the original amount disintegrates in 10 years. 


EXAMPLES The rate at which radioactive substances decay is known to be proportional to the 
number of such nuclei that are present at the time in a given sample. 


(i) In a certain sample 10% of the original number of radioactive nuclei have undergone 
disintegration in a period of 100 years. Find what percentage of the original radioactive nuclei 
will remain after 1000 years. 


(ii) If 100 grams of a radioactive substance is present 1 year after the substance was produced 


and 75 grams is present 2 years after the substance was produced, how much radioactive 
substance was produced? 


SOLUTION (i) Let there be N radioactive nuclei in a sample at any time t and let Ng be 
the initial number of radioactive nuclei. Then, 


aN 
at aN [Given] 
dN . 
=> ape —XN,wheredA> 0 isa constant 
dN 
a N= —Xdt 
1 
= Jajan =-afat 
= log N = -At+C --{i) 


Att=0,we have N=Np 
log No = 0+C => C = logNo 
Putting C = log No in (i), we get 
log N = —At+log No 
N $9 
=> los — = -—At .«.(ii) 
& No 


It is given that 10% of the original number of radioactive nuclei have undergone 
disintegration in a period of 100 years. 
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10Np 9No 
Att=100,N=No-—7o9_ age 


Substituting these values in (ii), we get 


9 1 9 
log 10 7 -100A => A=- 100 log 10 
Putting the value of A in (ii), we get 
log a: = fe log 5 io}! ..-(iii) 
We have to find the value of N at t = 1000 years. 
Putting t = 1000 years in (iii), we get 


log = 10 log =| 
=> log 5 = log cal 
: nae ( 9 i 
No 10 
= yx100 = (33) 100 = 2 


10 
Hence, —> a % of radioactive nuclei will remain after 1000 years. 


(ii) Suppose Np grams of radioactive substance was produced and at any time #, N 
grams of substance is present. Then, 


dN 
Tae 
dN : 
=> aE. = —AN,where X>0 is aconstant 
dN 
=> N= —idt 
= if 57 aN = =), at 
=> log N = -At+C (i) 


Att=0, we have N =Np. 

log No = 0+C = C = logNo 
Putting C = log Np in (i), we get 

log N=—-At+log No 


N ee 
=> log NAS —At | «(ii) 
Itis given that , 

N= 100 grams at t= 1 and N=75 att=2. 
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06 = —Xand oe =-2d 


75 100 75 100/ 
] a7 | = 21 vate =a pi —_— 
= og i) °6( Ne | => log i 06 
+» B_ (100) 
No | No 
2 
=> No = ee => No = Oe grams. 


EXAMPLE9 Ina college hostel accommodating 1000 students, one of them came in carrying a 
flue virus, then the hostel was isolated. If the rate at which the virus spreads is assumed to be 
proportional to the product of the number N of infected students and the number of non-infected 
students, and if the number of infected students is 50 after 4 years, then show that more than 
95% of the students will be infected after 10 days. 

SOLUTION We have, 


dN 
ar = N (1000 - N) 
dN 
= Fie XN (1000 — N), where A is a constant 
= —— = NAT 
N (1000 — N) 
1 
= J random aN = Sat 
1 1 1 
rr 1000 feos =e n) aN = J at 
1 
= To00 Woe N—log (1000 -N)} = At+C 
1 N 
= 1000 /°8 fe: = "| = Aer “) 
At t=0, we have N = 1. 
1 1 
=> 1000 1°8 999 =0+C 
ve tse les) log. 999 
a © = 7000 1°8| 999 | = ~~ 1000 


Subst ituting the value of C in (i), we get 
1 oa N — 1, 108.999 


1000 °8|1000—N 1000 

1 N 1 
= 000 8{io00—* 1000 08 999 = A+ 

1 999N_) _ F 
= To00 °8 (soo | =o wll) 


If #=4,then N=50 (Given) 
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Substituting these values in (ii), we get 
1 49950) _ 
1000 og 950 Fg 


oF 4995) 1 999 
mr 4 = 7000 og! 95 )- 4000 °8 5 | 


Putting the value of A in (ii), we get 


ae log | oe ee lo we) t 
1000 °° | 1000- N'| ~ 14000 °°81 "19 





999N 999 
=> 4 08 Seo = = (tog 19 } 
When t = 10, the value of N is given by 
999N 999 
4 os (cop yi) = 10x og 19 ) 
999N 5 999 
% 108 fea "| 72 os 3 
-5/2 
1000-N)_ _5, (999) _, (999 
i og 999N } = ~$106(35) = 18 (32) 
s 1000-N _ (999) 
999N | 19 
eee (2000. = 2. (999).2 4 
999N 999 | 19 
=, 000 1 (ony 
999N 999 “} 19 
= AP 214 (999)-372 x 195/2 
= 7 952 approximately 


14 (999)- 9/2 x 195/2 
N N 
1000 * 100 = 10 ~ 22 


Hence, more than 95% students will be infected after 10 days. 


EXAMPLE10 Assume that a spherical rain drop evaporates at a rate proportional to its surface 
area. If its radius originally is 3mm and 1 hour later has been reduced to 2 mm, find an expression 
for the radius of the rain drop at any time. 

SOLUTION Let r be the radius, V be the volume and S be the surface area of the rain 
drop at any time ft. Then, 


V= =n and $ = 4n/ 
We are given that 
dV 


loci C 


dt . 
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=> Aas kS, k is the constant of tionali 
dt ’ proportionality 
d {4 
= ai(3% | = kane 
=> 4n r? e = k(4n r’) 
dr 
= dt =k 
=> dr = kat 
Integrating both sides, we get 
Jdr=kf at 
=> r=kt+C .+(i) 


Weare given thatr=3 att=Oandr=2att=1 
= k(0)+C and 2=k+C 
= C=3 and k=-1 
Putting the values of C and k in (i), we get r=3-t, and0<ts3. 


Type II ON NEWTON'S LAW OF COOLING 


The Newton's law of cooling states that the temperature of a body changes at a rate which is 
proportional to the difference in temperature between that of the surrounding medium and that 
of the body itself. 

EXAMPLE11 The temperature T of a cooling object drops at a rate proportional to the difference 
T —S, where S is constant temperature of surrounding medium. If initially T = 150°C, find the 
temperature of the cooling object at any time t. 

SOLUTION Let T be the temperature of the cooling object at any time t. Then 


a = —k(T-—S), where k>0 is a constant. 
aT 
=> T-S7 —kat 


Integrating both sides, we get 


J sigan =-k J at 


=> log |.T-S | = —kt+logC ...(i) 


It is given that at t = 0, T= 150°C. Putting t = 0 and T = 150 in (i), we get 
log | 150-S | = 0+logC 


Putting the value of log C in (7), we get 
log | T-S ; =—kt +log | 150-S | 








=> log | a 2 | =—kt 
T-S__--k 
Ts 150-S 


= T-S=(150—$)e~™, this gives the temperature T at any time ft. 
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EXAMPLE12 Water at temperature 100° C cools in 10 minutes to 80° C in a room of temperature 


25° C. Find 


(i) the temperature of water after 20 minutes 


(ii) the time when the temperature is 40° C. Given: log, 24 1 : =— 0.3101, log 5= 7.6004 


SOLUTION Let T be the temperature of water at any time t. Then, by Newton’s law of 


cooling 
aT 
ap. E22) 
aT 
=> ae — X(T — 25), where A > 0 is a constant. 
aT 
=> T-25 7 —idt 
= j = sear = ~2J dt 
= log | T-25 | = -AE+C 


Att=0, we have T = 100° C 
Substituting these values in (i), we get 
log 75 = 0+C = C = log 
Putting C = log 75 in (i), we get 
log | T-25 | = -At+log75 
r 25 =| 





=> log =-At 





It is also given that T = 80° C at t = 10. 








log aaa =-10A 
=> log = =-10A 
1 11 
= Xi = — J 1°8 45 


Putting the value of A in (ii), we get 

re 28 =(%5 13} 
log 

(i) When t= 20 een we have 


= (35 log is) x 20 


rs 25 -1 a 
og 





log 








log |2 








=> log 





»»-(i) 


...(ii) 


...(iii) 


[Putting t = 20 in (iii)] 
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i T-25 (11) 
75. \15 
121 
=> T-25 = 295 x 75 
= T = 65.33°C 


So, the temperature of water after 20 minutes is 65.33° C 
(ii) Putting T = 40° C in (iii), we get 





log J | = (4 Jog 14), 
5) 75 | ~ (10°98 15 
Teeent (e110, 
=> log 5 = i0 (tog i) 
10108(5) 
t _ =10log5 _ -10x1.6094 _ 
= f= 2 1 W 11 —03101 53.46 
8115 515 


Hence, t = 53.46 minutes. 


EXAMPLE13 A thermometer reading 80° F is taken outside. Five minutes later the thermometer 
reads 60° F. After another 5 minutes the thermometer reads 50° F. What is the temperature 
outside? 


SOLUTION Letat any time t the thermometer reading be T° F and the outside tempera- 
ture be S° F. Then, by Newton’s law of cooling 


a « (T-S) 
=> o = -A(T-S) 
= & = —-Adt 
=> J pagar =-aSae 
=> log (T-S) = -At+C .».(i) 


It is given that T= 80° Fatt = 0 
log (80-—S) = 0+C = C = log (80-S) 


Putting the value of C in (i), we get 
log (T—S) = —At+log (80-—S) 


= log [ao=s) =—At .»(ii) 


It is given that 

T = 60° Fatt=5 
and, 

T = 50° Fatt = 10 


cf i a a mn 


| BRR a 
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Substituting these values in (ii), we pik 








60-S = 10)\-o ee 
log 80 — ad -5X and log a s|- 10A 
60-S 50-S 
= 2108 (B= 5| ls S0=s 5| 
= 60-S\ (50-S 
s0-S|  |80-S 
= (60 —S)* = (50—S) (80-S) 
= 3600 — 120S + S* = 4000 —130S + S* 
= 10S = 400 
= S = 40°F. 


Hence, the out side temperature is 40° F. 


EXAMPLE 14 The doctor took the temperature of a dead body at 11.30 PM which was 94.6° F. 
He took the temperature of the body again after one hour, which was 93.4° F. If the temperature 
of the room was 70° F, estimate the time of death. Taking normal temperature of human body as 


cage SAE. 123 _ 
98.6° F. [Given : log 755 = 0-15066, log 735 = 005] 


SOLUTION Let T be the temperature of the body at time ft. Then, by Newton’s law of 
cooling, we have 


aT 
ar ec (T — 70) 
aT ; 
= a — X(T — 70), where A > 0 is a constant 
aT 
= T-70 = —Adt 
1 
= eee erilcl 
= log | T-70 | =-At+C -.(i) 


Att=0, we have T = 94.6° F and at t= 1, T = 93.4° F 
log (94.6 — 70) = 0+C and log (93.4—70) = -A+C 


=> log 24.6 = C and log 23.4 = -A+C 
=> C = log 24.6 and A = log 24.6 — log 23.4 
= C = log 24.6 and A = logio34 ane = log| => Val 
117 
Substituting these values in (i), we get 
log | T-70| =- (tog = t+ log 24.6 ---(ii) 


Let t, be the time that has elapsed after the death. Then, at t = t; we have T = 98.6 
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Substituting these values in (ii), we have 


log (98.6 - 70) = - (tos ii t, + log 24.6 


= log 28.6 = -(les it t, + log 24.6 
28.6) _(, 123 
= log eg = (tos 3 1 
=> lo 143 = —l/lo 123 t 
8 123 8417 |"! 
= 
log 123 
=> fy == 123 
log aa7 
= = - Se - - 30132 


Hence, estimated time of death is 11.30 — 3.01 = 8.30 pm. (approx.) 


Type III APPLICATIONS ON CO-ORDINATE GEOMETRY 


EXAMPLE15 The slope of the tangent to the curve at any point is twice the ordinate at that 
point. The curve passes through the point (4, 3). Determine its equation. 

a 
SOLUTION Let P (x, y) be any point on the curve. Then, slope of the tangent at P is a 
It is given that the slope of.the tangent at P (x, y) is twice the ordinate i.e. 2y. 


ar 
=> Li 2 ax 
= . oe eae 
=> y=Ce* .«s(i) 


Since the curve passes through (4, 3). Therefore, y =3 for x = 4. 
Putting x = 4 and y =3 in (i), we get 
3=C&>c=3¢e8 
Putting the value of C in (i), we get 
y=3 eS 
This is the required equation of the curve. 
EXAMPLE16 The normal lines to a given curve at each point pass through (2, 0). The curve 


passes through (2, 3). Formulate the differential equation and hence find out the equation of the 
curve. 


SOLUTION Let P (x,y) be any point on the curve. The equation of the normal at 
P (x, y) to the given curve is 


Y-y = - 9 K-9 i) 
dx 


— 
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Itis given that the normal at each point passes through (2, 0). Therefore, (i) also passes 
through (2, 0). Putting Y = 0 and X = 2 in (i), we get 


1 
O-y 7 “a 


dx 
=> y a =2-x 
=> y dy = (2-—x) dx 
= va =- G-y +C [On integrating both sides] 
= y* = —(2-x)*+2C ...(ii) 


This passes through (2, 3). Therefore, 


9=04+2C > C=2 
Putti OF rs 
utting C = 3 in (ii), we get 


y* = -(2-x)*+9 
This is the equation of the required curve. 


EXAMPLE17_ The slope of the tangent toa curve at any point is reciprocal of twice the ordinate 
of that point. The curve passes through (4, 3). Formulate the differential equation and hence find 
the equation of the curve. 

SOLUTION Let P (x, y) be any point on the curve. Then the slope of the tangent at 


P (x, y)is ay Itis given that the slope of the tangentat P is reciprocal of twice the ordinate 


of the point P. 

dy 1 

dx 2y 
=> 2y dy = dx 
On integrating both sides, we obtain 

y>=x+C, -»-(i) 

Since the curve passes through (4, 3). Therefore, putting x = 4 and y =3 in (i), we get 

=4+C>C=5 


Putting C = 5 in (i), we get 


y=xt+5 


This is the required equation of the curve. 


EXAMPLE 18 The slope of the tangent at any point on a curve is A times the slope of the line 
joining the point of contact to the origin. Formulate the differential equation and hence find the 
equation of the curve. 

SOLUTION Let P (x, y) be any point on the given curve. Then, 


Slope of the tangent at P = A (Slope of the line OP) 
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dy _,(y-0 
ae dx A ! - 7 
eee ayy 

Gx x 
This is the required differential equation. Now, 

dy _ Ay 

be Tks 
= ous ee 

y x 
=> log y = Alogx+logC 
[On integrating both sides] 

aes oe ce Fig. 22.5 
This the equation of the required curve. 


EXAMPLE 19 The slope of the tangent to a curve at any point (x,y) on it is given by 


*=cot® . COS + (x>0,y>0) and the curve passes through the point (1, 1/4). Find the 
equation of the curve. 
SOLUTION Let y=f (x) be the given curve. Then, the slope of the tangent at P (x, y) is 


au. But, the slope of the tangent at P is given as : — cot - cos a Therefore, 


ay = L_cot Zcos ¥ va(i) 
bes x x 


This is a homogeneous differential equation. Let y = vx Then, 


BE pg AO. 
ae Ue aerrae 


Putting y =uxand S4=o+ x in (i), we get 


dv 
vV+X— = v-cotvcosv 
ax 


= x2 = —cotvcosv 
=> sec v tanuvdv = -2 
= secv = —log |x| +logC [On integrating] | 
=) se() = —log |x| +C AN 


| 
| 
Since the curve passes through (1, 7/4). Therefore, | 
sect/4 =-log1+C = V2 =C : 
Putting C = V2 in (ii), we get 
see(¥) = —log |x| +V¥2 
F 


This is the equation of the required curve. 


LEE nid 
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EXAMPLE 20 If the tangent at any point P of a curve meets the axis of X in T, Find the curve 
for which OP = PT, O being the origin. 


SOLUTION Let y =f (x) be the given curve and let P (x, y) be a point on it. The equation 
of the tangent at P is 


Y-y= V(X —x) ...(i) 


This meets X—axis at T. So, the x-coordinate of T is obtained by putting Y = 0 in (i). 
Putting Y = 0 in (i), we get 





Sy 1 ei 
eae dx A= 2) 
dx 
=> X=x-y dy 
Thus, the coordinates of T are (: -y ae 0 
aN ee 2 _ V,2(dxy 
PT = [x-[x-» 7) +(y-O)° = Vy iF +" [Given] 
Now, 
PT = OP 
J Wr+e() = Vea 
dy 
dx 
2 AX eee 
= y+y" ‘ =x7+/ 
731 (E S| aa a 
eke) 
ax 
= Yay = ix 
= dx _ ay Fig. 22.6 
ws UY 
=> log x = tlogy+logC [On integrating] 
=> log x = log(Cy) or, logx = log S) 
=C C=. 
=> x YOtie 


Hence, the equations of the curve are x= Cy or, xy =C. 


EXAMPLE21 Show that the curve for which the normal at every point passes through a fixed 
point is a circle. 


SOLUTION Let P (x, y) be any point on the given curve. The equation of the normal to 
the given curve at (x, y) is 
1 : 
Y-y= dy (X — x) «+(1) 
dx 
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It is given that the normal at every point passes through a fixed point (a,b) (say). 
Therefore, 


ory = (a — x) [Putting X = aand Y = bin(i)] 
=> —(y—b)dy = (x-a)dx 
=> (x -—a) dx +(y—b)dy = 0 

SV? (y — 2 
i 7 * a = ile [On integrating] 
= (x —a)* + (y—b)* = 2C 
— (x —a)* + (y —b)? = r*,where 7=2C 


Clearly, this equation represents a circle. 


EXAMPLE22 Find the curve in the xy-plane, passing through the point (1, 1), so that the segment 


of any tangent drawn to the curve between its point of tangency and the y-axis is bisected at the 
X-axis. 

SOLUTION Let P(x,y) be the point of tangency. The equation of the tangent at 
P (x, y) is 


Y-y= (x -x) 


It cuts X-axes and Y-axes at A (= = = ; ) and B (0 ,Y-x ‘| respectively. 
It is given that A is the mid-point of BP. 


_ yy 
eee sds, 
27 * Vay Sey = 





oy - dy 
=> BAY gs = BNey xy = 0 
=> 2y —x = 0 
dy _ 
=> xox = 2y 
1 
=> —dy = —dx 
y y 
1 1 
=> Jody = alle ax Fig. 22.7 
=> logy = 2logx+loge [+ x>0,y>0] 
=> y = Cx? (i) 
It is given that the curve passes through (1, 1). 
aC | 


Putting C = 1 in (i), we get 


y = x’ as the equation of the required curve. 


LSS Lee ees Fie ee eee ee eee 


DIFFERENTIAL EQUATIONS 22.131 


EXAMPLE23 Show that the curve for which the portion of the tangent at any point of it included 


between the coordinate axes is bisected at the point of contact is a rectangular hyperbola 
xy=C. 


SOLUTION Let P (x, y) be any point on the curve y =f (x) such that the tangent at P cuts 


the coordinate axes at A and B. The coordinate of AandB are |x-y ee 0} and 


ay \ 
(0 Au = % in respectively. 


Itis given that P (x, y) is the mid-point of AB. 









dx dy yx 
=U +0 O+y—-x B (0,y - 
a ae = x and 5 = y “gy 
= vy = 2vandy—x 4! = 2y x’ X 
; dy ; ~ AX —— > 
Sy Paige!) 
=> = Yay and y= xy 
| di 
= y= x Vy’ 
= eee Fig. 22.8 
: a . 22. 
ics, [eae 
=> Jay = J x aN 
= log | y| = —log |x| +log|C| 
= log | xy | = log | C | 
=> [xy] =|C| 
=> 


xy = C, which is a rectangular hyperbola. 
EXAMPLE 24 Show that the family of curves for which the slope of the tangent at any point 


22 
(x, y) on it is aria is given by x? — y= = kx. 


eid 
SOLUTION We know that the slope of the tangent at any point on a curve 1s oe 


ax 
dy _ x+y" 
dx —s- 2xy 


Clearly, it is a homogeneous differential equation. 


Substituting y = vx and ui V+X aur we get 








dx “ax 
dv 1+v* 
ase aaa 
25 dv _ 1-v 
ax. 99 
= 20 dv = = ds 
—v 
2v 1 
=> dv =-—|-— ax 
ve—1 Ne 
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=> log |v?-1| = —log |x] +log |C] 
=> log |v*-1| = log iE 
=? ve-1 = ic 

x 
=> y?-x = Cx 
=> — = -Cx 
=> x7" = kx, where k = —C 


Type IV MISCELLANEOUS APPLICATIONS 


EXAMPLE 25 Experiments show that the rate of inversion of cane-sugar in dilute solution is 
proportional to the concentration y (t) of the unaltered solution. Suppose that the concentration 


rei 1 3 See 
S500 att=Oand 300 at §=10 hours. Find y (t). 


SOLUTION Let y be the concentration at time t¢. Then, the rate of inversion of the cane 


sugar is BY It is given that 


dt 
he 
dt 4 
ay, 8 a 
= doe! Be"! 
=> = —kdt 
=> log y = —kt+C mt) 
eee. 1 1 apa 

When t = 0, it is given that Y= 300° SO, putting =O and y= 7/5 in (i), we get 

lle 2 oes 

log 00 =C => C= log10 *=-2 
Putting C = — 2 in (i), we get 
log y = —kt-2 .».(ii) 

nae 1 ; a tily. Bigs Rice pet 
When t = 10, it is given that y = 379: Putting y= 30 and t = 10 in (ii), we get 

1 

log 300 = —10k-—2 

= — log 300 = -10k-2 
=> — (log 3 + log 100) =— 10k-—2 
= —(log3+2) = -—10k-2 
= -log3 = -10k => k = = log3 


Putting the value of k in (ii), we get 


log y = (- = log 3) t-2 


(-z5!083}*-2 
=> y=e 
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EXAMPLE 26 The equation of electromotive forces for an electric circuit containing resistance 
i 
dt’ 
the resistance and L, the coefficient of induction. Find the current iat time t when 

(i) E = O and (ii) E = a non-zero constant. 


SOLUTION Weare given that 


and self inductance is E= Ri+L-—, where E is the electromotive force given to the circuit, R, 


di , 
Lat Rise 
a Ria 6 : 
ae he 7 .--(i) 


This is a linear differential equation in i and t. 
R 
Lai a a a OM 


Multiplying both sides of (i) by LF. = efR/L) "we get 


(R/L)t Gi, eRsye KR; _ E rst 
e at? ,i=7e 
Integrating both sides w.r.t. t, we get 





(R/L)t 

- (R/L)t _ E| 

=> ie T R 
L 

=> jAR/YE BARD C 
= i= B+tCeR/DE ..-(ii) 
(i) When E = 0, from (ii), we get 

i = Cer REL 
(ii) When E =a non-zero constant, from (ii), we get 

hearth (- R/L)t 

t=7+Ce 


EXERCISE 22.11 


1. The surface area of a balloon being inflated, changes at a rate proportional to time 
t. If initially its radius is 1 unit and after 3 seconds it is 2 units, find the radius after 
time f. 


2. A population grows at the rate of 5% per year. How long does it take for the 
population to double ? 


3. The rate of growth of a population is proportional to the number present. If the 
population of a city doubled in the past 25 years, and the present population is 
100000, when will the city have a population of 500000? 

[Given log.5 = 1.609, log,2 = 0.6931. 


4. Inaculture, the bacteria count is 100000. The number is increased by 10% in 2 hours. 
In how many hours will the count reach 200000, if the rate of growth of bacteria is 
proportional to the number present? 
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5. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


If the interest is compounded continuously at 6% per annum, how much worthRs. 
1000 will be after 10 years? How long will it take to double Rs. 1000? 


[Given e°° = 1.822] 


. The rate of increase in the number of bacteria in a certain bacteria culture is 


proportional to the number present. Given the number triples in 5 hrs, find how 
many bacteria will be present after 10 hours. Also find the time necessary for the 
number of bacteria to be 10 times the number of initial present. 


[Given log, 3 = 1.0986, e717" = 9} 


. The population ofa city increases at a rate proportional to the number of inhabitants 


present at any time ft. If the population of the city was 200000 in 1990 and 250000 in 
2000, what will be the population in 2010? [NCERT] 


. If the marginal cost of manufacturing a certain item is given by 


(Crs (x)= = =240.15 xX. 
Find the total cost function C (x), given that C (0) = 100. 


. A bank pays interest by continuous compounding, that is, by treating the interest 


rate as the instantaneous rate of change of principal. Suppose in an account interest 
accrues at 8% per year, compounded continuously. Calculate the percentage in- 


crease in such an account over one year.[ Take e998 — 1.0833 ] 
In a simple circuit of resistance R, self inductance L and voltage E, the current iat 


any time f is given by L a +R1=E. If E is constant and initially no current passes 
through the circuit, prove that i = z(1 — p7 (R/L) :) 


The decay rate of radium at any time t is proportional to its mass at that time. Find 
the time when the mass will be halved of its initial mass. 


Experiments show that radium disintegrates at a rate proportional to the amount 
of radium present at the moment. Its half-life is 1590 years. What percentage will 


disappear in one year ? _ log 2 
HF * [Use :e 1590 =0.9996] 


Theslope of the tangent ata point P (x, y)onacurveis a If the curve passes through 


the point (3, — 4), find the equation of the curve. 
Find the equation of the curve which passes through the point (2, 2) and satisfies 
the differential equation y—<x eae y¥ ae 


Find the equation of the curve passing through the point . 4 and tangent at any 


point of which makes an angle tan; - — cos? : with x-axis. 

Find the curve for which the intercept cut off by a tangent on x-axis is equal to four 
times the ordinate of the point of contact. 

Show that the equation of the curve whose slope at any point is equal to y + 2x and 
which passes through the origin is y+2(x+1) = 2 eo, 


The tangent at any point (x, y) of a curve makes an angle tan | (2x + 3y) with x-axis. 
Find the equation of the curve if it passes through (1, 2). 


#82: = 28 55 


eee 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


tj 


28. 


29. 


30. 


31, 


32. 


33. 


34. 


Find the equation of the curve such that the portion of the x-axis cut off between the 
origin and the tangent at a point is twice the abscissa and which passes through the 
point (1, 2). 


; mags dt 
Find the equation to the curve satisfying x (x + 1) ae —y = x(x +1) and passing 


through (1, 0). 
Find the equation of the curve which passes through the point (3, — 4) and has the 


slope au at any point (x, y) on it. 


Find = equation of the curve which passes through the origin and has the slope 
x+3y—1atany point (x, y) on it. 

Atevery point ona curve the slope is the sum of the abscissa and the product of the 
ordinate and the abscissa, and the curve passes through (0, 1). Find the equation of 
the curve. 


A curve is such that the length of the perpendicular from the origin on the tangent 
at any point P of the curve is equal to the abscissa of P. Prove that the differential 


equation of the curve is y —2xy a -~x7= 0, and hence find the curve. 


Find the equation of the curve which passes through the point (1,2) and the distance 
between the foot of the ordinate of the point of contact and the point of intersection 
of the tangent with x-axis is twice the abscissa of the point of contact. 


The normal to a given curve at each point (x, y) on the curve passes through the 
point (3, 0). If the curve contains the point (3, 4), find its equation. 


The rate of increase of bacteria in a culture is proportional to the number of bacteria 
present and it is found that the number doubles in 6 hours. Prove that the bacteria 
becomes 8 times at the end of 18 hours. 


Radium decomposes at a rate proportional to the quantity of aati present. It is 
found that in 25 years, approximately 1.1% of a certain quantity of radium has 
decomposed. Determine approximately how long it will take for one-half of the 
original amount of radium to decompose? 


[Given log, 0.989 = 0.01106 and log, 2 = 0.6931] 


Ah 4 
Show that all curves for which the slope at any point (x,y) on it is x t¥ are 


2xy 


rectangular hyperbola. 


The slope of the tangent at each point ofa curve is equal to thesum of the coordinates 
of the point. Find the curve that passes through the origin. 


Find the equation of the curve passing through the point (0, 1) if the slope of the 
tangent to the curve at each of its point is equal to the sum of the abscissa and the 
product of the abscissa and the ordinate of the point. [NCERT] 
The slope of a curve at each of its points is equal to the square of the abscissae of 
the point. Find the particular curve through the point (— 1 , 1). 

Find the equation of the curve that passes through the point (0, a) and is such that 
at any point (x, y) on it, the product of its slope and the ordinate is equal to the 
abscissa. 

The x-intercept of the tangent line to a curve is equal to the ordinate of the point of 
contact. Find the particular curve through the point (1, 1). 
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ANSWERS 
1sr= Vi+3P 2. 20 log 2 years 
3. 58 years 4. SIRS hours 
log ia 

5. Rs, 1822, 12 imes, 20810 

. Ks. , 12 years 6. 9 times, log 3 

7. 312500 8. C (x) = 0.075x7 + 2x + 100 

9. 8.33% 11. : log 2, k is the constant of proportionality 
12. 0.04% 13. x7+y? = 25 
14. 2xy-2x-y-2=0 15. ian(4) = oa) 
16. e *¥ = Cy 18. ye * = [-$2-g]e ee Ge 
19. xy = 2 20. y = > (x-1+logx) 
21. 9y+4x7=0 22. 3(x+3y)=2(1-e*) 
23. y+1=2e/2 24. x*+y* = Cx 
25. y* = 4x 26. x7 +y*-6x-7 = 0 
28. 1567 years. 30. x+y = e*-1 
31. l+y = 2e/2 32. 3y =x +4 
33. 4x7+9y = 0 34. x+ylogy = y 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1. Define a differential equation. 

2. Define order of a differential equation. 
3. Define degree of a differential equation. 
4. 


Write the differential equation representing the family of straight lines y= Cx+5, 
where C is an arbitrary constant. 


5. Write the differential equation obtained by eliminating the arbitrary constant C in 
the equation x? y? =C’, 

6. Write the differential equation obtained eliminating the arbitrary constant C in the 
equation xy = GH 


2 51/4 
2 
7. Write the degree of the differential equation a = = 1 + (i) 


2 2 3 
8. Write the order of the differential equation 1 + (zt) =7 ae 


Lieb & 
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9. Write the order and degree of the differential equation 
y=X ay +a Nit ay 
: dx dx 
10. Write the degree of the differential equation 


so+e( iH) =a on( C3 


11. Write the order of the differential equation of the family of circles touching X-axis 
at the origin. 


12. Write the order of the differential equation of all non-horizontal lines in a plane. 


13. If sin x is an integrating factor of the differential equation Pp + Py = Q, then write 


the value of P. 
14. Write the order of the differential equation of the family of circles of radius r. 
15. Write the order of the differential equation whose solution is 
y=acosx+bsinx+ce~. 
16. Write the order of the differential equation associated with the primitive 
y=C, +Cye°+C,e 7** “4, where C1, C>, C3, Cy are arbitrary constants. 
17. What is the degree of the following differential equation? 


2 2 
5x is - a —6y = logx [CBSE 2010] 


ANSWERS 





4. xB _y45=0 5. xdx—ydy=0 6. xdy+ydx=0 7. 4 
8. 2 S12 10. Not defined 11. 1 
12. 2 13. cotx 14. 2 15. 3 16. 3 Le 1 


MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 


1. The integrating factor of the differential equation (x log x) a +y = 2logx,is given 


by 


(a) log (log x) (b) & (c) logx (d) x 
2. The general solution of the differential equation ay 2 is 
(a) log y = kx (b) y = kx (c) xy =k (d) y = klogx 


3. Integrating factor of the differential equation cos x Fe +ysinx = 1, is 


(a) sinx (b) secx (c) tanx (d) cos x 


2 
4. The degree of the differential equation ae 


dy 
dx 
(a) 1/2 (b) 2 (c) 3 aa 4 


, is 


(Gi) 


5. The degree of the differential equation] 5 + 


(a) 4 (b) 2 (c)a5 (d) 10 





| 
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6. The general solution of the differential equation wu +ycotx = cosec x, is 


(a) x+ysinx = C (b) x+ycosx =C 
(c) y+x(sinx+cosx) = C (d) ysinx = x+C 


. The differential equation obtained on eliminating A and B from 


y = Acos@f+Bsin wt, is 


(a) y’+y’ = 0 (b) y”-w' y = 0 
(c) y= -w'y (d) y’+y =0 
8. The equation of thecurve whose slope is givenby* = aM > 0, y > OQandwhich 
passes through the point (1, 1) is 
@) x =y b) y° = 
(c) 7 = 2y (d) y = 2x 
9 


10. 


11. 


12. 


13. 


14, 


15. 


16. 


. The order of the differential equation whose general solution is given by 


y = €, cos (2x + Co) — (cz +¢4) a* * 5+ cg sin (x — cy) is 


(a) 3 (b) 4 (c) 5 (d) 2 

The solution of the differential equation mM ew, represents a circle when 

(a) a=b (b) a = -—b (c) a = —2b (d) a = 2b 

The solution of the differential equation eu + u = 0 with y (1) =1 is given by 
1 1 

ayy=—s eee (eh PRs coe Eh d).y=— 

(a) y a (b) 7 (c) 7 (d) y 

The solution of the differential equation 7. - ues) = Ois given by 

(a) y = xe (b) x = ye 

(c) y=x+C (d) xy = e*+C 


The order of the differential equation satisfying 


Vi-x'a+vVi-y? = a (x? —y”) is 


(a) 1 (b) 2 (c) 3 (d) 4 

The solution of the differential equation y,; y3 = 2" is 

(a) x= Ce e244, (b) 1 y= (i a" *+Cs 

(c) 2x = C, e2 4 C3 (d) none of these 

The general solution of the differential equation a +y 9’ (x) = g(x) 9 (x), where 
g (x) is a given function of x, is 

(a) g(x) +log {1+ y+9(x%)} =C (b) g(x) +log {1+ y—g(x)} = 

(c) g(x) —-log {1 +y-g(x)} =C (d) none of these 

The solution of the differential equation a =1+x+ y” +xy",y (0) = Ois 


(a) y= exp(x+5}- 1 (b) P= 1+Cemp(x+5) 


(c) y = tan(C+x+x) (d) y = tan| +] 
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2 
17. The differential equation of the ellipse = + i =Cis 
b 
70k led a a pe 
Ur oe aa 
(c) eyo s 0 (d) none of these 
18. Solution of the differential equation ay + : = sin xis 
(a) x(y+cosx) = sinx+C (b) x(y—cos x) = sinx+C 
(c) x(y+cosx) = cosx+C (d) none of these 


19. The equation of the curve satisfying the differential equation 
y (x+y) dx = x(y*-x) dy and passing through the point (1, 1) is 


(a) y>-2x+3x7y = 0 (b) y> +2x+3x y = 0 
(c) y + 2x — 3x" y=0 (d) none of these 
20. The solution of the differential equation 2x ay — y=3 represents 
(a) circles (b) straight lines 
(c) ellipses (d) parabolas 
21. The solution of the differential equation x ay = y+xtan : , is 
as ee nay Se 
(a) Oa yt age (b) sin = Cx 
cM 0 = 
(c) sin y Cy (d) sin 2 Cy 
22. The differential equation satisfied by ax? + by* =lis 
@) xyy2+yr +y¥ys = 0 (b) xyy2 xy — yy = 0 
(c) xyyo—xy;">+yy, = 0 (d) none of these 
23. The differential equation which represents the family of curves y = e* is 
(a) yy = Cy (b) xy,-Iny = 0 
(c) xIny = yy, (d) ylny = xy, 


24. Noes of he following transformations reduce the differential equation 


az du 
et ~ = log Tice 3 (log z) into the form ay +P (x) u=Q (x) 


(a) u = logx (bt) u=e& 
(c) u = (log zy! (d) u = (log z)* 


CY) 
25. The solution of the differential equation mw : + 


Jer 
)=¥ 


HR] HES 


(a) (2) aie &) xo(%) =k 


XE 


© (2) = ky (@) y¢ 


xe 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


MATHEMATICS-XII 
If m and 1 are the order and degree of the differential equation 
4 (yo) 
(y>)° +- 4 Yo)" +Y3 = x7 ~ 1, then 
Y3 
(a) m=3,n = 3 (bi m=3,n = 2 
(c) m=3,n =5 (d) m=3,n = 1 
The solution of the differential equation uy +1 =e" is 
(a) (xt+y)e*¥ =0 (b) (x+Cye**¥ = 0 
(c) (x-C)e*¥ =1 (d) (x-C)e**%+1=0 
The solution of x” + y” ay = 4, is 
(a) x+y? = 12x+C (b) x+y" = 3x+C 
(c) x+y? = 3x4+C (a) x+y? = 12x+C 


The family of curves in which the subtangent at any point of a curve is double the 
abscissae, is given by 


GematiGe (by=Gr ()x=Cy (d) y=Cx 





The solution of the differential equation x dx + y dy = x” y dy—y* x dx, is 
(a) x7-1 = C(1+y’) (b) x7 +1 = C(1-y’) 
(c) -1 = C(1+y’) (a) x°+1 = C(1-7) 
The solution of the differential equation (x? + 1) a +(y*+1)=0, is 
1+: 
(a) y=2+x7 0) y=7—, 
a” a eles 
() y = x(x-1) (d) y=5— 
The differential equation x au — y= x", has the general solution 
(a) y—-x° = 2cx (b) 2y—x° = cx 
(c) Qy+x* = 2cx (d) yt+x* = 2cx 


The solution of the differential equation au —ky=0, y(0)=1 approaches to zero 
when xX —> ©9, if 


(a) k=0 (b) k>0 
(c) k <0 (d) none of these 
The solution of the differential equation (1 + x’) a +1+y* = 0,is 
(a) tan”! x—tan7! y = tan" /C (b) tan”! y- tans 'x = tan !C 
(c) tan} y+tan!x = tan C (d) tan | y+tan/ x = tan !C 
The solution of the differential equation at = eye, is 
—-1{x —1 
(a) tan AF = logy+C (b) tan (4) = togx +c 
-1 x = -1¥ = 
(c) tan 3 = logx+C (d) tan () log y+C 


DI Be Be me eae 
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36. 


37, 


38, 


39, 


40. 


41. 


42. 


43, 


44, 


45. 


46. 


The differential equation om + Py = Qy", n>2 can be reduced to linear form by 
substituting 
(a) z=y"} (b) z=" (c) z=y"t! (d) z=yi-” 


If pany are the order and degree of the differential equation 


yh PL ay = cos x, then 

(a) p<q % (b) p=q (c) p>q (d) none of these 

Which of the following is the integrating factor of (x log x) au +y = 2logx? 
(a) x (b) e&* (c) logx (d) log (log x) 

What is integrating factor of ay +ysecx = tanx? 

(a) secx+tanx (b) log (sec x + tan x) 

(ire * (d) secx 


Integrating factor of the differential equation cos x ay +ysinx = 1,is 


(a) cosx (b) tanx (c) secx (d) sinx 


3 
2 2 
The degree of the differential equation ie | + ot + sin gy +1 = 0,is 
dx dx dx 


(a) 3 (b) 2 (c) 1 (d) not defined 

The order of the differential equation 2x fy —3 au +y = 0,is 

(a) 2 (b) 1 (c) 0 (d) not defined 

The number of arbitrary constants in the general solution of differential equation 
of fourth order is 

(a) 0 (b) 2 (c) 3 (d) 4 

The number of arbitrary constants in the particular solution of a differential equa- 
tion of third order is 


(a) 3 (b) 2 (c) 1 (d) 0 
Which of the following differential equations has y = C, e* + C, e * as the general 
solution? 


2 
(a) ty = 0 (b) oy Yi = 
2 2 
() egti=0 (a) ae 


Which of the following differential equations has y = x as one of its particular 
zoLnOne 


(a) r. 2a s xy = =x (b) PM ery = =x 
(«) =4 fy 2 4 xy = 0 (d) Be tay <0 


iil ii i EI EP - _ ==> a 
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47. The general solution of the differential equation oy =e *Y, is 


48. 


49. 


50. 


51. 


52. 


53. 





(a) “+e %=C 
(c) e *+e7 =C 


(b) e+e =C 
(d) e *+e4%=C 


A homogeneous differential equation of the form 7 =h a can be solved by 
making the substitution 

(a) y= vx (b) v = yx (c) x = vy (d) x =v 

Which of the following is a homogeneous differential equation? 

(a) (4x + 6y +5) dy —(3y +2x+4)dx = 0 (b) xy dx — (x° + y”) dy = 0 

(c) (x° + 2y) dx +2xy dy = 0 (d) y* dx + (x*-xy-y’) dy =0 


The integrating factor of the differential equation x au —y — 2x? 














et by &¥ () 2 (d) x 
The integrating factor of the differential equation (1 —- y’) a + yx = ay(-1<y<\l) 
is 
1 1 1 1 
a (c) d) 
Oem a ey oO -7 


The general solution of the differential equation yarn xdy = 0, is 

(a) xy=C (b) x=Cy¥ (d) y = Cx 

The general solution of a differential equation of the type * +P,x = Qyiis 
@) yd 4 = f ford 4h aysc 

(b) y el Prax = f Q, el Prax dx+C 

() xed ity =f Q, el Pity dy+C 

(a) xd Pit flo Irtbarsc 


(c) y= Cx 


_ 54. The general solution of the differential equation e* dy + (y e* + 2x) dx = Ois 
(a) xY%t+x7=C (b) x¥+y=C 
(c) ye 4x2 =C (a) yX+xr?=C 
ANSWERS 
1. (c) 2. (b) 3. (b) 4. (b) 5. (e) 6. (d) 7. (c) 8. (a) 
9. (c) 10. (6) 11. (a) 12. (a) 13. (a) 14. (b) 15. () ~~ 16. (d) 
17. (a) 18. (a) 19. (c) 20. (d) 21. (b) 22. (b) 23. (d) _—224.. (c) 
25. (a) 26. (b) 27. (ad) 28. (d) 29. (a) 30. (a) 31. (d) 32 (b) 
33. (c) 34 (d) 35. (b) 36. (d) 37. (a) 38 (c) 39. (a) 40. () 
41. (d) 42. (a) 43. (d) 44. (d) 45. (6) 46. (0) 47. (a) 48.) 
49. (d) 50.(c) 51.(a) 52() 53.() 54. (c) 
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REVISION EXERCISE 
1. Determine the order and degree (if defined) of the following differential equations: 
4 
(i) ir] +358 > =0 [NCERT] (ii) y’”+2y”+y’ =0  [NCERT] 
(iii) (y’”)* + (y+ 0)? +" = 0 INCERT] (iv) /”+2y’+y =0 [NCERT] 
(v) 1 y"* (1 y’ y+ 2y = 0 [NCERT] (vi) y”+2y’+siny =0 [NCERT] 
(vii) /”+y7+e% = ° [NCERT] 
2. Verify that the function y=e is a solution of the differential equation 
2 
ou Be Bi 
dx* ax 


3. In each of the following verify that the given functions (explicit or implicit) is a 
solution of the corresponding differential equation: 





(i) y=e*+1 y’-y =0 
(ii) y = x*+2x+C if -2x-2=0 
(ili) y = cosx+C y’+sinx = 0 
(iv) y = V1 4x7 y = eae 
+x" 
(v) y = xsinx xy" = y+x Vx" y” (x#0andx>yor x<-y) 
(vi) y = Var ~ x", xe (-a,a) xty ot = Q, , 


4, Form the differential equation respresenting the family of curves y = mx, where m 
is an arbitrary constant. 


5. Form the differential equation representing the family of curves y =a sin (x + b), 
where @, b are arbitrary constant. 


6. Form the differential equation representing the family of parabolas having vertex 
at origin and axis along positive direction of x-axis. 


7. Form the differential equation of the family of circles having centre on y-axis and 
| radius 3 unit. 
. 8. Form the differential equation of the family of parabolas having vertex at origin and 
axis along positive y-axis. 
9. Form the differential equation of the family of ellipses having foci on y-axis and 
centre at the origin. 


| 10. Form the differential equation of the family of hyperbolas having foci on x-axis and 
| centre at the origin. 


11. Verify that xy=ae"+be*+x* is a solution of the differential equation 


2 
| dy au 
x +2 ge +x7-2=0. 
| dx? : 


12, Show that y = Cx+ 2C* is a solution of the differential equation 


2 
d d 
o{f) +xF—y=0. 


13. Show that y7- x xy=a is a solution of the differential equation 
(x-2y) La2x+y=0. 
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14. Verify that y=Acosx+sinx satisfies the differential equation 
cos x + (sin xX) y=1. 


15. Find the differential equation corresponding to y = ae~ + be >* + ce* where a, b, care 
arbitrary constants. 


16. Show that the differential equation of all parabolas which have their axes parallel 
3 


Meet (Sack "fle 
to y-axis is = (0. 
, dx? 


17. From x7 + y + 2ax + 2by+c = 0, derive a differential equation not containing a,b 
and c. 


Solve the following differential equations: 





18. #Y _ sin? x costx +x V¥41 19. Pease 

dx dx x7 44x45 

dy _ dy f 
20. 7. y*+2y+2 21, s+ 4x = 
22. BY x2 ot 23. BY sin? x= : 

ax ax x log x 
24. (tan?x +2 tan x+5)&/ =2 (1 + tan x) sec? x 
25. AY = sin’ x cos? x + xe" 26. tanydx+tan x dy=0 
27. (1 +x) ydx+(1+y)xdy=0 28. x cos? y dx = y cos? x dy 
29. cos y log (sec x + tan x) dx =cos x log (sec y + tan y) dy 
30. cosec x (log y) dy +x*y dx =0 31. (1—x*) dy +xy dx = xy? dx 


32 dy _sinx+xcosx 


— ee oe y — 
2 ae ylonya 1} 33. x (e*Y —1) dy + (x2 - 1) & dx =0 


ad d 

34, etl aerty 35. qa (ety)? 
is aye 

36. cos (x + y) dy=dx 37. fat 2 

d x=1 
38. Sarre 39. (x+y—1) dy=(x+y) dx 
40. MU y cot x =cosec x 41. a _ ytanx=—2sin x 
42. ML _y tan x =e sec x 43. wv _ytanx=e 
44. (l+y+x7 y)dx+(x+2°) dy=0 45. (x7 +1) dy+(2y—1)dx=0 
46. y sec? x+(y+7) tanx SL =9 47. (Qax +22) 2 =? + ak 
48, (x? — 2y*) dx +3x* ydy=0 49. x° dy +(x? —xy+y?) dx=0 


aye ay WY oy = si 
50. y-zHav[ise | 51. 7 + 2y =sin 3x 


Lt 


FE 
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52. 


54. 


56. 


58. 


59. 


60. 


62. 


63. 


64. 


65. 


66. 


BU AY Sy = 
ay t Y= 4x 53. dx tO cos 4x 
QV ooe2( ¥)— 2 AAU 
X77. +X COs (}=y 55. cos xa, ty =tanx 
xcos.x ey (x sin x + cos x)=1 57. (1 +") + (x— eran yy =0 
2 1) dy _ 
y+ (: + | TPs 0 
_. dy . _ - Tt 
2 cos x et 4y sin x = sin 2x, given that y=0 when x= 3 
(1 + y?) dx =(tan™ y — x) dy 61. ay +ytanx=x"cosx,n#-1 
(nll x+1 
Find the general solution of the differential equation FF 2-y ,Y#2. 
Find the particular solution of the differential equation ou =— 4xy? given that 


y=1, when x=0. 
For each of the following differential equations, find the general solution: 


. dy _ 1-—cosx ) QY _fg_ yp _ 

(i) RO eee a (ii) Fi 4-y" ,-2<y<2 [NCERT] 
(iii) # -a+yaty) (iv) ylogydx—xdy = 0 

(v) & = sin”! x (vi) Mey =1y#l 


For each of the following differential equations, find a particular solution satisfying 
the given condition: ([NCERT] 


(i) x (2-1) =1, y=0 when x =2 


dx 


(ii) cos (#2) = A, y = 1 when x = 0 
(iii) a. = y tanx, y = 1 when x = 0 


Solve the each of the following differential equations: [NCERT] 
ad “s d 
(i) (x—y) SE = x+2y (ii) x cos = di = yeos{}+x 
(iii) yax+-xtog (4) dy —2edy = 0 (iv) My = cosx 
d eC 
(v) xo +2y = 2x7, x #0 (vi) a ty = sinx 
wy ay nie 2% en GY GUh nee 
(vii) ae +3y =e (viii) EP + = x 


ix) e M3 WY oy = 
(ix) dx + S&C XY = tanx 0<x<5] (x) xy + 2Y x” log x 
(xi) xlog x+y = log x (xii) (1 +x) dy + 2xy dx = cot x dx 


(xiii) (ery) = 1 (xiv) y dx+(x—y’) dy = 0 
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67. 


68. 


69. 


70. 


71. 


72. 


73. 


74, 


75. 


76. 


77. 


78." 


79 
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(xv) (x + 3y”) wv =y,y>0 


Find a particular solution of each of the following differential equations: [NCERT] 
() (1437) M4 2xy = : 
(ii) (x+y) dy+(x-—y)dx = 0;y = 1 when x = 1 

(iii) x” dy + (xy + y*) dx = 0; y = 1whenx = 1 

Find the equation of the curve passing through the point (1, 1) whose differential 

equation isxdy = (2x7 +1) dx, x #0. {NCERT] 

Find the equation of a curve passing through the point (— 2, 3), given that the slope 





2°¥ = 0,whenx = 1 
x 


of the tangent to the curve at any point (x, y) is at [NCERT] 
y 

Find the equation of a curve passing through the point (0, 0) and whose differential 

equation is = e sin x. [NCERT] 


At any point (x, y) of a curve, the slope of the tangent is twice the slope of the line 
segment joining the point of contact to the point (- 4, — 3). Find the equation of the 
curve given that it passes through (— 2, 1). [NCERT] 


Show that the family of curves for which the slope of the tangent at any point 
Di m2 
(x, y) on it is age is given by x°-y" = Cx. [NCERT] 


Find the equation of a curve passing throught the point (0, 1). If the slope of the 
tangent to the curve at any point (x, y) is equal to the sum of the x-coordinate and 
the product of the x-coordinate and y-coordinate of that point. [NCERT] 


Find the equation of the curve passing through the origin given that the slope of the 
tangent to the curve at any point (x, y) is equal to the sum of the coordinates of the 
point. [NCERT] 


Find the equation of the curve passing through the point (0, 2) given that the sum 
of the coordinates of any point on the curve exceeds the magnitude of the slope of 
the tangent to the curve at that point by 5. [NCERT] 


The slope of the tangent to the curve at any point is the reciprocal of twice the 
ordinate at that point. The curve passes through the point (4, 3). Determine its 
equation. [NCERT] 


The decay rate of radium at any time t is proportional to its mass at that time. Find 
the time when the mass will be halved of its initial mass. 
Experiments show that radium disintegrates at a rate proportional to the amount 
of radium present at the moment. Its half-life is 1590 years. What percentage will 
disappear in one year ? _log2 

[Use e 1590 =0,9996] 


A wet porous substance in the open air loeses its moisture at a rate proportional to 
the moisture content. If a sheet hung in the wind loses half of its moisture during 
the first hour, when will it have lost 95% moisture, wheather conditions remaining 
the same. 


DSS: se 
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1 ANSWER 
1, (i) (ii) (iii) (iv) (v) (vi) (vii) 
2 3 


Order 2 3 3 3 2 

Degree 1 ] 2 1 1 1 Not specified 

a av ay 2 oy, HY 
4x77 y=0 5 oa = 0 6. y axy7 = 0 
7. (x*-9) (y’)? + x? = 0 AY = 0 9. xyy” +x (y’)? — yy’ = 0 
10. xyy” +x (/)* - yy’ = 0 15. 2 rlinden =0 

x 
7 ie dy + _ a Py) _, 
dx} Jax? dx | gx" 
18. y= cos’ x~= cos? x +2 (x +1)°/2 — S (x4 1)/?4 Cc 
19. y=tan”! (x+2)+C 20. x=tan” | (y+1)+C 
21. yt+2x7=e4+C 22. y = (x7 -2x+2)e°+C 
x 
1 
23. 1 = 777g sin 2x—< cos 2x + log | logx | +C 
5 3 

24. y=log | tan? x+2tanx+5 | +C 25. y= ae x _ SOs aia 1)e*+C 
26. sinx sin y=C 27. eae 
28. x tanx—y tan y=log | secx | —log | secy | +C 
29. [log (sec x + tan x)]’ = [log (sec y + tan yl +C 
30. 5 (log | y |)°+ (2-2) cos x+2xsinx=C ) 
31. y-1P J 1-27 ;=Cy 32. ¥ logy=xsinx+C : 
33. M+eY-> 7 +log |x| =C 34. -1l=(x+C)e**4 
35. x+y =tan (x +C) 36. y-Catan{ #5) 
37. y-2x=Cx*y 38. Cxy= &/¥ 
39, 2(y—x) —log (2x+2y—-—1)=C 40. ycosecx=—cotx+C 
41, ysin x=C-3 cos 2x 42. ycosx=e"+C 
43, ycosx=£ (cos x+sinx)+C 44. xy =—- tan) x+C 
is, y=Cet™ “4h 46. y tanx=ke 4 
47. y+ C= [log x +3 log (x + 2a)] 48. P+ y=ke 
49, Caxe™ (y/z) 50. y=k (y—b) (1 + bx) 


51. “3 (3982- cos ax] + Cer 52. y=4(x-1)+Ce™* 
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=f) ee) ; ~5x 
53. y= 41 (sin Ax + 4 COS x +Ce 


55. ye™* C4 plane (tan x -1) 
a 
57. xe" Y=C4 tan! y 


59. y=cosx—2 cos* x 


x" +1 


n-+1 





61. ysecx=C+ 


1 
63. y = 
Boa 





64. (i) y= 2tan>—x+C 


3 
(iii) tan” y = x+%4¢ 
J 3 


(v) y=xsin }x+V1-x74¢C 
y 


iL ol (eco eg Pee 
65. (i) y Ze5| = }-00e8 





(ili) y = secx 
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54. tan q =logx+C 


56. xy secx=C+tanx 
58. ance a(t + 1 
y 
Jan yi. tan”'y =] 4 
60. xe = C+e (tan  y-1) 


62. x+y? +2x—-4y4+C = 0 


(ii) y = 2sin(x+C) 


(vi) y=1+Ce* 
(ii) cos er =a 


66. (i) log |x? +xy+y7| = 26 tnt”) 


(ii) sin (4) = log | Cx | 

(iv) y = 5 (sinx~cos.x)+Ce* 
(vi) y = = (2 sin x — cos x) + Ce >* 
(viii) xy = +c 


2 
(x) y = +z (4 log x-1)+Cx-? 


(xii) y = (1 +x) log sinx+C(1 +$2x7)- 


eee eat IC 
(xiv) x = 3 ay 
67. (i) y(1+x2) = tan”? x-4 


(iii) y+2x = 3x7y 
69. y = (3x7415)43 


71. (x+4)? = y+3 
74. x+y+1 = e* 


(iii) Cy = log 





: a 
x 
(v) y= = cx? 
(vii) y= & %4Ceo* 
(ix) y(secx+tanx)=secx+tanx-x+C | 


(xi) ylogx = -2(1 + 10g x)+C 


a ee 


(xiii) x+y4+1 = Ce 


(xv) x = 3y*+Cy : 


(ii) log (x* +) +2 tan”? 4 =F + log? - 


68. y = x? + log | x | 


rite 


70. 2y—1 = e* (sin x —cos x) 


2 
x 


73. y=—-1+2e2 
75. y = 4-x-2e* 


—- 
. 
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76. y? =x+5 77. : log 2, Kis the constant of proportionality 
78. 0.04% 79, “2820 
log2 
SUMMARY 
1. (i) An equation containing an independent variable, dependent variable and 


differential coefficients of dependent variable with respect to independent 
variable is called a differential equation. 


(ii) The order of a differential equation is the order of the highest order derivative 
appearing in the equation. 
The order of a differential equation is a positive integer. 


(iii) The degree of a differential equation is the degree of the highest order deriva- 
tive, when differential coefficients are made free from radicals and fractions. 


In other words, the degree of a differential equation is the power of the highest 
order derivative occurring in a differential equation when it is written as a 
polynomial in differential coefficients. 


2. A differential equation is a linear differential equation if it is expressible in the form 


n n—-1 n—-2 
Puew. p Lie Set ct Py Et Pay =Q 


dx" l dx" - 1 2 dx" - 2 


where Po, Py, Po, ..., P14, P, and Q are either constants or functions of inde- 
pendent variable x . 

Thus, if a differential equation when expressed in the form of a polynomial involves 
the derivatives and dependent variable in the first power and there are no product 
of these, and also the coefficient of the various terms are either constants or functions 
of the independent variable, then it is said to be linear differential equation. 
Otherwise, it is a non-linear differential equation. 

It follows from the above definition that a differential equation will be non-linear 
differential equation, if 


(i) its degree is more than one. 
(ii) any of the differential coefficient has exponent more than one. 
(iii) exponent of the dependent variable is more than one. 


(iv) products containing dependent variable and its differential coefficients are 
present. 


3. The solution of a differential equation is a relation between the variables involved 


which satisfies the differential equation. Such a relation and the derivatives ob- 
tained therefrom when substituted in the differential equation, makes left hand, and 
right hand sides identically equal. 

The solution which contains as many arbitrary constants as the order of the 
differential equation is called the general solution of the differential equation. 
Solution obtained by giving particular values to the arbitrary constants in the 
general solution of a differential equation is called a particular solution. 


4. A differential equation is said to be in the variable separable form if itis expressible 


in the form f(x) dx = g(y) dy 
The solution of this equation is given by 


J f(x) dx =| g(y) dy+C, where C is a constant. 
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5. A differential equation of the form ay =f (ax + by +c) can be reduced to variable 


6. 


separable form by the substitution ax + by +c =v. 


If a first order first degree differential equation is expressible in the form 
dy _ f(y), 
dx (x,y) 
where f (x, y) and g (x, y) are homogeneous functions of the same degree, then it is 


called a homogeneous differential equation. Such type of equations can be reduced 
to variable separable form by the substitution y = vx or, x = vy. 


. Ifa differential equation is expressible in the form ay + Py + Q, where P and Qare 


functions of x, then it is called a linear differential equation. The solution of this 
equation is given by 


y(e!P*)-f (oe)?)ar+c 


Sometimes a linear differential equation is in the form * + Rx =S, where Rand $ 
are functions of y. 


The solution of this equation is given by 


x (JR) _j (s FRY) ay +c 
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23.1 INTRODUCTION 


Physical quantities are divided into two categories - scalar quantities and vector quan- 
tities. Those quantities which have only magnitude and which are not related to any 
fixed direction in space are called scalar quantities, or briefly scalars. Examples of scalars 
are mass, volume, density work, temperature etc. To represent a scalar quantity we 
assign a real number to it which gives its magnitude in terms of a certain basic unit of 
a quantity a of the level type. Throughout this chapter by scalars we shall mean real 
numbers. Second kind of quantities are those which have both magnitude and direction. 
Such quantities are called vectors. Displacement, velocity, acceleration, momentum, 
weight, force etc. are examples of vector quantities. 


NOTE It is to note here that in addition to magnitude and direction, two vector quantities of the 
same kind should be capable of being compounded according to the parallelogram law of addition. 
Quantities having magnitude and direction but not obeying the parallelogram law of addition 
will not be treated as vectors. For example, the rotations of a rigid body through finite angles have 
both magnitudes and directions but do not satisfy the parallelogram law of addition. 


23.2 REPRESENTATION OF VECTORS 
Vectors are represented by directed linesegments such that the length of the linesegment 
is the magnitude of the vector and the direction of arrow marked at one end emphasizes 


the direction of the vector. A vector, denoted by PQ, is determined by two points P,Q 
such that the magnitude of the vecioris the length of the straight line PQ and its direction 


_— 
is that from P to Q. The point P is called the initial point of vector PQ and Q is called the 
: a 
terminal point or tip. Vectors are generally denoted by a,b, c’ete. 
The modulus, or module, or magnitude of a vector 2’ 7is the 
positive number which is the measure of its length and is denoted 


by | @’|. The modulus | 2] of a vector 2@’is sometimes written 

asiaseite SS ik), Se SO a ee ———__—___—__»—------ 
~ 5 IF - Q 

NOTE Every vector PQ has the following three characteristics: Fig. 23.1 


LENGTH The length of PQ will be denoted by | PQ | or PQ. 
SUPPORT The line of unlimited length of which PQ is segment is called the support of 
the vector PQ. 


SENSE The sense of PO is from P to Q and that of OP is from Q to P. Thus, the sense of 
a directed line segment is from its initial point to the terminal point. 


EQUALITY VECTORS Two vectors @°and b are said to be equal, written as a= b; if they have 
(i) the same length (ii) the same or parallel support, and (iii) the same sense. 
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23.3 TYPES OF VECTORS 


ZERO ORNULL VECTOR A vector whose initial and terminal points are coincident is called the 
zero or the null vector. 


Thus, the modulus of the null vector is zero but it can be thought of as having any line 
as its line of support. The null vector is denoted by 0. 


Vectors other than the null vector are called proper vectors. 


UNIT VECTOR A vector whose modulus is unity, ts called a jenit vector. The unit vector in the 
direction of a vector a’ is denoted by ‘a, read ‘a cap’. Thus, |‘a | = 1. 


LIKE AND UNLIKE VECTORS Vectors are said to be like when they have the same sense of 
direction and unlike when they have opposite directions. 


COLLINEAR OR PARALLEL VECTORS Vectors having the same or parallel supports are called 
collinear vectors. 


CO-INITIAL VECTORS Vectors having the same initial point are called co-initial vectors. 


CO-PLANAR VECTORS A system of vectors is said to be coplanar, if their supports are parallel 
to the same plane. 


Note that two vectors are always coplanar. 
COTERMINOUS VECTORS Vectors having the same terminal point are called coterminous vectors. 
NEGATIVE OF AVECTOR [Thie vector which has the same magnitude as the vector a but opposite 


~. ~ > 
direction, is called the negative of a’and is denoted by —a- Thus, if PO = a, then OP = =—A. 


RECIPROCAL OF AVECTOR A vector having the same direction as that of a given vector a but 
es equal to the reciprocal ¢ the given vector is known as the reciprocal of a’and is denoted 


bya 1 Thus, if | @ a’| =a,| a’ Mae 


LOCALIZED AND FREE VECTORS A vector which is drawn parallel to a given vector through 
a specified point in space is called a localized vector. For example, « force acting on a rigid body 
is a localized vector as its effect depends on the line of action of the force. If the value of a vector 


depends only on its length and direction and is independent of its position in the space, it is called 
a free vector. 


In this chapter we will be dealing with free vectors, unless otherwise stated. Thus a free 
vector can be taken anywhere in space by choosing an arbitrary initial point. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Represent graphically (i) a displacement of 40 km, 30° west of south. (ii) 
60 km, 40° east of north (iii) 50 km south-east. [NCERT] 


SOLUTION (i) The vector OP represents the required displacement vector. 





Fig. 23.2 


ee en 
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(ii) The vector 60 represents the required vector. 

(iii) OR represents the required vector. 

EXAMPLE2 Classify the following measures as scalars and vectors 

(i) 10 kg (ii) 10 meters noth-west (iii) 10 Newton 

(iv) 30 km/hr (v) 50 m/sec towards north (vi) 10° 19 coloumb. ([NCERT] 


SOLUTION (i) Mass-scalar (ii) Directed distance-vector (iii) Force-vector 
(iv) Speed-scalar (v) Velocity-vector (vi) Electric charge-vector. 


EXAMPLE3 In Fig. 23.3, which of the vectors are: 
(i) collinear (ii) Equal (iii) Co-initial (NCERT] 
SOLUTION Clearly, 


. >? : 

(i) a ¢’and d are collinear vectors. 

(ii) @’and ¢’are equal vectors each of magnitude 2 units. 
et > — Steet 

(iii) b,c*andd are co-initial vectors. 





Scale, |[— 
1 unit d 
Fig. 23.3 
EXAMPLE4 In Fig. 23.4 (a square), identify the following vectors: 
(i) Coinitial (ii) Equal (iii) Collinear but not equal. [NCERT] 


SOLUTION Clearly, 

(i) a, d are co-initial vectors 
Nein — 

(ii) d and b are equal vectors. 


(iii) a and ¢’are collinear but not equal vectors. 


a 


—_ 


Cc 
Fig. 23.4 


EXERCISE 23.1 
1. Represent the following graphically: 


(i) a displacement of 40 km, 30° east of north ([NCERT] 
(ii) a displacement of 50 km south-west 


23.4 MATHEMATICS-XII 


(iii) a displacement of 70 km, 40° north of west. 
2. Classify the following measures as scalars and vectors: 
(i) 15 kg (ii) 20 kg weight (iii) 45° .  [NCERT] 
(iv) 10 meters south-east (v) 50 m/ sec” 
3. Classify the following as scalars and vector quantities: 


(i) time period (ii) distance (iii) displacement 
(iv) force (v) Work (vi) Velocity [NCERT] 


(vii) Acceleration 
4, In Fig. 23.5, which vectors are: 
(i) Collinear (ii) Equal (iii) Coinitial 
(iv) Collinear but not equal. 





A 


of 
oo 


Fig. 23.5 


5. Answer the following as true or false: 
(i) @and @ are collinear. 
(ii) Two collinear vectors are always equal in magnitude. [NCERT] 
(iii) Zero vector is unique. 
(iv) Two vectors having same magnitude are collinear. 
(v) Two collinear vectors having the same magnitude are equal. 


ANSWERS 





Fig. 23.6 
2. (i) Mass—scalar (ii) Weight (Force) —vector (iii) Angle — scalar 
(iv) Directed Distance — vector (v) Magnitude of acceleration —scalar. 
3. (i) scalar (ii) scalar (iii) vector (iv) vector 


(v) scalar (vi) vector (vii) vector. 
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1 (i) MUD PAeY ii) OP; PAH? 
(ii) 72; Pd (iv) 2 PP 
5. (i) T (ii) F (iii) F (iv) F (v) F 


23.4 PARALLELOGRAM LAW OF ADDITION OF VECTORS 


a Ye 3 ‘ ; ‘ ‘ ‘ . 
If tvo vectors @and bare represented in magnitude and direction by the two adjacent sides of a 
parallelogram, then their sum Cis represented by the diagonal of the parallelogram which is 
coinitial with the given vectors. 


Symbolically, we have Q R 
OP +00=OR or, a+b = ar 
From Fig. 23.7, we have b b 


PR=OQ=b. 
Therefore, in triangle OPR, O a P 
OP + PR=OR. Fig. 23.7 


Thus, it follows that if two vectors are represented in magnitude and direction by the two sides 
of a triangle taken in the same order, then their sum is represented by the third side taken in the 
reverse order. This is called the triangle law of addition of vectors. 


Using triangle law of addition of vectors in A ABC, 


we have 
A 
AB + BC = AC 
BC + CA 


and, BA + AC 


BA 
BC B Cc 


Fig. 23.8 


mar ae : 
NOTE It should be noted that the magnitude of a’+b is not equal to the sum of the magnitudes 
of aand b. 


23.5 PROPERTIES OF ADDITION OF VECTORS 
In this section, we shall learn some properties of addition of vectors. 
Commutativity: For any two vectors @’and b, we have 


Tb = b+? 
—)> —_ a AB 
PROOF Let the vectors a“and b be represented by OA and AB respectively. 


Complete the parallelogram OABC. 
We have, GB = OA = @tand OG = ABE i 


In A OAB, we have 
OA+AB = OB [By triangle law of add.] 
= 7?+b = OB .».(i) 


In A OCB, we have 
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Fig. 23.9 
OC+CB = OB [By triangle law of add.] 
b+a’= OB ...(ii) 


From (i) and (ii), we have 
a+b=b+a 


(ii) Associativity: For any three vectors a? b, &? we have 
aS 
(+ by +C% a+ (b+e°) 


PROOF Let the vectors a b; ¢ be represented by OA, AB and BC respectively. Join O, B; 
O, Cand A, C. 


In triangle OAB, we have 
OA + AB = OB [By triangle law of add] 
=> a+b = OB .»-(i) 





Fig. 23.10 
In AOBC, 
OB+BC = OC [By triangle law of add.] 
= @+by+e%= OC [Using (i)] (ii) 
In AABC, we have 


AB+BC = AC 


er ReeG WAG (iii) 


—s)lUd)DlU i ee.) lee 


< 
al 
4 
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In AOAC, we have 
OA+AC = OC 
= w+ (b+cy = OC .(iv) [Using (iii)] 


From (ii) and (iv), we have 
(7% by + 0= 7+ (beep 
(iii) Existence of additive identity: For every vector awe have 
a+ oe a=0 * a? where 0” is the null vector. 
PROOF Let OA =a? Then, 
eta =00+O0A=OA=@ 
Hence, a+ O=a=0+7 
(iv) Existence of nde? inverse : a every vector a, there corresponds a vector —a@’such that 


a+ (-a}=0 =(-a +a 
PROOF LetOA=a? Then, AO=-@” 


a+ (-ay = OA+AO = OO 
and, . (-a)+@?= AO+OA = AA = 
Hence, @%+(-a) = (-ayt+a= 0” 


[By triangle law of add.] 
[By triangle law of add.] 


23.5 SUS nae ON OF VECTORS 
If a’and x are two vectors, then the mgr of b° from a” a’is defined as the vector sum of 
Wand -b’ and it is denoted woes ab ie.,a~-b=a'+ (- by 


. : oe 
Thus, to subtract vector b° from vector @ we reverse the direction of vector b and 
add it to vector @ as shown in Fig. 23.11. 





Fig. 23.11 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 is By b, 0be the vectors represented by the sides of a triangle, taken in order, then 
prove thata’+b+c=0. 


3 


CA 


SOLUTION Let ABC be a triangle such that BC = a;CA =b’and AB=2? Then, 
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Fig. 23.12 
W+b+e%= BC+CA+AB : 
= @+b+c%= BA+AB [-» BC + CA =BA] 
= a+ b+ C= BB [By triangle law] 
=> a4 b+0= 0 [By def. of null vector] 
» > — 


Hence, 4a +b+ce= 0. 


EXAMPLE2 If P,,P5, P3, P, are points in a plane or space and O is the origin of vectors, show 
that P, coincides with O iff OP, 15 P; P> + P5 P, + P3P, = 0” 
SOLUTION We have, 


OP, + P; Py + Pp P3 + Py P4=0° 


=> (OP, + P, P>) + Py Py + P3P, =0° [By assoc. of vector addition] 
= (OP, + P,P) + P3 P, = 0° [By triangle law OP, + P; P> = OP, 
=> OP, + P3P, =0° [By triangle law OP, + P, P3 = OP,] 
= OP, = 0" [By triangle law OP; + Ps Pg = OP] 
=> P, coincides with O -- [By def. of null vector] 


EXAMPLE3 If PO + 00 = G0 + OR, show that the points P, Q, R are collinear. 
SOLUTION We have, 


Pb+00 = Gb+ok 


— PO = OR [By triangle law] 
Thus, PQ and QR are either parallel or ¢ollinear. But, Q is a point common to them. 
So, PQ and OR are collinear. 


Hence, points P, Q, R are collinear. 

EXAMPLE 4 Ifa; bare any two vectors, then give the geometrical interpretation of the relation 
|\a+b| = |@-b" 

SOLUTION Let OA =a and AB=b" 

Complete the parallelogram OACB. Then, OC =band CB =a" 

in AOAB, we have 
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OA+AB = OB 
= a+b = OB .--(i) 
In AOCA, we have 


= CA =a—b (ii) 





Fig. 23.13 


Diagonals of parallelogram OACB are equal 

OABC is a rectangle 

OA aA OC 

a’ lb. 

EXAMPLE 5, If @’and bare the vectors determined by two adjacent sides of a regular hexagon, 
what are the vectors determined by the other sides taken in order ? 

SOLUTION Let ABCDEF be a regular hexagon such that AB=a andBC=b. 

Since AD is parallel to BC such that AD = 2 BC. 


AD =2BC =2b° 


YyYUdsuedrvey 


In AABC, we have 

AB + BG = Ac [By triangle law of add.] 
= a+b = AC E D 
In A ACD, we have 


mech = aD 
+  chaAb-i : 
= Cb=2b-@+h=b-a 
Clearly, 
Bk = —-aba—a? ji 
Hee BCE he A a B 
anneeer Ale = CD ==(b- a) sacabe Fig. 23.14 


=| 


EXAMPLE 6 If the sum of two unit vectors is a unit vector, prove that the magnitude of their 
difference is V3. 


SOLUTION Let @ and bbe two unit vectors represented by sides OA and AB ofa triangle 
OAB., Then, OA =f, AB = and 


Ob=OA+AB="+6 [By triangle law of add.] 
It is given that 

A A N A 

[a] = |b] = [a+b] =1 
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= OA = AB = OB = 1 

=> AOAB is an equilateral triangle 
A = 

Since OA = || =1=|-b | =AB’ 


A OAB' is an isosceles triangle 





= ZAB'O = ZAOB’ = 30° 
= <BOB' = ZBOA + ZAOB’ = 60° + 30°=90° 
In ABOB’, we have 

BB” = OB? + OB” 

A 
=> 27 = \atb |24+]| a—b |? 
nN A 
=> 27 = 17+] a-b|? 
A A 


EXAMPLE7 If @’and b represent two adjacent sides AB and BC respectively.of a parallelogram 
ABCD, then show that its diagonals AC and DB are equal toa *% b and a- b respectively. 


SOLUTION Since ABCD isa parallelogram. 
AB = DC and AD = BC 


= DC = AB = @and AD = BC =" 


In A ABC, we have 
AB+BC = AC D C 

=> Tb = AC 

In A ABD, we have b 
AD+DB = AB 

=> ei D}s = one A Fy B 

= DB =a2b’ Fig. 23.16 

Hence, AC =a@%bandDB =a2b 


a ee 
EXAMPLE 8 Vectors drawn from the origin O to the points A, B and Care respectivelya, band 
4a? 3b. Find AC and BC. 


SOLUTION It is given that OA = a? OB =b’and OC = 42% 3b" 


In AOAC, we have 5 
OA+AC = OC. = 

=~ Ac = OC-OA 

= Ac = 472-3b-a@= 322. 3b = 3@2 by 6 A 

In AOBC, we have 
OB+BC = OC amar 

= BC = OC-OB 

ax BC = 4723b-b = 4@2b) C 


Fig. 23.17 


’' = &®e ee eS se. = 


2 UL RR 
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EXAMPLE9 If a; b, Chnd dare distinct non-zero vectors represented by directed line segments 
from the origin to the points A, B, Cand D respectively, and if b—a= cd, then prove that 
ABCD is a parallelogram. 


SOLUTION Let O be the origin. 
We have, 


4 =m? OB=b, OC =@and OD =d such that 
— pitas 


L Oy 


CS 


a= c=-d 

=> OB-OA = OC - Ob .»-(i) 
In AOAB, we have D C 

OA+AB = OB 
= OB-OA = AB wii) 
In AOCD, we have 

0C+Cb = OD A q 
ee 
= OC-Ob = DC ...(iii) 3 
From (i), (ii) and (iii), we get 

AB = DC 
Hence, ABCD is a parallelogram. 
EXAMPLE 10 A B, P, Q and R are five points in a plane. Show that the sum of the vectors 


Fig. 23.18 


AP, AQ, AR, PB, QB and RB is 3 AB. 


Adding all these, we get 
AP + PB+AQ+QB+AR+RB = 3AB 


Hence, the sum of the given vectors is 3 AB. 


R 
SOLUTION InAs, APB, AQB and ARB, we have 
AP + PB = AB 
AQ) + QB = AB 
and, AR+RB = AB Ee ae 
2 eee 


P 
Fig. 23.19 


EXAMPLE 11 Let O be the centre of a regular hexagon ABCDEF. Find the sum of the vectors 


OA, OB, OC, Ob, OE and OF. 


SOLUTION We know that the centre of a regular hexaong bisects all the diagonals 
passing through it. 


OA = -Ob, OB = -OE and OC = -OF 
=> OA+OD = 0’and OB+OE = 0° 


Hence, 


OA + 0B+0C+O0D+0E+ OF 
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Fig. 23.20 


= (OA +O Ob) + (Ob + OF) + (OC + OF) 
= 0+0+0=0° 
EXAMPLE 12 For any two vectors a a’and b; prove that 
() [74d < ele 18 | 
Gi) |@-b| s | wm] +10" 
Gii) | wb] = | w| -| 0" 
SOLUTION (i) We have following cases: 
CASEI When @? bare non-collinear vectors: 
Let the vectors a’and b be represented by sides OA and AB of a triangle OAB. Then, 
OA+AB = OB [By triangle law of add.] 


= a+b = OB. 





Fig. 23.21 


Clearly, | a?| = OA, |b’| = AB and |7%b’| = OB. 


Since the sum of two sides of a triangle is always greater than the third side. Therefore, | 
in AOAB, we have | 


OA +AB > OB 
an | OB} <| OA|+| AB 


—> = 
= [a+b] <|a7|+|b | 
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CASEI When a@; bare collinear vectors: 


Let OA =a, AB=5. Then, 


a+b =OA+AB=OB | [By triangle law of add.] 


Clearly, OA = | a@’|, AB = |b’ | and, OB = | a+b | 





a b 
O A B 
Fig. 23.22 

Now, OB = OA+AB 
= |OB| = | OA|+| AB] 
= lat+b |=|a|+|b'| 
Hence, in general, | +b | < |a@|+|B'| 
(ii) We have, 

|P-B'| = |a+(-B| s |W] +] -B'| [Using (i)] 

= — 

= [rb | <s|ari[+]o | [-. |-b] = | b]) 
(iii) We have, 

|r) = |P-b4b' | ‘s |P-b 1401 [Using (i)] 
= |\P|-|b' | <|a2b| or [aed] = [aI -101 


23.7 MULTIPLICATION OF A VECTOR BY ASCALAR 


DEFINITION Let m tt be a scalar and abe a vector, then m @’is defined as a vector onhaving the same 
support as that of @’such that its magnitude t is | m | times the magnitude of a’and its direction 
is same as or opposite to the direction of a a’ according as m is positive or negative. 


From the above definition it is evident that 





=> : = 
It is also evident that two vectors @’and b are collinear or parallel iff a’=m b for some 
non-zero scalar m1. 


For any vector Pd we also define 
la =4,(-1)a =-aand0a=0 


REMARK If 2’ is a vector, then 3 ais a vector whose magnitude is 3 times the magnitude of a’ 
and whos whose direction is same as that of a. Also, — 3 @’ is a vector whose magnitude is 3 times the 


magnitude of a’and whose direction is opposite to that of a. 
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A geometric visualization of multiplication of a vector by a scalar is given in 
Fig. 23.23. 






1 res =e 
9 ff —2a 


Fig. 23.23 
23.7.1 PROPERTIES OF MULTIPLICATION OF VECTORS BY ASCALAR 


THEOREM For vectors 77’ band scalars m,n, we have 
(i) m(—@) = (-m)a@’=- (mia) 
(ii) (-m)(-a@} = ma’ 
(iii) m (na@} = (mn) a’= n (ma 
(iv) (m+n)a@’= ma’+ na’ 
(v) m(a@?+b) = ma?+ mb? 
PROOF (i) Recall that two vectors are equal if their magnitudes are equal and they have 
the same direction. 


CASEI When m > 0. 


We have, 
| m(-a) |=|m| |-27| =| m| |a’|=m|a°| [.. m>0 «. | m | =m) 
| (-m)a?|=|-m||@| =| m| |a@’|=m|a?| [- m>0 . | m|=n] 
and, | (—ma} | =| ma =|m||a@ =m |a’| [.- m>0O .. | m| =m] 


Thus, m (—2y, (— m) @’and — (m a) are vectors of equal magnitude. 
Also, they have the same direction which is opposite to that of a? 
Hence, m (—ay = (-m)a’= —(m ay. 

CASEI When m <0. 


We have, 
| m(-a} |=|m| |-@|=|m||w|=-m| 7 ASO) 
» |m|=-m 
| (-m)a”|=|-m||@|=|m| |v) =-m| 7] SE US 
» |m|=—m 
and, 
| -(may| =| ma?|=|m| [7] =-m| 7 [-- m<0O .. | m | =-m] 


Thus, m (— ay, (— m) @’and — (m ay are vectors of equal magnitude. 


The direction of m(—@} is opposite to that of —2@”’ and therefore, it is same as 
that of a” 


Similarly, (— m) @’and — (may have the same direction as that of 7 


Hence, m (—a)= (— m) @’=— (may. 


gs& 68 Eewmerse = ss 


t.ib kee8 20 
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(ii) We have, 


(— m) (-@} = (-m) b, where ii = Te 


=> (— m) (—a° 5 = —(m by [-.- (— 2) b= — (mM BY] 
= (— m) (-@} = -[m (-a] =- [-(nay] [-.- m (—-ay=- (may) 
> (—m) (-a@) = ma’ [-.. —(-a=a} 


Hence, (—m)(-a}=ma’ 
(iii) CASE! When mn > 0. 


In this case, m (n @} is a vector of magnitude mn | @’| and its direction is same as that 
of a’ Also, (mn) @’is a vector of magnitude mn | a’ | and its direction is same as that of 
a. 


m (n ay = (mn) a’ 
CASEI When mn <0. 


In this case, m (nay is a vector of magnitude | mn | | a such that its direction is 
opposite to that of a 


Also, (mn) @’is a vector whose direction is opposite to that of @’and its magnitude is 
| mn | | a7. 


m (n ay = (mn) Te 
Thus, m (n ay = (mn) @’in both the cases. 
Similarly, 1 (1m ay=(mn)a’ 
Hence, m (n ay=n (may=(mn) a’ 
(iv) CASEI When (m+n)> 0 


In this case, ( + n) @’is a vector of magnitude (m+n) | @’| and its direction is same as 
that of a 


Since mf@’and na@’are collinear vectors, therefore the magnitude of ma’+n@’is 


(m +n) times that of 7? The direction of m @’+n @’is clearly same as that of a 





(m+n)a’= ma’+na’ 
CASEII When (m+n) <0 


In this case, (m+n) @’is a vector of magnitude | m+n | | @’| and the direction is 


opposite to that of 77 Also, m@’and na’being collinear vectors, the magnitude of 


ma’+nais | m+n | | @’| and the direction is opposite to that of 2” 


(m+n)a’= ma’+na 


Hence, in both the cases, we have 


(m+n)@=mar+na’ 


(v) Let OA =7and AB =b~ Then, 
OB =OA +AB =7°+b" 
CASEI When m > 1. 


Produce OA to C such that OC = m. OA and draw CD parallel to AB, meeting OB 
produced at D. 


Clearly triangles OAB and OCD are similar. 
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D 
B 
F 
O 
E A (: 
Fig. 23.24 
OD _CD_oc 
OB AB OA 
OD _ CD > 
= OB ~ap™™ [-.. OC = m OA] 
= OD = m-OB, CD = m- AB and OC = m:OA 


=> Ob =m - (OB), cb =m (AB) and OC =m (OA) 


Now, by triangle law of addition of vectors, we have 


Ob = 0C +Cb 
= m (OB) = m (OA) +m (AB) 
=> m (a+b) = ma+mb? 


CASEIL When0 <m <1. 


Take a point E on OA such that OE = m (OA) and draw EF parallel to AB, meeting OB 
at F. Clearly, triangles OAB and OEF are similar. 


OE _ EF _ OF 
OA AB’ OB 
OF EF 
=> OB = AB [-- OE =m - OA] 
= OF = m- OB, EF = m-AB and OE = m-OA 
— OF = m (Ob), EF = m(Ab) and OE = m(OA) 
Now, OF = OF +EE [By triangle law of addition] 
—> 
= m (OB) = m(OA) +m (AB) 
=> m (+b) = m@P+mb 


CASE DI When m <0. 


Take a point C on AO produced such that OC = | m | . OA. From C draw CD parallel to 
AB but in direction opposite to that of AB. Now, produce BO to meet CD at D. 


Clearly, triangles OAB and OCD are similar. 


OD_cCD_ oc 
OB AB OA 
OD _CD_OC_ | m [-.: OC =m - OA] 
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Fig. 23.25 


=|m||OB|, | CD|=| m| | ABI 


and |OC|=|m]| [OA] 

= Ob = m-OB, Cb = m-AB and Ot = m-O4 

Now, OD =0C+CD [By triangle law of addition] 
=>  m-(OB) = m(OA) +m (AB) => m(@+b) = m@+mb- 


CASEIV When m = 0. 


In this case, 


m.(a’+ by = 0(@’+ by = Oand m a+ mb = Oa +06 = 0” 


= => 
m (@’+b) = ma’+mb. 


ee 


; — — 
Hence, in all the cases, we have m (a°+ b)=ma’+mb } 


= } 


ILLUSTRATION If @°= 3a°+ 4b and 2¢°=a°— 3b, show that 
(i) and @*have the same direction and |er*| >] aI ; 
(ii) and b have opposite direction and | c’| > | b’ | i 

SOLUTION We have, i 

c= 3a°4 4b’and 26°=a°— 3b i 

=>  —-2.(8a4+ 4by = 7-35” - 

= 62°+ 8b = 7-30" | 

= ba= 115° 

=> 7= -=5'and b= -27 

(i) C= 3a°+ 45° 
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=. 9 _20-» 13-, 
=> c= 3a nm? 34% 
This shows that ¢’and @’ have the same direction. 
aa 28 => a) - 31> —) —) 13 | => > 
and, c nem licl=, (Fle lelrl@ a Leelee 
(ii) We have, 
c= 3a°+4b and a= = 
c= - 22574 4b'= - 2b 
5 5 
This shows that cand b have opposite directions. 
Ak jedp > |e ee Sic SB) >a 
5 5 5 
EXERCISE 23.2 
1. If P, Qand Rare three collinear points such that PO = @and OR = b. Find the vector 


© 





PR. 


Give a condition that three vectors @,, band ¢ torm the three sides of a triangle. What 
are the other possibilities ? 


> ; Pee 
. If@and bare two non-collinear vectors having the same initial point. What are the 


vectors represented by 7% band a™b. 


- —- ‘ 
- If ais a vector and mm is a scalar such that ma = 0, then what are the alternatives for 


manda. 


. ABCD is a quadrilateral. Find the sum the vectors BA, BC, eb, and DA. 


ABCDE is a pentagon, prove that 
(i) AB +BC +CD +DE +EA =0 


(ii) AB + AE +BC +DC +ED +AC =3AC 


. Prove that the sum of all vectors drawn from the centre of a regular octagon to its 


vertices is the zero vector. 


. If P is a point and ABCD is a quadrilateral and AP +PB +PD = PC, show. that 


ABCD is a parallelogram. 
Five forces AB, AC, Ab, AE and AF act at the vertex of a regular hexagon 
ABCDEF. Prove that the resultant is 6 AO, where O is the centre of hexagon. 


10. IF a? are two vectors, then write the truth value of the following statements : 
(i) P= -b> | a1 =| 5 Wi) |= |b) >w=4h 
Gi) [7] = |b) ar=v 
ANSWERS 

1 7+b ie eee iin 
2. 7%+b+c%0, Other possibilities area b=c,b+c=aand c+a°= b 
3. Diagonals of the parallelogram whose adjacent sides are a@and b. 
4. Either m = 0 or, a= 0 5. 2BA 


10. (i) T ii) F (iii) F 


respectively. Show that DB =3b —a@and AC =7°+3 
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23.8 POSITION VECTOR 


DEFINITION Ifa point O is fixed as the origin in space (or plane) and P is any point, then OP 
is called the position vector of P with respect to O. 


If wesay that Pis the point7,’ then we mean that the position vector of Pis 7 with respect 
to some origin O. 





Fig. 23.26 
23.8.1 AVECTOR IN TERMS OF POSITION VECTORS OF ITS END POINTS 


Let @andb’be the position vectors of points A and B respectively. Then, 
OA =a? OB =b- 


In AOAB, we have 
OA + AB =OB 
= AB = OB -OA=b-@ 
=> AB = (Position vector of B) — (Position vector of A) 
=> AB = (Position vector of head) — (Position vector of tail) 





Fig. 23.27 


= > 
ILLUSTRATION 1 The position vectors of points A, B, C, D are a, b, 2a’+3b and a’-2 
b. 


SOLUTION We have, 
DB = Position vector of B — Position vector of D 


= DB = b -@ -2b) = 3b -@ 
and, Ac = Position vector of C — Position vector of A 
= AC = (24+ 3b) -@= 743° 


ILLUSTRATION 2 Let ABCD be a parallelogram. If a; b; be the position vectors of A, B, C 
respectively with reference to the origin O, find the position vector of D with reference to O. 


SOLUTION Wehave, 
OA =270B =band OC =2° 


23.20 MATHEMATICS-XIl 


D(a) C(c) 


A(a) B(b) 
Fig. 23.28 


Let d be the position vector of point D. 
Since opposite sides of a parallelogram are parallel and equal. 


AB = DC 


— > 
= b-a=c—d 
=> > 
= d=t'+a—b 


Hence, the position vector of D is (¢’+2” by. 


23.9 SECTION FORMULAE 


— 
THEOREM 1 (INTERNAL DIVISION) Let A and B be two points with position vectors a’and b 
respectively, and let C be a point dividing AB internally in the ration m : n. Then the position 
vector of C is given by 


6c = mb+na +na 
m+n 


PROOF Let O be the Origin. Then, OA =2@’and OB = 
Let ¢”be the position vector of C which divides AB internally in the ratio m : n. Then, 


AC == 
CB 


n-AC = m-CB 
nAC = mCB 
n(t?-a@) = m(b-733 
nt?+ mt?= mb’+ 7a 


(m+n): = mb +78 


_ mb +na? 


~ mtn 


“s mb +n +na’ 
= Ot = aa 


$g¢uygdyad 





mb'+ na? 

m+n 
REMARK1 If C is the mid point of AB, then it divides AB in the ratio 1 : 1. Therefore, position 
vector of C is given by 


Fig. 23.29 


Hence, the position vector of point C is 
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Veg tbe ate Be 

















_ at 
Lil ae 3 iD 
en6 - - ee ee 
Thus, the position vector of the mid point of AB is 3 (a*+ b) 
REMARK2 We have, 
—> 
—_» mb +na’ m => (i 
C= ———— = b + a’ 
m+n m+n m+n 
aii = 
= “| n jes m ) 
m+n m+n 
—) 
=> C= Na+ pb, where A = — = 





m+n’ > men 
Thus, position vector of any point C on AB can always be taken as 
C= Aa+ub, where A+p=1 


REMARK3 We have 


—> 
— mb +na° 


m+n 
= (m+n) = mb + na? 
=> n-OA +m-OB = (n+m)OC 


Thus, n - OA +m-OB =(n +m) OC, where C is a point on AB dividing it in the ratio 
min 


Fig. 23.30 


REMARK 4 It follows from the above remark that , if C is the mid point of AB, then 
1-OA +1-OB = (141)00 
> OA +OB = 2. ee 
THEOREM 2 (EXTERNAL DIVISION) Let A and B be two points with positin vectors a and b 


respectively and let C be a point dividing AB externally in the ratio m : n. Then, the position 
vector of C is given by 
= 


— 
_ mb —na 
ot = m—n 


fe¢@ oree t 


[7 .e 6 | com lan el ad Pee lee Ce 
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PROOF Let O be the origin. Then, OA =a@and OB =b- 
Let ¢’be the position vector of a point C dividing AB externally in the ratio m:n. Then, 


AC _ m C 
BEY Yj 
=> n-AC = m-BC B 
=> nAC = mBe € 
= n(@?-ay = m(@-by 
=> me?— nt?= mb — naw 
= (m—n) @= mb — na? O a A 
He <4 mai nz? Fig. 23.31 
mn 
= fale 2; mb —na 


m—n 25 
—) 

ere : . mb—-na 

Hence, the position vector of point C is Bap 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Find the position vectors of the points which divide the join of the points 
2a°— 3b and 3a°— 2b internally and externally in the ratio 2 : 3. 


SOLUTION Let 4 and B be the given points with position 77 b 
vectors 2a’°— 3b and 3a°— 2b respectively. Let PandQbe o “4 B 
the points dividing AB in the ratio 2:3 internally and Fig. 23.32 


externally respectively. Then, : 
3 (2a°- 3b) +2 (3a°-2b) _ 12a” 13 
Position vector of P = Ss SS 
3 +2 ee 5 5 5 
rye — = 
Position vector of Q = Bia a = ; sil ie =- 5b” 


b 


EXAMPLE 2 If @’and b are position vectors of points A and B respectively, then find the 
position vector of points of trisection of AB. 


SOLUTION Let P and Q be points of trisection of AB. Then, AP = PQ = QB=A (say). 
Since P divides AB in the ratio A: 21 i.e. 1 : 2. x 
1-b+2-a’ b +22” 








Position vector of P = ——————. = 
1+2 3 
Since Q is the mid-point of PB. 
a 
a2 be = 
es 3 4b'+2a’ a@°+2b 
Position vector of Q = 7 ee ee 


EXAMPLE 3 Find the position vector of a point R which divides the line segment joining P and 

Q whose position vectors are 27°+ band @~3 b,,.externally in the ratio 1: 2. Also, show that 

P is the mid-point of the linesegmentRQ. — — a [CBSE 2010] 

SOLUTION The position vector of R is ees 2 <2 Se) oa sim 

Clearly, Position wector of R + Positive vector of Q 

32% 5b+a~-3b ‘5 > pn Set oe in 

Be ee Jase ya 5 pan OG -3i 
= Position vector of P Fig. 23.33 

Hence, P is the mid-point of RQ. 


ALGEBRA OF VECTORS 23.23 


EXAMPLE4 Four points A, B, C, D with position vectors a; b, ¢;? d respectively are such that 


3a°- b’+26°- 4d’=0. Show that the four points are coplanar. Also, find the position vector of 
the point of intersection of lines AC and BD. 


SOLUTION We have, =a 
Peete BG) 
30°-b +20°-4d = 0° 

= 974207 b+ 4d° 


We note that the sum of the coefficients on both 
sides of the above result is 5. We therefore, divide 
both the sides by 5 to get 


ga°4 2c? b+4d? _ 3a+20"_ b+ 4d 
a es’ *D 342 1+4 


This shows that the position vector of a point P C(c) 
dividing AC in the ratio 2 : 3 is same as that of a 
point dividing BD in the ratio 4 : 1. Consequently, 
point P is common to AC and BD. Therefore, AC 
and BD intersect. Hence, points A, B ,C and D are coplanar. Since P is the point of 
intersection of AC and BD. Therefore, the position vector of the point of intersection of 
AC and BD is 











Fig. 23.34 


99°+20? b+4a 


5 or, 

EXAMPLE 5 Leta,’ b; C be the position vectors of three distinct points A,B,C. If there exist scalars 
x, y, z (not all zero) such that xa°+ yb +zc¢’=0 and x+y+z=0, then show that A, Band C 
lie on a line. 

SOLUTION It is given that x,y,z are not all zero. So, let z be non-zero. Then, 


— ~) 
xa’+yb +zce=0 


= zo% —(xa°+y by 
= 3 _(x@+y by 
Zz 
>» > 
= get [-.- xty+z=0 ..z=-(x+y)] 


This shows that the point C divides the line joining the points A and B in the ratio y:x. 
Hence, A,B and C lie on the same line. 


23.10 LINEAR COMBINATION OF VECTORS 


3 es —_— e e. 
DEFINITION A vector?’ is said to bea linear combination of vectors a; b, C?.. etc. if there exist 
scalars x, y, z etc., such that 
=) 


—)> 
r=xat+yb+ze+... 
Note that a linear combination of vectors involves two linear compositions of the 
addition of vectors and the multiplication of vectors with scalars. on 
In the, following sections, the linear combiantions of the form xa;xa%yb and 


xa yb + zc Will be of special interest to us. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 If D is the mid-point of the side BC of a triangle ABC, prove that 
+AC =2AD. 


POOR FP Se ee PEER em &* oP ee* ore Oe & 


iin «se T+ £6Ve Mm Ow & * es 
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SOLUTION Let A be the origin and let the position vectors of ,B and C be banda? 
respectively. Then, the position vector of the mid-point of BC is Y 7; c. 


—) 
b+e° 





Position vector of D = 


AB +AC =b+2? 


mH ah +A = 2( ES?) - 2b 


Now, 





2 
A(Origin) 
B(b) id +c) C(c) 
ens. 0 
Fig. 23.37 


EXAMPLE 2 Points L,M,N divide the sides BC, CA, AB of A ABC in the ratios 1:4, 


3:2,3:7 respectively. Prove that AL +BM +CN is a vector parallel to CK, where K divides 
AB in the ratio 1: 3. 


SOLUTION Let a? band c*be the position vectors of the vertices A, B and C of A ABC. 


4b+O3R+20 .77°+3b° 








Then, the position vectors of L, M and N are =O eee and Eqns respectively. 
baa 
The position vector of K is 2438 
Now, 
AL +BM +CN 
4b +c" > 3a+2¢ >> 7a+3b > 
ays: 5 10 
_ Ba +b-40° 
rae AIOE Ss 
4/3a+b-4c 4 ay Toe (c) 
apes (el B(b 4b C(c) 
al 4 | 70 CK © (Bs) 


Fig. 23.38 


Therefore, AL +BM +CNis parallel to Ck. 


EXAMPLE 3 Prove using vectors: Medians of a triangle are concurrent. 
SOLUTION Let ABC be a triangle and let D, E, F be the mid-points of its sides BC, CA 
. 2 owe A 
and AB respectively. Leta, b, ’be the position vectors of A, B and C respectively. Then, 
b+ oem +b” 


the position vectors of D, E and F are 2% 9 and > 





respectively. 


2 eee ee eee aa eS eee a aS aaaaaaeuGuauaa’> i  — =sos 
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The position vector of a point dividing AD in the ratio 2: 1 is 








b +c 
1-a°+2 
Zs a ab+e? 
1+2 3 
Similarly, position vectors of points dividing BE and CF in the ratio 2 : 1 are each 
a+b +c” 
equal to lar ae 





B(b) [b+e C(c) 
7 ot 
Fig. 23.37 


Thus, the point dividing AD in the ratio 2: 1 also divides BE and CF in the same ratio. 
Hence, the medians of a triangle are concurrent and the position vector of the centroid 
_@+b +o? 


3 
NOTE If 7 b; C are the position vectors of the vertices of a triangle, then the position vector of 
Ny 
its centroid is (a"+b' +e} : 
AS = Gh +Gt <0" 
EXAMPLE 4 [fG is the centroid of a triangle ABC, prove thatGA +GB +GC =0. 
SOLUTION Let @/ b’and be the position vectors of the vertices A, Band C respectively. 


> -.> 
Then, the position vector of the centroid G is te Se (see Example 3). 
Now, 
GA +GB +GC 
z 7-( a+ _ =): P-( a+ pe), = ti Be *) 


— Siac, 
PBs} -3( EASE) 


= (+b +03-(@4+b +05 = 0° 
EXAMPLE 5 If D and E are the mid-points of sides AB and AC ofa triangle ABC respectively, 
show that BE + Dt = 3 BC. 


ee 0 Pee Re errr wee Oe Br ee eee EO ewan me ce | 
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SOLUTION Taking A as the origin, let the position vectors of B and C be band @? 
respectively. Since D and E are the mid-points of AB and AC. Therefore, the position 


vectors of D and E are ; and respectively. 





Fig. 23.38 


Now, 


BE +Dt = Ga 


o 
2 


ee 
2 
= BE +Dt = 5 (2-53 = 2Bt 


EXAMPLE6 If ABC and A’B'C’ are two triangles and G, G’ be their centroids, prove that 
AX’ + BB’ +CC = 3. GC’ 


SOLUTION Let the position vectors of A, B, Cand A’, B’, C’ with reference to some origin 
bea, b, and a? VY’, C” respectively. Then, 


AA’ + BB’ +CC’ = (?-M+U -b)4+(7-B 
= AA’ + BB + CC’ = (P4743 -(P4P4 .»(i) 


The position vectors of the centroids Gand G’ of triangles ABC and A’B’C’ are 
a+b a ied ee 


3 3 respectively. 
Ga’ = P+ +? Deb se? 
3 3 
= GC*= 5407 +2)-(7+ 0a) 
= 36C’ = @ +0 +03-@+b +a .».(ii) 


From (i) and (ii), we have 
AX’ + BB’ +CC’=3GG" 


EXAMPLE 7 Prove that the line segment joining the mid points of two sides of a triangle is 
parallel to the third side and equal to half of it. 
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SOLUTION. Let ABC be a triangle and let D and E be the mid points of its sides AB and 
AC respectively. Let a,” b; c’be the position vectors of ' vertices A, B and C respectively. 

















Then, position vectors of D and E are “ +P and a s < respectively. 
Now, 
5E a'+c a+b 
gee 
st - 1 @_ R= 1 ae 
=) D =7(c-b)=58 
DE || BC 
Also, DE =|DE | =+|8C| =28BC = a 
2 2 B(b) C(c) 
Hence, DE || BC and DE = > BC Fig. 23.29 


EXAMPLE 8 Prove that the sum of the vectors directed from the vertices to the mid-points of 
opposite sides of a triangle is zero. 


BOLTON Let ABC be a triangle and let the position vectors of vertices A, B, C be 
a band c ¢respectively. Let D, E, F be mid ieRone of sides BC, CA and AB respectively. 








—> 
Then, position vectors of D, E and F are eo = c Pere, and “ ; z respectively. 


We have to prove that AbD +BE+CF=0. 


Now, 


Ab +BE +CE 


b’+ c+a ) (a+b 
‘ceases eae 


2 
(b +c-2a +e +a- 











>t 
2 





Bib) pe) © 
Fig. 23.40 


EXAMPLE 9 Show that the line joining one vertex of a parallelogram to the mid-point of an 
opposite side trisects the diagonal and is trisected thereat. 


SOLUTION Let OABC be a parallelogram. Taking O as the origin let the position vectors 
of Aand Cbea and Bb respectively. 
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.t AOAB, we have 


OA +AB = OB 
=> OA +O = Ob Cb) are 
= OB =a +b’ 
=> Position vector of B is 7°+ b- 


Let D be the mid-point of OA. Then, the position 


vector of D is ae 





2 
Position vector of a point dividing CD in the ratio O oh AG) 
2:1is D(5) 
Fig. 23.41 
2:(@/2)+1-b a+b 
2+1 = 3g 

Position vector of a point dividing OB in the ratio 1 : 2 is 

1-@ +b +2-0 a+b 

1+2 = «S 


1s, the position vectors of points trisecting OB and DC are same. 

ce, DC trisects OB and DC is trisected thereat. 

MPLE10 Prove using vectors: The diagonals of a quadrilateral bisect each other iff it isa 
posal 


LUTION First, let us assume that ABCD is a parallelogram. Then, we have to prove 
Aat its diagonals bisect each other. Let the position vectors of A, B,C andD be 


a, b; candd respectively. 


Since ABCD is a parallelogram. = = 
D(a) C(c) 

AB = DC 

=> b-a=c-a 

= bd atc 

= 2+ = @+5 
2 2 

=> P.V. of the mid-point of BD Ala) B(b) 


= PV. of the mid-point of AC. Fig. 23.42 


Thus, the point which bisects AC also bisects BD. 


Hence, diagonals of parallelogram ABCD bisect each other. 
Conversely, let ABCD be a quadrilateral such that its diagonals bisect each other. 
Then, we have to prove that it is a parallelogram. 


Let a, b, C, d be the position vectors of its vertices A, B, C and D respectively. 


Since diagonals AC and BD bisect each other. 
P.V. of the mid-point of AC = P.V. of the mid-point of BD 


ie G@eet 


BD) Wee Eetiee ites!) oO LUE 
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> 2@+q=iG+H 

2 2 
=> a+ ae b+d ««+(i) 
= b-a=c-d 


Hence, ABCD is a parallelogram. 


EXAMPLE 11 Ulsing vector method, prove that the line segments joining the mid-points of the 
adjacent sides of a quadrilateral taken in order form a parallelogram. 
SOLUTION Let ABCD be a quadrilateral and let P,Q,R,S be the mid-points of the 
sides . AB, BC, CD and DA respectvery: Then, the position vectors of P, Q, R, S are 
+b b +c Cod ats d +a’ 

ie a 2 
In order to prove that PQRS is a parallelogram, it is sufficient to show that PO =. SR : 
We have, 








respectively. 


= c+d a 
D(a) RES C(é) 
id +a\ S Q(tes) 
2 2 
A(@) p(4+8 fa: a+b B(b) 
Fig. 23.43 


PO = Position Vector of Q — Position Vector of P 
Z? —> 
_{b+c"\_(atb)_ 1 
- 8-8) (4) -tee 
and, SR = Position vector of R — Position vector of S 
+ (82) (GJ 
So, PQ = SR 
Consequently, PQ || SR and PQ= SR. 


Hence, PQRS i is a parallelogram. 


EXAMPLE 12 Prove that the segment joining the middle points of two non-parallel sides of a 
trapezium is parallel to the parallel sides and half of their sum. 
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SOLUTION Let ABCD be the given trapezium. Let the position vectors of A, B, Cand D 

with reference to some origin O bea? b, @’and d respectively. 

Let Pand Q be the mid-points of AD and BC respectively. Then, the position vectors of 
a+d 1b +c? 

P and Q are ae and > respectively. 


We have, AB =b- @and Dt =7-a- 





D(a) C(c) 
b 
Gp of 
Ala) B(b) 
Fig. 23.44 


Since DC is parallel to AB. Therefore, there exists a scalar A such that 
DC = AAB => ©-a@ = 2%(b -ap wa(i) 
Now, 


PQ = Position vector of Q — Position vector of P 
= 
9 fh 
=> PQ = 510 -a+@ -a 
= PO = ; [bo -a+A( -aI [Using (i)] 
= Pd) => (A+1) (b-af=5 (+1) AB (ii) 


This shows that PQ is parallel to AB . But, AB is parallel to CD. Therefore, PQ is parallel 
to CD. 


We also have 

| AB| +|DC| = | AB|+|AAB | [.. DC =A AB from ()] 
=~ | AB| +| DC| = | AB| +a | AB | [-- A>0] 
= | AB | +|DC| = (+A) | AB | 

5 [| 4B | +1 De |] =Sa+1) | AB | 
= > [| 4B | +1 DC |] = | PQ | [From (ii) 


This shows that PQ is half of the sum of the lengths of AB and CD. 


ee 
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EXAMPLE 13 Prove by vector method that the line segment joining the mid-points of the 
diagonals of a trapezium is parallel to the parallel sides and equal to half of their difference. 
SOLUTION Let ABCD bea trapezium and let the position vectors of A, B, Cand D with 
reference to some origin O bea, b, cand d respectively. 


Let P and Q be the mid-points of diagonals BD and AC respectively. Then, the position 
—> — 
+d 


7 and > 


a’+c” ; 
respectively. 








vectors of P and Q are 


PQ = Position vector of Q — Position vector of P 


(EE 





2 
= D(a) C(e) 

= PQ=11@-5+e@-D \ 
= PQ= 51 -B-C-m 
= PQ=5 [DC - AB] 
Now, 

BC || AB AG) BO) 

a 
=> DC = 27AB for some scalar A _...(i) 
Fig. 23.45 
PQ = > (A. AB _ AB] = 5 (4-1) AB (ii) 


This shows that PQ is parallel to AB. But, AB is parallel to DC. Therefore, PQ is parallel 
toDC. 


Now, 

|DC|-| AB| =| ABI —| AB] [Using (i)] 
= | DC | -| AB| = @-1)| AB| 
= = 3 {| de |-| ABy} = 3@-1| BY =| PO] [Using (ii)] 


This shows that PQ is half of the difference of parallel sides. 


EXAMPLE 14 If ABCD is quadrilateral and E and F are the mid-points of AC and BD 
respectively,.prove that 


Ab + AD +b +b = 48 A 
SOLUTION Since F is the mid-point of BD, there- 
fore in triangle ABD, we have 
1-AB +1-AD = (1+1) AF D 
= Ab + AD = 2 AE ...(i) 
Similarly, in triangle BCD, we have 
1-CB +1-CD = (1+1) CE 
= CB +CD = 2CE (ii) A B 
Fig. 23.46 


Adding (i) and (ii), we obtain 


MATHEMATICS-XII 
AB +AD +CB +Cb = 2 AF +2CE 
AB +AD +Cb +Cb =-2 RR -2Fe 
AB + AD +Cb +Cb = -2(FA + 
AB + AD + CB GD = —2(2 FE) [-.. E is the mid-point of AC] 


AB +AD +CB +CD = 4EF 


EXAMPLE 15 ABCD is a parallelogram. E, F are mid-points of BC, CD respectively. AE, AF 
meet the diagonal BD at points Q and P respectively. Show that points P and Q trisect DB. 


SOLUTION Let A be the origin and let the position vectors of B and D be banda 
respectively. Then, AB =b,; AD =a 


In AABC, we have 


Yyudyd 


AB +BC = AC 
= AB +AD = AC [» BC =AD] 
= b'+d = AC 
= Position vector of C is b+ a’ ad 
Since E and F are the mid-points of BC and CD Di) E (3+ d) C(b +4) 


respectively. Therefore, position vectors of E and 





> 9 > >> 
pare DAG) 5, Fang Orde d bp 
respectively. Eb +5 
Now, 
A is the origin and P lies on AF. , 
AP = 2. AF for some scalar A A BO) 
b 
= AP = a ata (i) Fig. 23.47 
Suppose P divides DB in the ratio 1: 1. Then, 
b+1-d 
Position vector of Pis = rea 
—> —> 
=> AP = Waae ...(ii) [-.- A is the origin] 


From (i) and (ii), we have 


—> =Ss 
a Gace 


2 +1 
Keble). (gee eS? 
= (BaP) 
ALB ele er: 
= 2 pti = 0 and dA 7S ba [..- 6 and d are non-collinear] 
= b= 5 and A= = 


Thus, P divides DB in the ratio > :lie. 1:2. 


ee EE SaaS 
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Similarly, Q divides DB in the ratio 2: 1. Hence, P and Q trisect DB. 

EXAMPLE16 ABCD isa parallelogram. If Land Mare the mid-points of BCand DC respectively, 
then express AL and AM in terms of AB and AD. Also, prove that AL +AM = AGe 
SOLUTION Taking A as the origin, let the position vectors of B and D a b anda 


respectively. Then, AB =b and AD =a. 
In triangle ABC, we have 


AB + BC = AC 
> At = Ab+AD [- BC =AD) m(b+d) 


D(@) C(b +d) 
> AC =b'+d° 
Position vector of Cisb +d° 
Since L and M are mid-points of B Lb + 2) 


Cand CD respectively. Therefore, 


> > = 
Position vector of L = et0 +a) = b's a 
im A B(b) 
Position vector of M = Greta | =2 + d’ Fig. 23.48 
AL = Position vector of L — Position vector of A 
= AL = b'+3a@-0= b+ d= AB +5 AD 
and, AM = Position vector of M — Position vector of A 
—>. 
eee ar ey 
NeaWie ali HARE = [5a + [Zea |-53 ps3 7-3 @+Hh=2 AC 


EXAMPLE17 If P and Qare the mid-points of the sides AB and CD of a parallelogram ABCD, 
prove that DP and BQ cut the diagonal AC in its points of trisection which are also the points 
of trisection of DP and BQ respectively. 


SOLUTION Taking Oas the origin, let the position vector Band Dbe b’and di respectively. 


Then, position vector of C is b'+d. 
Since P and Q are the mid-points of AB and CD 


St Na ate Lae vectors of P and Da 9 cbs D 
Q are ) and at d respectively. 
The position vector of a point dividing AC in the 
ratio 1: 2is 
1-(6 ( +d)+2-0° 0_3b b+d 
1+2 “3. 
Also, the position vector of the point dividing 4, P Bib) 


DP in the ratio 2: 1 is Fig. 23.49 
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b -—)> 

2| = /+1-d 
‘ _b'sa’ 
2+1 a3 


Thus, the point of trisection of AC coincides with the point of trisection of DP. 


Hence, DP cuts the diagonal AC in its point of trisection, which is also the point of 
trisection of DP. Similarly, BQ cuts the diagonal AC in its point of trisection, which is 
also the point of trisection of BQ. 


EXAMPLE18 “The mid-points of two opposite sides of a quadrilateral and the mid-points of the 
diagonals are the vertices of a parallelogram”. Prove using vectors. 


SOLUTION Let ABCD bea quadrilateral and let P, R be the mid-points of the sides AB 
and CD respectively. Let Q and S be the mid-points of diagonals AC and BD respectively. 
With reference to some origin O, let the position vectors of A, B, C and D be 
a; b; cand d1 respectively 
Since, P, Q, R and S are the mid-points of AB, AC, CD and BD respectively. Therefore, 
position vectors of P,Q,R and S are 
D(d) 
+b a+Oo+d ,b+d : 
aii a ae and 7 respectively. 





Now, 
PQ = Position vector of Q — Position vector of P 


= Pe-(#5")-(#3?)-e-B 





and, 
SR = Position vector of R — Position vector of S 
J BN bed \ > 13s B A(a) ~.5, BO) 
= |{ Cott) FR a) a+b 
= (PEE) (PAE) ton read 


Fig. 23.50 
Clearly, PQ = SR $ 


Hence, PQRS is a parallelogram. 
EXAMPLE 19 If O is the circumcentre and O’ the orthocentre of a triangle ABC, prove that 


(i) SA +SB +5C =3 SG, where S is any point in the plane of triangle ABC whose centroid 
is at G. 


(ii) OA +OB +OC =00’ 
(iii) OA +OB +OC =20°0 
(iv) AO’ + O1 B+ OC = AP, where AP is the diameter of the circumcircle. 


SOLUTION Let G be the centroid of triangle ABC. First we will show that the circum- 
centre O, orthocentre O’ and centroid G are collinear and O’G = 20G. 
Let AL and BM be perpendiculars on the sides BC and CA respectively. Let AD be the 
median and OD be the perpendicular from O on side BC. If R is the circum radius of 
circumcircle of AABC, then OB = OC = R. 
In AOBD, we have 

OD = RcosA (i) 
In AABM, we have 

AM = ABcosA =ccosA »«,{il) 


1 MEN) TR RE CEE URE a AL ee 
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In AAO’M, we have 
AO’ = AM sec ZO’ AM 
=> AO’ = ccosA sec (90° —C) [Using (ii)] 
=> AO’ =ccosA cosec C 
Py ie e dire Dy > Cogs 
= AO “Fin G a4 = 2K cosa |. sig ata ae"? | 
AO’ = 2(OD) .»(ili) [Using (i)] 





Fig. 23.51 


Triangles AGO’ and OGD are similar 

Ge CD So [Using (iii]) 
=> 2-OG = O'G .-(iv) 
(i) We have, 

SA +SB +5C = SA +(5B +50) 
=> SA + 5B +5C = SA +25D [-.- Dis the mid-point of BC ] 
=~ SA +5B +5C = (1+2),5G [-.. G divides AD in the ratio 2: 1] 
=> SA +5B +5C = 3 SG. 

(ii) Replacing S by O in (i), we have 

OA +OB +OC = 306 
= OA +OB +0C = 206 +06 = GO’ +06 [-- 2-OG=GO] 
= OA +OB +0C = OG +G0’ = 00’ 

(iii) We have, 

OA +OB + OC = 30 = 206+0C [From (i)] 
= O'”A +0B +0 = 20 +260 [-» 2-OG=GO1 
= OA +OB +OT = 200 
(iv) We have, 

AO’ +O8B +O = 2 AQ’ +(O”A +OB +0) 
= AQ’ +O +O°C = 2A0’ +200 [From (iii)] 


23.36 
= AO! +OB +O = 2(A0’ +0) 
= AO! +OB +0°C = 2A0 = AP [-. AO is the circum-radius of A ABC] 


EXAMPLE 20 Thi lines joining the vertices of a tetrahectron to the centroids of opposite faces 
are concurrent. 


SOLUTION Let OABC bea tetrahedron. Taking O as the origin, let the position vectors 


of the vertices A, B, Cbe a? band c respectively. Let G, G;, Gz, G3 be the centroids of the 
faces ABC, OAB, OBC and OCA respectively. Then, 
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> D> 
Position vector of G = anette 
Sa 
Position vector of G; = a 
A? 
Position vector of Gy = ore 
> — 
Position vector of G3 = aa 
Now, a 
a+b+c)..~9 
3 3 +1.0 yr 
P.V. of a point dividing OG in the ratio3:1 = 341] =e 
b+ C — 
oa | ae 
P.V. of a point dividing AG in the ratio 3: 1= sea =a 
—)> 
c+a — 
3 3 \t 1.b a a 
P.V. of a point dividing BG; in the ratio3:1 = 341 =e 
a" 
a+b — 
SEI Mae 
P.V. of a point dividing CG, in the ratio 3:1 = 341 n 


a sae, is common to OG, AG», BG3 and CG}. 


Hence, the line joining the vertices of a tetrahedrun of the centroids of opposite faces are 
concurrent. 


Thus, the point having position vector 
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1. If O is a point in space, ABC is a triangle and D, E, F are the mid-points of the sides 
BC, CA and AB respectively of the triangle, prove that 


OA +08 +0C =OD +OE +OF 


2. Show that thesum of three vectors determined by the medians ofa triangle directed 
from the vertices is zero. 

3. Let a0, & oa be the position vectors of the four distinct points A,B,C,D. If 
b -a=t?- d, then show that ABCD is a parallelogram. 

4. ABCD is a parallelogram and P is the point of intersection of its diagonals. If O is 
the origin of reference, show that 


OA +OB +00 +OD=40P 
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5. ABCD are four points ina plane and Q is the point of intersection of the lines joining 
the mid-points of AB and CD; BC and AD. show that 


PA +PB +PC +PD =4 PQ, where P is any point. 


6. Ifa? bare the position vectors of A, B respectively, find the position vector of a point 
Cin AB produced such that AC =3 AB and thata point D in BA produced such that 
BD =2 BA. 


7. Prove by vector method that the internal bisectors of the angles of a triangle are 
concurrent. 


8. Show that the four points A, B, C, D with position vectors @,’ b; C; d’ respectively 


such that 34°- 2b +5c?— 6d =0, are coplanar. Also, find the position vector of the 
point of intersection of the lines AC and BD. 


9. Show that the four points P, Q, R, S with position vectors D; G 7, 5 respectively 
such that 5p’— 29’+ 6r ’— 95 = 0, are coplanar. Also, find the position vector of the 
point of intersection of the lines PR and QS. 

10. Show that the line segments joining the mid-points of opposite sides of a quad- 
rilateral bisects each other. 

11. The vertices A, B, C of triangle ABC have respectively position vectors a,’ bc? with 
respect to a given origin O. Show that the point D where the bisector of ZA meets 








BC has position vector 
— pb+ye” ~ 
d = , where B = | ¢2a’| =y=|a~—b | 
B+y See 
Hence, deduce that the incentre I has position vector Bees where 
a=|b-c| 
ANSWERS 
—, o> hag —>, ¢>> —>, o=? 
6. 3b 277 27-b 3, 4 we or, wee 9, PEST or, es 


23.11 COMPONENTS OF A VECTOR IN TWO DIMENSION 


Let P(x, y) be a point in a plane with reference to OX and OY as the coordinate axes as 
show in Fig. 23.51. Then, OM = x and PM = y. 


Let f, } be unit vectors along OX and OY respectively. Then, 
OM =xfand MP = yp ; 


Vectors OM and MP are known as the com- 
ponents of OP along x-axis and y-axis respectively. 


Now, 
OP = OM +MP 
= OP = xf+y/ 
Lett OP=? 
Then, 7'= xity 
Now, 





OP? = OM*+ MP” 
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=> OP? = x" + y? 
= OP = V2 + y” 
= [7 = V2 +¥ 
Thus, ifa point P in a plane has coordinates (x, y), then 
(i) OP =xh+yf 
Gi) | OP | =Vx? 47 
(iii) The components of OP along x-axis is a vector xh whose magnitude is | x | and whose 
direction is along OX or OX’ according as x is positive or negative. 


(iv) The component of OP along y-axis is a vector yj, whose magnitude is | y | and whose 
direction is along OY or OY’ according as y is positive or negative. 


23.11.1 COMPONENTS OF A VECTOR IN TERMS OF COORDINATES OF ITS END POINTS 
Let A (x1, y,) and B (X2, y2) be any two points in XOY plane. 
Let and ip be unit vectors along OX and OY respectively. 
From Fig. 23.53, we have 
AF = xX9—-%1, BF = yo-yy 


AE = (x9 -x,)P and FB = (Y>—y)} 


B(x, Y>) 





>>--- 
ee 





Fig. 23.53 
Now, AB = AF + FB 

=> AB = (xo- 4) 7+ Yo-y)df | 
=> Component of AB along x-axis = (x>—x,)i- 


and, Component of AB alog y-axis = (y2 — y}) nh 
Also, | AB| = AB=VAF*+FB? 
=> | AB | = V(x — x4)" + (Yo y4)" 


23.11.2 ADDITION, SUBTRACTION, MULTIPLICATION OF A VECTOR BY ASCALAR AND 
EQUALITY IN TERMS OF COMPONENTS 


For any two vectors a= ayt + ap and b= b+ bof, we define 
(i) a+b = (a; + 5) ha (ap + bo) 
(ii) @?—b = (a, — by) 1+ (@2—by)} 


Lb 
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(iii) nae = (ma) 1 + (7715) hr where mm is a scalar 
(iv) @’=b = a,=b, anda,=b, 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Find the values of x and y so that the vectors 2i+ 3) and xi + yy are equal. 
SOLUTION We know that 
A 4) rs A 
Q,1+b,] = agith] 
= a, = ay and b, = by 
21+ 3) = xt'+ yf => x=2 and y=3. 
EXAMPLE 2 Let O be the origin and let P(— 4, 3) be a point in the xy-plane. Express OP in 


terms of vectors and j- Also, find | OP | ; 
SOLUTION The position vector of point P is — At + 3; ; 


a OP = —4r+ 3; 
= |OP| =V- 4) +37 = 
EXAMPLE 3 Let @’= t+ 2j and b= 2h + ;. Is | a] = | b”| ? Are the vectors a@’and b equal? 


SOLUTION eS nave, 
= of and b’= oie; 
2 iA. V1+4 = V5 and |b] = V4+1=V5 
So, | 7] = | bi. 
But, given vectors are not equal as their corresponding components are not equal. 


EXAMPLE 4 If the position vector @’of a point (12,n) issuch that | a’| =13,find the value 
of n. 
SOLUTION pane position vector of the point (12, 71) is 127+ nj 

= 1274 a 


ec one 

Now, | 7) = “ 
= oe OP 
EXAMPLE 5 Find the components along the coordinates of the position vector of each of the 
following points: 

(i) P(S,4) (ii) Q(-4,3) (iii) R(5,-7) (iv) S(—4,-5). 
SOLUTION Let O be the origin. 
(i) Wehave, 

OP =5i+ 4; 


So, component of OP along x-axis is a vector of magnitude 5 having its direction 
along the positive direction of x-axis. Also, the component of OP along y-axis is a 
vector of magnitude 4 along the positive direction of y-axis. 

(ii) We have, 
OQ =-4h+3f 
So, its component along x-axis is a vector of magnitude 4, having its direction along 


the negative direction of x-axis. Also, the component of 00 along y-axis is a vector 
of magnitude 3, having its direction along the positive direction of y-axis 
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(iii) We have, 

OR =5!-7) 

So, its component along x-axis is a vector of magnitude 5, having its direction along 


the positive direction of x-axis. Also, the component of OR along y-axis is a vector 
of magnitude 7, having its direction along the (—) negative direction of y-axis. 
(iv) We have, 


OS =-4f_5f 
So, its component along x-axis is a vector of magnitude 4, having its direction along 


the negative direction of x-axis. Also, the component of OS along y-axis is a vector 
of magnitude 5, having its direction along the negative direction of y-axis. 


EXAMPLE 6 Find the scalar and vector components of the vector with initial point A (2, 1) and 
terminal point B (— 5, 7). 


SOLUTION We have, AB = Position Vector of B — Position vector of A 

“ AB = (-59+7f) -(2/+f) 

=> AB = - 7i+ 6 

So, scalar components of AB along OX and OY are — 7 and 6 respectively. The vector 
components of AB are-7/ and 6; along OX and OY respectively. 


EXAMPLE 7 If A =(0,1) B =(1, 0), C =(1, 2), D = (2, 1), prove that AB =CD . 
SOLUTION We have, AB = Position vector of B — Positive vector of A 


= AB = (f+ 0f)-(OM+fy=f-f 

and, eG Position vector of D — Position vector of C 
= Cb = (2+ f)-(Maf) =f 

Cleary, AB = CD. 


EXAMPLE 8 If the position vector a’ of the point (5, n) is such that | a’ | =13, find the value 
of n. 


SOLUTION We have, a= 5!+ nj 
| @?| = V25 +02 
=> 13 = V25 +n? = 169=254n2 =n? = 144 n=412 


EXAMPLE 9 Ifa? b’ are the position vectors of the points (1, —1), (—2, m), find the value of m 
for which a’and b are collinear. 
— 3 


SOLUTION We have, @°=i-jand b =— 2+ mf 
Since @’and b are collinear. 


7=2.b; for some scalar i 


= AfLACatenp 
= {j= (—2A) t+ (mA) jf 
=> =—2A and-1=mA 
1 1 
=> A=—Sand A=-~. Se ee Ee 
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EXAMPLE 10 Using, vectors, show that the points A(— 2, 1), B(—5, —1) and C(1, 3) are collinear. 
SOLUTION We have, 


AB = Position vector of B — Position vector of A 


= AB = (-5f-f}-(-2f+f} = -3f-2f 

and, BC = Position vector of C — Position vector of B 
= BC = (+3)-(-5i-f 

=> BC = 61+ 4j. 


Clearly, BC =—2AB. 
Therefore, AB and BC are parallel vectors. 


But, B is acommon point of AB and BC . 
Hence, the points A, B, C are collinear. 


EXAMPLE 11 Find the coordinates of the tip of the position vector which is equivalent to AB, 
where the coordinates of A and B are (3, 1) and (5, 0) respectively. 


SOLUTION Let O be the origin and let P(x, y) be the required point. Then, P is the tip of 
the position vector OP of point P. 


We have, 
Ob = shtyf 
and, AB = Position vector of B — Position vector of A 
= AB = (5!+0/) -(3f+)) = 22-}* 
OP = AB 
=> x+y) = 2i-j <> x =2 and y=-1 


Hence, the coordinates of the required point are (2, —1). 


EXAMPLE 12 If 7’ is a position vector whose tip is (1, -3). Find the coordinates of the point B 
such that AB =a? If A has coordinates (—1, 5). 


SOLUTION Let O be the origin and let P(1, -3) be the tip of the position vector a: Then, 
a% OP=f-3/ 


Let the coordinates of B be (x, y) and A has coordinates (—1, 5) 
AB = Position vector of B — Position vector of A 
=> AB = (xf+ yf) -(—-M-5)) 


= AB = (x+1)f+(y-5)}* 

Now, AB = 7? x 
=) (x+1)i+(y—-5)p =?-3) 

=> x+1=1 and y-5=-3 > x=0 and y=2 


Hence, the coordinates of B are (0, 2). 


EXAMPLE13 ABCD isa parallelogram. If the coordinates of A, B, C are (2, 3), (1, 4) and (0, —2) 
respectively, find the coordinates of D. 
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SOLUTION Let the coordinates of D be (x, y). Since ABCD is a parallelogram 

AB = DC 
= (+ 47) — (20+ 3j) = (Of 29) — (xfs yf) 
= —f+pf= —xf-(y+2)} 
=> —-1 = —-xandi1 = —(y+2) 
=> x = landy = -3 
Hence, the coordinates of D are (1, — 3). 
EXAMPLE14 Find a unit vector parallel to the vector — 31 + 4; 
SOLUTION Let @?=—-37+ 4j. Then, 

| a | =V-3)?+ (4)? =5 
Unit vector parallel to 7’= a = t= 5 = - (— 37+ 4}) = -2 + = j 


EXAMPLE15 Findavector cg magnitude 5 units which is parallel to the vector 2t— } . [NCERT] 
SOLUTION Let @”. = 2f- ei. Then, 


| aw) =V2?+(-1)? =5 


A unit vector parallel to 7” 


sé 


z. 


ss ie Bess, 


Hence, required vector = 5a = 5 + fe 5! | = 2V5i-v5). 
EXAMPLE 16 Write all bihe unit vectors in XY-plane. 
SOLUTION Letr’= xi+ yj ibe a unit vector in XY-plane. Then, 

|r] =1> e+yY =1 > x+y =1 
Clearly, P (x, y) lies on the circle x? + y? = 1 whose centte is at the origin O. 
Suppose OP makes an angle 8 with OX. Then, 


Sine Seip reva} OL LP 
x = OL = cos@and y = LP = sin® E cos 8 = OP and sin @ = 3 
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“A 
r= (cos 0) f+ (sin 6) j 
Clearly, as 8 varies from 0 to 27, the point P traces the circle x7 +41 y" = 1 in counter 
ee sense ie this covers all possible directions of 7.’ 
Hence, 7 = (cos 0) / + (sin 0) j gives every unit vector in XY-plane. 


EXAMPLE 17 Write down a unit vector in XY-plane, making an angle of 30° with the positive 
direction of x-axis. [NCERT] 


SOLUTION Let P (x, y) bea pointin XY-plane such thatOP = land ZXOP = 30°. Then, 
= OP cos 30° and y = OP sin 30° 


= et Oo end yan 
2 2 
Ob = aft yp = Bhs 


4 





Y, 
Fig. 23.55 
EXAMPLE 18 A girl walks 4 km towards west, then she walks 3 km in a direction 30° east of 


northand stops. Determine the girl’s displacement from her initial point of departure. [NCERT] 
SOLUTION Let B (x,y) be the final position of the girl and O be the initial point of 
departure. Then, 

AL = ABcos 60° = 5 and, BL = ABsin 60° = 3y3 





Fig. 23.56 
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3 5 3V3 
= OA-AL =|4-=|== AS 
OL (4 5 9 and, BL 9 


Clearly, B (x, y) lies in second quadrant. 


So, 


11. 


12. 
13. 





—)> 
- If the position vectors of the points A(3, 4), B(5, — 6) and C(4, — 1) are a; b, c” 


A 
coordinates of B are (- 2 ; a Hence, position vector of B is — 2 ee 3B j 


EXERCISE 23.4 


. If the position vector of a point (— 4,— 3) bea? find | 7’| . 


If the position vector @ of a point (12, n) is such that | @’| =13, find the value(s) of 
n. 7 


. Find the components along the coordinate axes of the position vector of each of the 


following points: 
(i) P(3, 2) (ii) Q(-5, 1) (iii) R-11,-9) (iv) S(4,-3) 


. Express AB in terms of unit vectors f'and pe when the points are: 


(i) A(4, a 1), B(1, 3) (ii) A(- 6, 3), B(- 2, or, 5) 
Find | AB | in each case. 


. Find the coordinates of the tip of the position vector which is equivalent to AB, 


where the coordinates of A and B are (- 1, 3) and (— 2, 1) respectively. 


. ABCD isa parallelogram. If the coordinates of A, B, C are (— 2, — 1) (3, 0) and (1, -2) 


respectively find the coordinates of D. 


/ 


respectively, compute a+ 2b — 30°. 


. If the points A(m, — 1), B(2, 1) and C(4, 5) are collinear, find the value of m. 
. Show that the points (3, 4), (— 5, 16), (5, 1) are collinear. 
10. 


If the vectors @°= 21 — 37 and b’=-6!+ mj are collinear, find the value of m. 
Ifa’be the position vector whose tip is (5, —3), find the coordinates of a point B such 
that AB = a; the coordinates of A being (4, — 1). 


Show that the points 27, -i- 4j and —i+ 4; form an isosceles triangle. 
Find a unit vector parallel to the vector +3 ip 


14. Find a vector of magnitude 4 units which is parallel to the vector \3r° +}. 
ANSWERS 
1. 5 2. +5 3. 3i, 2j 
4. (i) AB =-31+4f | AB| =5 (ii) AB =4f-8) | AB | =4V5 
5ai(=1)—=2) 6. (-4,-3) 71-5) 8. 1 10. 9 
11. (9,-4) 13. . + 8 7 14. 2V3 1+2) 


€- 


23.12 COMPONENTS OF A VECTOR IN THREE DIMENSIONS 


Let P(x, y, z) bea point in space with reference to OX, OY and OZ as the coordinate axes 
as shown in Fig. 23.57. Then, 


OA =x, OB=yand OC= z 
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A 
Let iy p kK be unit vectors along OX, OY and OZ respectively. Then, 
oun! A 
OA = xi, OB = yj and OC = 2k. 
From Fig. 23.53, we have 


os = A 
BC’ =OA =xfCP=O0C = zk 


Now, OP = OC’ +CP 





= OP = Ob + BC’ +C’P 

s OP = OB +OA +00 

=> OP = OA +0B +00 

=> OP = xfs yf zk 

If OP =F,’ Then, we have Fig. 23.57 


“A 
7= x!'+ yj + zk 

Thus, the poser vector of a point P(x, y, z) in space is given by 
r= xP+1 yj + zk 


Now, 

OP” = OC” +C’'P? 
= OP” = (OB* + BC”) +C’P” 
=> P* = (OB? + 0A?) +0C? 
=> OP” = OA* + OB*+OC? 
= OP? = x*+ y’ +27 
=> OP = Vx*+y* +2" 
= [PL a Va e? 


Te ms a point P in s wee ek coordinates (x, y, z), then its position vector T’is 
af yf ckand | al = Vx" +17 +27 


The vectors xi, yj fand 2k are known as the component vectors of r’along x, y and z axes 
respectively. 


23.12.1 ADDITION, SUBTRACTION AND MULTIPLICATION OF A VECTOR BY A SCALAR AND 
EQUALITY IN TERMS OF COMPONENTS 


For any two vectors @’=a,1+ A> }. + fz kand b= by es by ik +b; k we define 
(i) 74+ b= (a, +b,) f+ (aot bo) } + (a3 +b3)k 
(i) 7-b'=(a,—b,) (2 —ba I+ (a3 — bs) k 
(iii) ma’= uray) t+ (7103) J es (7a3) k where m is a scalar 
(iv) a’ =b = Ay = by, Ap = bo and a3 =b3. 
Let P (xj, y;, Z;) and Q (Xx, 2, 22) be two points. Then, 
PQ = Position vector of Q — Position SCO of P 
=> FQ = taltyafezak) ~eh ey P28 
= (%— x1) Yo—yy) f+ @—zdE 
PQ =| PQ| = Ve_—x)" + —- 1)" +@-z) 


U 
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ILLUSTRATIVE EXAMPLES 
“A A 
ROO MEBE 1 Find the values of x, y and z so that the vectors @?=x! + 2] +zk and 
b= 20+ yj + Rare equal, [NCERT] 
==> A y\ A“ > “A ‘ P 
SOLUTION Two vectors @’=x,1+y,j+2z,k and b= Xg 1+ Yo] +25 K are equal iff 
Xy =X, Yy = Y2 and 2, = Zp. 


a= xi + 2} + zk and b= 2h+ yj + Rare equal iff. 


x=2,y=2andz=1 
“A 
EXAMPLE2 Find the sum of vectors @7°=i- 2p+k, b= — 21+ 4; + 5k and @= t- Gf — 7h 
SOLUTION We have, 


— 
a+ b + O= (T+ b)tO? 


= w+ b+ er {(§- 2p +h) + (20+ 4f+ 5k) + of 7k) 

=> a+ b+ c= (1-2) (244) f+ +5) h} 4h Gf 7h) 

= T+ b+ (— 1+ 274 6k) + f- 6f- 7k) 

= a+ b+ B= (-14+1) M+ (2-6) f+ (6-7 k 

= a+ b+ = of-af-k 

EXAMPLE3 Find the magnitude of the vector a’= 31 — 27. + 6k [NCERT] 


SOLUTION We have, 
| | = V3? + (—2)2 +67 =V49 =7 


“A 
EXAMPLE4 Find the unit vector in the direction of 37 6; + 2k. 
SOLUTION Let @°= 3-6; +2k. Then, 


| a) = V3? + (-6)?+22 =7 


So, unit vector in the direction of @’is given by 


—> 
ade eNO A 6A 24 
a= Tee 7 (31 6) + 2k) = 7! gitak : 
EXAMPLES Find the unit vector in the direction of a%b, if a’= 2i- }. +2 and 
b=-1+]-k. [NCERT] 


SOLUTION We have, 
a+ b= (2h f+2k)+(-M PB) 
= a+ b= (2-1) f+ (-14+1) f+ (2-1) 
a+ b=t+op+k 
a%-b| =V124+024+12 =v2 


7b” Lee AA tS 1 \ 1 ~ 
Se een aa). YE (i+ 0) + = ae Phas ; 


J 


I 


EXAMPLE 6 Find the unit vector in the direction of PO, where Pand Q are the points 
(1,2, 3) and (4,5, 6) respectively. [NCERT] 
SOLUTION Clearly, 

PO = Position vector of Q — Position vector of P 
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A A A “A 
= PQ = (4145j + 6k) — (f+ 2) +3k) 
—, “A “A A 
= PO = 3i+3j 23k 
= | PQ | = V94+049 = 3N3 


The unit vector in the direction of PO is 
uaF 7 “A A A A 
iso PO Sat (31 +- 3j + 3k) = + Tp +j+ k) 


EXAMPLE 7 Show that the vectors 21 — 3). +4kand — af + 6; - gk are collinear. [NCERT] 
“A “A 
SOLUTION Leta’= 2f-~37-+4k and b= —4f+6)- 


Clearly, b’= - 2a? 
--) —_> . 
=> a°and bare collinear. 


EXAMPLE 8 Show that the three points A(-2, 3, 5), B(1, 2, 3) and C(7, 0, -1) are collinear. 
SOLUTION We have, 


AB = Position vector of B — Position vector of A 


= AB = (f+ 243k) —(-2h+3f+5k) = 3f- fi 2k 
BC = Position pots of C — Position vector of B 

=> BC = (71 + 07 - b)- (M24 3k) = 6f- of 4k 

=> BC = 2 (37 } - 2k) 


Clearly, BC = AB. 
This shows that the vectors AB and BC are parallel. 
But, B is acommon point. So, the given points A, B and C are collinear. 


EXAMPLE 9 Find the distance between the points A(2, 3, 1), B(—1, 2, —3), using vector method. 
SOLUTION We have, 


AB = Position vector of B— Position vector of A 

AB = (- f+ 2f-38)— (23h) = -3h- fuk 

AB =| Ab| = Vcarecaecay? = We 
EXAMPLE 10 If a@°=3!— of+kand b= 2h- 4j— 3k, find | a’- 2b" 
SOLUTION We awe 

a= 2b'= (f- oh. k)— 2 (21 pele ag 

|7-2b°| =| -feofer7k | = Ga. 


EXAMPLE 11 The position vectors of the points P, Q, R are t+ 2) A. 3k, —2i i+ 3) N5k and 
7 - -k respectively. Prove that P, Qand Rare collinear. [NCERT] 


SOLUTION We have, 
PO = Position vector of Q — Position vector of P 
=> PQ = (-28+3+-5k)—(+2f43k) = —3h+ fe 2k 


eS EE OE Oe OD EF Le Ge 
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and, Ok = Position vector of R — Position vector of Q 
ay ue) 1 oe aa, ADA A 

= QR = (71-k) —(-21+3j7+5k) = 91-3) — 6k 

Clearly, OR =-3 PO 

This shows that the vectors PO and OR are collinear. 


But, Q is common point between PO and OR . Therefore, given points P, Q and Rare 
collinear. 


A A 
EXAMPLE 12 If @’= re 2}. + 3k and b= 21+ Aj. — 5k represent two adjacent sides of a paral- 
lelogram, find unit vectors parallel to the diagonals of the parallelogram. 


SOLUTION Let ABCD bea parallelogram such that AB =@and BC =b. Then, 








AB +BC = AC 

= AC = w+b'= 3i+ 6f-2k 

and, AB +BD = AD 

= BD = AD - AB 

= BD = b -a’= hy of 8k 

Now, AC = 3/+6/-2k 

= | AC | = V9+36+4 =7 

and, BD = f-2f- 8k 

=> | BD | = Vi+4+64 = Voo Fig. 23.58 
Unit vector along AC = - = = (3! 6 2k) 

BD 


: Mi Ati tn 
and, Unit vector along BD = ) = ) = Veo (! + 2 — 8k) - 


TT ; AO hed Ae 
EXAMPLE 13 If the position vectors of the points A, B, C, D are 21+ 4k, 51+3V3j+4k, 


Ao ano 5 2 
—2 V3 j+kand 21+k respectively, prove that CD is parallel to ABand CD= 3 AB. 


SOLUTION We have, 


AB = Position vector of B — Position vector of A 


A A 
= AB = (51'+3 VB}+ 4k) — (2+ 4k) = 3143.3] 0k = 3 A+ V3} + 0k) 
and, (eb, = Position vector of D — Position vector of C 
= CD = (28+ k)-(-2 VBP +h) = 2h 2V3h+0k = 2 (f+ V3 + 0K) 


CD = 2 (f+ V3f'+ 0k) = = Gh+3 VEPs Of) = 2 AB 


Hence, CD is parallel to AB and CD = 5 AB. 


EXAMPLE 14 Show that the points A(6,—7, 0), B(16, -19, —4), C(0, 3, -6) and D(2, -5, 10) are 
such that AB and CD intersect at the point P(1, —1, 2). 
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SOLUTION We have, 
AP = eaten vector of P— mare vector of A 


= Ab = (ff 2k) — 6f-7f+ 0k) 
and, PB = Position vector of B — Position vector of P 
ot A A 
= PB = (161 — 19} 4k) — (ff 2k) 
A aA _f | Saeed mA. 
= PB = 151-18 6k = -—3 (—5/+ 6/ + 2k) 


Clearly, PB =-3AP . 
So, vectors AP and DB are collinear. 


But, P is a point common to AP and PB. 
Hence, P, A, B are collinear points. 


Similarly, CP = (f+ 2k) — (Of + 3f- 6k) = f-4f+ 8k 

and, PD = (2f-5)+ 10k) -— (f+ 2k) = f- 4p 8k 
CP = PD 

So, vectors CP and PD are collinear. 

But, P is acommon point to CP and CD . 

Hence, C, P, D are collinear points. 


Thus, A, B, C, D and P are points such that A, P, B and C, P, D are two sets of collinear 
points. Hence, AB and CD intersect at the point P. 


EXAMPLE 15 If A, B, C have position vectors (2, 0, 0) (0, 1, 0), (0, 0, 2), show that A ABC is 
isosceles. 


SOLUTION We have, 
AB = Position vector of B — Position vector of A 
“A A A 
= AB = (01+ f+ Ok) — (2+ Of+ Ok), = —2f+]'+ Ok 


= AB =| AB| = V(—-2)?+12+0* = 5 


BC = Position vector of C — Position vector of B 
A A 
= BC = (Of + Of'+ 2k) — (Of + f+ 0k) = OF f+ 2k 
= BC =| BC | = Vo?+(-1)°+2? = 5 
Clearly, AB=BC. 
Hence, A ABC is isosceles. 


Revs 16 Show Pass the points A, B and C with position vectors a% 31 = 4; — 4k 


b=2f- -] p+ Rand t&t- 3; —5k respectively, form the vertices of a right angled triangle. 
[NCERT] 


SOLUTION We have, 
AB = b—a’= (21 pels (af 47 4k) = —h-37'+5k 
BC = 2 b=(f-3f- 5k) -(2f-f+k) = -M2f- 6k 
and, en a-c= Ce 4j—4k)-(f-37-5k) = 27-f+k 
Clearly, AB+BC+CA=0- 
So, points A, B and C forma triangle. 


MATHEMATICS-xXif 
Now, 


| AB | =V- 1)? +3245? = vas 

| BC | = V(- 1)? + (—2)°+(-6* = VT 
and, =| CA | = V2? + (1)? + (1) = V6 
Clearly, | BC |?=| AB |?4] CA |? 
Hence, A ABC isa right-angled triangle. 


EXAMPLE 17 Three vectors of magnitude a, 2a, 3a meet in a point and their directions are along 
the diagonals of the adjacent faces of a cube. Determine their resultant. 


SOLUTION Consider a unit cube whose one vertex is at the origin and three coterminous 
edges OA, OB and OC along the coordinate exes OX, OY and OZ respectively. Then, 
OA =} OB =fand OC =k. 


Let OD, OE and OF be the diagonals of three adjacent faces of the cube passing through 
O along which act the vectors of magnitude a, 2a and 3a respectively. 





Fig. 23.59 


We have, 
Ob = OB +BD = OB +OA =}+f 
|Ob| = Viti = 2 


Thus, the unit vector along OD is (f+). 


Similarly, unit vectors along OE and OF are + (f+ k ) and OF (i+ k ) respectively. 
A vector of magnitude ‘a’ along OD is given by 
Fy = ae (ef) = ae +f) 
Similarly, vectors of magnitude 2a and 3a along OE and OF are given by 
y= 2a - oF (+ k )= a (f+ k ) and, T3= a (r + k ) respectively. 
Hence, if Fis the resultant of Ti, T3, Tz. Then, 


r= 7+ e+ Tz 


i eigeeees Be. 2 4 i a 
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=> 


=> 





—" 


—> A ih 2a A. fh 3a A“ 
re (i+ j)+ se +k) +3 (k+7) 
P= ie (4+ 34 5k) 

| 7’ = yx VI6 +9 +25 = 5a. 
EXERCISE 23.5 


“A 
. Find the magnitude of the vector a°= 2! + 37 — 6k. 


A 
2. Find the unit vector in the direction of 37 + 4j - 12k. 


10. 


11. 


12, 





. Find a unit vector in .the direction of the resultant of the vectors 


A “A A 
1] +3k, 2f+ {2k and i+ 2f— 2k. 


. The adjacent sides of a parallelogram are represented by the vectors 
a= 1+ ih ~kand b =—2/+ } + 2k, Find unit vectors parallel to the diagonals of the 
parallelogram. [NCERT] 

A “A 
 If@=3t—f- 4k, b= — 20+ 4h 3k and = f+ off find | 37°-2b'+427| . 


“A 


elt PO = 3) + 2; —kand the coordinates of P are (1, -1, 2), find the coordinates of Q. 
- Prove that the points i tp 4i4 3; +k and 27- Ay +5 are the vertices of a right - 


angled triangle. 


° ‘ : = ce a a a) 
. If the vertices of a triangle are the points with position vectors a; 1 +a] +4a3k 


by i+ b, ik +b; k C} I+ Co } + C3 R, what are the vectors determined by its sides ? Find 
the length of these vectors. 


. Find the vector from the origin O to the centroid of the triangle whose vertices are 


(1,-—1, 2), (2,1,3) and (— 1, 2,-1). 

Find the position vector of a point R which divides the line segment joining points 
P(t+2j7+k) and Q (-7+7+R) in the ratio 2:1. 

(i) internally (ii) externally [NCERT] 
Find the position vector of the mid-point of the vector joining the points 
P (2? 37 + 4k) and Q (47+ f- 2k). 

Find the unit vector in the direction of vector PO, where P and Qare the points 
(1,2, 3)and (4, 5, 6). 


13. Show that the points A (27 } +k ),, B (f° _ 3} —5k ),, C (31° — 4j. — af ) are the vertices of 
aright angled triangle. ([NCERT] 
14. Find the position vector.of the mid-point of the vector joining the points P (2, 3, 4) 
and Q (4, 1,—2). ss [NCERT] 
15. Find the value of x for which x ( ree jt+k)isa unit vector. [NCERT] 
16. If a= Mj+k b= 2t—j+3k and @= 1-2j+K, find a unit vector parallel to 
2m? b+ 30° [NCERT] 
17. Show that the points A (1, — 2, — 8), B (5, 0, — 2) and C (11, 3, 7) arecollinear, and find 
the ratio in which B divides AC. Rena [NCERT] 
18. Ia=i+j+k, be 4 274 3k and cf 27+K, find a vector of magnitude 6 units 
which is parallel to the vector 2a — b + 3a” [CBSE 2010] 
ANSWERS 
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A 


i 2a 4 4a 1 A 
9, ates tak 10. (i) SMa f+ gk (ii) —37+3k 
A A | ey eer 3 AS Ae 
11. 3f—f+k 12. Ace (1+j+k) 14. 3f+2j+k 


1 ! 4: 
15. +75 16. 50) ~ Yor lt Yaz * 17. 2:3 18. 2%- Af + ak 


23.13 COLLINEARITY 


23.13.1 COLLINEARITY OF VECTORS 


Let @and _b be two collinear or parallel vectors. ws their supports are parallel. Let@ 
be the unit vector in the direction of @As @and B1 may be coed like peu veciny or 
unlike pas vectors. So, the unit vector in the direction of bis either @ or -@ 

P= |@la@andb=+|bla 


Now, w= |a]1a 


le lB fee a 


y 
i 


=> Rab, an 
Also, b= +| 51 a 
= b= J+ jet? = \71a 

_ 
= ge Wa, yeherayiebe eek 


| =" 
Thus, aaa aand Bare two collinear or parallel vectors, then there exists a scalar X such that 
a2Ab or, b=Aa? 


In the following theorem, we prove the general criterion for the coplanarity of two 
vectors. 


THEOREM 1 Two DUCSZETO vectors Thnd bi bare collinear iff there exist scalars x, y not both zero 
such that xa* y b=0. 


PROOF First, let @and bbe two collinear vectors. Then, there exists a scalar A such that 


w= Arb x 
a 1.a%(-A)b= 0° 
=> xa% yb = 0, wherex=1andy=—A. 


Conversely, let # and b be two non-zero vectors aay that xa+y b= 0 for some scalars 


x, y not both zero. Then, we have to prove that aand bi b are collinear vectors. 
We have, 


xaeyb = 0° 
i Pi ey, > 
xat yb=0 

=> xa’= —yb 
—> 

e v(- b 
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ap 
= a= Ab, where A = =" 
> 
=> @’and bare collinear vectors. 


Q.E.D. 


It follows from the above theorem that if two non-zero vectors are non-collinear, we 
cannot express one in terms of the other. In other words, their linear combination can 
never be the zero vector. 


Following theorem proves that the linear combination of two non-zero vectors is zero 
if each scalars in the linear combintion is zero. 


+» 
THEOREM 2 Ifa? b are any two non-zero non-collinear vectors and x, y are scalars, then 
> > > 
xa yb = 0 => x=y = 0 
PROOF If possible, let x # 0. Then, 


xt *- yb = 0° 


— 
=> xa’= — yb 
-y\> 
=> a= a b 
x 
— —) ‘ 
= a’and bare collinear vectos. 


= : 
This is a contradiction to the hypothesis that @ and b are non-collinear vectors. 
Therefore, x = 0. 
Similarly, we have y = 0. 


Hence, xa yb = => x= y=0. 


ILLUSTRATIVE EXAMPLES 
—. 


> > > 
EXAMPLE1 If@and bare non-collinear vectors such that x, @% y, b =x» @% yp b, then prove 
that x; = x5 and y; = yp. 


SOLUTION We have, 


x4 ay; b= X95 Tyo b° 
= (%-x) TY -y) b= 7 
ay — 
=> X7—-X_ = 0 and y;—y> = 0 [-. @’and b are non-collinear] 


=> X, = Xo and Y, = Y2- 

EXAMPLE 2 If @’and Bare non-collinear vectors, find the value of x for which vectors 
O= (x—2) 7% band B= (3 + 2x) a2 bare collinear. 

SOLUTION Since vectors Gand Bare collinear. Therefore, there exist scalar A such that 


w=AB 
= (x—2)a%b = A{(3+2x)a°— 2bF 
= (x-2-A(3+2x)}7%(14+2A)b = 0° 
= x-2-2(3+2x) = 0 and 1424 =0 
= x-2-2(8+2x) = 0 and A = -5 





23.54 


MATHEMATICS-XI 
=> x-245 (34+ 2x) = 
=> 4x+1= 0 
ee x01 
eA 


Betas 3 rigs @and b ry are non-collinear vectors, find the value of x for which the vectors 
@=(2x+1)a> bi and § =(x— may a be are collinear. 
SOLUTION Vectors @and Br will be collinear, if 
eel 


a= m B for some scaiar m 
(Qx+1)at b= m{(x-2)a% Dy 

((2x +1) —m (x-2)}-(m+1) b = 

(2x +1)—m(x—2))a2(m+1)b = 0" 
(2x -—1)—m (x -—2) = 0 and —(m+1) = 


gyda 


pee 
ee, 1 


EXAMPLE a If a7b, b; Thre ihren non- nor vectors such that any two ot seas are non-collinear. 
If ir% bis collinear with @and b+? is collinear with a; then find a* b- +o? 
SOLUTION It is given that: 


7%-B° is collinear with 
= @%b’= 240° for some scalar ry wi) 
and, b+ is collinear with a 
=> b+ T= Aya for some scalar dy .-{ii) 
From (i), we have 
=A, ob 


Substituting this value in (ii), we get 
b+O%= Ay (Ay oz by 


= (1 +A5) B+ (1-24 Ay) P= O” 
= 1+A, = 0 and 1-A,A, = 0 [-.: b and Chre non-collinear] 
=> Az = -1,A, =-] 


Substituting the values of A; and Az in (i) and (ii) respectively, we get 


> = ax 
a+b = a a%+b+c= 0 


EXAMPLE 5 Let a? b, Tbe three non-zero vectors such that any two of them are ren gn coll 
If a% 2b is collinear with & and b+ 3c? is collinear with a; then prove that a 2b + 6c%0. 
SOLUTION It is ois that 


7% 2b’ is collinear with ©? 
= 7% 2b = AZ? for some scalar A (i) 
and, | be 3c? is collinear with a” 
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= b+ 3¢°= pa’ for some scalar pt ...(ii) 
From (i), we have 

W= e225 
Substituting this value of @” in (ii), we get 


b+30°= (Ace 2by 


= (1+2u)b+(3-paA)@= 0 

= 1+2n=Oand3-prA=0 [-.- band Care non-collinear vectors] 
1 

=> i = -5 and A = —6 


Substituting the values of A and p in (i) and (ii), respectively, we get 
7% 2b+ 607%= 0° 


EXAMPLE 6 Ifaand b are non-collinear vectors and vectors & = (x + 4y) a” + _Qx +y+1) b° 
and B = (—2x+y+2) a 4 (2x ~ 3y —1) b are connected bn y the relation 3a = 2B, find x, y 
SOLUTION We have, 


30° = 2p’ 

3 {(x-+ 4y) a (2x + +1) by = 2 {(-2x+y +2) 7% (2x-3y-1) 
(3x + 12y + 4x —2y—4) a+ (6x+3y+3-4x+6y+2)b =0 
(7x + 10y — 4) 7% (2x +9y+5)b = 0° 

7x +10y—4 = 0 and 2x+9y+5 =06 

= x=2,y=-1. 


EXAMPLE 7 Let 1=1+2 pp Fe - 274+ ih and w= 41+ 3}. Find scalars xand y such that 
W=x 0 yo: 


SOLUTION We have, 


$Y fg vy 


Fe eae 


= Ai+ 3j = x (1+ 2))+y (—2i+)) 

= (x -—2y—4) 7+ (2x+y-3)j = 0 

=> x-2y-—4 = Oand2x+y-3 = 0 [-.-f'and jare non-collinear vectors] 
= x=2and y=-1. 


23.13.2 COLLINEARITY OF POINTS 


Let A,B,C be three collinear points. Then, each pair of the vectors Ab, BC; AB, AC 


and Be, Wei is a pair of collinear vectors. Thus, to check the collinearity of three points, 
we can check the collinearity of any two vectors obtained with the help of three points. 
Following theorem provides the general Coen for the collinearity of three points. 


THEOREM Three points with position vectors a7b b and Thre collinear if and only if there exist 
three scalars x, y, z not all zero simultaneously such that 


xa yb + 20°= 0, together with x+y +z=0. 
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PROOF First, let three points A, B,C with position vectors ab and ¢ respectively be 
collinear. Then, vectors AB and BC are collinear. Therefore, there exist scalar A such that 


AB = 2>BC 
b-a= A(ELay 
(A-1)a%1.b4(-A)= 0° 


=—) 
xa%*yb+z0°= 0; where x= -1,y = landz = -A 


Uv. 


xt y b+z0°= Ox+ytz = X-1+1+(-A) =0 
Conversely, let a, b; be the position vectors of points A, B and C respectively such that 


-_ ~ 
xa%yb+zc’= 0,wherex+y+z = 0 


= xatyb = -ze 
= xayb = (x+y)? [xtyt+z=0 => -z=x+y] 
= c= 
x+y 
= Point C divides AB in the ratio y: x. 
=> A, B, C are collinear points. 


Q.E.D. 
ILLUSTRATIVE EXAMPLES 
—> 


EXAMPLE 1 Show that the points with position vectors a— 2b’ + 36? 27+ 3b — Cand 
4a’— 7b +7 Care collinear. 


=> 


SOLUTION Let P, Q, R be the points with position vectors 7°— 2b +30? —2a°+3b -0” 


and 47°—7b’+ 7¢ respectively. Then, 

PQ = PV. of Q-PV. of P=(-27°+3b -0)- @ —2b + 3a 
= PQ =-30°+5b —40° 
and, QR = PV. of R— PV. of Q= (42° 7b +76) - (- 22°+ 3b - oP 
= QR = 6a°- 10b"+ 82? 
Clearly, OR =-2 PQ . 
This shows that PQ and OR are parallel vectors. 


But, Q is a point common to them. So, PQ and OR are collinear. 
Hence, points P, Q and R are collinear. 


EXAMPLE 2 Show that the points with position vectors a’— 2b'+ 3¢,;— 20% 3b + 2c’and 


— 8a°+13b are collinear whatever be a? b, c? 


SOLUTION Let,P, Q, R be the points with position vectors a?—2b' + 7 20+ 3b +26” 
and — 8a’+ 13b respectively. Then, 


PO = Position vector of Q — Position vector of P 
= PQ = (— 207+ 3b + 263 -@ -2b'+3c} 
= PQ = -3a°+5b -o” (i) 
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and, OR = Position vector of R — Position vector of Q 
= OR = (—8a°+ 13b) — (- 277+ 3b + 203 
= OR = 677+ 10b —20= 2 (-30°4+5b -O (ii) 


From (i) and (ii), we have 
QR = 2PQ 
This shows that PO and OR are parallel vectors. But, Q is a point common to them. 
SO, PQ and OR are collinear. 
Hence, P, Q and R are collinear points. 


EXAMPLE 3 Show that the points A, B, C with position vectors —2a’+ 3b b+ 5c, 
7+ 2b + 32°and 7a?— respectively, are collinear. 
SOLUTION We have, 
AB = Position vector of B-Position vector of A 


= AB = @ +25 +3¢}- (— 27+ 3b +563 

- AB = 30°-b -20° .-.(i) 
and, BC = Position vector of C — Position vector of B 

= BC = (7a°-03-@ +2b +303=69°- 2b —40° 

= BC = 2(32°-b -203 (ii) 


From (i) and (ii), we have 
2AB =BC 


Therefore, AB and BC are parallel vectors. 


But, B is a point common to AB and BC. Therefore, AB and BC are collinear vectors. 
Hence, points A, B and C are collinear. 


EXAMPLE4 If the points with position vectors 601 + 3), 401 - 8jand ai — 52). are collinear, find 
the value of a. 


SOLUTION Let the points be A, B and C respectively. Then, 
A, B, C are collinear 


AB and BC are collinear 


= 

=> AB = BC for some scalar A 

= (- 207-117) = A {(@—-40)7- 44}} 

= (A (a—40) + 20} *- (44-11) =O" 

= A (a-—40)+20=O0and, 444-11 = 0 [-.- t } are non-collinear] 
=> = + and A (a—40)+20 = 0 

=> 5 (a-40)+20 = 0 = a = -40, 

Hence, the given points will be collinear, if a = — 40. 


EXAMELES 5 fe; b’ are two non-collinear vectors, show that the points having position vectors 
1am, b, b; lp @% mp b and lz 2% mg b are collinear, if 
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(Lect ties | 
i} Ip Iz] =0 
my M+ 13 


SOLUTION If given points are collinear, then there exist scalars x, y, z such that 


x (7% my by + Y (In a mo b) + z (I5a@% m3 by = 0; where x+y+z=0 


—> ~> 
= (ly X+1p y +15 2) @% (my X+ my y + mzz) b=0, wherex+y+z = 0 
> : 
=> 1, x+l5y +15 z = 0,m,x+ my y+m3z = 0, [:..@/b are non-collinear vectors] 


where x+y +z=0 


Thus, we have 


x+y+z=0 .»(i) 
xt+lhyt+l,z =0 .+.(il) 
my, X+M2y+m3z = 0 ...(iii) 


Solving (ii) and (iii) by cross-multiplication, we get 
a ee ee 
l,m3-l3m2 9 I3m,—-1,m3 1, mo—-I,m, Nay) 

=> X = A(Ip m3 —[3 m2), y=A (ig m, — 1, m3) Z=A (1, m2 — Ip m3) 

Substituting the values of x, y, z in (i), we get 


(Ip m3 — 13 my) + (fg my — 1, m3) + (1, m2 —1p m4) = 0 





eet Ly 52. 
= pee ela li 6 
iy Mz M3 
EXERCISE 23.6 
1. Se that the points A,B,C with position vectors a— a? 2b+ 3c? 27% 3b — 4¢7and 
~ 7b + 107 dre collinear. 


If @, a,c? c“are non-coplanar vectors, prove that the points having the following 
position vectors are collinear : 


(i) ab b, 302 5b" 
(ii) Tbe ag 4 3b, 107% 7b — 20? 
3. Prove that the points having position vectors I+ f+ 3k, 31+ 4+ 7k, =31— 2; —5£ ar 


collinear. 
4, If the points with position vectors 101 + 3), 12? — 57 and at 11) are collinear, find the 
value or a. 


pelt as arb at two BOSCO Eas vectors, prove that the points with position vectors 
a% ba? > band @* A Dare collinear for all real values of A. 

6. If AO + OB =BO+ OC, prove that A, B, C are collinear points. 

7. Show that the vectors 2i— 3}. + 4€ and — 47+ 6}. — 8k are collinear. 

ANSWERS 
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23.14 COPALANARITY 


In this section, we shall coplanarity of a system of vectors and also that of four or more 
points as three points are always coplanar. 


A system of vectors is said to be coplanar, if their supports are parallel to the same plane. 


We have already seen that any two vectors are always coplanar. But, three or more 
vectors may or may not be coplanar. The following theorem gives a test of coplanrity of 
three vectors. 


=> 3 
THEOREM 1 (Test of coplanarity of three vectors) Let a’and b be two given non-zero 
non-collinear vectors. Then, any vector ¥ coplanar with a’and b can be uniquely expressed as 
r’=xa’+y b, for some scalars x and y. 


PROOF Let@’and b be two non-collinear non-zero vectors and let? be a vector coplanar 
with @and b.. 

Let OA =i? OB =b’and OP =7? 

Complete the parallelogram OLPM with OP as diagonal. Since vectors OL and OM are 
collinear with OA =@and OB = b’ respectively. 


OL =x7?and OM = y b’ for some scalars x, y. 


Now, OP = OL +iP [By triangle law of add.] B 
= OP =0L+0M [-.. EP =OM] 
= Pa xt+yb 
Thus, 7’= xa + yb for some scalars x and y. y = 
To prove the uniqueness of this representation, let ‘Ss 
r’=x,a°+y,b for some scalars x; and y;. Then, 
xa’+ yb = x40’+ yb OSL = ri 
= (x — x4) @’+ (y—y) b’= 0° Fig. 23.60 
= x-x, = 0 and y-y, = 0 [-.- @’and b’are non-collinear] 
=> x = x, and y = yj 
Hence, the representation is unique. 
Q.E.D 


The above theorem can also be expressed as under: 
Three vectors are coplanar if one of them is expressible as a linear combination of the other two. 
The following theorem provides an alternative test for the coplanarity of three vectors. 


Py 7? 
THEOREM 2 Prove that a necessary and sufficient condition for three vectors a7b and c’to be 
coplanar is that there exist scalars I,m,n not all zero simultaneously such that 


la mb+ ne?= 0: 

PROOF Necessary condition: First let a? bebe three coplanar vectors 
Then, one of them is expressible as a linear combination of the other two. 
Lete’= xa yb for some scalars x, y 


= 
¢’= xa%y b for some scalars x, y 


=> 
=> la mb + no= 0, where !=x, n=y andn=-1. 
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- se >? > = 
Thus, if@? b, Care coplanar vectors, then there exist scalars I, m, n l@% mb + nt?= Osuch 
that, where I, m, n are not al EL ZELO simultaneously. 


Sufficient condition : Let a; »b, ¢’be three vectors such that there exist scalars l,m, n not 
all zero simultaneously satisfying la*% mb+ne’= 0. 


We have to prove that a; by, ¢ dre coplanar vectors. 
We have, 


=> ne’= —lae mb’ 
= Cs (- f\a "| b° 
nN n 
G ‘ —- 
=> ¢’ is a linear combination of @’and J 
ote —? 
=> ¢’lies in the plane of @ and b 


_—> 
Hence, a, b, are coplanar vectors. 


i? ; 
THEOREM 3 If a,b, C’are three non-zero non-coplanar vectors and x, y, z are three scalars, 
then 


xa yb + 20°= = x=y=z=0 
PROOF If possible, let x #0. Then, 


- ~ 
xiv yb—zc*= 0 


=> xa= —yb—20? 
= RE a Zales 
= a’ is coplanar with b and ¢” 


This is contradiction to the fact that ab, b, C’are non-coplanar. Therefore, x = 0. 
similarly, we have 

y=z=0. 
Hence, xa yb + 2%0'=> x=y=z=0 


THEOREM 4 (Test of coplanarity of four points) Four points with positon Dees Fak ab, & fd 


are coplanar iff there exist scalars x, y, z, u not all zero such that xa’+ yb” +207 ud =0, where 
X+y+zZ+u=0. 


PROOF LetA,B,C,and Dbe four points with position vectors, b, ¢and d respectively. 


First, let A, B, C, D be four coplanar points. Then AB, Ac, and AD are coplanar vectors. 
So, there exist scalars A and 1 such that 


Ab = nab +n AD 


b= AC-ap+y@ -ay 
(A+ p—1) a+b +(-A) e+ (—p) d= 
xt yb% 20% ud =0, wherex=A+p-1,y=1, z=—-Aandu=—-iU 


uy sy 


x@+yb +z0+ud =0, wherext+y+z+u =A+N-—1+1-A-—p=0 


aller 
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Conversely, let there be scalars x, y, z, u not all zero such that 

x@+yb +z0+ud = 0 -«-(i) 
where x+y+z+u =0 -.-(ii) 
Putting x =—(y + z + u) from (ii) into (i), we get 


~(y+ztu)@+yb +z0+U a=0° 


=> y(@ -d+z@-a+u(d —-ay=0° 
= yAB +zAC +u AD =0° 


Let y #0. Then, 
Ab = ($# Jae +{ = ab 
y y 


This shows that AB, AC and AD are coplanar vectors. 
Hence, points A, B, C, D are coplanar points. 
ILLUSTRATIVE EXAMPLES 
EXAMPLE 1 Show that the vectors a°— 2b’ + 30, a°— 3b + 5c’ and —2a’ + 3b — 47” are 
3’ => 
coplanar, where a; b, Care noi-coplanar. 


SOLUTION Recall that three vectors are coplanar if one of the given vectors is expressible 
as a linear combination of the other two. Let6 


@— 2b’ +30°= x (@- 3b + 5cy+ y (- 247+ 3b — 4Zj, for some scalars x and y. 
a 2b + 30° (x—2y) a+ (—3x + 3y) b+ (Sx—4y) & 

=> 1 =x-2y, -2 = —3x+3y and 3 = 5x-4y 

Solving first two of these equations, we get x = 1/3, y=- 1/3. 

Clearly, these values of x and y satisfy the third equation. 

Hence, the given vectors are coplanar. 


—) 
EXAMPLE 2 Show that the vectors 2a°-b +3¢, a@’+ 
coplanar vectors. 


SOLUTION Let, if possible, the given vectors be coplanar. 
Then one of the given vectors is expressible in terms of the other two. 
—2 
Let 2b + 307= x @ + b’- 2c) +y @ +b —3cy, for some scalars x and y. 


= 2m b+ 30°= (x+y) a+ (x+y) b + (- 2x -3y)e” 


=> —> 
b—-2c¢? and a°+b —3c are non- 


=> 2=x+y,-1=x+y and 3 = —2x-3y 
Solving, first and third of these equations, we get x = 9 and y = —7. 
Clearly, these values do not satisfy the third equation. 
Hence, the given vectors are not coplanar. 
— 
EXAMPLE 3 Prove that four points 2 a’+3 be C, a’—-2 b+ 3¢° 3a°+4b —2c’and 
Sy Se 
a@°-6b +6 care coplanar. 


SOLUTION Let the given four points be P, Q, Rand S respectively. These points are 


coplanar if the vectors PQ, PR and PS are coplanar. These vectors are coplanar iff one 
of them can be expressed as a linear combination of other two. So, let 


a 


Re rr mee ame 1 


ee ee EO EI TT ee EE OT eT EE ne 
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PQ = xPR +y PS 


==> ~ @— 5b + 40?= x(74+b -c+y (-a 9b + 7e7 
< ~W— 5b'+ 42%= (x —y) a+ (x - 9y) b+ (-x+7y) 2 


Equating coeff. of a, bc] 
— = > A = = — oe _ qua 1r ° 4 ‘ 
<" ime BvESOY oe LY FB on both sides | 


Solving the first of these three equations, we get x =— 1/2, y = 1/2. These values also 
satisfy the third equation. Hence the given four points are coplanar. 

—>—> ye Jiu a 
EXAMPLE 4 If i7/b, cre non-coplanar vectors such that x, a@*% y, b - zy CEA At YQ Dt Ale 
then prove that x =X, Yy= Yo and z, = Zp. 
SOLUTION We have, 


= — 
x, 7% y,b+2, C= Xo A Yo b+2z50° 


=> (x, es X9) a+ (yy — Y>) b+ (Z, = Z>) C= 0” 
= X1—X2 = 0,y; —y2 = 0,21; -z = 0 [Using Theorem 3] 
= X1 = Xz, Yy = Y2 and 2, = Z. 


EXERCISE 23.7 


1, Show that the points whose position vectors are given, are collinear: 
NOAA AT iad nt. O A.A of 
(i) 21+j —k,31-27+kandi+4j —3k 
A A A 
(ii) 31-2) 4k, f+ j4+k and — f+ 4f— 2k 
2. Using vector method, prove that the following points are collinear: 
(i) A(6,—7,—1), B(2,—3, 1) and C(4, — 5, 0) 
(ii) A(2,-1,3), B(4, 3,1) and C(3, 1, 2) 
(iii) A(1, 2, 7), B(2, 6,3) and C(3, 10, —1) 
(iv) A(- 3,—2,— 5), B (1, 2, 3) and C (3, 4, 7) 
(v) A(2, -1, 3), B (3,-5, 1) and C (— 1, 11, 9) 
3. Ifa? b; Tare non-zero, non-coplanar vectors, prove that the following vectors are 
coplanar: 
(i) 5a°+ 6b’+ 76? 7a?— 8b + 9e°and 377+ 20b + 5c? 
(ii) @?-2b + 30? —3b + 5e°and — 27% 3b — 42° 3 
4, Show | that the four points having position vectors 6/- 7}, 161- 19) — 4k, 
37. — 6k, 21 5} + 10k are coplanar. 


5. Prove that the following vectors are coplanar 
A “A A 
(i) 2¢-7'+k, ?- 37 — 5k and 31 — 47 4k 
A A A 
(ii) + 7+k, 204+ 37—k and —f- 2/4 2k 
6. Prove that the following vectors are non-coplanar: 
/SO/ St SY et ALARA 
(i) 32+) —k, 21-j + 7k and 71 —] + 23k 
A A A 
(ii) 74+2743k, 2¢+7+3kandi+j+k 
If 77 B; &? 


7. are non-coplanar vectors, prove that the following vectors are non- 


coplanar: rE 
(i) 27°-b +307 a+ b — 26°and a+b — 30” 


+ ie Ee 
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(ii) a T+ 2b + 3c, 2a a+b +3¢’and a a+b +O” 


>» > 
8. Prove that a necessary and sufficient condition for three vectors 2, b and €” to be 
yeu Ns is eee there exist scalars I, m,n not all zero simultaneously such that 


la mb + nez 0- 
- Show that the four points A, B, C ag 2 wi poste vectors a ab, and d' respec- 
Huey. are coplanar if and only if 3a* > 2+ 2d = 0. 


Ne) 


—)> 
10. jf a, bec ¢ are non-coplanar vectors such that x; @ a+ Y} bs +2 ce Xo rk Yn b+2Z c then 


prove that x; = x2 y; =y2 and 2; =2p. 
11. Show that the vectors a, b, civen by 7 i+ 2/+ 3k, b= 2+ + 3k and P= C= =1+p+k 
are non- icine Express vector d= 2f- j - 3k asa linear combination of the vectors 
— > 
a; b and G’ 


23.15 DIRECTION COSINES AND DIRECTION RATIOS 

23.15.1 DIRECTION COSINES 

DEFINITION If a, 8, are the angles which a vector OP makes with the positive directions of 
the coordinate axes OX, OY, OZ respectively, then cos o, cos 8, cos yare known as the direction 
cosines of OP and are generally denoted by the letters I, m,n respectively. 


l=cos a, m= cos B, 1 =cOos ¥. 


The angles a, 8,y are known as the direction angles and satisfy the condition 
0<a,B8,y<s7. 
In the above definition the vector OP has its initial point at the origin. If a given vector 
does not have its initial point at the origin, then we can draw a parallel vector of the 
same magnitude having initial point at the \Z 
origin. 
Clearly, PO makes angles 1 — a, %— 8, 77 — y with 
OX, OY, OZ respectively. Therefore, direction 
cosines of PO are 

cos (7 — a), cos (7 — B), cos (7 — Y) 
Or, —-],—m,-—n. 
As the x-axis makes angles 0,2 09 = with OX, OY 
and OZ respectively. Therefore, direction 
cosines of x-axis are 





cos 0, cos ei cos 5 i.e., 1,0,0 x Fig. 23.61 


Similarly the direction cosines of Y and Z-axes are 0, 1, 0 and 0, 0, 1 respectively. 
THEOREM Let P (x, y, z) bea point in space such thatr& OP has direction cosines 1, m,n. Then, 


(i) 1| 7?|,m|7°|,n | 7°| are projections of T’on OX, OY, OZ respectively. 
(ii) x=1|7?|,y=m|7r’?|,z=n|7| 
(iii) 7= | 7 f+ m f+nk) and Palfhtmfenk 


(iv) P+m?+n2=1 


eee rt srr — rr, vO IE... 
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PROOF We have, 
A 
Fexttyf+czk. 


Suppose OP makes angles a, 8, y with OX, OY and OZ respectively. Then, 
l!=cos a, m=cos fi, 1 = cos y. 


(i) We have, 


—p A 
Projection of 7’on x-axis =7?! | « Projection of @’on b =a: b| 
= Projection of 7’on x-axis = | 7} | 7] cosa [By def. of dot product] 
= Projection of 7’on x-axis =1 | 7) [-.. /=cos a] 


Similarly, projections of 7’on OY and OZ axes are m | 7] andn | 7} respectively. 
(ii) We have, 


Projection of 76n x axis = 7?? = fey fezh =x 

Similarly, projections of 76n OY and OZ axes are y and z respectively. 

But, projections of 7’on OX, OY, OZ are! | 71,m | F and n | 7?| respectively. 
x=I|7’|,y=m|Pr|,z=n|P| 

(iii) Puttingx=1| 7’|,y=m|7?|,z=n|7°| inrex + y {+z k, we obtain 


A 
r= |r’| (1i+ mj+nk) 


r’ A Nop 
=> liaibe eee 
= P= 1ftemfenk 
(iv) We have, 

OP=|7’| 


=> Vx? + 2 427 =|7r’|- 
= e+ tz = | P|? 
= Pr? |74+m* | P24? | Pl2H= | Pl? E x=l| m1, 


=m | r|,z=n | r) 


Ptmtn? =1 


Q.ED. 
23.15.2 DIRECTION RATIOS 


As we have seen in the previous section that if I, m, n are direction cosines of a vector, 


then [7 + m? + n? =1. Therefore, I, m,n usually involve fractions and radical signs. Also, 
it is slightly combursome to use direction cosines I, m, n as such. We now introduce the 
concept of direction ratios of a vector. 


DEFINITION Let I, m,n be direction cosines of a vector rand a, b,c, be three numbers such that 
Pm. on 


Then, we say that the direction ratios or direction numbers of vector r’” are proportional to 
a, b,c. 
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For example, if é, - :, - are direction cosines of a vector 7, then its direction ratios are 


Proportional to 2,—2, 1 or —2,2,-1lor 4,—4, 2, because 


2/3 _ =2/3 _ 1/3, 2/3 _ =2/3 _ 1/3 2/3 -2/3 1/3 


——_—— — —_ -----.._. _ _—— —_—---— —_— — —---—- «= —_ eu 7 —__— — =_——_—_— —— = - 
—_ ss — —_— 


2 ~ 1 —2 2 = 4 -4 2 


Itis evident from the above definition that to obtain direction ratios of a vector from its 
direction cosines we just multiply them by acommon number. This also shows that there 
can be infinitely many sets of direction ratios fora given vector. But, the direction cosines 
are unique. 


We shall now obtain the direction cosines from the direction ratios. 


Let direction ratios of a vector 7” having direction cosines I, m,n. be proportional to 
a,b,c. Then, 


gy [By definition] 

Let Ue 7 Then, l=ah,m=bi,n=ci. 
EIN Tela 

I? +m? +n? = J 

= a0? +B? +o? A? = 1] 
1 
=> A= £ 
Va? +b? +c? 


a b c 
P= 2" m = + ‘n=t = 
Vaz +b + 2 papers Nee 


where the signs should be taken all positive or all negative. 
Thus, if the direction ratios of a vector are proportional to a, b, c then its direction cosines are 
given by 
a b C 
to" + or a ES TET 
Va? +b? +02 Va? +4 a+b +c" 
where the signs should be taken all positive or all negative. 
For example, if direction ratios of a vector F’ are proportional to 3, —4, 12, then its 
direction cosines are 
12 


3 st: =4 12 or 2, ~4, 12. 
(3)* + é 4)* +(12)" (3)7 +(- 4)* + (12) Vay? + = 4)? + (12) 13 13 13 


23.15.3 SOME IMPORTANT RESULTS ON DIRECTION RATIOS AND DIRECTION COSINES 


: ? : : Aas 
RESULT! Direction ratios and cosines of a vector given in terms of unit vectors 1, j,k. If 


Aas apelin h h ay 
reai+ bj + ck, then its direction cosines are 
b c 


a 
Va" +b? +02 Vath ae Vat P +e 
and the direction ratios of rare proportional to a, b,c. 


PROOF LetF’=ai+b j+e k bea vector having direction cosines I, m, n. 

If 7’makes angles a, B,y with OX, OY and OZ respectively. Then, by using 
=> 
a*b 
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—> & —> A —> 
rst . af. 
cos 0 = ~~ + cos B= ———_-- cos =—— ve 
lr°| |r| taba [r°| | k| 
( Nb feck? at+bp+ck)-f (ai Nb feck): k 
=> cos = ES as GO sp = iehtblsck L cosy= P| F 
a _b Cc 
= [= | a i m= F TP n= TPT [- cos a=1,cos B =m, cos y=] 


Thus, direction cosines of F’=a 1+ b J N ck are 


b Yictestes vlire 
TP] ’ al , hal and hence its direction ratios are proportional to 4, b,c. 


For example, 7’= 21 t+ j- -2k has direction ratios proportional to 2, 1,—2 and its direction 
cosines are 
2 


ee ee ee oe: 
Pe i+(-2) V2 +(y+(-27 V2+174+-2" '33 3 
RESULT tl The direction ratios of the line segment joining points (x1, yy, 21) and (X2, Yo, Z2) are 
proportional to xy —X1,Y2—Y1,Z2- 
PROOF Let P (x, V1, Z}) and QO (Xp, Yo, Z) be two given points. Then, 
PO = Position vector of Q — Position vector of P 
A A A 
= PQ = (X95 P+ Yo f + Zo k) — (x1 yp +2 k) = (Xo — X}) 1+ (Yo — 4) J + Zo— 2) k 


So, direction ratios of PQ are proportional to x5 — 1, Yo — Yj), Zo — Z; and its direction 
cosines are 
Reale Haw, 2 21, * 
\PQ| 1PQ1 1PQ | 
RESULT Ill Two parallel vectors have proportional direction rations. 
PROOF Let@’and b be two parallel vectors. Then, 


b’= i. @’ for some scalar A. 
Ifa =a, + ay frag k then 
b=Ar= ie (XA Q) + (~ fo) J + (A M3) k. 


re te 
This shows that the direction ratios 1 a are proportional to Aa, A a, A. a3 OF, M4, 4,43 
because 

ay PRAM Steg Ay 2 Ay 243. 
Thus,@’and b’ have proportional direction ratios and hence equal direction cosines also. 
RESULTIV Ifa vector rhas direction ratios proportional to a, b, c then 


— 
reel le at+bf+ck) 
a+b + 


PROOF Since direction ratios of 7 are proportional to a,b,c. Therefore, its direction 
cosines are 


a ee i b peas c 
N+P +e = Na +h +c : Ne eetce 


A 
So, P= | 7’| (i+mjp+nk) 


hil sB eee 
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=> P= K 
bP ble Tae ee aie ‘TET | 


ES = se ibcth 
Via? +bh*+¢ 





=< (aheb feck 


RESULT V JI, m,n are the direction cosines of a vector F = x1 P+ yj + zk, then its projections on 
the coordinates axes are respectively 


ir’ |, | 7° Tn lr | 


PROOF Let/, m,n be the direction cosines of a vectors 7” If7’°’makes angels a, § and y with 
OX, OY and OZ respectively, then 


l=cos @, m=cos fh, n=cos¥. 
Now, 

Projection of 7’on x-axis = 7? 7 = |7?| |? | cosa =! re] 
Similarly, we have 

Projection of F’on y-axis = m | 7°| 
and, Projection of F’on z-axis = n ead 


Thus, projections of 7’on the coordinate axes are / [7?[,m | r?|,n| 7]. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 A vector OP is inclined to OX at 45° and OY at 60°. Find the angle at which OP 
is inclined to OZ. 


SOLUTION Suppose OP is inclined at angle y to OZ. 
Let J, m, n be the direction cosines of OP. Then, 


| = cos 45°, m = cos 60°, n = cosy > 1 = oe (hk i n = Cosy. 
Now, 

P+ m+n? = 1 

ey #2! 2 | 
=> pg ht = 1 Sees 
> n= at = cosy = Pes Y = 60° or, 120° 


2 2 
Hence, OP is inclined to OZ either at 60° or, at 120°. 


EXAMPLE 2 If a vector makes Ete Ce B, Y wit OX, OY and OZ respectively, prove that 
sin? a + sin” B+ sin” Vie 2. 


SOLUTION Let!/, m,n be the direction cosines of the given vector. Then, 
l=cos &, m=cos B, n =cos y. 


Now, i? +m + n> = ik 


=> cos? & + cos” B + cos? y = 1 
= (1 — sin? a) + (1 - sin? B) + (1 —sin?y) = 
= sin? «+ sin? B + sin? y = 2. 


Ee 


vallanter ee 


——— <n 


eee 
te ae eet Babee ee | 
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EXAMPLE3 Find the direction cosines of a vector 7 which is equally inclined with OX, OY and 
OZ. If | ¥?| is given, find the total number of such vectors. [NCERT] 
SOLUTION Let I, m,n be the direction cosines of 7? 
Since ris equally inclined with OX, OY and OZ. 

. l=m=n [-.. @=B=y .. cos a=cos fh=cos}] 


2 


Now, +m tn =1 = 3P sls) 7 


. : : — 1 , sg a 
Hence, direction cosines of 7 “are ty + a5 acy 


A 
r’= | r’| (i+ mjp+nk 


Tan 


Ay, LA, A 
=> | 7?| {tpt ele ek 
Since + and — signs can be arranged at three places in 2 x 2x 2=8 ways. 
Therefore, there are eight vectors of given magnitude which are equally inclined with 
the coordinate axes. 


EXAMPLE4 A vector rts inclined at equal angles to OX, OY and OZ. If the magnitude of ris 
6 units , find 7’ 


SOLUTION Suppose 7 fnakes an angle a with each of the axes OX, OY and OZ. Then, its 
direction cosines are 


l= cosa@,m =cosa,n =cosa >/=me=n. 


Now, Ptmtn =1 = 3P=131=+ 75 


r= (ap heelte. => P= 2V3 (thefed. 


EXAMPLES A vector 7 "has length 21 and direction ratios 2, — 3, 6. Find the direction cosines 
and components of 7,’given that r tnakes an acute angle with x-axis. 


SOLUTION Recall that if the direction ratios of a vector are proportional to a, b,c, then 
its direction cosines are 


a b Cc 


eT k= 
a7 +b? +c Va7 +b? +c Vaz +b? + c2 


Therefore, direction cosines of 7 are 


2 = 6 


$$, ¢  __,, 4 
No alanon SND Gane * Vot+(-3)24+-6- 


Since 7 makes an acute angle with x-axis. Therefore, cos a >Oi.e., 1 >0. 


2 
So, direction cosines of Fare sh S, 2 
k A 
res af FPF he5 | [Using: 7’= | r’| (i+ mj+nk) 


A 
ae P= 61-97 +18k. 


A 
So, components of along OX, OY and OZ are 61, — 9j.and 18 k respectively. 
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A 
EXAMPLE6 Find the angles at which the vector 2 i ik +2 kis inclined to each of the coordinate 
axes. 


SOLUTION Let 7’ be the given vector, and let it make angles a, f, y with?OX, OY and 
OZ respectively. Then, its direction cosine are cos a, cos B, cos y. 4 


We have, 
“A 
F=20-f+2k. 
So, direction ratios of Fare proportional to 2, — 1, 2. 


Therefore, direction cosines of F’are 





2, Eee ie. 2 —4, 2. 
2°+(-1)° +27 V2?7+(-1)74+2% V2? 4(-1)?422 Sa 
cos Oxy Sa cos Bm or eee -2 
ae Pex Lia 
= cos?| | 6 s%cqsm4| et eee 
= ® = cos F }- B = cos 5 |e 1 os 3] 
= a = 


-1{ 2 * -1/1 epee Wj 
cos 5} 8 = m-cos 5 } Y = cos 3 
EXAMPLE 7 The projection of a vector on the coordinate axes are 6,~3, 2. Find its length and 
direction cosines. 


SOLUTION Let /, m, 2 be the direction cosines of the given vector r’(say). Then, its 
projections on the coordinate axes are | | 7’?|,m | 7°|,n bts 


l|7r| =6,m|r’| =-3,n|7°| =2 ...(i) 
= {I | 71) + bon | adie (n | rad = 67 +(-3)*+(2)" 
=p ea] | (een eg) Oe 
=) | 7?|? = 49 ( P+m?+n?=1] 
> [r’?| =7 


Putting | 7°| =7 in (i), we obtain that the direction cosines of F’are 


2 


l=S-m=->-n=5 


7 


EXAMPLE8 Find the direction cosines of the vector joining the points A (1,2,—3) and 
B (-1,-2, 1), directed from A to B. 
SOLUTION Clearly, 


AB = Position vector of B — Position vector of A 


= AB = (-f-27 +k) - (f+ 26-3) 
= AB = —2f-4f4.af 


The direction ratios of AB are proportional to — 2, — 4, 4. So direction cosines of AB are 


22 


ee —4 : 4 el ae ae’ 
V(—2)? + (4)? + 42 V- 2)? + (424 2 Vi- 2)? + (424 & Bie Se8 


>. Week: Bar rv 


|? ranteliecs + al ese 
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EXERCISE 23.8 


= 


Can a vector have direction angles 45°, 60’, 120°? 
Prove that 1, 1, 1 cannot be direction cosines of a straight line. 


w oN 


- A vector makes an angle of a with each of x-axis and y-axis. Find the angle made 
by it with the z-axis. 


4. A vector 7’is inclined at equal acute angles to x-axis, y-axis and z-axis. If | 7 r’| = 
units, find F 


5. A vector r’is inclined to x-axis at 45° and 1 y-axis at 60°. If | 7’] =8 units, find 7.’ 
6. Find the 2 direction cosines of the following vectors : 
(i) 22 —k (ii) 6i-2;- -—3k (iii) 3h-ak 
7. Find the angles at which the following vectors are inclined to each of the coordinate 
axes : 
A“ “A 
G@ Mk Gi PLR (iii) 4f+8f+k 
8. Find the direction cosines of the vector joining the points A (1,2,—3) and 
B (-—1,-2, 1), dixected from A to B. [NCERT] 
9. Show that the vector 1 + j ha ki is equally inclined with the axes OX, OY and OZ. 
[NCERT] 
10. Show that the direction cosines of a vector equally inclined to the axes OX, OY and 
oe et 
: CERT 
OZ are V3 v3.3 ([N ] 
‘ ~ Mee AT rein cit me: 
11. Ifa unit vector 7’makes an angle 3 with 1, 4 with j and an accute angle 0 with k, 
then find 6 and hence, the components of a” [NCERT] 
ANSWERS 


“A A 
1. Yes 2. No 3. 5 4. 7E2VB(f+p+k) 5. ‘ante 


any -1 Goa 3 


3/3) Gia= ra a 2 (ii) 2 


3 
‘ 1 —1 =f al ws =i fo 1k —] 
7. (i) cos (35) , COS” ‘(e) cos (5) (i) 5 ,cOSs (3 a cos (3 ) 
Ss -1(4 -1(8 ~1(1 -3 -4 z, if 1p 
(iii) cos c cos 5} COs 5} 8 ‘Var’ var’ Tn 11. i, aa ak 
VERY SHORT ANSWER QUESTIONS (VSAQs) 
Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 
. Define “zero vector”. 
Define unit vector. 
. Define position vector of a point. 


. Write PQ + RP + ORi in the simplified form. 

. If@’and bare twonon-collinear vectors such that x @% y b = 0, then write the values 
of x and Uh 

If @and 5’ represent two adjacent sides of a parallelogram, then write vectors 
representing its diagonals. 


Hh 


au Pw YN 


2 
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7. 


10. 


11. 
. If@and bdenote the position vectors of points A and B respectively and Cisa point 


13. 


14. 
15. 
16. 


17, 
18, 


19. 
20. 


21. 


22. 


26. 
27. 


29. 
30. 


31. 


—_> 
. Ifa a) be =] ‘handset 1, write unit vectors parallel to a+ b — 2C. 
24. 
25. 


If a? a c arepiesent the sides of a triangle taken in order, then write tne value of 
+b + 6 


. Ifa b, Tare position vectors i vertices A, B and C respectively, of a triangle 


ABC, PEAKE the value of A + CA. 


. Ifa? b; Thre position vectors of the points A, B and C respectively, write the value 


of AB + BC + AC. 


Ifa; b, ¢’are the position vectors of the vertices of a triangle, then write the position 
vector of its centroid. 


If G denotes the centroid of A ABC, then write the value of GA a GR + Ge 


on AB such that 3 AC = 2 AB, then write the position vector of C. 


If D is the mid-point of side BC of a triangle ABC such that A) B+ AC=A AD, write 
the value of i. 


If D, E, F are the mid-points of the sides BC, CA and AB respectively of a triangle 
ABC, write the value of AD + BE+ CF. 

If @’is a non-zero vector of modulus a and m is a non-zero scalar such that mizis a 
unit vector, write the value of m1. 

If a? b,c are the position vectors of the vertices of an equilateral triangle whose 
orthocentre is at the origin, then write the value of a+ b+a? 

Write a unit vector making equal acute angles with the coordinates axes. 

If a vector makes angles a, 8B, y with OX, OY and OZ respectively, then write the 
value of sin? a + sin” B+ sin” Y- 

Write a vector of magnitude 12 units which makes 45° angle with X-axis, 60°angle 
with Y-axis and an obtuse angle with Z-axis. 


Write the length (magnitude) of a vector whose projections on the coordinate axes 
are 12,3 and 4 units. 


Write the position vector of a point dividing the line segment joining points 
Aand B with een vectors 4 Wand b” externally in the ratio 1:4, where 
7% 23) +4kand b=—f+j +k. 


Write Ee girecHon cosines es the vector F= 61— 2}. + 3k. 
—> 


A A A —' 
Ifa i+ 2), b= j + 2k, write a unit vector along the vector 3a ~ 2b. 
Write the position vector ofa point dividing the line segment joining points having 
peetiony vestors ; ha re ~ 2k and 2i— — j + 3k externally in the ratio 2:3. 


Ifae Mj bik, a= k+i, find the unit vector in the direction of a+ b+ 
If 7=37- ae ~ 4k, be —2f+4;— 3k and ie k find | 3a a-2b+47). 


. Aunit vector 7 makes angles z and = with i] and k respectively and an acute angle 


2 
@ with ¢ Find 0. 
Watee a peat vector in tt the pecnos ofa’= 3; — ~ 2}. + 6k. SICBSE 2008) 
lfa& t+ 2 —3f and b=2%+ Ay + 9K, find a unit vector parallel to a a+b. 
[CBSE 2008] 


Write a unit vector in the direction of b= 2f+ p+ 2k. [CBSE 2009] 
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32. 


33. 


34. 


13. 


18. 


22. 


25. 


29. 


32. 


36. 





- Write two different vectors having same magnitude. 
. Write two different vectors having same obechon: 

. Write a vector in the direction of vector 5st —j+2k (which has magnitude of 8 unit. 
- Write the direction cosines of the vector {+ 2j + 3k. 
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Find the position vector of the mid-point of the line segment AB, where A is the 
point (3, 4, - 2) and B is the point (1, 2, 4). [CBSE 2010) 
Find a vector in the direction of 7% 2i — —j i: 2k, which has magnitude of 6 units. 
[CBSE 2010} 
A A 
What is the cosine of the angle which the vector V2/+ j + k makes with y-axis? 
[CBSE 2010; 


x=0,y=0 6. 7%b, ath 70 8. 0° 
> r= —> »)” 
2 (E273 10 ae ore TO? *. s12. ane. 
A 
2 14.0 15 +2 16.0 17. 2 (M+ j+k) 
2 19. 6(V2 M+ Fk) 20.13 21. 3M Sf 5k 
6 -2 3 Linea as pty 
a 23. tie (i1-2j+k) 24. Var (3h+ 4) 4k) 
A A N A 
-P+5j-12k 26. (Pj+k) 27. \BSB 28. 60° 
WO A 24 16:4 Le Sy eee PEI Weed 7 
a=pi-ajtok 30. 3 (i+ 27 + 2k) 31. Zit gst gk 
A Aw» a fi 
(2, 3,1) 33. 4-2; 44k 34.5 © 35, ae 2 j'+2k,b=-2K4)- 
Mt hie aN hat 8 a a LA Eas 
a= 20+j+2k, b = 4f+2)+4k 37. +735 (St-j+2k) 38. Fe GE 


MULTIPLE CHOICE QUESTIONS (MCQs) _ 


Mark the correct alternative in each of the following: 


1. 


If in a AABC, A=(0, 0), B =(3,3 V3 3), C=(-3 V3, 3), then the vector of magni | | 
2 V2 units directed along AO, where O is the circumcentre of A ABC is 


(a) (1- ~ NB)? + 1 +¥8)) (b) (1+3)7+(1 -V3)7 
(c) (1+ V3) 3)7+ (V3 -1)} j (d) none of these 


. Ifa? bare the vectors forming consecutive sides of a regular hexagon A3CDEF, then 


the vector Se iat side CD is 


| 
(a) a’ ONG (c) b -a’ (d) -@4+b" ) 
. Forces 3 OA’, 5 OB act ee OA and OB. If their resultant passes through C on AB. 
then 
(a) Cis a mid-point of AB (b) C divides AB in the ratio 2:1 
(c) 3AC = 5CB (d) 2AC = 3CB 
: Jf a 7h, Care three non-zero vectors, no two of which are Cc oljinear and the vector | 


a’+b is collinear withe ¢?b +C is callin with @? then @’+b += 
(a) a’ (b) b° (c) ¢’ (d) none of these 


WEL Eat = 
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5. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


. The vector equation of the plane passing through @, 


If points A (607 + 3}), B (407 - 87) and C (at - 529) are collinear, then a is equal to 
(a) 40 (b) —40 (c) 20 (d) -—20 


. IfGis Be EAETSecHOn of diagonals of a parallelogram ABCD and O is any point, 


then OA +OB +OC + OD = 


(a) 206 = (b) 406 (c) 506 (d) 30G 
. The vector cos & cos B7 + cos & sin B7 +sinakisa 
(a) null vector (b) unit vector 
(c) constant vector (d) none eof these 
. Ina pene Hexagon ABCDEF, AB =a, BC =b and CD =@ Then, AE = 
(a) Pb +e (b) 2a’ +b +o” 
() b+? (d) +26 +22? 


Tbe is F=aa'+P b +ye 
provided that 


(a) a+B+y=0 (b) a+B+y=1 

(c) a+B=y (d) a7+B 2+ = 1 

If OandO’ are circumcentre and ortho centre ond A ABC, then OA +OB+ oc equals 
(a) 2 2 00" (b) OO (c) O'0 (d) 20°0 


Ifa? b° cand dare epost tion vectors of points A, B, C, Dsuch thatno three of them 
are collinear and a+ c= b- +d,then ABCD isa 
(a) rhombus (b) rectangle (c) square (d) parallelogram 


LetG be the centroid of A ABC. IfAB = 7? AC = b, then the bisector AG, in terms of 
@and b is 


(a) $@ dy b)Z@+H (0) 5 @*B) (d) 5@+D 
If ABCDEF isa rua hexagon, then AD + zi +FC equals 
(a) 2AB (b) 0” (c) 3AB (d) 4AB 


AOE AS Ane ee AE ON es 
The position vectors of the points A, B,C are 21+j—k, 31-2j)+k and 1+4j—3k 
respectively. These points 


(a) form an isosceles triangle (b) forma right triangle 

(c) are collinear (d) forma scalene BET 

be three oints A,BandC have position vectors 1 i+ Xj+ 3k, 3i+ 4} + 7k and 
yi 2; ok respectively are collinear, then (x, y) = 

(a) (2,-3) (b) (—2,3) (c) (-2,-3)  (d) (2,3) 

ABCD is a parallelogram with AC and BD as diagonals. Then, AC-BD = 

(a) 4AB ~— (b) 3 AB ©) 2 AB @) AB 

If OACB isa easel ee with OC =@and AB = =b, then OA = 


(a) 7b = (b) a (56-7 a) $@253 

If mand be bare two collinear vectors, then which of the following are incorrect? 
(a) b=A.a°for some scalar 2 (b) P= +b 

(c) the respective Compeues of@’and bare proportional 

(a) both the vectors a’and b have the same direction but different magnitudes 
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19. In the adjacent figure, which of the following is not true? 

(a) AB+BC+CA = 0° (b) AB+BC-AC = 0° 

(c) AB+BC-CA =0° (d) AB-CB+CA = 0° 


2 


A B 


Fig. 23.62 





ANSWERS 
1. (a) 2. (c) 3. (c) 4. (d) 5. (b) 6. (b) 7. (b) 8 (c) 
9, (b) 10. (b) 11. (d) 12. (a) 13. (d) 14. (a) 15. (a) = 16. (c 
17. (d) 18. (dad) 19. (c) 


SUMMARY 
. Avector is a physical quantity having both magnitude and direction. 


oad 


— 
2. Ifa, b, care the vectors represented by the sides of a triangle taken in order, then 
oe) ew, 
a+b+c=0 et eS 
Conversely, if 7; b,¢’are three non-collinear vectors, such that 7% b+c%0, then 
they form the sides of a triangle taken in order. 
7? ; : : ! 
3. Two non-zero vectors @ and Db are collinear iff there exist non-zero scalars x and y 
— —> 
such that x@% yb = 0. 
ra : 
4. Ifa@and bare two non-zero non-collinear vectors, then 


xatyb = O>x=y=0. 


= 
5, If@and bare two non-zero vectors, then any vector 7 toplanar with @ and b can be 
uniquely expressed as 


= 
r’= xa%y b, where x, y are scalars 


oP [x | a farly | 1 |b 


— 
6. Ifa@;b, Care three given non-coplanar vectors, then every vector 7’in space can be ~ 
uniquely expressed as 


—> 
r= xa%yb+zc for some scalars x, y and z. 


o, P={xj mae | i lb+k 1a he 


i. eres 
Here, vectors x a, y b and zc are called the components of 7 in the directions of 


a? band é respectively and the scalars x, y and z are known as the coordinates of 7 


relative to the triad of non-coplanar vectors @°b,¢. The triad of non-coplanar 


vectors a; b. ¢ telative to which we decompose any vector 7 ‘is called a base. 
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The scalars x | @|,y | b|,z | & areknownas the projections of Fin the directions 
ofa,b,c respectively. 


—> 
7. Ita@,b, Care three non-zero non-coplanar vectors and x, y, z are three scalars, then 
> ~ 
xatyb+z0=O0>x=y=2z=0. 


8. Ifl, m,n are direction cosines of a vector F (= OP), where O is the origin and the point 
P has (x, y, Z) as its coordinates, then 
(i) P+ nm? +n? = 1 
fii) y= 7) 7), yi m|T),z=n|7) 
(iii) > = 17 dit mjtnb 
(iv) - = If mj+nk 


9. If rLaitbj j a c k, then a, b, care proportional to its direction ratios and its direction 


cosines are 
+a , +b ; tc 

10. (i) Avset of non-zero vectors a7 ,@3,@3,...,4, is linearly independent, if 
X1 OP +X_A2+ ot Xy Ae =O Xy =X = ae =X, = 0 


(ii) Aset of vectors 4; , a3 ,@3,... ,@, is linearly dependent, if there exist scalars 
X1 ,X3,+.,X, not all zero such that 


X1 Op +x Met... +x,a = 0° 


(iii) Any two non-zero, non-collinear vectors are linearly independent. 
(iv) Any two collinear vectors are linearly dependent. 
(v) Any three non-coplanar vectors are linearly independent. 
(vi) Any three coplanar vectors are linearly dependent. 
(vii) Any set of four or more vectors in three dimensional space is linearly 
dependent set. 


11. If Aand B are two points with position vectors a’and b° respectively, then the 
position vector of a point C dividing AB in the ratio m:n 


—> 
m bs +na 
(i) internally, is ———— 
m+n 
mb—-na’ 


(ii) externally, is SaaSe 


rd : 
12. If A and B are two points with position vectors a’and b respectively and m,n are 
positive real numbers, then 


m OA +n OB = (m+n) OC, 


where C is a point on AB dividing it in the ratio n : m. 


Also, OA +OB= 20C, where C is the mid-point of AB. 
13. If Sis any point in the plane of a triangle ABC, then 


SA +5B+5C = 356, 


where G is the centroid of A ABC. 
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14. The necessary and sufficient condition for three points with position vectors 


a? b, cto be collinear is that there exist scalars x, y, z not all zero such that 
xt yb +20 0; where x+y +z = 0 
15. The necessary and sufficient condition for four points with position vectors 
a? b’ c? d to be coplanar is that there exist scalars x, y, z, t not all zero such that 


—> 
x@eyb+zcrta = O;wherext+ty+z+t = 0 


SCALAR OR DOT PRODUCT 





24.1 INTRODUCTION 


In the previous chapter, we have introduced the notion of multiplication of a vector by 
a scalar. In this chapter, we will introduce the notion of product of two vectors. The 
product of two vectors results in two different ways, viz. a scalar and a vector. 
Correspondingly, there are two kinds of products, the one a scalar and the other a vector. 
But, before defining these products we define the angle between two vectors as under. 


24.2 ANGLE stella TWO VECTORS 

Let two vectors Ay a@and b’ be represented by OA and OB respectively. Then the angle 
between @’and b is the angle between their directions when these directions both 
converge or both diverge from their point of intersection. 

It is evident that if 6 is the measure of the angle between two vectors, then0 <6 <7. 
For 6 = z , the vectors are said to be perpendicular or orthogonal and for 8 = 0 or 7, the 
vectors are said to be parallel. 


=| 





O = A 


Fig. 24.1 Fig. 24.2 


24.3 THE SCALAR On DOT PRODUCT 


DEFINITION, Leta@?and bbe adie et vectors inclined at an arses 6, Then the scalar product 
of a@’with bis denoted by a:b and is defined as the scalar | a’| |b b’| cos 8. 


B 


o{ 


Fig. 24.3 
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Thus, 7? b= |a’| |b’ | cos 0. 


Clearly, the scalar product of two vectors is a scalar quantity, due to. which this product 


is called scalar product. Since we are putting a dot between a’and b. Therefore, itis also 
called dot product. 


Le ; ; =~, eT . 
REMARK1 Ifa@’or, b or, both isa zero vector, then 0 is not defined as 0 has no direction. In this 
case their dot product a’: b is defined as the scalar zero. 


REMARK2 Let 7 AB be a given vector and | be a given line. Let P and Q be the feet of 
perpendiculars drawn from A and B respectively on line I as shown in Fig. 24.4. Then, PQ is 
defined as the projection of a on line I. Let AM be perpendicular on BQ. Then, AM = PQ. 


Let 8 be the angle between a’and line I. Then, 





ZBAM = 8. 
In A AMB, we have 
cos 8 = ea 
AB 
= cos § = - [-- AM = PQ] 
> PQ = ABcos®_ 
PQ = |@’| cos@ Fig. 24.4 


> . . . . => 
ce, projection of a vector aon alinelis | 2?| cos 0, where 0 is the angle between a° and 
ine I, 


JA =f’and 1 isa line passing through O as shown in Fig. 24.5. Then, OM is the projection 
2 0n line I. | 


Jlearly, OM = OA cos® = | @’| cos 60. 





O M 


Fig. 24.5 


24.3.1 GEOMETRICAL INTERPRETATION OF SCALAR PRODUCT 


Leta’ and be two vectors represented by OA and OB respectively. Let 6 be the angle 
between OA and OB. Draw BL 1 OA and AM LOB. 


From A’s OBL and OAM, we have 
OL = OB cos 8 and OM = OA cos 8. 


Here, OL and OM are known as projections of bon @and aon b’ respectively. 


(| = SeDEREEee el 
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Fig. 24.6 
Now, 4a’: b= |a’| | b | cos 6 
= a. b= | a| (OBcos 9) 
= a.b’= | | (OL) 
=> 7.5 = (Magnitude of 7} (Projection of bon a) .-(i) 
Again, 
b= |@| |B] cos® 
= a. b’= | b’| (| @| cos) 
= ab = | b (OA cos 8) 
=> @-b’= |b] (OM) 
= a. b= (Magnitude of b) (Projection of aon b} -»-(ii) 


Thus geometrically interpreted, the scalar product of two vectors is the product of Tse e of 
either vector and the projection of the other in its direction. 


REMARK 3 From (i) and (ii), we have 








= aoane ae eA 
Projection of b ona’= Te = Ta! = a-b 
— iat —_> 
eee — : 
and, Projection of a’onb = 77 = a’. a =a. b 


Thus, the projection Lae aon b’ is the dot product of a’ with the unit vector along band the 

projection of b on ais the dot product of b’ with the unit vector along a. 

24.3.2 PROPERTIES OF SCALAR PRODUCT 

PROPERTY | (Commutativity) The scalar product of two vectors is commutative 1.e. 
PPT 

PROOF CASEI Let @’and b be two non-zero vectors and let 6 be the angle between 


them. Then, — 
a?.b'= B°| cos 8, and b= = |b b’ | | 2’| cos@ 
But, |2?| | b’ | ee 


=> 
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CASEI! If@’or bis a zero vector, then a’: Hie 0 and b’. a’=0. 
—> — 
So, a’-b=b-a’ 


Hence, a’: 


PROPERTY II (Distributivity of scalar product over vector addition) The scalar product of vectors 
is distributive over vector addition i.e. 

i) TO +P=P-b4+0-o (Left distributivity) 
(i) @ +P P= ba oa (Right distributivity) 
PROOF (i) Let OA, OB and BC represent vectors @; band & ’respectively. Then, 
OC = OB +BC =b'4+2? 





Draw BL L OA and CM L OA. 
Now, 
a. (b'+c) = | a] (Projection of b+ @’on a 
= a: (b +cp = | @’| (Projection of bona) + | a’| 
= a’ (b+ cy = | a’ | (Projection of OC on OA) 
= a. (b'+c) = | a] (OM) 
=> a’. (b +c) = | a@’| (OL+LM) Oo 
= a. (b'+c) = | a] (OL)+| | (LM) Fig. 24.7 
= a’-(b +c) = |a@ | (Projection of b’on a’)+ |a’| (Projection of c’ona’) 
=> w-(b+t=2 b+a-e 
Hence, @: (b +cy =a’ b+ ac” 
(ii) We have, 
(b+ c)-a’= a’: (b+ cy [By commutativity of scalar product] 
= b+ r= Pb tare [From (i)] 
=> (b+ cy-a°= b. a+oa’ [By commutativity of scalar product] 


—» = 
Hence, (b +0):-@=b -@'4+0ae 


PROPERTY Ill Let a’and b’ be two non-zero vectors. Then , 
a. b’=0 <> ais perpendicular to b. 
PROOF We have, 
a. b'=0 
an | a| |b} cose=0 
° cos 0=0 | [-- | P| #0, |b] #0) 
= § = 5 
os @is perpendicular to b” 


REMARK1 Since Wik are mutually perpendicular unit vectors along the coordinate axes. 
44 = 7-7 = 0; 4k =k. =0; f Sees 0 
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PROPERTY IV For any vector @,'we have 


a a= | a7|* 


PROOF Wehave, 
a. a= | a| | @| cos = | a?|? 


REMARK2 Students should keep in mind that a?" has no meaning but wherever it is used it 
denotes | a a’ |?. 


REMARK3 Since ak are unit vectors along the coordinate axes. Therefore, 
Pls [T[27=1, He \f|2=1 and k-& = | k[? = 1. 
PROPERTY V Ks m hog and a, bbe any two vectors, then 
(ma) - b= m@- .b) = a?-(mb) 
PROOF We have the following cases: 


CASEI When m>0. 


Let 0 be the angle between @ and b. As m > 0, therefore the angle between ma and bis 
also 8. 


(ma?) -b’= | ma?| | b’| cos® 


= (ma?) -b’= | m | ja" |b’ | cos @ 

= (ma) -b’= m | 7] | b’| cos® 
[--m>0.. | m | =m] 

=> (ma) - b= m (a’- by 





The angle between zand mb’ will also be 0. 


Fig. 24.8 
a’: (mb’) = |a’| | mb’ | cos 8 

= a. (mb) = |a’| | m| |b’ | cos @ 

= a’: (mb’) =m|a’ | b | cos 8 

= a’: (mb’) =m (a’ . by 


Hence, (ima)-b = m(a by =f’. (mby 


CASEI] When m <0 


Let 6 be the angle between @’ and b. As m <0, therefore, the angle between ma aand bis 
(x— 8) 


(ma): b= | ma’ | |b’ | cos (1 — 8) 





=> (may-b= -—|m| [a] |e | cos 8 
=> (may . b= m (a . by 
In this case, the angle between a and mb is 
also (7 — 8). 
a. mb’= | a?| | mb’ | cos(x-8) 

— anne — —_ 

=> a’-mb =— |a’| | m| |b | cos® Fig. 24.9 
— —_ — 

— a’-mb = m|a’| |b | cos8) 


24.6 
—~} 
=> a’. mb = m (a?- b) 


Hence, (ima): b= m (a’: by , 


B’ 


Fig. 24.10 
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CASEM! Jf =0, then the result (ma?) -b =m (a’- by = a’ (mby trivially holds good. 


— 
PROPERTY VI If m,narescalarsand @; b be two vectors. Then, 


man b= mn (a’- by = (mn ay - b= a’. (ann by 


PROOF Proceed as in (V) 

PROPERTY Vil For any two vectors a’and b° we have 
() a Cb) = -@-b) = Cay 

(i) Cay.) = 7b 

PROOF Proceed as in (VI) 

PROPERTY Vill For any two vectors @’and b, we have 
(@) jae]? = |v |24+|b)2427-b° 
(i) |P-b' 2 = | wy24 1b |27-27-d° 

(iil) @W+0)-@-B = | PI?-|B°|? 

PROOF We have, 


(i) | +b" |? = @+-@s+ 

=> |@+b |? = @+-74+@4D-b 

= |\@+b |? =a-a+b arab +b eb 
= |a74+b°|? = | a |]24207-b'+ | B’|? 
= [a+b |? = |a?|2+|b'|2427-b 
(i) |7-b |? = @-)-@- 

= |P-b |? = @-F-7-@-H-T 

= [\P-b |2=7-a-b P-w-b +b 
= [ab |? = |@|2+|b |27-27- 
(iii) @+by-@- by = @W+)-7-@W+-T 


[wae | a] 

[By left distributivity] 
[By right distributivity] 
[Pb =b a 


5 
Y 
SL 


ee 
[By left distributivity] 


“Ql — 


[By right distributivity] 
[-. baba] 

[By left distributivity] 
[By right distributivity] 


Le Obed W] 


ee) a eee 
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24.3.3 SCALAR PRODUCT IN TERMS OF COMPONENTS 
—— 
Let a= ay + ay} + a3 k and b = byt + by] + bs k. Then, 


a’ he (a;‘t + a>} + az k) ° (byt + by} + bk) 
b° 


= 


i 
a 


= at (by? + by} + bs k) + a>} : (b;1 + by} 7s b3‘k) + a3 k 5 (by t+ bo} + b; k) 
[By right distributivity of scalar product] 
»> 
= ab = (a, by) (1:2) + (ay by) (1-7) + (ay bs) (1 -k+ aby (<1) + ay by (7-9) 
+ My b3 (] +k) +03 by (‘k- 1) + 3 b> (&-9) +03 by (k -‘) 
[By left distributivity of scalar product] 


=> a’ 


w 


ie ay b, +7 bo +03 b, 
=> a. b= Ay by + A> bo + Az 53. 
Thus, the scalar product of two vectors is equal to the sum of the products of their corresponding 
components, 

—>: ph AS SO RAS ae See, 
ILLUSTRATION If a°=2i—j+2k,b =31+ 2j + 3k, find a’: b. 
SOLUTION We have, 

a. b= (2h f+ 2k) - (3f+ 2f4 3k) = (2) (3) +(-1) (2) + (2) B)=10. 


24.3.4 ANGLE BETWEEN TWO VECTORS 


Let a? b’ be two vectors inclined at an angle 0. Then, 


= = 
a’-b = |a’| |b | cosO 


— Sieur 
a*-b 
=> C0S:0) = Se 
[a] |b | 
ae 
—_ -b * 
= 0 = cost =s .-.(i) 
|a’| |b | 


This formula is used to find the angle between two given vectors. 
Ifa’= ay} + a>) + az k and b’= by + bo} {: by k, then 


a-b=a, by + Ay bo +33, | a’ | = Na? +057 +403°, | b’ | = Vb, + bo? + B37 
Substituting the values of a’: b | a@’| and | b | in (i), we have 
A, by + ay bp +43 bg 


—1 
8 = cos ay ey an en 
| ase + ay” + a3 b,” + ba” + ba” 


— , : 
ILLUSTRATION 1 Find the aygle between two vectors a’and b with magnitude 2 and 1 


respectively, and such that a= b= V3 


SOLUTION We have, 
So ee md 
a7b = V3, |a@’?|=2and|b| =1 
Let @ be the angle between Zand b. Then, 
ab” 


MATHEMATICS-Xll 
=> cos § = cos ¢ 
1 
G@=-— 
= 6 


Hence, the angle between @’and b is 1/6. 


ILLUSTRATION 2 Find the e angle vou the eDer re of + 3k and 31 — ~ 2 + k. 
SOLUTION Leta’= 27+ 3k and b= 3/- 2j +k. 


Let 6 be the angle between vectors @’and b. Then, 
an a 


“ 
cos 8 = ———~— 
lm |or 
We have, 
a= 274 3k and b= 3f-2; +k 
= = neal = 3+44+3 = 10 
| a = ¥1+4+9 = VI4 and |b| = YO4441 = V4 
—> >? 
aib 
cos 8 = ————_,- 
[a] | b| 
10 
S cos § = 14 
5 
=> cos 8 = 7 
= 9 = cos1[5) 


Hence, the angle between the given vectors is cos! FF : 


24.3.5 COMPONENTS OF A VECTOR ALONG ae PERPENDICULAR TO VECTOR 


Let a aand b b be two vectors represented by OA and OB and let @ be the angle between 
@’and b. Draw BM 1 OA. 


In AOBM, we have 
Ob=OM+MB = b’=OM +MB 
Thus, OM and MB are fe components of b: along a” a B 
and perpendicular to @ a’ respectively. 
Now, = 
OM = (OM) 
= OM = = OPK cos 6) a A 
= OM = {| b’| cos6} O M = 


Fig. 24.11 


= ola = { 15" GB | FE cos @= | 


|a?| | B'| [a7] 15 | 
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— > 
= ee rate 
—) ane 
=> OM = “ = ~ a’ 
fede Frc 
Now, 
b= OM +MB 
af —> 7 
= MB =b-OM =b-|)2-2 |p3 
| a|? 


Thus, the components of b along and perpendicular to @’are 
vb ab” 

| and b — —> a respectively. 

lime} “Lip | Pomme 


ILLUSTRATIVE EXAMPLES 
EXAMPLE 1 Find ia” -b when 
(i) a’= 2+ 27 — a and b= 6f- 3/4 2k 
(ii) a= (1,1, 2) and b’. = (3, 2,-1) 
SOLUTION We have, 








(i) a. b= (21+ 2f-k) - (6f-3f+ 2h) 
= a. b’= (2) (6) +(2)(-3)+(-1) (2) = 12-6-2 = 4. 
(i) a. b= (+ f+ 2k). Gh of b= () @) +) @) +2) CA)= 342-253 


EXAMPLE 2 Find (a@ a+ 3b) - - (2a°— by, if a a= t+} A. Ok and b’ = 374 27 =e 
[CBSE 2002] 


SOLUTION We have, 
a+ 3b = (f+ f'+ 2k) +3 (3h 2h = 10+ 7h 
and, = ab = 2 f+ 2k)- BM 2P-H = —Meofesk 
(@+ 3b) - (20°- By = (10f+ 7f-&) - (— f+ offs 5h) 
= (10) (1) +(7) (0) +(-1) (5)=-10+0-5=-15 
ALITER We have, 
TORIES 6.1 net Vi and @?.523+2-2=3. 


—~ 


(a+ 3b) - (20° B) =.a?- 27-2. b+ 3b’: 2-3 
= (@+ 3b) - (27?- = | @|?-a-b'+6@ -ap-3 |b’ |? 
> @+3b)- Qa?-By =2 | W|745@ -D-3 |B’? 
= (a+ 3b) - (24°— By = 2.6) +5 (3) —3 (14) =—15. 


A 
EXAMPLE 3 For any vector 7, prove that 7” =(r". DT AMOR k)k. 


‘SOLUTION Let F?=xi+ yj+ 2k be an arbitrary vector. Then, 
PBs (ahs yf's 2) faxhjsyf-f+zk Ja =x(1)+y(0)+z(0)=x 
rj = (xt+ yf+ zk) - f= x (i H+y(- f+zk- p= =x(0)+y(1)+z(0)=y 


24.10 MATHEMATICS-XI5 
A AN A 

and, 7 k= (xt + yj) + zk) -k=x(h R+y(f k) +2 (k-k) =x (0) +y (0) +z(1)=2 

Putting the values of x,y, z in F°= xf + yj + zk, we obtain 


=P) EAET. Bk. 


A A 
REMARK 1 In the above example, we have seen that for any vector r r& xt'+ yj + zk, we have 
refh=x,7?j =y and 7 rk = 


Also, 


= Projection of F’on X-axis. 


wn = Bs 


Ce 
=I 
A 
?j = Projection of r’on Y-axis. 
“A 
‘k= 


Projection of r’on Z-axis. 


i 


= Projection of T’on X-axis, y = Projection of ¥’on Y-axis 


z= Brojeehon of F’on Z-axis 


Thus, if Fe xt+ yj i zk. then x,y and Zz z respectivel y are the projections ofr’ r ‘on X, Y and Z-axes. 


REMARK2 For any vector 7°= xi + yj + zk. We call xt, yj i and zk as components of r along 
x, y and z-axes RESPECHOCHY. 


REMARK3_ Ifavector re xt+ yj ie zk makes angles a, Band y with x, y and z-axes respectively, 
then 


ret 
a0 
= cos & = TPT) 
= a = cos ! TS7) 
Similarly, we have 


B = cos! tea and y = cos ! (+37) 


Again, 
cos & = T7008 B = Taal and cos ¥ = neal 
= Petes =i tl coe Biand)2.— |r| con 
r= x xfs yj-+2k = |7’| {(cos ct) f+ (cos B) i+ (cos y) k | 
Also, | 7?|? = x74y7427 
= | 7?|7 = | F?|? cos? a+ | 7?|? cos? B+ | 7°]? cos? y 
=> cos” a + cos* B+ cos*y = 1 


Thus, if a vector r’makes angles a, B and y with t ; and k respectively, then 


A A 
P= | 7 r’| (cos «) ie Gos B)j + (cosy) k} and, cos” a + cos” Bice y=1. 
EXAMPLE 4 Let ae at 5 — k, b= haf +5 and C231 pe —k. Find a vector d° which is 
perpendicular to me atind b; and satisfying d-c%21. 
SOEUTION Let d= xi'+ yj ae 2k. 
Since d is perpendicular to both a and b 


|) DD RRR eee eee 
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d-a%Oandd-b=0. 
A A 
Now, d:f= 0 = (xf+yj+zk)-(4f+5)-h&) = 0 = 4x4+5y—z = 0 (i) 
Se A&A UN en re 
d-b =0 => (x1+yj +zk)- (1-47 +5k) = 0 => x-—4y+5z =0 .-.(ii) 
—>'—» Afi AAA ¢ 
d-c*= 21 = (xt+yj+zk)-(3i+j—k) = 21 => 3x+y-z = 21 »»-(iii) 
Solving (i), (ii) and (iii), we get X=7,Y=z=-7 


Hence, d = 71-—7j—7k. 

; Nae e} aa fh ; 
EXAMPLES Dot products of a vector with vectors 31 — 5k, 21 +7) and 1 + j +k are respectively 
-1,6 and 5. Find the vector. . * ae 
SOLUTION Let 79=3/+ Of 5k, b’=21+ 7} Ok and @=!+f'+k be, three given vectors. 
Let r= xi + yj + zk be a vector such that its dot products with a/b and ¢ are -1, 6 and 5 
respectively. Then, 


A 
7’. & 1 => (xf'+ yf+ zk) - Bh + Of-5k) =-1 = 3x 40y—-5z=-1 »+(i) 
A 
P.B'= 6 => (xftyftzk)- (27/408 = 6 = 2x +7y+0z = 6 ...(ii) 
and, r-c’= 5 = Ott yf 2k) (PMR = 5 => xX+y+z=5 .-.(iii) 


Solving (i), (ii) and (iii), we get x = 3, y=0, z=2. 
Hence, the required vector 7 “is given by 

ee Ty 

r=31+0j+2k. 


A A 
EXAMPLE 6 Find the value of i so that the vectors a2’= 21 + rj +kandb =!- 27 + 3k are 
perpendicular to each other. 


rs . 
SOLUTION The vectors @’and b are perpendicular to each other. 


a’-b’= 0 
= (2f+af+k -(f-2h3% = 0 
=> (2) (1) +A (—2) + (1) (3) =0 
> —-2A+5=0 >A=5/2. 
EXAMPLE” Find the value of p for which the vectors a’°= 32+ 27 + ok and b =! ak + 3k are 
(i) perpendicular (ii) parallel. 
SOLUTION (i) If vectors @and b are perpendicular, then 
a. b'=0 
= (31+ 244 9k) - (+ pf'+ 38) =0 
=> 3+2p+27 =0 => p=-15 
(ii) We know that the vectors 2’= a,i + Ao} + ask and b=b, - + bof + bak are parallel iff 
w= 0b Ore 
—) (ai: + Ao} + asp) =A (byt + boj + bk) 
) Ay = Adj, @2 = Abo, a3 =Ab3 
a a a 
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A 
So, given vectors @’= 31+ 2; +9k and b’=f+ ok + 3k will be parallel iff 


EXAMPLES F ind the angle between two vectorsa’and bwith magnitudes V3 and 2 respectively, 
and such that a? b=V6. 


—> ’ rs Le 
SOLUTION Let @ be the angle between @’and BD. ai erj4+ske A [t+ PJ73- 


We have, 
\P] =, |b | a2andrb=v 3-2-2 ~ 3 
2m aN nae 
cos 8 = a 
TPP) \( p22 
E v2 
=> cos 6 = Ro 
aoa = mt _ 
=> cos = > = cos 8 = cos? => 0 = 7 


Hence, the angle between a’and bis a ‘ 


EXAMPLE9 Find the angle between two vectors @and b having the same length V2 and their 
scalar product is — 1. 


SOLUTION Let @ be the angle between vectors @and b. 


We have, 
|a@| = |B | = V2 and ab = -1 
oo? 
cos — 28 
|a’| |o| 


monn tel areas = ~'5 

= cos 8 = cos2 17/3 [-- 0<0Sz] 
=> 8=2n/3 

Hence, the angle between a@’and bis 2 7/3. 


: AY Sess SOI 
EXAMPLE 10 Find the angle between the vectors 51 + 3] + 4k and 61 — 8j —k. 


SOLUTION Let a°=5i+ 3). + 4k and b’= 6i- 8; k be the given vectors and let @ be the 
angle between them. Then, 


ab 
‘cos 8 = 4 
|a°| | 5 | 
A A 
Now, @?-b = (5f+3)+ 4k) - (6f-8/—k) = (5) (6) +3 (-8)+4(-1) =2 


| a] = V52+32+4 42 =V50 and, | b'| = V6? + (—8)? + (— 1)? = Vi01 
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= cos 8 = Ze = 2 = v2 

~ 450 V101 ~ 5V2 ¥101 ~ 5101 
= oe" Siar } 


ag 11 if i+j j + k, 21+ 5j, 31+ 2j. — 3k and f- 6} - —k respectively are the position vectors 
ints 4 B, Cand D, then find the angle between the straight lines AB and CD. Deduce that 
and CD are collinear. ‘ [NCERT] 


SOLUTION Let 6 be the angle between the lines AB and CD. Then, 6 is also the angle 
between vectors AB and C 


We have, 
AB = (28+ Sf) — (pth) = Maj—k 
and, CD = (f-6j-k) - (3 +2; -3k) = —2f-8f + 2k 
| AB | =\T+16+1 = 3y2, | CD | V4+644+4 = 6V2 


A 


and, (AB-CD) = (+4) -k)-(-2-8) +2) = -2-32-2 = -36 
Now, coo = —AB-CD 
| AB | | CD | 
= Coe 8 See 
3 V2 x6 V2 
=> cos § = -1 
= 6=T7 [-- O<O<7] 
=> AB and CD are unlike parallel vectors. 


Hence, lines AB and CD are parallel. 


EXAMPLE 12 Find the projection of ue vector 71 + j- — ak on 21+ 6}. + 3k. 
SOLUTION Let@’= 7i+}— 4k and b = 21+ 6) + 3k 





We have, 
— Stoo? 
Projection of @’on b= i 
Now, 


a. b= (7h+f— 4h) « (2h 6f'+ 3K) = 1446-12=8 and | b | =V22+67 +37 =7 
—> > 
Projection of @on b= snes = : 


b| 
EXAMPLE 13 Show that the projection vector of a’on B (# 0} (component of along B is 


foe 
—> ° 
|b°|? 


SOLUTION Let 0 be the angle between @’and b. 
As shown in Fig. 24.12, length OL is the projection of a@’on b b’and OL is the projection 


vector of 2@’on Db. 
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In AOLA, we have 











Ge OL 
OA 
= OL = OA cos 8 
= OL = |a’| cos® 
—> —> 7? 
-b a’-b 
=> OL=|a’| SCE ss Using 08 0= | 
eri a| |b 
— aa? 
a°-b A 
=> Of = 
|b 
A a 
Now, OL=(OL)b ; 
—> 7? A 
atch 
>» >), > +> O L oo B 
-b b a-b |> b 
= On| ben = }6 Fig. 24.12 
eis ib) Lie 
NOTE Students are advised to use this as a standard result. > 
EXAMPLE 14 Show that the projection vector of b ona’s Ois ) 3) \- 
a 
SOLUTION Proceed as in Example 13. 
EXAMPLE15 For any two vectors a’and by prove that: 
—_> 
() [web (=| a [24+ |b [2420.0 
Gi) | a eee 200" 
(ii) | 4]? + | wb" |2=2(| |? + | B |?) 
Interpret the result geometrically. 
(iv) |@4+b |=|a-b | owe 
Hele Pree the result seomctricallye a 
(v) |@+b |=|7 4+] b A =a geallel 
(vi) | a a+b = | an\@ + |b b’ |? 4; bare orthogonal. [NCERT] 
SOLUTION (i) We have, 
| a+b"? = @+b)-@ +d) [| P2=?-7 
—>, 7712 _ ty => ad By distributivity of dot 
a | a+b |" = @'+b)- a4 @ +b) +b product over vector add. 
ny2- PF IP PLP By distributivity of dot 
ms [ab |" = mae baa” b +b b exc luchowstesiednel 
> > 
=> [a+b |? = |a?|2+20%b +|b |? [.. ab =b a] 


(ii) Proceed as in (i). 
(iii) Adding (i) and (ii), we obtain 
| 4B? |? + | wb" |? = 2¢| w?|?+ | B'|) . 
Geometrical Interpretation: Let ABCD be a parallelogram such that AB = @ and BC=b. 
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In AABC, we have 


AB +BC = AC 


= +b = AC (i) 
In AABD, we have 


Ab +DB =AB 
= AB —- Ab = Db 


= 7-b = DB (ii) 





Fig. 24.13 


<P tes: oe 
Thus, @’+ b and @’—b represent two diagonals of a parallelogram whose two adjacent 
sides are @’and b. 


| +b" [2+ | Pdf? = 2¢| P24 |B) 


) The sum of the squares of the sides of a parallelogram is equal to the sum of the 
squares of the diagonals of the parallelogram. 

(iv) We have, 
|+b°| = | w-b'| 


Yo tf t 2 
> 
al 
<1 
i 


Lb’ 
As discussed above that @°+ b and @- b represent diagonals of a parallelogram whose 
s @ —) ae 
two adjacent sides are a and b. 


[Ted | =|@-b | o WL 
) The diagonals of a parallelogram are equal iff it is a rectangle. 
(v) We have, 
|a+b"| = | Pl + |b" 
eo [PEP =P] +1 PIP 
ra | 2+ [bo 24+27-b = [P24 [b [2421/7] 1B" 
© a.b’= |a| |b 
= | a| | bf cos@ = | a] |b’ 
— cos 8 = 1 
—) 6=0 
© a || b 
(vi). We have, 
[a+b |? = | @|24) |? 


EE esSsSeaEoto Ee m_— LL 
ee 


RP eesentas * arkeoaen «. 


. 
. See ee OT eee 
TTR 2a. con, ee ae eee 
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—) 
> | a [74+ |b |7+2@-D=| 7 I]24+] 5°]? 
= 2 (a: b)= 0 
= ab =0 
+» > 
= a°and b are orthogonal. 


A “ ; pair 
EXAMPLE16 If a and bare unit vectors inclined at an angle 0, then prove that 


3 eee Gy Sas 
sin = 5 |a—-b| 


SOLUTION We have, 


| @-b|2 = @-b)-@-b) Le we | Pl) 
=> \a-b|2 =4-a-4 b-b-A4+6-6 
= | Ab]? = | a|2-24-6+ | 6 |? [Lo A b=b-a) 
= )A-B[2 = | 412-214) |B] coso+|b|2 [A b=] a] |b cose] 
= | #-b|? = 2-2c0s6 [-.: nee 
= )@-BI? = 2(1- cos) = 2[ 2sin?S | = asin? 
=> sin? 2 = 4 | 4-5 |? 
=> sine =| 2-6]. 
EXAMPLE17 For any two vectors a’and b; prove that 

|7+b | <|a’|+| b’ | (Triangle inequality).  [NCERT] 

SOLUTION We have, 

|\w+b |? = |a|2+]b |27+2@-b 
= |a+b |? = |a?|24+|b [242] a] | b’| cose i) 
Now, cos 6 <1 for all 8 
= 2|m7| |b |cosO<2|a°] |b | 
= | 7 )24|b']242 |] | B’| cose < | a?|24+]b [2427] 18 
=> jab’ |? <{|@] +) ef 
= \a+b | <|a]+|o'| 


EXAMPLE 18 Prove aaa inequality 
(@. bys | a?|? | |? 
and hence show that (a, by + ao by + az bs)” S (@47 + ap” + 437) (b,7 + by? + bs”).  [NCERT] 
SOLUTION We have, 
z.b= | a | | cos0 | 
=  — @- bY =| a |? |B |? cos? 


iis 


S_ERBBIBR 2 is til 
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Now, cos” 6<1 


a12 1 B12 cos? 21712 
=> |av|* |b [oor Sal 
2 
= @ bY s (PP PP 
—> A x fe 
Let T= a, f+ay)+ayk and b’= b; 1+ by j + b3 k. Then, 
—> => 
Ab = ay by +A bo +0303, | @|7 = ay +097 +057 and, | b |? = by? +b,7 +b3" 


@by < |r|? |b")? 
> (a, b, + Ay bo +f b3)* < a" sr ay” 1 a3”) (b,” + bp” +b ae) 
EXAMPLE 19 Ps two vectors a and b are such that |a?| =2,|b b | =1 and 7 b= 1, find 


(32% 5b) - (20% 7b). 
SOLUTION We have, 


(32% 5b). (20% 7b) = 6 727% 2102 b-10b°a235b-b eae grigpe | 
= (30% 5b) - (20% 7b) =6 | @124+21 @2b)-10@25)-35 | b |? 
= (3a 5b) - (20% 7b) =6 | 712411 @2)-35 | |? 
= (32% 5b) - (20% 7b) =6 x 274+11x1-35x1?_ [-. | 7) =2,| F| =1,a2b=1] 
= (32% 5b) - (20% 7b) =24 +11 -35= 0 


EXAMPLE 20 Find | x’| , if for a unit vector a, (x-as:(x+ap=15. 
SOLUTION We have, 


(x* a} -(x4a} 


15 


“3 => fe] 
= |x |?-[a|? = 15 [.- @2B}-@ b= | 7I?- | B17 
=> tee [-.- @is a unit vector «. |Z] = 1) 
= Peas 
= Bel hie 


EXAMPLE 21 Find | 7°] and | b'|, if @-b)- @%b) =27 and | 7 = 2| b\. 
SOLUTION We have, 
Geb): (@% by = 27 


= fal?-1 817 

=> 4|b17-16 (2 = 27 [-» | @] =2 | b| Given)] 
= 3 |b |? = 27 

= Eile 

= yoy ee [- |b >0) 


. |\7] =2|b|] > |@)] =2x3=6 
Thus, |a@| =6 and |b| =3 


Oe ae SEO 


ee ee a halen ae 
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MATHEMATICS-X2 
EXAMPLE 22 If two, vectors a@and bare such that | a@’| =3,|b b| =2 and a?b=6, Find 
|a%b|and|a-b'. 
SOLUTION We know that 
—} 
[web |? = | a 1242@72 d+ | D2 and | ab |2= | P]27-2@2H+ | OP? 
= | 7b]? = 941244 and | a2)? = 9-1244 
= | 7b |? = 25 and | a2b|2 =1 
= Wa Hb = 5 and |a*5'| = 1, 
EXAMPLE 23 Let et and b’ be me vectors of the same magnitude such that the angle between 
them is 60° and a7 b=8. Find | @’| and | b” |. [NCERT] 
SOLUTION We have, 
ab= 8 
=? he’ — hte Gf}? 
=> |a°| | b | cos60° = 8 [-.. Angle between a‘and b is 60°] 
~ 
= |i eSaG [- 171 =151) 
=> | a’|? = 16 
= [ar | =14 
Hence, | @| =| b| =4. 


EXAMPLE 24 If@’makes as anges witht, j and k and has magnitude 3, then prove that the 
angle between aand each oft. 1,] and be iscos | ct 
SOLUTION We know that if a vector ”2’makes angles a,Bandy with D fand k 
respectively, then 
cos” 0 + cos” B+ cos” Vet al 
Here, a=f=y 
2 


cos a + cos” B + cos* y = 1 
Dye wil A Sh fea 
— 3cos’a = 1 = cosa = F> = a = cos 5) 
> -1/ 1 : as A 
Hence, a “makes angle cos Cy with each of 1,7 and k. 


EXAMPLE25 Ifa unit vector atmakes angle n/4 with 1, x/3 with jand an acuteangle 8 with 
k, then find the component of a’and the nsie 6. 


SOLUTION We know that if a vector a@’makes angles a, B and y with , J fand k respec- 
tively, then 
2 


cos a. + cos” B + cos* y Sl 
Here, we have 
a= 708 = 3 and y= 8 an acute angle. 


cos? a + cos? B + cos” y — 1h 
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=> cos* = + cos? = + cos? G=1 

4 3 

Bev 29 — 

= 7 +4 t Cos G=1 

2 a 
=> cos 4 
= cos = +4 

2 

=> cos 8 = ; [-.- 8 is an acute angle .. cos 8 > 0] 

Tl T 
— 9 = 3 = V7= 3 
Now, a= | a (cos O) i+ + (cos B) ‘+ (cosy) KI 

A 
=> a@’=|cos~|i+|cos= j+ cos = |k : 
4 3 3 ; nik 
: Ry ot alee 
> 1 wa 1A TA “it 

= a= s—1+=j+=—k he 

SES 4 a 2 


“A A 
Thus, the components of @’are + i, > J, 5 k. 


Exon 26 Fi a the com onents of a unit vector which is perpendicular to the vectors 
‘2 kand 31- ~j ook 


SgLUTION Let @=xi My] j+ 2k be a unit vector perpendicular to the vectors 
b= =f oF -k andz% 3f- 7+ 2k. Then, 


@b'= 0 and a?2”= 9 


.* 
,* 


=> ots yj + 2k) - (27 b) = Oand, (fs yj + 2h) - - (3° —F+ 2k) = 0 





“3 
= x+2y—z = 0 and, 3x-y+2z =0 = oi nt 
Le ee be oa eee Tc Pa 
= a= 6p eee | [Using cross—multiplication] 
= 3 = De = Dy = A Gay) ie E 
= x=3A,y=-5A,z=-72 ae ! . 


Since ais a unit vector. Therefore, 


[7 = 


= +y +2? = 

ss ee 
S Subs in ie a7 
x= Eea’Y = t+ygg and z= +75 


Hence, the components of @’are fe L hes kor, Tes vga’ 
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ALITER Required components are the oo aay of vectors + (ak by. 

EXAMPLE 27 ie pecalat Browice oh the vector 1 +j +k with a unit vector along the sum of the 
vectors 21+ 4; - —Skand i+ 2p + 3k is cil to 1. Find the value of x. [NCERT] 
SOLUTION Let 7% EM + ED = 2h 4) 5k and cA f+ 2 + 3k. Then, 

b+ oe? = (2 +A) M+ 6)—2k 
Let F denote the unit vector along b +c Then, 
bao c 
| bc? 


2+A)i+6)— 2k 
eee 

A. tN. A 
Me 2+A)1+6j —2k 

V2 +2)? + 40 

Aen (A 

Now, (i+j+k)-r=1 [Given] 
A (24+A)f+6)—2k 
= fr fry Sea - 
(2+A)~ +40 

= M+ f+h ((2+a) M67 -2k = V2+ay +40 
= 24+A+6—-2 = V(2+)7 440 = 
= (A +6)? = (2+A)?+40=8A = 8=>2 = 1. 
EXAMPLE 28 If ab; C? are three vectors such that @-b=7- c, then show that 


a’=0-or, b =o? Cor, a = (b° _ cy. 
SOLUTION We have, 


> 


A 
r 


“> 


b= ao 
= a? b -a?-@= 0 
= a. (b —cP = 0 
=> a= 0 or, b -a= 0 or, WL -oPp 
= @= 0 or, b = Zor, DLO alae 
oie If 7+b'+0=0, | z7| =3, | b b’| =5and | c’| =7, find the angle between 
aandb . [CBSE 2008] 
SOLUTION Wehave, 
D+b +0=0° 
= +b = -o? 
= @+b-@+b) = Ce 
= | +b [2 = | 2|? 
= | 7?|2+ |b |74+277-b= <a 


2 
| a?|?+ | B[?+2 | 2 | | B°| cos@= | 2| 
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=> 9 + 25 + 2 (3)(5) cos 8 = 49 
] 15 
=> eee 


EXAMPLE 30 If a” = 51 j- 3k and b=!+3 j- —5&, then show that the vectors 7% b and 
a~bare perpendicular. 


SOLUTION We have, 

|| = V25+14+9 = V35 and |b} = Vi+9+25 = V35 
Now, (@+b)-(a@-b) = | @12-| Bb]? 
= (7+b)-(@-b) = 35-35 
=> (7°+b3 and (a° >_ bare perpendicular to each other. 
ALITER We have, 


a+ b= f+ 2f- 8k and a@- b= af 4/28 
(7+b)-(7-5) = f+ 2f- Bh - (4h 4h 2k) 
= (+b). (ab) = 24-8-16 = 0 


= a+b and @-b are :perpencicula: to each other. 
EXAMPLE 31 Two vectors and b, prove that the vector | 7) b+ |b ais orthogonal to the 
vector |) b-| b| a? [NCERT] 
SOLUTION Leo? ail b+ |b b'| wand B = |) b~ | b| @? Then, 
—> —) — He 
@-B’= {| a | b+ |b] a}-{] 7] b~ | ba} 
a 
>  -&B’= | mies b| @-ay+ |b) | a @y- | b> @ay 
> > 39> , => 
= eB = | a? |b ]?-| a] |b| @H+1 7) |b) @H-| 51? | 27 
= @-B = 0 
Or i 


& is perpendicular (or ontnoganey to B 


EXAMPLE 32 Show that the vectors 2i— =] i+ k r 3- 5k, 31 — 47 — 4k k form the sides of a right 


angled triangle. ¥ [NCERT] 


SOLUTION Let W=2f-f4+k, Bb=f-3f-5k and | 
re =31 Tr 4) — — 4k, 
Thus, 2” His = rete = b, b, CB =7and AB =, then 

AC +CB a“ ~ 
Hence, vectors a? b, form the sides of a triangle 
We have, 

=Q2f-.b-f- 38-5) = 243-520 © ‘ 

Cc a: B 

Therefore, AC is perpendicular to CB. Fig. 24.14 


Hence, A ABC is a right angled triangle. 
pair 33 Show that the points A, B, C with position vectors 27 J Ak i 37 ~5k and 


3i— 4; — 4k respectively, are the vertices of a right angled triangle. Also, find the remaining 
angles of the triangle. [NCERT] 





24.22 MATHEMATICSX1 


SOLUTION We have, 


Al B = Position vector of B — Position vector of A 


=> AB = (f-3f-—5k - 2h MK = —f af ok 

BC = Position vector of C — Position vector of B 
= BC = (3f-4f- 4k -(f- 3f- 5k) = of fk 
and, CA = Position vector of A — Position vector of C 


A 
CA = (2f- fk) - @f-4f- 4k = -feahesk 
Clearly, AB +BC +CA = (—f-2f- 6k) + (20-4 (35h) = 0° 
So, A, B and C are the vertices of a triangle. 


A 
Now, BC-CA = (2f-f+-(-M-3f+5k) = -2-34+5 =0 
= BC 1 CA => ZBCA == 


Hence, A ABC is a right angled triangle. 
Since ZBAC is the angle between the vectors AB and AC . Therefore, 


SwABAG —f_2f_ 6b . (f- 3h 5h) 
cos A = = 2 2 a PD) 2 2 
|AB || AC | Ve12+2)2+C 6)? Vi2+(-3)° +5) 
= —-1+6+30 si Soon O _ 35 
= oe aGeNTOnDS ~ Ndi Nas = al 


=> A =cos? 35 


41 
= ZBAC = cos! v=2 
since ZABC is the angle between BA and BC. Therefore, 


3. —BA-BC PO oH) - OP-ED 
[BA || BC | Vit+22+6? W224 17+ 
2-2+6 ./6 
2S i Sea ai 


=> B= cos? VS 


41 


= eoatt Vs. | 
— ZABC = cos 41 


Hence, the remaining angles of the triangle are 

cos? VS ena cos! Vs 
EXAMPLE 34 Show that the angle between two diagonals of a cube is cos ' : 
SOLUTION Leta be the length of an edge of the cube and let one corner be at the origin 


as shown in Fig. 24.15. Clearly, OP, AR, BS and CQare the diagonals of the cube. Consider 
the diagonals OP and AR. 
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S(a, o, a) 





Fig. 24.15 


We have, OP = af‘ aj+ ak 

and, AR = Position vector of R — Position vector of A 
=> AR = (Of + af\+ ak) — (af'+ Of+ Of) = -al+af+ak. 
Let 6 be the angle between OP and AR . Then, 


cos @ = OP - AR 
| OP | | AR | 


ALAS 4 A. SAS es 
ai + aj +ak) -(—at +aj +ak 
= cos 8 = 73-5 2 
a*+a*+a* V(-a)* +0 +07 
ey) 


—a7-+a*+a 
3a V3a 


= -1 1 
=> 8 = cos (5 | 
1 


Similarly, angle © between the other pairs of diagonals is cos” : (5 ; 


1 
= cos § = =3 


EXAMPLE35 If with reference toa right handed system of mutually Perper culay unit ee 
bik, we have @ = 31-7, and B= 27+) - 3k . Express Bin the form B =B; + Bz where B; is 
parallel to & and Be is perpendicular to 0 [NCERT] 


SOLUTION Since B is parallel to & . Therefore, 


B; = 2 @ for some scalar A 


> p=aahrs (i) 
It is given that 
B= Bi +B, 
> 6 =B-B 
Es B, = 2+j-3h-aGh) 
= By = (-3A+2)P+A+1)/-3k ii) 
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; : a: : 
It is also given that 8, is perpendicular to & Therefore, 


Ba = 0 
a (-3A+2) f+ (A+1)7-3k}- (3h) = 
= 3(-3A+2)-(A+1) =0 
= -100+5 =0=2=2 


Substituting the value of A in (i) and se we get 
“A 
pis 5 (at-j) and Bz = > (f'+3)— 6k). 
EXAMPLE 36 Find the DEIMES of x for which the angle between the vectors 


a’= 2x7 t+ 4xf+k and b’= 7 fhm 2) + x Ris obtuse. 


SOLUTION The Ge 0 | between vectors @’and Dis given by 
ab 


cos § = Tey 


For the angle 6 to be obtuse, we must have 


cos 6 <0 
pee 
a seni 20 
|a’| |b | 
=> a7?b<0 [. lal, [bf >0} 
=n 14x7 - 8x+2x<0=> 7x (2x-1)<0 = x(2x-1)<0 = O<x<t 


2 
Hence, the angle between the given vectors is obtuse if x € (0, 1/2). 


EXAMPLE 37 37 Find the values of c for which the vectors ae (c logs x)1 6) + 3k and 
b = (logs x) 1 i+ 27. + (2c logs x) make an obtuse angle for any x € (0, ©). 


SOLUTION Let 6 be the angle between the vectors @’and b: Then, 
= —- 
-b 


cos § = Ter iat 


For 6 to be an obtuse angle, we must have 


=> cos6@<0 # forallxe (0,0) 
ab” for all 

=> = <0 for all x € (0, o0 

iat 16 ot 
= @?b<0 _forallxe (0,0) 
=> c (logs x)? - 12 + 6c (log, x) <0 for all x € (0, ©) 
=> cy + 6cy-—12<0 forallye R,where y=log,x [-.. x >O => y=log,xER] — 
— c<0 and 36c*+48c<0 [- ax? + bx +¢<0 for all x= a<O and Disc<0] 
=> c<0 and c(3c+4)<0 
=> c<0O and -2<c<0 = ce (-4/3,0) 


SBE SE C6 B18 £ SE BREE SIS SS Bee Ss ee 


1 aa 


ee ee ee 
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EXAMPLE 38 Find the values of ‘a’ for which the vector T= (a? — 4) 7+ 27 — (a? — 9) F makes 
acute angles with the cone Tale axes. 


SOLUTION For vector 7 to be inclined with acute angles with the coordinate axes, we 
must have 


r?1>0,7°f>0 and 7P?k>0 
re i> 


=) 0 and 7? k>0 [727 = 2>0] 
— (a2 — 4) >0 and —(a*-9)>0 [Fe f=a*—4andr? = — (a* — 9)] 
a (a —2)(a+2)>0 and (a+3)(a—3)<0 

=> a<—2 or a>2 and -3<a<3 

=> ae (—3,—2) U(2, 3). 


—> ra ~ —, 
EXAMPLE 39 If @,’b are two vectors such that [a+b |= lal, then prove that 27,% b is 


— 
perpendicular to b. 
SOLUTION We have, 


|j7-bf = | a 
=> |[a% b[? = | a?|? 
> | a?|?+ | b?2+2@25 = ||? 
=> |b/?+2@-.y=0 | —ati) 
Now, (2a0%b).b=2@ a by +b. By = 2 (@? by + |b[? = [Using (i)] 


= 


Hence, (24+ By i is perpendicular to b. 
—>, 
EXAMPLE 40 For any three vectors a7 b, ¢,prove that 


|aeb+e)2 = [a2] +] 124+ | o)242(@b + Dee 
SOLUTION We know that 


[rr arr 

[Tote 2 = (T+ b+ D- (tbe D 
= |Teb+o)2 =a (Tt b+ Oth (T+ b+ O47. (Te d+ DB 
= |Teb+ Ol? = WTA SACD aed DED CHOTA E DERE? 
= |a+b+e)2 = ata abe: 207+ 2(a2b)4+2(b-O3+2(2-a} 
=> |Teb+e}2 = | 7}24| D124] 724+2(Med se HOD 


EXAMELE 41 eA a? b; b, C’are three oak Perpenescular vectors of equal magnitude, prove 


that t?+ b+ Cis equally inclined with vectors a? b and? [NCERT, CBSE 2005] 
SOLUTION ‘Let | a?| = | b | = | &?| =A (say). 
Since a,” b, € are mutually perpendicular vectors. Therefore, 

wb’ = bo OT 0 3 (i) 


MATHEMATICSXil 
Now, 
| +b +o? |? = @+b +a +b +a 
=> |Web 4+o |? =a. aseP reer b'4+2b- 420-7? 
= Peo +O |? = | P24) P24) P72 [Using (i)] 
= | w+b'+a7|? = 322 [| Pl=|b] =| esa 
= [a+b +c] = VBA .»(ii) 
Suppose 77+ b +c? makes angles 6, 65, 03 with a, ab and ¢ “respectively. Then, 
eas ie G@ a+ b+ - BPP? 
la Bs a’+b +c"| |a°| |a°*+b +c7| 
—> 
=, cos 8 = ans as ear rye p = [Using (i) 
=> 6; = cos a - 


Similarly, we have 
Sens i| 1 ane Atel 
65 =cos a Jana 83 =cos (a } 
6, = 6, = 83. 
> p>: oe >? 
Hence, a°+ b +¢”is equally inclinded with 2, b and c 


EXAMPLE 42 Let a, b; C be three vectors of magnitudes 3, 4 and 5 respectively. If each one is 
perpendicular to the sum of the other two vectors, prove that |a’+ b+ cf = 5v2. 


[NCERT, CBSE 2010] 

SOLUTION We have, | 2] = 3, | 5" = 4 and lol = 5 
It is given that 

a1 (b4+e3,b1 4a) and 71Gb} 
= a 0,b- Ga} = 0 and 2G +B) = 0 
= a b+ ae 0,5 cb’ W= 0 and Pate d= 0 
Adding all these, we get 

2@2b+b APH =-0> PP APT=0 (i 
Now, |a%b+77)2 = |a|2+ |bf24 |o4242@5 b+b. con) 
= [744072 = 3244245240 [Using (i)] 
= |a-b+c] = V50 = 5y2. 
EXAMPLE 43 If a7b, bc are unit vectors such that 7+b+0°%= = 0; find the value of 
a?b+b-chCta? [NCERT] 
SOLUTION cies 

[7 = |] =1 and a4+b+2° 


oe 
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a — 
~ | 7+ b+c7| = 0 
=> |74+b+e?|2 = 0 
= [712+ |b 24+) 2 ]24+2@beb-eeD = 0 
> 342@b+b TAT) = 0 
= bob ARD= -5 
EXAMPLE 44 Bak vectors a, A, band 7 ‘satisfy the condition a+ b+ c= 0. Evaluate the 
quantity wp = ab b+ o% C’a, if | a) =1, | b b| =4and|c) = 2. [NCERT] 


SOLUTION me have, 


|] =1,|b|=4 and |= =2 
[7+ b+ 7) =0 


= | a+ b+ 712 =0 

= |a)?+ |b ]2 4+ | 272 4+ 2(2 a*b+b-c%c?%a) =0 
= 1+16+4+2y = 0 

= 24 =-21 > p= -2 


a |= XK ERCISE 24.1 


(iii) 7’= fk and ii = 21+ 37 
2. For on value of A are the vector @’and b perpendicular to each other? where: 
A et SEY Ney a re ABY MS a 
(i) a= faiaaiand b =41-9) 126 
(ii) a’ = Ais 2 kand B° = 5f-9f+ 2k 
(iii) @a=2h af ak and 5° b = 374 27 Ak 


(iv) a= =At+ 3f'+ 2k and 5° =f—f3k 

3. If @and b are two vectors such that | a”| =4, | b b°| =3anda’-b =6. Find the 
angle between @’and b. 

4. If@=f—fand b'=-f+2k, find @ -25-@+D. 


5. Find the angle between the vectors Z°and b, where : 


(i) a wf fand b= fe 
(ii) 7’=3i- 2j- 6k and b’= nab fick 


aA 


(iii) = 2f f+ 2k and b= 4f+ 4h of 


—— 


a 
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(iv) W=2f-3f+ kand b= f+ 2k 


A 


(v) a a=t +2f-k, bah fk 


6. Find the angles which the vector a=! wes \2k makes with the coordinate axes. 
7. Dot product of a vector with /+/~ 3k, 1+ 3)— 2k and 2+ ] ‘4k are 0, 5 and & 
respectively. Find the vector. [CBSE 2003} 
8. Ifaand Db are unit vectors inclined at an angle 0, then prove that 
A “A 
(i) cosS => | a+b | (i) tan$ = ah 
9. If the sum of two unit vectors is a unit vector prove that the magnitude of their 
difference 1 is V3. 
10. If a, b, care i mutually perpendicular unit vectors, then prove that 
| a +b" LG c’| = 
11. If | a+b" ane - "| = 40 and | b’| =46, find | 7° | 
A 


12. Show that the vector i. +] +k is equally inclined with the coordinate axes. 


13. Show that the vectors a” — 7 (2 + 37. + 6k), b= = 5 (3h 6}. + ok), 2 == 5 (6h + 2} - ~ 3k) are 
mutually perpendicular ante vectors. 
ee Sa = He 
14. Show that (@°+ b)-(@’-b)=0 = |a’|=|b |. 


15. lfc” C “is perpendicular to both @’and b, then prove that it is perpendicular to both 
a’+b anda b. 


2 py KO 
—>) a. a’ b _({ a’—b 
16. If | a°| =aand | b | =P prove that 4 =( = ; 


— 
17. Ifa; b, « Care three non-coplanar vectors such that d-@=d-bad -t= 0, then show 


that d is the null vector. 


18. If a vector as perpendicular to two non-collinear vectors b’and ¢, then fis perpen: 
dicular to every vector in the plane of b andc’. 


19. Show. that the vectors 2°= 3. ON b =f3h5k a = 27+ i= 4k form a right 
angled a Griangle. [CBSE 2005] 


20. Iff?+b +0°= 0; show that the angle 6 between the vectors b and tis given by 


— 
mize l2— lolz 
cos § = : 





2| b'| | c’| 
21. Find the angles of a triangle whose vertices are A (0, —-1, —2), B (3, 1, 4) and 
G5, 7,1): 
22. Let 1770’and whe vector such 1+ 0°+@ =O0.If | @| =3, | D°| =4and | @ | =5, 


then find 7’?-0°+D°-w+w -i 


A 
2359 ow | that , she , Points whose position vectors are f= 4; - 3) +h 
b’=27- — 4h 5k c C= ] ‘forma right triangle. 


24. If the vertices A, B, C of AABC have position vectors (1, 2, 3), (—1, 0, 0), (0, 1, 2) 
respectively, what is the magnitude of ZABC? 
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25. 


26. 


27. 


28. 


29. 
30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 
39. 


40. 


If A, B, C have position vectors (0, 1, 1,), (3, 1, 5), (0, 3, 3) respectively, show that 
A ABC is right angled at C. 

Let @ex7f+2f- 2k baf-f+R and c2 x2 1-5f- 46 be three vectors. Find the 
values of x for which the angle between @’and bis acute and the angle between 
b and Cts obtuse. 


Find the values of x and y if the vectors @© 3i+ x}. —Rand b= 21+ } + yk are mutually 
perpendicular vectors of equal magnitude. 


If @and bare two non-coplinear unit vectors such that | @+ b | =V3, find 
(2a 5b) . (34% by. 

Evaluate: (372 5b) - (24% 7b) [NCERT] 
If @’is a unit vector, then find | x’| in each of the following: 


(i) (ta) -(%%@) = 8 ([NCERT] 
(ii) (x-a@’)-(¥%a’) = 12 [NCERT] 
Find | 2’ and | b’|, if 

(i) @%+b)-@B = 12and | 7 =2| 5" 

(ii) @+b)-@2 = 8and|7 = 8] 57 [NCERT] 
(iii) @%+b)-@2b = 3and |@ =2| b"| 

Find | 75’, if 

(i) |a@] =2,| 5” = 5 and a@?b = 8 

(i) [7] =3,]b| =4 and a@b=1 

(ii) | 7] =2,| D| =3 andatb=4 [NCERT] 
Find the angle between two vectors @’and b; if 

(i) |@] = V3,|b| =2 and ab = v6 [NCERT] 


(i) | 7] =3,[ 57 =3 and 7b" 1 
A 
Express the vectora@’= 5i— 2j + 5k as the sum of two vectors such that one is parallel 
to the vector b=3/+ k and other is perpendicular to b. [CBSE 2005] 
If 7’and b are two vectors of the same magnitude inclined at an angle of 30° such 
that 77b=3, find | @|, | D1. 
Express 2i— j +3k as the sum of a vector parallel and a vector perpendicular to 
A 
i+ 4j — 2k. es 
Decompose the yector 6i — 3j — 6k into vectors which are parallel and perpendicular 
to the vector f+ j +k. Fine ne 
A 
Leta=5i—j + 7k and b= tj + Ak. Find A such that @* Bis orthogonal toa~ b. 


Ifa?a&0 anda? b= 0, what can you conclude about the vector b? 
[NCERT, CBSE 2004] 


Tt 
3 
@ with k. Find the angle @ and components of a” ([NCERT] 


A 
A unit vector a’makes angles e and = with iand ] respectively and an acute angle 


— eee na. SS” 
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41. 


42. 


43. 


44. 


45. 
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If@= 5i- j- 3kand b’= M3 f-5 & then show that the vectors @% Dand a b are 
orthogonal. [CBSE 2004) 
ging the Projection of b’+ Pon & , where a@’= 2 otp + k b= j— 2k and 
= 2 j+4k. [CBSE 2007] 


an the magnitude of two vectors @’and b; having the same magnitude and such 


that the AE an them i is 60' 60° and their cet product is 1/2. [NCERT] 
If T= 21+ 27 +3k, b= —f2j+k and c= 3i'+j are such that 7% is perper- 
dicular to Cc,’ then find the value of A. [NCERT] 


If either 70 or b = 0; then 77 b = 0. But the converse need not be true. Justify 
your answer with an example. [NCERT] 
ANSWERS 
© (iii) 3 (iv) -3 


1. (i) 19 (ii) 2 (iii) 5 2. (i) A=4 (ii) A= 


T 
3. 3 
(ii) cos™ ? 


(v) cos 


3 


* 


ih, 72 


22. —25 


26. (—3,—2) U (2, 3) 


28, — +> 


30. (i)3 


31. 


33. 


34. 
36. 
38. 
40. 





(@) |@) =4,|b) = 
(ii) | 7] =2,] 54 = 


27. 


29. 
(ii) 
(ii) 
32. 


(ii) cos 


35. 
37. 
39. 
43. 


5. (i) x 


6 | af2+11a2b—35 |b 2 
v13 


jay = 228, 9 2 VE 


(i) ¥13, (ii) ¥23, (iii) V5 
— (fat 
9 
|| =| B| = Vas 
ATES, 
-i-j—-k,7i- 


>a 
b is any vector 


= — 
|a| = |b] = 


oj — 5k 
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HINTS TO SELECTED PROBLEMS 


6. Find the angles iat a@’and i i; between @’and J ‘and between a@?and k 


9. We have, la| 
Now, 


=1, 1b] 


A A A 
[a+b|2+ |a—b|7=2(|a]2 + |b]? 


=1, | a+b |=1 


\ 


= 
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“A 
=> 14+) a-b |?=2(1+1) 
A 
= |a-b|2=3= | 4-6 | =v3 


10. Use | P+b + ee atl +|b Pel P7+2@ b +b ?. ay 
11. Use | 7b" Ke elas > b [sss [?- +t | b b’ |? ) 
13. Show that @-b =0=b - C’=C’-a’and | a Pl=|b |=|2|=1 
15. BENAVe, = 
o. (@+ by =o? + 2-5 =04+0=0 [-. PL@Mand OL 
= 1 (7% b} 


Similarly, cis perpendicular to (a: 2 b}. 
18. Let” be an arbitrary vector in the plane of b and @ Then, 
F= xb + yc for some scalars x, y. 
=> FP. W=(xb + ye-aex -W+y (©-M=x(0)+y(0)=0 [-» Lb anda Lap 
mela? 
20. We have, 
a+b +o%=0° 
5/5 eg 


= (b'+c)- (6 += (-ay: (-ay 


7 TOT a 7a Bile 


=> |b |7+ 242156 ¢?| cos@=|a’|72 => cos@ = 
| 5°]?+ | o7|?+2 1b] oI | a aT FA: 
_ 
21. Use: cosA = fb AC cog B = Be BA. 
| AB | | AC | | BC | | BA | 
—> 
and, cos C = CB “CA 


| CB | | CA | 
22. Use, | ++ |7=| 0 |27+/ 0° [274+ |v [27 4+20- T+: w+T- wD 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1, What is sine an angle between vectors @and bwith magnitudes 2 and V3 respectively? 
Given? u= a [CBSE 2008] 


2. If @and bare two vectors such that a? b= 6, | a] =3 and | b’ = 4. Write the 


projection of 7’on b. 


. Find the cosine of the angle Petw cent the vectors 47— 3; + 3k and 27 = ke. 

. If the vectors 3/ + m i+ k cand 21— ths — 8k are ‘orthogonal, find 71. 

. If the Vcclors 3i— —2j- — 4k and 18/— 12}. — mk are parallel, find the value of m. 

. If@and bz are vectors of equal preps ae write the value of (@+ b). @> > b). 


. Ifa’and b: are two vectors, such that(a@+ b b). (a > bj = = 0, find the relation between 
the magnitudes of @ and b. 


8. For any two vector @’and b write when |a% b =|a]+| b’ holds. 





“SS oF ct Ww 


24.32 MATHEMATICS-XII 


9. For any Ewe vectors @and b write when | 7% b " =|a~-b { holds. 


10. If a ’and bare two vectors of the same magnitude inclined at an angle of 60° such 
that @: b =8, write Site value of their magnitude. 


11. If@?a@%Oanda? b= 0, what can Are snes about the vector b ? 

12. If bi is a unit vector such that (@+ by. (ae by = 8, find | @’|. 

13), Ifa? b are unit vectors such thata@ + bisa Se vector, write the value of | a 5 |. 
i Seer 2, | b'| =5 and #7 b=2, find | @ b. 

15. If @er —] Sand b= ~j+k k, find the projection of 7’on b. 


a+ b+ : a by? le 
|a1*+ | v1? 
A 
17. Write the projections of 74 i 3i— i + 12k on the coordinate axes. 


16. For any two non-zero vectors, write the value of - 


18. Write the component of bi along a. 

19. Write the value of @NM@)) f+ @k)K. 

20. a the value of @€ (0,2/2) for which vectors 7% (sin 0)1 1 (cos 0) ] ; and 
=} V3; 3j+ ok are perpendicular. 

21. Write the projection of I+ [+ +k along the vector ; 

22: Write a MECIO satisfying @- r= a(t +j)=a a? (i+ i+ k) = ib 

23. If @and bz Here unit vectors, find the angle between 7+ b and az b. 


24. If a avand bare mee a perpendicular unit vectors, write the value of | 7b {p 





25. If &, me and 2” are mutually perpendicular unit vectors, write the value of 
|a% b+c’|. 
N A 
26. Find the angle between the vectors @&1—j i k and bal j—k. [CBSE 2008] 
A A 
27. For what value of d are the vectors @= 21+ 4 +k and b=f 2j + 3k perpendicular 
to each other? [CBSE 2008] 
A 
28. Find theprojection ofa@’on b if 7b =8 and b =2/+ 6j + 3k [CBSE 2009] 
29. Write the value of p for which a 37 + 27+ 9k and b= i+ pj + 3k are parallel vectors. 
[CBSE 2009] 
A A 
30. Find the value of A if the vectors 27 + Aj + 3k and 37+ 2 ak are perpendicular to 
each other. [CBSE 2010] 
31. If | a | =2, | b| =3 anda? b= 3, find the projection of bona [CBSE 2010) 
ANSWERS 
T 4 
1. 3 2. 3 3. VST 4. -2 5. —24 
6. 0 7. |a1 =| b | 8. Zand Dare parallel 
9. @and bare perpendicular 10. 4 11. bis any non-zero vector 
12. 3 13. V3 14. 5 15. 5 16. 2 17. 3,-4,12 
—> 
13, (2B) > 19.7? 20.0== 21.1 22 23.2 26 V2 25.8 
2 3 2 
| 2" 
-1/(=1 5 8 2 
26. cos ( 3 27. > 28. 7 29. 3 30. 3 31. 3/2 
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MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1, 


i=.) 


a | 


\ 


10. 


11. 


12. 


The vector @’and b satisfy the equation 2 a+ b= pand a°+2 b’= q where p=? +7 
and qe 3. If 8 is the angle between @’and b° then 


(a) cos == (b) sin 0 = J (c) cos 0=~% (d) cos 8=- 


U1} 


fa t= a”. (7 +)) =a. (1 +] +k) = 1, then @’= 
(a) 0” (b) 7 (c) 4 (d) 1+7+% 
a+b +2°%=0, | a | =3, | b’| =5, | @| =7, then the angle between @and B ‘is 
us 20 oh: Ls 
(a) ¢ (b) = (c) 3 (d) 3 


—> —>. 
. Let@’and b be two unit vectors and ©. be the angle between them, thena@’+b isa 


unit vector, if 


@a="  (b) a=2 (ja=48 dy aak 
. The vector cos « cos 8? + cos © sin BT +sinakisa 

(a) null vector (b) unit vector 

(c) constant vector (d) none of these 


. Ifthe position vectors of P and Q are 1+ 37 ~7k and 5%- 27 + 4k then the cosine of 


the angle between PQ and y-axis is 


@) ee  ) te> O-ws Wz 

. If @and bare unit vectors, then which of the following values of a’: bis not 
possible? 
() 3 (b) V3 /2 (c) 1/V2 (d) -1/2 

. If the vectors 7-2 x] +3y Rand 7+2 x} =) yk are perpendicular, then the locus 
of (x, y) is 


(a) acircle (b) anellipse (c)ahyperbola (d) none of these 


. The vector component of b perpendicular to @’is 


mx (bx 


5 (c) @x(b xa (d) none of these 
| a” | 


(a) @.c}a (b) 


The length of the longer diagonal of the parallelogram constructed on 5a°+ +2 band 
a’-3b if it is given that | a@’| =2 V2, |b | =3and angle between @’and b is 1/4, 
is 

(a) 15 (b) V113 (c) V593 (d) V369 


In the rectangular cartesian axes A is (x,,y,) where x,;=1 on the curve 


y= x°+x+10. The tangent at A cuts the x-axis at B. The value of OA : AB is 
520 


(a) aoe (b) —148 (c) 140 (d) 12 

A A x A ARES 
The vectors 21—mj +3 mkand (1 +m)1—2mj+k include an acute angle for 
(a) m = -—1/2 (b) me [-—2,-—1/2] 


(c) mER (d) me (—°, — 2) U (— 1/2, ©) 
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TN aes A A 
13. The values of x for which the angle between @: x7 4 dx ih +k,b s TT a2 J+xkis 
—) 
obtuse and the angle between b and the z-axis is acute and less than : are 


(a) ee gers (b) O<x<5 (c) <11<0 16 (d) 


14, Ifa? b ¢ are any three mutually | vectors of equal magnitude a, then 
| Tb +o is equal to 
(a) a (b) v2 2a. {c) N3 a (d) 2a (e) none of these 
15. If the vectors 31+ Aj j hk and 2i — j + 8k are pacers. then A is equal to 


(a) -—14 (b) 7 (c) 14 (d) - 
N A A 
16. The projection of the vector +. } +k along the vector of j is 
(a) 1 so) 0 {c) 2 (d) -1 (e) -2 
17. The vectors 2! + 3; - — 4k and ai + by +ck are perpendicular, if 
(a) a= 2,b =3,c = -4 (b) a=4,b=4,c=5 
(c) a=4,b=4,c=-5 (d) a=-4,b=4,c=-5 
18. If | a} =| 5}, then @+b}-@eb) = 
(a) positive (b) negative (c) 0 (d) none of these 
19. Iffand bare unit vectors inclined at an angle 0, then the value of | 7: & b’| is 
(a) 2 sin > (b) 2sin 0 (c) 2cos 2 (d) 2cos 
20. If@and Dare unit vectors, then the greatest value of V3 | 7%b b"| +|a-b " is 
(a) 2 (b) 2V2 (©) 4 (d) none of these 
21. If the angle between the vectors xi + 3; — 7k and xi — xj + Aki is acute, then x lies in the 
interval 
(a) - He, (b) [—4, 7] (c) R-[-4,7] (d) R-(4,7) 4 
22. If@and b are two unit vectors inclined at an angle @ such that | 7% b | <1, then 
(a) a (b) e>a% (c) een (d) aR co<n 


23. Leta? b,c°be three unit vectors such that | 7+ b+ =1 and ais perpendicular to 
b. If aii angle a and B with @ and b respectively, then cos « + cos B = 
3 
(a) - : (b) 5 (c) 1 (d) -1 


24. The orthogonal a of 7n bis 
@br” , @ a” b 

(a) (b) ~> > (c) (d) —>- 
AWE |b ni Jay |b" 


25. If 8 is an acute angle and the vector ~ Q) 1 + (cos 8) j j jis perpendicular to the vector 
t— \3j j, then 6 = 


3 ™ 3 
(a) - (b) 5 (c) | (d) 3 


26. If@and b be two unit vectors and @ is the angle between them. Then @’+ bisa unit 
vector, if 6 = 
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7 On (©) § (d) 3 


27. IfO is the angle vera two vectors @and b, then a? b> 0 only when 
(a) 0<0<5 (b) 0<0<>5 (c) 0<O0<n2 (d) Os O07 


mr at ° . . 
28. Ifa” is a non-zero vector of magnitude ‘a’ and A is a non-zero scalar, then Aa@’is a 
unit vector if 
1 


(a) A=1 (b) A=-1 (c) a= | d. | (d) some) Wl 





ANSWERS 
1. (c) 2. (b) 3. (d) 4. (c) 5. (b) 6. (c) 7. (a) 8. (b) 
9. (b) 10. (c) 11. (b) 12. (d) . 13. (b) 14. (c) 15. (c) 16. (a) 
7m(b)) 18;(c) 19. (a) 20.) 21: (cd) e2aton seed) 245d) 
25. (d) 26. (d) 27. (b) 28. (d) 


SUMMARY 
1. If@and b are two non-zero vectors inclined at an angle 6, then 
i) b= | 7 |b] cose 














32> 
(ii) Projection of @’on b= P = =a: b 
— ae 
aib —> A 
(iii) Projection of b’on @ = Simi =b.a + 
— > 
(iv) Projection vector of @6n b= ait = a b 
r b | (i b 3 
=> — 7,’ 
er —> 3 a.biA a= Di Pos 
(v) Projection vector of b on @’= =}a= a 
{a lal? 
(vi) Tb=0 6 Wis perpendicular tob’ 
(il) Pb = bw 
(Vili) 7>7- = | 71? 
(ix) mab= m (a by = 7 mb; for any scalar ie 
(x) ma. a nb = mn (a- oR = nn (ab =a?mnb b for scalars m,n 
(xi) | a” £0 < P+ |B 
(xii) aa > |@|-|b1 
(xii) | 7 bl? = Var + 18 b|? +2 @ by 


(xiv) @ by . os = |a@|*- | b b'|? 
(xv) 7? b>0 iff 8 is acute 
(xvi) 7? b<0 iff 8 is obtuse 


2. If? b, CAre three vectors, then a b= ay Se Satin 
J@rb+e |? = | a1?+| [2+ | 21? +2(ar2b'+ be C2} 
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Reis 5A — Ao oN pe 
3. If Ta, P+ayj+agk and b=b, f+ by j+b,k, then ad = ay by + ay by +043 ds. 


—») 
_ 
4. If @’and bare two vectors inclined at an angle 0, then cos 0 = eons 
a |b 
5. Ifa ais HOPESUPIanAn vectors in space and 7” is any vector in space, then 


= (F- a)yat(r? b)b+(F2 Cyc 
rte a, b, ¢ are unit vectors in the directions of 7° Ay ¢ respectively. 


nrg) 


In particular, 7” =a (7. reini 1+ (7? Dit: r? by k 
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25.1 VECTOR (OR CROSS ) PRODUCT 


— —>. 
DEFINITION Let @’ b be two non-zero non-parallel vectors. Then the vector product a°x b, in 
that order, is defined as a vector whose magnitude is | @’|| b | sin 0, where 6 is the angle 


1 ; oes , = a) 
between @’and b and whose direction is perpendicular to the plane of @’and b in such a way 
that a, band this direction constitute a right handed system. 


In other words, 
o> ay 
a’xb =|@| | b | siné N, 
: — md : : : 
where 0 is the angle between @’and b and 1 is a unit vector perpendicular to the plane 
— — ; 
ofa’and b such that a, b; 1 form a right handed system. 


A 
hi; 





Fig. 25.1 


When we say that 77 b; 7 forma right handed system it means that if we rotate vector 
7 into the vector b; then 7) will point in the direction perpendicular to the plane of 
Wand bin which a right handed screw will move if it is turned in the same manner. 
NOTE1 Ifone of a or bor both is 0; then 8 is not defined as 0’ has no direction and so 7 is not 
defined. in this case, we define axb=0. 

NOTE2 If@’and bare collinear i.e. if 8=0 or 7, then the direction of 1 is not well defined . 
So in this case also we define axb=0. 

NOTE3 4x bis read as @cross b. Since we are putting cross between @and b that is why it 


is called cross-product. As the resulting quantity is a vector so it is also known as the vector 
product. 


25.2 


25.1.1 GEOMETRICAL INTERPRETATION OF VECTOR PRODUCT 
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Leta, b be two non-zero, non-parallel vectors represented by OA and OB respectively 
and let @ be the angle between them. Complete the parallelogram OACB. Draw 


BL 1 OA. 





sin§@ = an 
=>) BL = OBsin® = | b | sin® 
Now, 
axb= |a| |b | siney 
= ax b= (OA) (BL)%} 
= ax b= (Base x height) } 
= ax b’= (Area of parallelogram OACB) 7 
=> ax b’= Vector area of the parallelogram OACB. 


L 


»-.(i) 


[Using (i)] 


Thus, a’xb is a vector whose magnitude is equal to the area of the parallelogram having 
=—> o c J * . . . — 
a’and b asits adjacent sides and whose direction ‘1h is perpendicula to the plane ofaand bsuch 


that 7; bh form a right handed system. 


In other words, a’x b represents the vector area of the parallelogram having adjacent sides along 


a’and b. 


Thus, area of parallelogram OACB = | ax b |. 


Also, Area of AOAB = Area of parallelogram OACB 


= Area of AOAB = 5 | @x>"| 
— Area of AOAB = 5 | OA x OB | 


NOTE By the term vector area of a plane figure we mean that a vector of magnitude equal to the 
area of the plane figure and direction normal to the plane of the figure in the sense of right handed 


rotation. 
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25.2 PROPERTIES OF VECTOR PRODUCT 


PROPERTY a Vector product is not commutative te. if a and b° are any two vectors, then, 
xb =-(b xay 


PROOF Let@and b be twonon-zero, non-parallel vectors and let 6 be the angle between 
them. Then, 


ax b= | a| | b°| sinO fy, 
where 11 is a unit yector ‘perpenciguias to the plane 


of @and b such that a, >; }, form a right-handed 
system. 


=r oe Se oe 
and, bxa= |b’ | | @| sin® No, 





where No is a unit vector per e tothe plane: 
of band @such that b, a? 2 form a right-handed 7 A 
— 7m 


system. 

Obviously, 7 1 = ~Me Fig. 25.3 
= |@| | b"| sinofy = -| a | b| sino fh 

=> ax i = (bx ay 

Hence, @°x bt b xa 

PROPERTY Il Ifa,’ b are two vectors and m is a scalar, then 


i? —> 


—) —> 
ma’xb = m(a’xb) = a’x mb 


PROOF Let and b be two vectors represented by OA and OB and let 0 be the angle 
between them. Then, 
xb =| a | | b’| sind 4, 
= — 
where 1} is a unit vector perpendicular to the plane of @and b such that a? b, | forma 
right handed system. 
We have the following cases: 


CASEI When m>0: 
In mune case, ma a= OA, and a= OA are in the same direction. Also, b’= OB and 


mb = = OB, are in the same direction. 


max b= | ma?| | b | sin 0 
= maxb = |m||@| |b’ | sinet 
7 
Be" 
b 
6 
ecncnncncecencececeseescs = 
QO” CE A ma Ay 


Fig. 25.4 


= max b= m |a’| |b’ | sinonh 
= max b= m(|a’| | b’| sino f) 
=> max b= m (ax by. 
and, 

ax mb’= |a’| | mb’ | sin 6 fj 
= ax mb’= |a’| | m| | |B] sinof 
= ax mb’ = m{| a’ iP | b°| sino f| 
=> ax mb = m (a°x by 


Thus, in this case, we have 
ma xb = m(a ax by = ax mb. 


CASEI] Whenm <0: 
In this case, the angle between ma’= OA, and b = = OB i is (77 + 0). 


max b= | ma’ | \b | sin (w+6) 1 
= max b= ~|m| | @ 1 | 6° sinof 
= max b= m{| a?| lb | sine f| [-.: 
= max b= mi (ax by 





nib, 
oe 
= x+6 = 1 
Fig. 25.5 Fig. 25.6 

The angle: between a” and mb i is. (mt +6). 
oe ax mb = |a’| | mb | sin (wt +0) 7 
=> ax mb'= —|@?| | m| |b] sino 

— >, ap? 11 tit cnad 
=> a’x mb = m{|a’| |b | sin 7} 
= ax mb = m (@x by 


Thus, in this case € also, we have 
fx mb =m (@xby =maxb- 
CASE Ill. When m =0: 
In this case, we have 
maxb’= 0 xb = 0° 


[ers 
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m<0O .. 


m>O .. 


| mm | =m] 


| a | =—m] 





[-- | m | =-m) 


[See Note 1 in section 25.1] 
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ax mb = 7x0 = 0° [See Note 1 in section 25.1] 


and, m(@xby = 0@?xby = 0" 


=> 


So, in this case also, we have 
— 5»? » > 
max b = m(a’x b) = a’x mb. 
19 pe eae 3 gS —_— 
Hence, ma’xb =m (a°x b)=a’x mb for all values of m. 
=: 
PROPERTY Ill If a, b are two vectors and m, nare scalars, then 
» > +» > +» 2 >» 2 
maxnb = mn(a’xb) = m(@xnb) = n (ma’x b) 


‘is —» iw 
PROPERTY IV (Distributivity of vector product over vector addition). Let a; b, &’beany three 
vectors. Then, 


(i) PxW+P = xb +x? [Left distributivity] 
li) (+ xm= bxT4OxT [Right distributivity] 
PROOF To prove this property we need the concept of scalar triple product. So, it will 
be proved in scalar triple product. 
T= 
PROPERTY V For any three vectors a, b, c,we have 
ax( —cP=axb -@7xe’ 


PROOF We es 


=) a  - ~_ = ax mh ax (tp [By Prop. (IV)] 
= ax (6 = @xb -7x? [-. Mx (-F=-@xTl 


PROPERTY VI The vector product of two non-zero vectors is zero vector iff they are parallel 
(collinear). 


| = 
sin8 = [-.- | a’| #0, | b | #0] 
6=0 or 7% 


tt & 


—>) 
a, b are parallel vectors 


= me 
REMARK 1 It follows from the above property thata x 


=0 Ofor every non-zero vector a twhich 
A” A A 
in turn implies that 1x1=]XJ=kxK =0- 


REMARK 2 Vector product of orthonormal triad of unit vectors 4, 4, kis given by 


4=9 xFakxk=0 
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(i) (ii) 
Fig. 25.7 


25.3 VECTOR PRODUCT IN TERMS OF COMPONENTS 
Let@’=a, T+ a>} + a3 k and b’= by + by} + b;k be two vectors. Then, 


ax b= (ay? + a5} + a3 k) x (b, 7 + by} + bk) 


a 


x b= (ay? + a>] + a3 k) x byt + (ay + az} a a3 k) x by} + (ay? ae ao} + a3 k) x by k 
[By left distributivity] 
=> Wx b= a,b, (tx +(a2 by) (7X1) + (3 by) (x2) + ay ba (7 XJ) + a bo (FX) 


+ 3 b> (KX) +01 bs (1K) + a bz () XR) + 03 bg (KXE 


J 


=> Tx = (ap bs — 03 by)'t - (a, b3 — 43 by) } + (ay by - a9 by)k 
[Using Remark 2 in section 25.2] 
An 
Ft | 
oP 
=> ax b= My a2 a3 
b, ba bg 


25.4 VECTORS NORMAL TO THE PLANE OF TWO GIVEN VECTORS 
Let a; b be two emenzero, nonsparallel vectors and let 6 be the angle between them. 
ax b’= | a?| | b’| sine h, 


where 7) is a unit vector perpendicular to the plane of @’and b such that a,” b; 1 froma 
right-handed aye 


@xd} = |i ab 7 


& ax b’ 
scomea aa Ud 
axb > 
Thus, AS is a unit vector perpendicular to the plane of @’and b 


| a’xb"| 
—_ 


ax 
‘Note that — ade is also a unit vector perpendicular to the plane of @’and b° 


Vectors of magnitude ‘A’ normal to the plane of a’and b’ are given by 


+A 
Gx by 
“ic ax BD | 
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25.5 SOME IMPORTANT RESULTS 
RESULTI The area of a parallelogram with adjacent sides @’and bis | ax b| 5; 
PROOF See section 25.1.1 





' / sopeeed => 
RESULTH The area of a triangle with adjacent sides a@’and b is =| a’xb |. 





PROOF See section 25.1.1 


= - —> -—» 
RESULT The area of a triangle ABC is 5 AB x AC | or, 5 | BC x BA | or, 





51GB xCA |. 
PROOF Seesection 25.1.1 


Pe; — A 
RESULTIV The area of a parallelogram with diagonals a’and b is > |a’xb |. 





PROOF Let ABCD be a parallelogram. With A as the origin, let the position vectors of B 
and D be p’and q’ respectively. Then, 


Ab = p’and AD = q 
But, BC = Ab. Therefore, BC = q’ 
By triangle law of addition of vectors, we have 


AB +BC = AC 
=  AB+AD = AC 
=> P+7?= AC »+(i) 


LetAC = and BD = b’be the diagonals of the parallelogram ABCD. Then, from (i), 
we have 


54 7 -7 } ...(1i) 
and, BD = Position vector of D — Position vector of B 
=> Be = q’- D .-+ (iil) 


Adding (i) and (ii), we obtain 
27 = a+b = F= + @ +b) 


Subtracting (iii) from (ii), we obtain 


2p = P-b => p= 5 (7-H 
Now, — 

Pxp= > (@-Bx5 (7+ by f= r 
= p’xq’= + (@- By x 7+ by} 
= Ixq= i xm+axb Bb x@-b x Bf 
> Dxq’= fla@xb + ax by ; Fs 
= pxq’= + @xby Fig. 25.8 
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So, area of parallelogram ABCD = | px 7| = | ix by | =3 | xb’. 
RESULT V The area of a plane quadrilateral ABCD is 

| AC x BD |, where AC and BD are its diagonals, 


PROOF Let the diagonals AC and BD intersect at O. Then, 
Vector area of quadrilateral ABCD 
(Vector area of triangle ABC) + (Vector area of triangle ADC) 





= 5 (AB x AC) +3 (AC x AD) G 


-3 (ac x AB) +> (AC x AD) 
= 5 (ac x(AD - AB) 


= 5 at x(BA +AD)]  [-»—AB = BA] 


D 














So, area of quadrilateral ABCD = | AC xBD | ‘ Fic. 25.9 ° 
25.6 LAGRANGE’S IDENTITY 
THEOREM If a, b are any two vectors, then 
nis 

|B? |2= ||? | P|2-@- oP = |S a 
or, | xb |24+@ -b by? =| a? }2 |B]? [CBSE 2004] 
PROOF We have, 

|axb’| = | a] |b’ sine 

| xb’ |? 
= | @xb’|2 = | a?|2| b’|2sin26 
= | axb°|2 = | a|? | b’|2 (1 —cos?6) 
= | xb" |2 =| aw ]2 |B’ |2-| PI]2 | D2 costo 
= | wb" |? = | a?|? |b°|?-(| | [B”| cosey? 
= | xb"? = | a? |? |b |2-@ -bY 

2 37 a’ a 

= | Wxb" |? = la, ‘Pe = lap oa 
Hence, | a?xb |? = |z?|2| b’|2-@-b? 
= | ab |2+@- by = | a]? |B]? 
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ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Find a@’x b, " if@ = 2f+Rkandb = P+p+k 


SOLUTION We have, 





is a 
mxb=|2 0 1 
1 41,4 
= @xb'= (0-1)f- (2-1) f+ 2-0) = -? —j+2k 


EXAMPLE2 Find the magnitude of a’given bya’ = (+3 j- 2k) x(-14+3h) 


SOLUTION We have, 
a= 0 +37-22)x(-MOf+3h 


a A 
po 

~ @=| 1 3 -2| = 9-0) G-2)f+CO+3)k = 91-743 
-10 3 








| @| = Vo2+(-1)?+37 = 
EXAMPLE3 Find a unit vector perpendicular to both the vectors 1-2 ik +3 kandi+2 } —f 
SOLUTION Leta’ = f-27+3kand b= —2i+j7-2k. Then, 


A A 
Bar «ep 
axb=|1 -2 = (2-6)f-(-1-3)f+(2+2)k =-ahaMak 
fart 








= axb’| = V(—4)%4+4244 = 413. 


ee 
So, a unit vector perpendicular to both the vectors @’and b is given by 


$ ae en ~ Caters 1 NAD 
EXAMPLE 4 ~ a unit vector perpendicular to each of the vectors a’+ band a> b; where 
aeM7ek, b= 1+ 27+ 3k. [NCERT] 
SOLUTION We have, 
a+ b= 354374 4k and 7- b= ey ee —2k 


= 


A vector ¢’perpendicular to both 7% band a~ bis given by 
C= (a +t bx (ae bY 
a) 
or f= |2 3 4] =-2eaf-ok 
0 -1 -2 








> |c) = V4+16+4 = 2V6 
LA 224 1 


Required unit = —5-gh— Cofraj_ohy=-LA eer 
€quired unit vector Te1° Ne | 1+4j ) Ve Vel Te 
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EXAMPLE 5 Find a vector of magnitude 9, which is perpendicular to both the vectors 
AM A 
4t-j+3kand - —-2i+j- 2£. 


SOLUTION Leta@’?= 47-j4+3Randb =-2%%f-2£ Then, 








=? , R A A A aa 
axb=| 4 -1 = (2-3)i-(-8 +6) j+(4—-2)k = —-1+2j+2Fk 
= a ey 
= laxb’| = V-12+224+22 =3 
axb) 9 
Required vector= 9 |< | = S(-feafs28 =-afeofrok 


EXAMPLE 6 Find a unit vector perpendicular to the plane ABC where A, B, C are the points 
(3, - 1, 2), (1, — 1, — 3), (4, — 3, 1) respectively. 


SOLUTION The vector AB x AC is perpendicular to the vectors AB and AC. 


AB x AC 
| ABx AC | 
Now, AB =PV.of B-PV.of A= (f-f-3h-@3f-f+2h =-2h+0f- 5k 
and, AC =PV.of C-PV.of A=(48-3f4+)-Bhf4+2h=h2f-F 


Required vector = 





A “A 
tinal 4? Dik 
ABxAC =|-2 0 -5]= (0-10) (2+5)/+(4-0)f = -10f%-7f+4h 
ol 
= | AB xAC | = V(-10)?+(-7)*+42 = Vi65 
Hence, required vector = AB x AC = (-107-7 } +4) 
| ABx AC | V165 


EXAMPLE 7 Find the area of the parallelogram determined by the vectors +2 j ‘+3 and 
31-2jp+k 

SOLUTION Let a= /+2 ik +3kandb = 3f-2 } +k. The vector area of the paral- 
lelogram whose adjacent sides are represented by the vectors a’and b is a’x b. 


A A 
hea ey 

Now, @xb=|1 2 3] = (2+6)f-(1-9)f+(-2-6f = 8frsf-sk 
Bo 








So, area of the parallelogram = | 7?xb’ | = V8" + 87+ (— 8)" =8 V3 square units 
EXAMPLE 8 Show that the area of a parallelogram having diagonals 31 t+] —2F and 








1-3)+4kis 5V3. [CBSE 2008] 
SOLUTION Let@?= 3f+f-2fkandb = f-3 +4 Then, 
a A 
~ i J R A A A A A 
axb=|3 1 -2| = (4-6)i-(12+2)j+(-9-1)k = -2f-14j-10k 
1-3 4 
= |axb’| = VR—2)*+(—14)*+(—10)* = V300 


Area of the parallelogram = a alae xB | = + V0 = 5V3 sq. units. 
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EXAMPLE9 Given | @| = 10,|b | = 2anda’-b = 12, find | xb}. 
SOLUTION We have, 

@.b3?2+|Pxb |? = | Pl?) b/? 


127+ | @xb |? = (10)? x (2)2 


= |@xb’|2 = 400-144 
= |@xb’ |? = 256 
=) |@xb’| = 16 


EXAMPLE 10 Find the area of the triangle whose vertices are A (3,—1, 2), B (1, -—1,—3) and 
C(4,-3, 1). [CBSE 2010] 


~-)> . “ 
SOLUTION Let @,’b and Z’be the position vectors of points A, B and C respectively. 
Then, 


W=31-f+2hb = f-f-3k and P= 4h 3fek 


We have, , f 

Area of A ABC = 5 | AB x AC | x 
Now, AB = Position vector of B — Position vector of A s Cc 
= Ab = 5-7 
= AB = (-f-3h-@h2 =-2hof-sk 

AC = Position vector of C — Position vector of A 
= AC = c2-a? 
= AC = 49-3 h-@ff2h =N2f-k 

i A A 
E; i Sk A . 
ABxAC =|-2 0 -5| = 0-10) f-(2+5)/+(4-0)fk 
1-2 -1 


=> AB x AC =-10i-7j+4k 


= | AB xAC | = Vi—10)?+(-7)2° +42 = Vi65 


So, area of AABC = > | AB x AC | => Vi65. 





EXAMPLE 11 Show that (a@’x b32 = te z, | 
SOLUTION We have, 
@x by? =| ab" |? 
= @x by? = {| 7] |b] sine} 
= @x by? =| @?|2 | 5’ |2 sin2@ 


= @x by? = {| 72 | B°|2} (1 — cos? 6) 
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--») sn sake oum 
=> (@x by? =| @ |? | B’|2-| @]2 1b? |2 cos20 

= @xb?2 = @.7e-H-@-DO@-D [a b= | a | | | cos 6] 

—) 

—) Te 2 aa’ a’-b 

= a°x b)* = xi 

M69) Ree bee 








>. * Ld . * 
EXAMPLE 12 Ifa, b, Care the position vectors of the vertices A, B, C of a triangle ABC, show 
. —> — =e 
that the area of triangle ABC is > |a’xb +b xe Ox a |. 


7 ; > ; 
Deduce the condition for points a? b, to be collinear. 


SOLUTION We have, 
Area of AABC = | AB x AC | 


Now, AB=b-a@andAC =27 


AB x AC = (b’—a)x (@-ay 


cos ————$—$—$—————— 
=> AB x AC = BxP-DxXP-—PKOLDRD | [By distributivity) 
= AB xAC = b xO4Mxb +OxKT +O [-- axa = Of 
= AB XAC = Xb +b XO4OKT 


Area of AABC = ; | AB xAC | = ; |Pxb +b xO+exa 


If the points, A, B, C are collinear, then 
Area of AABC = 0 


J 


1 > — 
al axb+bxe+exa| =0 


a 
z 


us, a°xb +b x0+o%K a= 
— 
b, c. 


EXAMPLE13 Prove that the points A, B and C with position vectors a, band ¢ tespectively are 
collinear if and only if 


axb+bxcheka= 0° 
SOLUTION The points A, B and C are collinear 
AB and BC are parallel vectors. 
AB x BC = 0° 
(b-ajx (ez = 0° 
(axe b~axb'= 7 
(bxc2akcd-(xb-akb = 0° 
(bx t4 Tay-O- 7d = 0 [- (@&E} = Ta} 
Txb+bxevexa= 0. 


5 


T3tt 210 2g 


————EE 
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EXAMPLE 14 Show that distance of the point C’from the line joining @’and b ts 
—) = 


3 = 
|b xo’+ ox a+ ax b 


|o-a?| 
SOLUTION Let ABC be a triangle and let a; b, C’be the position vectors of its vertices 
A, B, C respectively. Let CM be the perpendicular from C on AB. Then, 


Area of AABC = 5.(AB) -CM = 5 | AB | (CM) 


Also, | Areaof AABC =3 |akb +b xO+exa| [See Example 11] 
C(c) 
A@) M B(b) 
Fig. 25.10 
5 | AB | (CM) = ; | xb +b xXOe OKT 
— kev Die 
= CM = a°*xb +b xc*+c’Xa 
| AB | 
ax b+ bxe+exa 
= CM = => 
|b -a*| 
EXAMPLE 15 For any three vectors a b; ¢.’ Show that 


ax (b +c)+b x (@ra+ek(+b) = 0 © 
SOLUTION We have, 
ax (b +c)+b x (@ra+roxa +b) 
=PxXD + TKO XTHD XP+OXT+EXH — [Using distributive law ] 


— 
= a = = 
=axb+axe+b XO-axXxb —@XO-bD Xe’ 
~ 
0. 


> 
[-.-a'xb = —bxaetc.] 
a 


EXAMPLE 16 lfaxb = &xdand axe? = b xd, show that a- disparallel tob — Gwhere 
aed and b'# a? [CBSE 2001, 2009] 
SOLUTION Recall that two non-zero vectors are parallel iff their cross-product is zero 
vector. 


We have, 
@-dx(b-0 = @Wxb -@PxO-dxb +dKe? [Using distributive law] 
= @-a)x(b -d = oxd—-b xd+b xd-oxd 
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—> +» > Bt 
EXAMPLE 17 Let a, b, be unit vectors such that @:-b = @- = Oand the angle between 


—) (a d) x (b°- cy = 0” 

— —, —)> > 
So, (a°- d) is parallel to (b -2) 
band @is 7 prove that @’ = +2 (bx cy. 


SOLUTION We have, 


ab = Oanda’-c’= 0 
71 band ale 


| 2 


= 


=> 
= 
= 7” is parallel to bx 
=> a= 2 (bx cy for some scalar A. 
= |) = [A] | b&e?| 
> |W) = JA] |b) |e] sine 
= 1= |A|/2 
— [A] =2 
=> AK=+2 
a= Axo 
= W= +2(bxoy 


is perpendicular to the plane of band & 


[. |Pp=|b)=| A =1) 


_ — ~ 
EXAMPLE 18 If a, b, Care three vectors such thata’+b +f = 0, then prove that 


=p, re 
axb=bxe’=0xa’ 


SOLUTION We have, 


+b +e?=0° 
=> ax (a°+ b +Cy) = ax0° 
= Dxe+axb +2xe= 0° 
= axb-axa=0° 
= xb = Oxa? 
Again, +b +c?= 0° 
= bx@+b +p =b x0 
=> bx@+b xb +b xe = 0 
= -7xb+0+bxe=0° 
= Pxb = b xe 


(CBSE 2001, 2004] 


[Taking cross-product witha’] 


[Using distributive law ] 
[xm = Vand @mxe= -axal 


.»+(i) 


[Taking cross-product with bj 


= = 
EXAMPLE19 If a; b; C are three ngn-zero vectors such that a’. (b xt)=Oand b and Chre not 


= 


parallel vectors, prove that a’= b+ wc;wh 


ere Nand are scalars. 
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SOLUTION We have, 


a: (b xe = 0 

= ea b°xt?= 0’ or, Wi(b xe 

= >= Oorb || Por VL xe 

But, bx @is a vector perpendicular to the plane of b and @ 
a (bx ch 

= 7lies in the plane of b and 

> a; b, care coplanar vectors 

> = Ab + 1c” for some scalars A and up. 


EXAMPLE 20 Prove that the normal to the plane containing three points whose position vectors 


_ — Se » > 
area? b, Clies in the direction bx 2+ @x a+ ax b. _, _ (CBSE 2001C] 
SOLUTION Let A, B, C be the points having position vectors 7’b and @’ respectively 


Then, AB x AC is a vector normal to the plane containing the points A, B and C. 
Now, 


= ABXAC = DxO-DxP-PxO4 Px 
=> ABxAC=b° 0” 
= AB x AC = DkTRTKTRAKD 
Hence, bx ah okaeak bis a vector normal to the plane containing points a? bec? 
EXAMPLE21 If@?xb =a°x 7? a%0 and b’# show that b = &+ tafor some scalar t. 


SOLUTION We have, 


xb = xe? 
= xb -axe?= 0° 
> ax (b-c = 0° 
> a= 0’or, bi ata" 0 or, a’ || (b b -@) 
= a= 0 or, b’= Cor, a’ || (6-2) 
= a’ || (bs c”) [-. 7A O’and b'# C’] 
= b’-@= ta for some scalar t 
~ b= Oe 
BXAMEL 22 Ifa? b; Care vectors such that @?- b= aC? xb = xT? a0, then show 
that b= 


SOLUTION | We have, 


a. b= a’-c’and a ae0 
= ab -a.@= 0 and 40° 
=) a. (b—c) = 0 and w+0 


MATHEMATICS-XII 
=> b -@= 0’or, WL (b-@) [740] 
= b= Por, WL (b-?) afi) 
Again, ax b= Wx and a40 
= Wx b -@x = O’and a4 0° 
=> ax (b -cP=0 and ws 0° 
= b-= Vor, a || b-=) [. #0] 
=> b= @or, a’|| (6-7) 


-«s(li) 
From (i) and EO it follows that b= ¢,’ because a@ cannot be both parallel and perpen- 
_ dicular to (b bo. 
EXAMPLE23 If a; b; cure RESET ZERO DeOOrS Such that Px b= tind xT 


a; b, Chre mutually at right angles and | b | =land|c’|=|a’|. 
SOLUTION We have, 


*= A prove that 


c anda’= b xc 
= Clmcib and PLE TLE 
=> TLb, b Lc’and Cla’ 
==> a; b; ¢’are mutually perpendicular vectors 
Again, a@°x b’= Cand x= 7 
= |wxb’| = |e] and |b xe| = | 7] 
=> | 7 | b’| sin = | Z| and | 5’ | || sin5=| a | [-7Lb andb Le} 
= |W] |b] =| Pando | | P| =|7| 
=> | bi? {e]=1e7| — [Putting | a) =| 5) | 7 in| a |b) =12"1| 
= |b |2 =1 [| 2] 40] 
= |b’ | = 
Putting |b] =1in | @| | | =| 2°], we obtain | 2?| = | 27 


EXAMPLE 24 Prove that @e by b) x @s by b)=2 (@k by b) and interpret it geometrically. [NCERT] 
SOLUTION We have, 


@- B) x sy =@xa+axb—-bx@-b xb 
=> @-bxG@ a+b) = xb +a" xb [ 
=> @-byx @+ By = 2@x 


Geometrical Interpretation: Let ABCD be a parallelogram. Taking A as the origin, let the 
position vectors of B and D bea’and bY respectively. 


Then, AB =f”’and AD = b. 
By triangle law of addition of aga we ee 


AB +BC = AC = AC = 


SS hi SST ees eshte 
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In AABD, we have D(b) 


AD +DB = AB 
= Db=Ab-Ab=7?-i 
@-Dx@W+ = 2 (7x by. 
= Db x AC = 2(AB x AD) 


Thus, area of a parallelogram whose adjacent sides are 


the diagonals of a given parallelogram is twice the area Fig. 25.11 oe) 
of the given parallelogram. 
EXAMPLE25 For any vector ff, prove that |ax 7+ |axj]7+ |axk|? = 2 ja 
SOLUTION Leta’= a, n+ fly ik + Az f. Then, 

axf= (a, I+ ap} +03 hk) xi = ay (1 1) +a (J) +03 (Fx) = —ayk+a3j7 
> |ax 1)? = Ay +03" 

aj = (a; i+ az} +a3h) x} = ay (1 j) + ap (fx) +03 (Fx) = ay K-a3i 
= [af]? = ay? +03" 


and, axk = (a, I+ ay f+azk)xk =a, xR) +a PB +03 (xk) = Sita 
= |ax Rk]? = 0,7 +a" 
[ak 1)? + [ak f)2 + [aR|? = a? +032 +042 +052 +02 +05 
= ak t}? + aki)? + |TKR|? = 2 @y? +09? +052) = 2 |}? 
EXAMPLE26 Let OA = a OB =10a% 2b; and OC =D where O is origin. Let p denote the area 


of thequadrilateral OABC and q denote the area of the parallelogram with OA and OC as adjacent 
sides. Prove that p = 6q. 


SOLUTION We have, 
p = Area of the quadrilateral OABC 


= = 5 |Obx AC} 


—> 
=> = 5 | OBx(Ob-OA) | [.- AC = OC-OA] 
= p =< | (107% 2by x (b~ ap | [-.. OB = 107% 2b, OC =b and OA =a} 
= p= : [10 (ax by- 10 @kay+2(bxb)—2(b xa} 
= p= ; | 10@kb)-0+0+2x5| 
= p=5|12@xD)| = 6 |axbI wa(i) 
and, q = Area of the parallelogram with OA and OC as adjacent sides 
= q = |OAx OC] = laxb| .«.(ii) 
From (i) and (ii), we get 


p = 6q 
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fan “A NA A 
EXAMPLE 27 Let @=1- j,b=3j —k and && 


A ans 
71 - k. Find a vector d which is perpendicular to 
both@and band Td=1. 


[NCERT] 








SOLUTION Since dis perpendicular to both @’and b. Therefore, it is parallel to a’x b. 
So, let 
d= A(@@b) 
Ne ~isS k 
bo J 
=> d=2Al1 -1 0 
0 3-1 
A 
ss d= Aj +3) Ai) 
Now, od = 1 
A AN gs 
=> (71—k)-A(i+j+3k) = 1 
=> 7X-3X=1 
5 aa 
rr 


Putting =4 in (i), we get Me ; Mj 3h). 


A A A = 
EXAMPLE 28 Find Xand wif (27+ 6j + 27k) x (7 +Aj+p b) =0: [NCERT] 
SOLUTION We have, 


(2f+ 67 +27k) x (MA + ph =O 








SP oR 
= 26 27| =0 

AR ALL 
= (61-27) f- (2-27) f+ (20-6) k = 0° 
= 6-272 = 0,2n-27 = 0 and 22-6 =.0 
= d= Bandy = = 


ALITER We have, 
(2M 6j+27EOx(Apenh = 0° 


A, & A“ Abate 2A 
= 21 + 6) + 27 kis parallel toi+Aj+puk 
a>: A N A —- A A 
: QA=Ay1+Agj+azk and b=b,1+b2j+b3k 
=> 1iAL Mw ay ay a3 
20 AGS 427, are parallel, iff — =—=— 
b, b, bg 
=> A= 3 and p= 


EXAMPLE 29 For any two vectors a and b; show that: 

(1+ | a\?\(1+ b|?) = (1-22 + | a+ @kD|2 [CBSE 2002] 
SOLUTION We have, 

(1—a? by 2+ | aab+ @K BY |? 


VECTOR OR CROSS PRODUCT 


Hence, 


EXAMPLE 30 ABCD is a quadrilateral such that AB = b A 


1-2@ + @H 2} 4 (b+ ak dy. Gb TKD 
( 


11-2 @V+ PW A+(@H. H+. (7 by 


+ (ab). (7% b+ (KD). TKD 


= [1-2@}+@4}+{| AO )}2+P KH +P KH 
+ (@ bY. 7% @&DY. bY | TRB? 
= {1-2 @2 + @2)744{| AD |24 | TRB | 
[.- TL KD, DL GK. PED = b2 (7k = 0} 
1-220} + @)2+ | 724 | P/2+2@H+ | 
1+ |W)? +|b|?2+@2 bp 2+4 | aed}? 
1477410 }?+ (77 |] be R24] aed? = | 2B} 
(1+ | a@}7) (1+ | 64) 
A+] a+ |b) = 1-@2+ | eOeTKH?? 
= d, AC = mb* pd. Show that 


the area of the quadrilateral ABCD is 


Now, 
=> 


=> 


=> 


5 | m+p | | bx" 


SOLUTION We have, 1h ae 
Ab =WAD=Tand A= mir pi? nue 


AB+BD = AD 


Bb = AD-Ab $ anos } 
BD =d-b° 

= Area of quadrilateral uae 
A = Area of quadrilateral ABCD Kab 


d= >| ACxBD | Mody 
d= 5 | (mb% pd} x @53 

an} | m@kas—pakeh 

A = > | mOkd}+p xa] 

A => | (m+p) bx} | 


A=>|m+p| [bd 


EXAMPLE 31 If A,B,C, D be any four points in space, prove that 


| ABx CD + Bex AD +CAx BD | =4 (Area of triangle ABC). 


SOLUTION Taking A as the origin, let the position vectors of B,C and D be b; c’and 
d° respectively. Then, 


Sieh a 


i] 


MATHEMATICS-XII 
AB =0/Ch=a-@ BC=c23 AD =7 SA =-f’and, BD = d-b 
| ABx Cb + BC x Ab + CA x BD | 
= | bx (a cy +(e > b)xd+(-Ox(d—- b} | 
= | bkd- bk ev eka bd Tk dt EXD) 
= | -bkO4+ekb 
= |-2(xa| 
=2|bx2| 
=2|ABxAC] 
= 4 (Area of A ABC) - Area of A ABC => | ABx AC i 


EXAMPLE 32 Let @%2/'+ Rb: b= L + ] f+ Rand @= 4f- — 3) + 7k be three vectors. Find a vector ¥? 
which satisfies rx b=tkbandr- 7% 0. 
SOLUTION We have, 


RAS ets 
rbot = O° 








=> 
=> (Fax b = 0” 
=> rc is parallel tob 
= r*¢’= Ab forsomescalar A. 
=> P= THAD. 
Now, r?a’= 0 
=> (4 A-b). a= 0 
= © ay+A(b-ay = 0 
= N=- as 
i ba” 
2S e/a) ee 

= Ae z+oei) he 

P= 2 5b'= (41 af 7h) - 5 (f+ j+h) = -f8h+2 
EXAMPLE 33 If a= I+ j+ Rock 2 —R are given vectors, then find a vector b’ satisfying the 
equations a°x b= cand a a 3: [CBSE 2008] 
SOLUTION Letb=xf+y/+z Then, 

tb=7 

aes 
= 111)/=(9-h 

x yz 
=> (z—- —y)i- (z- x)j+(y- —x)k = f- k 
= z-y = 0,-(2-x) =1,y-x =-1 
= y =2z,x-z=1,x-y=1 
=> x-zZz=1,x-y=1 [... These two equations are equivalent to y =z] 


"Ww 
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=> zZ=x-1and y = x-1. »+(1) 
Now, ab = 3 

=> (Pp +R) . (xt + yf + zh) =3 

> X+y+zZz=3 

=> X+#x-1+x-1=3 [Using (i)] 
=> Gea S = x= 2 


EXERCISE 25.1 





1. Ifa’= 1+3)- 2 Rand b= -~1+3R, find | a ax b° | 
2. (i) Ifa’= 3 M4 fand 5° = P+p+k, find the value of | a wxb Es 
(ii) Ifa’= 2th Bb’ b= r+p+k, find the magnitude of a” xb. 
3. (i) Find a unit vector perpendicular to both the vectors 4 i rk +3kand 


-27+j-2k 
(ii) 29 a “unit vector perpendicular to the plane containing the vectors 


= a= 20+f+Rand bd = P+ 2p+k 
4, Biltbe magnitude of?” (3£+47)xGi+j- k) 
5. Ifa’= 4f+3 7+ Rand b= = 1-2£ then find | 2bxa|. 
6, Ifa” =31-j- ~2kand b” =274+37)+K, find @ + 2B) x (2a by. 
7. (i) Find a vector of magnitude 49, which is perpendicular to both the vectors 


27+37+6kand 37-6) +26. 
(ii) Find a vector whose length is 3 and which is perpendicular to the vectors 


@= 3f+f—4kandb = 6f+5}-2F. 
8. Find the area of the parallelogram determined by the vectors : 
(i) 2fand 37} 
(i) 274+j+3Randt-} 
(ii) 37°+7-2Rand?-37+4k 
(iv) Maf+Rand f+f+k. [CBSE 2002C] 
9. Find the area of the parallelogram whose diagonals are : 
(i) 4i-j-3kand-2j+j—-2k 
(i) 2¢+Rand?f+j+k 
(iii) 3i+4j and PH+7+k 
(iv) 274374 6kand3f-674+2k 
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10. If a= 2145 )-78,b = ~31+4}+ Rand 7= aly eer 2 compute @xbxe? 
and ax (b x cyand verify that these are not equal. re 

11. If | @| = 2,|b | =S5and|@xb’| = 8, finda. bd. 

12. Given P= 5 (2 1+37+6h), b’=5(3 1-6)+2h), = = (6 M4+27-3h, 0 f being 


> —». 
a right handed orthogonal system of unit vectors in space, show that@ b, is also 
another system. 


13. If | @| =13, | b | =5 anda. b =60, then find | 7b’ J. 
14. Find the angle between two vectors @’and b "if | @xb ; | =a" b. 


15. Ifaxb = b x2#0 , then show that a+ ¢°= mb, where 7 is any scalar. 

16. If | a7’| = 2,| b | = Zand@xb = 31+ 2)‘+ 6, find the angle between @’and b. 
17. What inference can you draw if ax b’= 0'and@?-b’= 0. : 

18. Ifa? b, fare three unit vectors such that ax me Pb x@= Woe w= b-Show that 


a, b, ¢’form an orthonormal right handed triad of unit vectors. 


19. Find a unit vector perpendicular to the plane ABC, where the coordinates of A, B 
and C are A (3, — 1, 2), B (1,—1, - 3) and C (4, —3, 1). 
20. Ifa, b, care the lengths of sides, BC, CA and AB of a triangle ABC, prove that 
BC +CA +AB =O and deduce that 
a b c 





21. If a’= P-27+3k and b’= 2 rH37-5k then find @xb- Verify that a’and xb 
are perpendicular to each other. 


22. If p and qare unit vectors forming an angle of 30”; find the area of the parallelogram 


having a= p- + 29 and b= 2p + q as its diagonals. 


23. For any two vectors a@’and b, prove that 
lax b|? = aa, ab 
S Sc |bea’ pen: 
24. Define ax b and prove that |ak bt =(@ by tan 8, where @ is the angle between 
a — 
a’and b. an 
25. If | a] =V26, | b | =7and | 7B] =35, finda’ B [CBSE 2002] 


A A 
26. Find the area not the triangle formed by O,A,B when OA = [+ 2) + 3k, 
Ob =-3f-2j+k. 


A A A “A “A 
27. Leta&i+ 4] + 2k, b=3f- 2j + 7kandc® 27- J+ ak. Find a vector d which is perpen- 


dicular to both a@and band c? dz =15; (CBSE 2010] 
28. Find a unit vector perpendicular to each of the vectors 72+b and a@2-b, where 
7% 3f+ 2j+2kand b= +2) —2k. 
29. Using vectors find the area of the triangle with vertices, A (2, 3, 5), B (3, 5, 8) and 
C (2, 7, 8). ais ae =a _ [CBSE 2010] 
30. Leta=i+ 4j + 2k, b= 3i— 2j +,7k.and ¢% 2 j + 4k, Find a vector d which is perpen- 
dicular to both @and bandc:-d=15. [NCERT] 
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31. Given that a? b=0 anda’ b= 0. What can you conclude about the vectors 7 and 
b? [NCERT] 


32. Ifeithera@= 0 or b= 0, then ax b= 0. Is the converse true? Justify your answer with 
an example. [NCERT] 


A — A A 
33, If a=a i+ Ay j+ a3 k, b= b, i+ by f+ bk and c :, c,i+ C2J+¢3k, then verify that 
ax(b+ ey = @xb+axe [NCERT] 
a ————————————————————— nn = ANSWERS 
1, V91 2. (i) V26 (ii) V6 





ey A A eyo. ee A 
3. 0 3( 1+2j+2k) (ii) 755 i+; 3 k) 
4, \74 5. V504 6. —2574+35j7-55£ 
7, 4214+14j-21k 
8. (i) 6 sq. units (ii) 3 V3 Sq. units 
(ili) 18 Sq. units (iv) 4 V2 Sq. units 
9. (i) ® sq, units (ii) ‘6 sq. units 
ay LS ' rey Nal), ; 
(iii) “> 84. units (iv) 5 Sq. units 
7 Le 
11. 6 13. 25 14. 4 16. 6 
pes > ml A oh 4h 
17, eithera’=0 orb =0 19. Vigg (108 +7) 4k) 
21. +11 f+7k 22. = sq. units 25. 7 26. 3V5 sq. units 
N A “A “A 
27. ; (160/- 5; 70k) 28. ; (2h 27k 30. ; (160/- 5} + 70k) 
31. Eithera@=0 or b=0° 32. No, Take any two collinear vectors 


HINTS TO SELECTED PROBLEMS 





ee Ss 
11. Use : | ax b’ |? + @- by = |a’|* 
12. Show that a, b, © satisfy |a’| =|] a 
Tb ab. =o. P= Oandaxb=Ob xPam and Oxw=b 


13. Use : | ax b’ |? + (a. by? = | a’|? |b’ |? 
14. We have, 
|@xb’|=2-b 


= |a°| |b’| sino =| a| |b | cos§ =sin8=cos0=>tanO0=1=> O=7 


15. We have, 
xb =b xe 
=axb=-oxb 
=Pxb+Oxb= 0” 
= (@+cVxb=0° 
=a%7? || b= 7°+c% mb for some scalar m. 
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16. We have, 

|@xb’| =| 3%+2fh+-ok| =Vo44 436 <7. 

Now, 

\axb|=| 7 | b’| sino 

=7 = 2x7xsinO=sin0=5=0 = 2 
17. We have, . 

xb =0 = 7 =Oor, b= O or, a || b and, ab =0=>7 = Dor, b= c or, Lb. 


Since that @’cannot be both | and || to b. Therefore, @°= 0 orb =0 


AB x AC 
19. Required vector = ——;—"— — . 
: | ABx AC | 


29. Required area = 5 |ABx AC] or, 5 [BC x BA| or, 5 | CBx CA. 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1. Define vector product of two vectors. 

Write the value (1 ND. R + ap 

. Write the value of ?. (xh) +]. (kx) +k. (x D, 
. Write the value of ?. (xB +]. (kx) +k. xj). 


; Write the value of & (+k) +)x (K+) +kx (+). 
. Write the expression for the area of the parallelogram having @’ and b’as its 
diagonals. 


aa. : 
7. For any two vectors 7 and b write the value of (@” b )* + | a’x b | 2 in terms of their 
magnitudes. 


Au 2 wW N 


8. If @and b are two vectors of magnitudes 3 and 2 respectively such that @’x b’is 
a unit vector. Write the angle e between a” a and b. 
9. If | a =10, |b | =2and | a a'x.b'| =16, finda? b. 
10. For any two vectors @’and B, find a? (bx a}. 


— 
11. If a’and b are two vectors such that | ax b 
between. oie 


12. For any three vectors write fie value ofa” ax < +C}+ b’x (3 (C+a} + cok(a'+ b b}. 
13. For any two VERE a a’and b; find @x by.b. 

14. Write the value of? x G x ®. 

15. If ae 3-74 2k and b= of j- =) then find (ay: x b ba 

16. Write a unit vector perpendicular to: re j Sand j j i+k 


17. If | ax BP + @. bY? = 144 and | 7?| =4, find | by. 
18. If r= ae yj + 2k, then write the value of | FRED le 


19, If @and bare 2 unit vectors such that 7°x b’ is also a unit vector, find the angle 
between @ and b. 


b | =\3 anda b= 1, find the angle 
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—~ —_ a 2 
20. fe and b are two vectors such that | @2b | = | @’x b |, write the angle between 
aand b. 


21. Ifaand bare unit vectors, then write the value of | ax b”| a4 (a? b . 

22. If @is a unit vector such that 7 i= j, find a 1. 

23, If Cts a unit vector perpendicular to the vectors @’and b, write another unit vector 
perpendicular to @’and b. 

24. Find the angle between two vectors @ and b with magnitudes 1 and 2 respectively 





and when | @xb'| = V3. [CBSE 2009] 
25. Vectors @ and bare such that [a f =V3,|b ' =2and (ax by is a unit vector. Write the 
angle between a | and b. [CBSE 2010] 
faat, oe Ny Oe Se ~> 
26. Find A, if (21+ 6j + 14k) x (1-Aj+ 7k) = 0. [CBSE 2010] 
ANSWERS 
21 3.1 4. 3 5. 0 6. - | axb | 
7 (7? | 57? 8. 45°, 135° 9.+12 10.0 11. 60° 
— A A 
20 13.0 14.0 15. Notmeaningful 16. ie (-j+h 17. 3 
ey) TU 7 =? 9, 
18. +z 19. > 20. 4 21.1 22.0 23. —c”° 24. n/3 25. n/3 26. -3 


HINTS TO SELECTED PROBLEM 
24. We have, | 7’ = 1, | b| =2and | ab | =V3 





Now, |7kb| =v3 => |7| |b] sind= >2sind = 3 => sino=2 = 0=7 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 
1. Iff’is any vector, then (@” x1)? +(a’ xj” + (a’x ky = 
(a) a” (b) 2a” (c) 3a” (d) 4a” 
2. Ifa’. b= a’. cand ax bie ax ? then 
—) 
(a) either a’= 0 or ne c? (b) a’ {| (b - qe} () @L(b- (d) none of these 
or 
Ifa? b= a’. cand ax Hie a’xt?a’+ 0, then 
@)b=2 (bv) b=0 () P+e= 
3, The vector b’= 3 +4‘k is to be written as the sum of a vector @’ parallel to a= +] 
and a vector B perpendicular to @? Then @= 


mst 2G OF) @ FZG+p 


4. The unit vector perpendicular to the plane passing through points P (1 ~} + 2k), 
Q (27K and R (24 +%) is 





0” (d) none of these 


(a) 224+34+% (b) V6 (2449+% (0) re (24 +44) (a) 2 (24 hak 


5. If? b represent the diagonals of a rhombus, then 


(a) ax b’=0° (b) a. b =0 (c) mb =1 (d) axb=a? 
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10. 


11. 


12. 


13. 


14. 
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. Vectors Wand b are inclined at ange 0= pe 


If | a’ = 1, | b”| = 2, then [(@? +3 bx (3a > b) 2 is equal to 
(a) 300 (b) 325 (c) 275 _ (d) 225 


A —) A 
; Ifaeij—-kb=-f Ay of 4 2k and ck —f+2j—- k, then a unit vector normal to the 


S — 
vectors 7+ band b—cis 


(a) ? (b) ; (c) k (d) none of these 

. Aunit vector perpendicular to both 7 + ja and Aj +k is 
nN A 

(a) Sj+k (b) Mjok () & tk (d) hi 
. Ifa 27- -3)- kand b> f+ 4) — 2k, av 

(a) 10+ 2f-+ 11k (b) 10f+ aj ik 

(c) 107 35 ++ 11k (d) 107 35 — 10k 

Ifi, j k are unit vectors, then . 

ch) oh (Sy eee () &j=1 (a) KGxk) = 

If 8 is the angle between the vectors 27 — of +4k and 31+ ; + ok, then sin 0 = 

@2 2 () 2 (a) V2 

If | 7xb'| =4, | a2b"| =2, then | 72 | 5)? 

(a) 6 (b) 2 (c) 20 (d) 8 

@kb’y? =? 


a) |@72+[b/?-@oY &) |? | P-@Ty 
() |ay?+[b?7-2@25) @ [W724 | 2-PT 
The value of f (jxk) +) = (fxk) +k- (2x), is 

(a) 0 (b) -1 () 1 (a) 3 


15. If 6 is the angle between any two vectors @ and b; then | a ab = |a’x b’ when 
6 is equal to 
(a) 0 (b) 1/4 (c) m/2 (d) x 
ANSWERS 
1. (b) 2. (a) 3. (a) 4. (c) 5. (b) 6. (a) 7. (a) 8. (c) 
9. (b) 10. (b) 11. (6) 12. (c) 13. (b) 14. (c) 15. (b) 
SUMMARY 
1. lf, a; bare two vectors inclined at an angle 0, then 7 b= | a7] | b b"| sin @ n, where 
‘nis a unit vector perpendicular to the plane of a and buch thata? b; n n forma right 
handed system. 
2. 7b = Oiff and bare parallel. 


. 7 b= Vector area of the parallelogram having two adjacent sides as @’and b 


. 
: VECTOR OR CROSS PRODUCT 25.27 
; — 
axb 
—— 
|axb | 


4. Unit vectors perpendicular to the plane of a’and bare + 


5. akb = —(bxay 
6. (i) m@kby=makb = akmb, for any scalar m 
(ii) makn b= mn @kby = nakmb = mnakb = akmnbD for scalars m, n. 
A ° 
; J k “A A A A 
7. akb = a, ag fg , where 7% ay f+ ay j +a, k and b=b, f+ b,j +b3k 
b, bn by 
8. For any two vectors 7 and b, we have | ab |?7+@ by? = | m7 | b’|? 
A A 
9. For any vector @;'we have | ai |*+ |axj [74+ | axk |? =2|a’| 2 
10, (i) Area of AABC = > | ABxAC | = | BC x BA |= | CBxCA | 
(ii) Area of a plane convex quadrilateral ABCD 


= : | AC x BD |, whereAC and BD are diagonal. 
11. Ifa? b’ ¢’are the position vectors of the vertices A, B, C of A ABC, then 


Area of AABC = : |axbebxttcxa| 


xt 
A 


Length of the perpendicular from C on AB 


ll 
xl 
ale, 
| xt 
lial 


x 
ral 
S| 
x 
a 


Length of the perpendicular from A on BC 


ll 
i 
3 


xt 
a 


Length of the perpendicular from B on AC 


xl 
| Ht 
L| 
Ay) 


o 
| 
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DIRECTION COSINES AND DIRECTION RATIOS 


26.1 INTRODUCTION 


In class XI, we have had a brief introduction of three dimensional geometry in which 
we used cartesian methods only. In previous chapters, we have studied some basic 
concepts of vectors. In this chapter and two more chapters to follow, we will use vector 
algebra to three dimensional geometry. 


26.2 RECAPITULATION 


26.2.1 COORDINATES OF A POINT IN SPACE 


In this section, we will recapitulate various concepts learnt in class XI. We have leant in 
class XI that three mutually perpendicular lines in space define three mutually perpen- 
dicular planes which in turn divide the space into eight parts known as octants and the 
lines are known as the coordinate axes. 

Let X‘OX, Y’OY and Z’OZ be three mutually perpendicular lines intersecting at O such 
that two of them viz. Y’OY and Z’OZ lie in the plane of the paper and the third X’OX is 
perpendicular to the plane of the paper and is projecting out from the plane of the paper 
(see Fig. 26.1). Let O be the origin and the lines X’OX, YOY and Z’OZ be x-axis, y-axis 
and z-axis. respectively. These three lines are also 
called the rectangular axes of coordinates. The planes 
containing the lines X’OX, Y’OY and Z’OZ in 
pairs, determine three mutually perpendicular 
planes XOY, YOX and ZOZ or simply XY, YZ and 
ZX which are called rectangular coordinate planes. 


Let P be a point in space (Fig. 26.2). Through P 
draw three planes parallel to the coordinate 
planes to meet the axes in A, B and C respectively. 
Let OA = x, OB = y and OC =z. These three real 
numbers taken in this order determined by the 
point P are called the coordinates of the point P, 
written as (x, y, Z), X, y, Z are positive or negative 
according as they are measured along positive or 
negative directions of the coordinate axes. Fig. 26.1 





Conversely, given an ordered triad (x, y, z) of real numbers we can always find the point 
whose coordinates are (x, y, z) in the following manner : 
(i) Measure OA, OB, OC along x-axis, y-axis and z-axis respectively. 
(ii) Through the points A, B, C draw planes parallel to the coordinate planes YOZ, 
ZOX and XOY respectively. The point of intersection of these planes is the 
required point P. 


26.2 MATHEMATICS-XII 


To give another explanation about the coordinates of a point P we draw three planes 
through P parallel to the coordinate planes. These three planes determine a rectangular 
parallelopiped which has three pairs of rectangular faces, viz. PB’AC’, OCA’B; PA‘BC’, 
OAB'C; PA’CB’, OAC’B as shown in Fig. 26.2. Then, we have 


x = OA = CB’ = PA’ = perpendicular distance from P on the YOZ plane; 
y = OB = A’ C= PB’ = perpendicular distance from P on the ZOX plane; 


z= OC=A’ B=PC’ = perpendicular distance from P on the XOY plane. 


Thus, the coordinates of the point P are the perpendicular distances from P on the three mutually 
rectangular coordinate planes YOZ, ZOX and XOY respectively. 





Fig. 26.2 


Further, since the line PA lies in the plane PB’AC’ which is perpendicular to the line OA, 
we have PA perpendicular to OA. Similarly, PB perpendicular to OB and PC perpen- 
dicular to OC. 


Thus, the coordinates of a point are the distances from the origin of the feet of the perpendiculars 
from the point on the respective coordinate axes. 


26.2.2 SIGNS OF COORDINATES OF A POINT 


To determine the signs of the coordinates of a point in three dimension we follow the 
sign convention analogous to the sign convention in two dimensional geometry thatall 
distances measured along or parallel to OX, OY, OZ will be positive and distances 
moved along or parallel to OX", OY’, OZ’ will be negative. As discussed in previous 
article that three mutually perpendicular lines X’OX, Y’OY and Z’OZ determine three 
mutually perpendicular coordinate planes which in turn divide the space into eight 
compartments known as octants. The octant having OX, OY and OZ as its edges is 
denoted by OXYZ. Similarly, the other octants are denoted by OX’YZ, OXY’Z, OX’Y‘Z, 
OXYZ’, OX’YZ’, OXY’Z’, OX'Y’Z’. The signs of the coordinates of a point depend upon 
the octant in which it lies. Let Pbe a point and let A, B, C be the feet of the perpendiculars 
drawn from P on X’OX, Y’OY and Z’OZ respectively. If P lies in octant OXYZ, then 
clearly A, B, C lie on OX, OY and OZ respectively. Therefore, by our sign convention 
OA, OB and OC are positive. Thus all the three coordinates of P are positive. If P lies in 
octant OX’YZ, then A, B and C lie on OX’, OY and OZ respectively. Therefore, x-coor- 
dinate of P is negative and y and z coordinates are positive. 


The following table shows the signs of coordinates of points in various octants : 
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oxyz | OXx’Yz OX’Y’Z | OXYZ’ 


+ — + - + 
+ + - 
+ + + 


REMARK1 If a point P lies in x y-plane, then by the definition of coordinates of a point, 
z-coordinate of P is zero. Therefore, the coordinates of a point on xy-plane are of the form (x, y, 
0) and we may take the equation of xy-plane as z = 0. Similarly the coordinates of any point in 
yz and zx-planes are of the forms (0, y, z) and (x, 0, z) respectively and their equations may be 
taken as x = O.and y = 0 respectively. 


REMARK2 Ifa point lies on the x-axis, then its y and z-coordinates are both zero. Therefore, the 
coordinates of a point on x-axis are of the form (x, 0, 0) and we may take the equation of x-axis 
as y = 0,z= 0. Similarly, the coordinates of a point on y and z-axes are of the form (0, y, 0) and 
(0,0, z) respectively and their equations may be taken as x = 0,z =0 and x =0, y =0 respectively. 


26.2.3 DISTANCE FORMULA 


THEOREM Prove that the distance between the points P (x1, 1,21) and Q (X2, 2, Z) Is 
given by 

















Z 
PQ = Vxp— 34)" + (yo-y1)" + (22-21) 
PROOF Let O be the origin and let Q(x>, ¥2, 22) 


P (x1, Z; ) and Q (xp, yz, Z2) be two given points. 
Then, 


OP=x, My jtak 60 =x ht yy frzk 


Now, 


P(X1, Yq, 21) 


PO = Position vector of Q — Position vector of P 
A A A A A 4, 
2 PQ = (xp f+ Yo ft 29K) — (4 1+Y1J+24)k 


=> PQ = (xp) + (yo-y) + @—z1) Eigs26:s 


» PQ=| PO |= \(X_ — X4)* + (yo — yy)" + (22-21) 
Hence, PQ = V(x9— x1) + (y2—- 91)" + @-21)*- 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the distance between the points P (— 2, 4,1) and Q (1, 2,-5). 
SOLUTION Wehave, 
PQ = V(1—-(—2))7 + (2-4)? + (-5-1)* = V9 +4436 = 7 units 
EXAMPLE2 Prove by using distance formula that the points P (1, 2,3), Q(-1,—-1,-1) 
and R (3, 5, 7) are collinear. 
SOLUTION We have, 
PQ = V(-1-1)7+(-1-2)?+(-1-3)* = ¥44+9416 = V29, 
OR = V34+1)7+( +1) +(7+1) = ¥16+364+64 = V1I16 = 2129 
and, PR = V(3—1)°+(5—-2)°+(7-3)) = V449416 = V29 
Since QR = PQ+PR .Therefore, the given points are collinear. 


26.4 MATHEMATICS-XI1I 


EXAMPLE 3 Determine the point in XY-plane which. is equidistant from three 


points A (2,0, 3), B (0,3, 2) and C (0, 0, 1). 


SOLUTION We know that z-coordinate of every point on xy-plane is zero. So, let 
P (x, y, 0) be a point on xy-plane such that PA = PB = PC. 
Now, PA = PB 


=> PA? = PB? 

= (x — 2)? + (y -0)* + (0-3)? = (x -0)* + (y—3)? + (0-2) 

=> 4x -—6y = 0 => 2x-3y = 0 .»(i) 
PB = PC 

= PB? = PC? 

=> (x - 0)? + (y—3)* + (0-2)? = (x-0)* + (y- 0)? + (0-1)? 

= -6y+12=O0=> y=2 »»+(ii) 

Putting y = 2 in (i), we obtain x = 3. 

Hence, the required point is (3, 2, 0). 


EXAMPLE 4 Show that the points A (0, 1, 2), B (2, — 1, 3) and C (1, — 3, 1) are vertices of an 
isosceles right-angled triangle. 


SOLUTION We have, 
AB = V(2-0)*+(-1- 1)? +(3-2)* = V44441 = 3, 
BC = V(1-2)?+ (-3+1)°+(1-3)" = Vi+4+4 =3 
and, CA = V(i-0)?+(-3-1)7+(1-2)* = Vi+16+1 =312 
Clearly, AB=BC and AB* + BC? = AC’. 
Hence, triangle ABC is an isosceles right-angled triangle. 


EXAMPLE 5 Find the locus of the point which is equidistant from the points A (0, 2,3) and 
B (2,-2,1). 


SOLUTION Let P (x, y, z) be any point which is equidistant from A (0, 2, 3) and 
B (2,-—2,1).Then, 


PA = PB 

=> PA2 = PB? 

=> V(x —0)? + (y—2)* + (2-3)? = V(x — 2)? + (y +2)? + (z-1) 
=> 4x —-8y-—4z7+4 = 0=>x-2y-z+1=0 


Hence, the required locus is x — 2y —z+1=0. 


EXAMPLE6 Find the coordinates of a point equidistant from the four points O (0, 0,0), 
A (a, 0, 0), B (0, b, 0) and C (0, 0, c). 


SOLUTION Let P (x, y,z) be the required point. Then, OP = PA = PB = PC. 
Now, OP = PA 


=> OP? = PA? 
— x2 +y?> +27 = (x-a)*+(y-0)7+(z-0)" 
=> 0 = —2ax+a* => x = a/2 


Similarly, OP = PB = y = b/2 and OP = PC => z = c/2. 


Hence, the coordinates of the required point are & 3 5] ; 


DIRECTIONS COSINES AND DIRECTION RATIOS 26.5 


EXAMPLE 7 Using vector method: prove that the points A(3,-2,4), B (1,1, 1) and 
C(-1, 4,-—2 ) are collinear. 


SOLUTION We have, 

AB = Rosifion vector of B — Position ve Vector of A 
=> AB = (i+; +k) - GT-2]+4k) = -2%+3;- 3k 
and, BG = hes f-2h—C4fed = -20+3f-3k 


Clearly, Ab =BC 


This shows that AB is parallel to BC. But, B is common to AB and BC. 
Hence, A, B, C are collinear. 


EXAMPLE 8 Find , the distance between the points A and B with position vectors 
i fand2f+/+2k. 


SOLUTION Wehave, 
AB = Position vector of B — Position vector of A 


= Ab = 2h+f+2R-O-fok = M2f+2k 
= | AB | = ¥1+4+4 = 


26.2.4 SECTION FORMULAS 


THEOREM1 (Internal Division ) Let P (x1, yy, 21) and Q (x2, 2, 22) be two points. Let R be 


apoint on the line segment joining P and Q such that it divides the join of P and Q internally 
in the ratio m,: mm. Then, the coordinates of R are 





Z 
My Xo+ MyX, My Yo+M2Y, My Z2 +221 
My + M2 iy + M2 ily + M2 
Q(x2, Y2 22) 
PROOF Let the coordinates of R be (x, y, z). Let 
rj, tg and 7’be the position vectors of P, Q and R M2 NRX, ¥, 2) 
respectively. Then, My \ P(x, Vy 24) 
a A = A a 
6 Nira S Mey fez k, 12 = Xgtt+Yy2jt22 
and, Po xfeyfezk 


Since R divides PQ internally in the ratio 71, : Mp. 


Position vector 7 Of point R is given by 


— — 

My 1+ M57 

r= Le sand 7 iON Fig. 26.4 
my + Mz 





A A A A A “A 
a my (X_ 1+ Yo] +2 k) + mz (X11 + YJ +214) 





=> xXxityjtzk = 

YJ m1 + M2 

a a AW (my x2 +m2X1) a. (I YotM2Y1)\a, [122+ 1221 )4 
= xityjt+zk = mi 2 5 21 | A, | See at Ya | a, | mek 
Ny + M4 14 + Ip Nn; + M2 

Ny Xp + M2 X1 ily Yo + Mg Yj my Zz + Mp Z1 

=> x= OO” a 
my, + M2 ily + Np Ny + Mp 


Hence, the coordinates of R are 
My Xq+ Mtg X, My, Yt MY, My Z2t+ MZ 
ieee Oe 
my, + m4 my + M2 m1 + mM 


Q.E.D. 


26.6 MATHEMATICS-XII 


COROLLARY If R is the mid-point of the segment joining P (x1, yy, 21) and Q (xo, yz, Z2), then 
mM = M2 = 1 and the coordinates of R are given by 


x} mir y YitY2 2, +22 
2 2 2 


THEOREM 2 ( External Division) Let P (x1, y;, 21) and Q (xp, Y2, Z2) be two points, and let R 


be a point on PQ produced dividing it externally in the ratio my: mp (m4 # mp). Then, the 
coordinates of R are 


my xo- m5 1 1, Yo —- mM Yi My Za — My 2, 
my — m4 my = LD) my — My 


PROOF Let the coordinates of R be (x, y, z). Let 7;, 7 and 7°be the position vectors of P, 
Qand R respectively. Then , 


—_ A A > A A A ete 
=X, 1+Y,)+21k, fo =XQ1+ Yo) +z kandr=xit+yj+zk. 


Since R divides PQ externally in the ratio mm : mp. Therefore, position vector 7 Of point 
R is given by 


_> 
=> my %g—- M271 


m4 — M> 
A m,(x My p+z k) My (xX My p+z k) 
A A a 
=. xi+yp+zk = 1 \*2 2 2 21 ] 1 
My — m7 
RS a TRA My) X>— My X1)\q (My Yo— MY) Q [My Z— My Z1\A 
Ss xfeyfezk = 1%2 271}, 1 Y2 241 vs 1 “2 271)? 
M4 — M5 Ny — mM m4 — My 
my Xq — My Xy my, Yo— M9 Yj Ny Z9 — My 2} 
=> .__—X—s_o_ o_O" Et 
m,-mM, * M,-mM, m4 — M5 


Hence, the coordinates of R are given by 
iNet 22 2 2} 
ny — M4 mM, — m9 m,— mp5 


Q.E.D. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the coordinates of the point which divides the join of P (2,-1,4) and 
Q (4, 3, 2) in the ratio 2 : 3 (i) internally (ii) externally. 


SOLUTION Let R (x, y, z) be the required point. Then, 


@) ez 2RAFBX2 | _ 2x343x-1 _ 2x243x4 

= Soin a TDG 5 pe 
Sen. gree Shia esc His 

See 1b 3-15 

So, coordinates of the required point are R| 5 | 
es _ 2x4-3x2 — 2X3-3xX-1 | _ 2x2-3x4 
(i) > = ae aOnmta 6 ae Opa! oe i 253 
=e x=-2,y =-9,z=8 


So, coordinates of the required point are R (— 2, —9, 8). 
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EXAMPLE 2 Find the ratio in which the line joining the points (1, 2,3) and (—3,4,-—5) is 
divided by the xy-plane.. Also find the coordinates of the point of division. [HSB 1993] 
SOLUTION Suppose the line joining the points P (1, 2, 3) and Q (—3, 4 — 5) is divided by 
the xy-plane at a point R in the ratio A: 1. Then, the coordinates of R are 


Gas 4Xi+2 “ied 


At1 °’A+1’% A+tl1 --(i) 


Since R lies on xy-plane i.e. z = 0. Therefore, 


—-5A+3 


= we 
A+1 =O = Agere 


So, the required ratio is Z slorn3:5 


Putting A == in (i), we obtain the coordinates of R as (— 1/2, 11/4, 0). 


EXAMPLE3 Find the ratio in which the join the A (2, 1,5) and B (3, 4, 3) is divided by the plane 
2x + 2y —2z=1. Also, find the coordinates of the point of division. 


SOLUTION Suppose the plane 2x+2y—2z=1 divides the line joining the points 
A (2, 1,5) and B (3, 4, 3) at a point C in the ratio 4 : 1. Then, the coordinates of C are 


pat 4X+1 ree 











A+1’ A+1’ A+1 w-(i) 


Since point C lies on the plane 2x + 2y — 2z = 1. Therefore, coordinates of C must satisfy 
the equation of the plane 


3A+2 4A+1 SA+5) _ 
a ‘cesuicieese lesa bet 


= 8A-4=A4+1 > A= 





N01 


So, the required ratio is 2 | LOGO 


Putting A =2 in (i), the coordinates of the point of division C are (29/12, 9/4, 25/6). 


EXAMPLE 4 Lising section formula, prove that the three points A (— 2, 3,5), B (1, 2,3) and 
C(7,0,—-1) are collinear. 


SOLUTION Suppose the given points are collinear and C divides AB in the ratio 
4:1.Then, coordinates of C are 


A-2 2A+3 3A+5 
Atl’ A+1’ A+1 








But, coordinates of C are (7, 0,—1). 


A-2 2A+3 _ SATHON 
A441 °°’ A+1 =Oand At+1 : 








From each of these equations, we get A == S. 


Since each of these equations give the same value of A. Therefore, the given points are 
collinear and C divides AB externally in the ratio 3 : 2. 
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EXAMPLES Thie mid-points of the sides of a triangle are (1,5,—1), (0, 4, —2) and (2, 3, 4). Find 
its vertices. (PSB 1990] 
SOLUTION Let A (X4,1/1,2}), B (x2, Y2, Z2) and C (x3, y3, Z3) be the vertices of the given 
triangle, and let D (1, 5, — 1), E (0, 4, — 2) and F (2, 3, 4) be the mid-points of the sides BC, 
CA and AB respectively. 

Now, D is the mid-point of BC 


AQeeeGees Y2NS reg 
DG Se ed 
=> Xg+X3 = 2, Yoty3 = 10, 22+23 = -2 »»+(i) 
E is the mid-point of CA 
ULES). UAL K a od Oa 
TT = err i amar ae =—2 
=> X1,+X3 = 0, Y¥, + y3 = 8, 21, +23 = —4 .»(ii) 
F is the mid-point of AB 
Ae YY 2 ee yep 
pauecdasig 2 Mit. FE 
=> x} + X5 = 4, yy + Yo = 6, 2} + Z5 = 8 .-+(iil) 


Adding first three equations in (i), (ii) and (iii), we obtain 
2 (Xy +Xot+X3) = 2+O0+4 = Xz +2XQ +X = B. 
Solving first three equations in (i), (ii) and (iii) with x, +x2+x3 = 3, we obtain 
x, =1, x2 =3,xX3=-1. 
Adding next three equations in (i), (ii) and (iii), we obtain 
2 (yi t+Yoty3) = 10+8+6 = yy) +y2+y3 = 12 
Solving next three equations in (i), (ii) and (iii) with y, + y2+y3=12, we obtain 
¥1 = 2, y2 = 4, y3 = 6. 
Adding last three equations in (i), (ii) and (iii), we obtain 
2 (z1 +29+23) = —2-44+8 => 2422423 = 1. 
Solving last three equations in (i), (ii) and (iii) with z, + z2 + z3 = 1, we obtain 
Z1 = 3,2 =5,23=-7. 
Thus, the vertices of the triangle are A (1, 2,3), B (3, 4,5) and C (— 1, 6, — 7). 


EXAMPLE6 Given that P (3, 2, — 4), Q (5, 4,—6) and R (9, 8, — 10) are collinear. Find the ratio 
in which Q divides PR. 


SOLUTION Suppose Q divides PR in the ratio: 1. Then, coordinates of Q are 
9A+3 8A+2 -10A-4 
At1’A+1’% A+1 
But, coordinates of Q are (5, 4, — 6). 


9A+3  , 8A42_ , -10A-4 _ 
A+1 =e. A+1 ed A+1 =O: 


These three equations give A = a So, Q divides PR in the ratio ; : Lor,1:2. 
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EXAMPLE 7 Find the coordinates of the points which trisect the line segment AB, given that 
A (2, 1,-3) and B (5, — 8, 3). 


SOLUTION Let P and Q be the points which trisect AB. Then, AP = PQ = QB. Therefore, 
P divides AB in the ratio 1 : 2 and Q divides it in the ratio 2 : 1. 


As P divides AB in the ratio 1 : 2. So coordinates of P are 


1x5+2x2 1x-8+2x1 1x3+2x-3 
2. 1+2 : 1+2 


Since Q divides AB in the ratio 2: 1. So coordinates of Q are 


beet a Seen 


or, G,-2,-—1) 


or 2+1 1+2 
——]—_—$—$—_—_—_—_$_ —————————————— tl 
A(2,1, -3) P Q _—B(5,-8, 3) 
Fig. 26.5 


EXAMPLE8 Show that the centroid of the triangle with vertices A (x1, Y1, 21), B (Xa. Y2, 22) and 
C (X3, Y3, 23) is 
XytXgtXZ Yt Yor Y3 21722723 
3 : 3 : 3 
SOLUTION Let D be the mid-point of AC. Then, coordinates of D are 
%2+%3 Yaty3 22 +23 

‘1 7 ey Sa | 

A(X, Yy 2) 


D C(x3, ¥3 23) 


B(X>, Y>, Z2) 
Fig. 26.6 


Let G be the centroid of AABC. Then G divides AD in the ratio 2 : 1. So, coordinates of D 











are 
Xo t+X + Zt+Z 
1 +2[ = | 1-y.2(25%) 1-2,+2[ = | 
1+2 : 1+2 4 1+2 
Xp tXQtXZ Yy~tYotY3 21 +227 23 
i.e. 3 : 3 ; 3 


EXAMPLE 9 Find the coordinates of the foot of the perpendicular drawn from the point 
A (1, 2, 1) to the line joining B (1, 4, 6) and C (5, 4, 4). [CBSE 1995] 


SOLUTION Let D be the foot of the perpendicular drawn from A on BC, and let D divide 
BC in the ratio A: 1. Then, coordinates of D are 
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SA+1 4444 424+6 
A+1’ A+1’ A+1 


Now, AD = Position vector of D — Position vector of A 





-»+(I) 





_(SA+1 A (4A+4_ .)a, (4A+6_ ,)f 

=> ab = (BN atu bces 2h 14] iff 
4X _\a, (2A+2)a (3A4+5)\4 
=> Ab = (| A) AMS) 
A(1, 2, 1) 
x 1 

B(1,4,6) D C(5,4,4) 
Fig. 26.7 
and, 


BC = Position vector of C — Position vector of B 
= BC = (5f+4f44h-04+4)f+6k) = 4hsof- 2b. 
Since AD 1 BC. 

AD -BC =0 








4X_\a,(2A+2)\a (3A+5)\4 NAN 
= [Cees a esa ba ees bd cca 2k) =0 
4x 2X4+2 3A+5) _ 
7 (erilto(asr 2 aae = ° 
16A 


= +0-2 5449) _9 — 161-6A-10=0 = A=1 


A+1 A 
Putting A = 1 in (i), we obtain that the coordinates of D are (3, 4, 5). 


26.3 DIRECTION COSINES AND DIRECTION RATIOS OF A LINE 


In chapter 23, we have learnt about the direction cosines and direction ratios of a vector. 
In this section, we will introduce the notion of direction cosines and direction ratios of 
a line. 

DEFINITION The direction cosines of a line are defined as the direction cosines of any vector 
whose support is the given line. 

It follows from the above definition if A and B are two points on a given line L, then direction 
cosines of vectors AB or, BA are the direction cosines of line L. Thus, if a, B, y are the angles 
which the line L makes with positive directions of x-axis, y-axis and z-axis respectively, then its 
direction cosines are either, cos a, cos B cos y or,—cos a, —cos B, — cosy. 

Therefore, if I, m1, m are direction cosines of a line, then —/, —m,—n are also its direction 
cosines and we always have 
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2+ m?4+n? = 1 


If A (x1, ¥}, Z,) and B (x2, yz, Z2) are two points on a line L, then its direction cosines are 


Mat Y2-41 2741 Sie Vie 

“AB’ AB’ AB ™ AB’ AB’ AB 
DEFINITION The direction ratios of a line are proportional to the direction ratios of any vector 
whose support is the given line 
If A (x1, yy}, Z;) and B (x2, yz, Z2) are two points on a line, then its direction ratios are 
proportional to x9 — X1, Y2 — Wy, Z2 — 2}. 


26.4 ANGLE BETWEEN TWO VECTORS 


In this section, we will find the formula for the angle between two vectors in terms of 
their direction cosines and also interms of their direction ratios. The angle between two 
lines is defined as the angle between two vectors parallel to them. So, the results derived 
for vectors will also be applicable to lines. 


26.4.1 ANGLE BETWEEN TWO VECTORS IN TERMS OF THEIR DIRECTION COSINES 


Let @’and bbe two vectors with direction cosines 1, m1, 1, and 15, mp, nz respectively. 
Then, 


A 
@ = Unit vector along a’= 1, I+ m4 }. +n k 

“A a" A 

and, b = Unit vector along b = [5 t+ mM }. +k 


“A 
Let 6 be the angle between @’and b. Then, 0 is also the angle between @ and b. 





A A 
a -b 
C0502 
Ja |-|b | 
(/ f+ m jen b (1 [+m jen b) A 
1 1 sei 2 2 A 
= COs\0 |= _____—_____——_____ al -|a |= | |=1] 
= cos 8 = 1; Io + my 19 + Ny No 
Condition for perpendicularity : If@’and b’ are perpendicular , then 
Pid’ 
ab 
2a -b=0 


(I; +m p+ny kb) « (Ip f+ my feng b) =0 


$ ££ 3 f 


1) lo +m mz +n, Np = 0. 


Condition for parallelism: If @’and bare parallel, then 


A A 
© a and b are parallel 
A 

— @ =Xb forsome scalar A 

A A A“ A A ‘“ 
—) (1) 1+ my J + yk) =A (Ini + mg] + n2k) 
o 1, =A [p,m , =A m,n, =Ang 

l 
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26.4.2 ANGLE BETWEEN TWO VECTORS IN TERMS OF THEIR DIRECTION RATIOS 


Let Tand b’ b be two vectors with direction ratios proportional to ay, i Cc, and ay, by, cy 
ey Then, 


A A 
A = Avector along @’= a,i+b,j +c k 


and, B= A vector along b= Az 1 es b>] ie Co k. k 
Let @ be the angle between @’and b. Then, 0 is also the angle between A’ and B. 
> => 
cos § = een Be 
[A | 18 | 


A A 
(a, +b) f+ cy k)- (ag f+ bof + C2 k) 
= COCR Ror I AL AN 
| a, 1+b,j+c,k | | An1+byJ+cok | 
5 Ay Ag + by bo +c Co 
=> cos 0 > oa SSS SS 
Va? + b3 +c? Vaz + b3 + c2 
Condition for perpendicularity : We have, 


qand b’ are perpendicular 


= RPLB 
= A -B’=0 
= &y Ag + by bg + C1 Cp =0 


Condition for parallelism : We have, 
q@and b are parallel 


A and Bare parallel 


i) 
= A =2B for some scalar A 
A A A A A A“ 

=> (a, 1+ by J +0, kK) =A (a1 +b2] +c2k) 
= €,=Kan,b, =A bn, 0, =A Co 

am fb} Cy 
Se — = — = — 

a2 bo 


In order to find the angle between two vectors when their direction ratios or cosines are 
given, we may use the following algorithm. 


ALGORITHM 


STEP1 Obtain direction ratios or direction cosines of two vectors. Let the direction ratios of 
two vectors be proportional to ay, by, c, and ap, bo, Cp respectively. 


STEP II Write vectors parallel to the given vectors. 
Let @’= Avector parallel to the vector having direction ratios ay, by, cy 


iis Gaede 
= a,1+b,j+c,k 


1 ae 


b = Avector parallel to the vector having direction ratios ap, b, cz 


b’= ay f+ by ft ck 
aan 


Use the formula: cos 8= a iT 


os J J 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Find the angle between the vectors with direction ratios proportional to 4,—3,5 
and 3, 4, 5. 


SOLUTION Let @’= A Vester parallel to the vector having direction ratios 4, —3,5 
Then, m= 4f-3f+5k 
and, b= Avector parallel to the vector having direction ratios 3, 4, 5. 


SL 


A “A A 
= = 31+4j+5k. 


Let 6 be the angle between the given vectors. Then, 
a:b 12-—12+25 =i) 1 


oes 8 = |a’| | rd boos Vi6+9 +25V9+16+25 2° oS 3 
Thus, the angle between the vectors with direction ratios proportional to 4, —3, 5 and 3, 
4,5 is of 60°. 


EXAMPLE2 Find the angle between the lines whose direction ratios are proportional to 
4,-3,5 and 3, 4, 5. 


SOLUTION Let 0 be the angle between the given lines. 
We have, 


a, = 4,b, = —3,C = 5 and aa = 3, b> = 4,0) = 5 


A, An +b, by +C, C2 


cos 0 = 
Va? +b? +c? Va2 +03 +2 


= Pe 12 -—12+25 6 2} 
V16+9+25 V9+16+25 50 2 


=> 6 = 7/3 


Thus, the angle between the lines with direction ratios proportional to 4,—-—3,5 and 
3,4, 5 is of 60°. 


EXAMPLE 3 P (6,3, 2), Q (5, 1, 4) and R (3,3, 5) are the vertices of a triangle PQR. Find 
ZPQR. 


SOLUTION We know that the direction ratios of the line segment joining 
(x1, ¥y, 21) and (x9, Yo, 22) are proportional to x9 —X1, ¥2 — ¥1, Z2 — 2}. Therefore, 


Direction ratios of QP are proportional to 6 —5,3 -1,2—42..1,2,-2 
Direction ratios of QR are proportional to 3-5,3—-1,5-—41.e.—2, 2,1 
Let ZPQR = 0. Then, 


ee 1x-2+2x2+-2x1 =2:t4=2 2 
Vi2+ 224+ (-2° Ve2r+2e+Cie 99 
1 
8=5 


EXAMPLE 4 Find the coordinates of the foot of the perpendicular drawn from the point 
A (1, 2, 1) to the line joining B (1, 4, 6) and C (5, 4, 4). 


SOLUTION Let Dbe the foot of the perpendicular drawn from A on BC ,and let D divide 
BC in the ratio A : 1. Then, the coordinates of D are 


—_—e —-~-— --—- 22 


5SA+1 4A4+4 40+6 
A+1’ A411’ A+1 


wee 


A(1, 2, 1) 
a l 
B(1,4,6) D C(5,4,4) 
Fig. 26.8 
Now, 
Direction ratios of BC are proportional to 
5-1,4-4,4-6 ie.4,0,-2 
and, Direction ratios of AD are proportional to 
5A +1 _, AA+4 4.+4 5 4A+6_ aN tie: 4X 2A+2 3A+5 








Wh a fem “A+1 eo ES Eee Ee 


Since AD 1 BC. Therefore, 








A+1 A+ 1 
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»»(i) 


Dabestitdel pes 7 +«-2)( 5h 0 [Using : a, ay + by by +c; Cr =0) 


— 16A-6A-10 =0 
=> A=1 ‘ 
Putting A = 1 in (i) the coordinates of D are (3, 4, 5). 


EXAMPLE 5 Find the direction cosines of the line which is perpendicular to the lines with 


direction cosines proportional to 1, — 2, — 2 and 0, 2, 1. 


SOLUTION Let /, m,n be the direction cosines of the required line. Since it is perpen- 
dicular to the lines whose direction cosines are proportional to 1,—2,—2and 0, 2,1 


respectively. 
[-—2m—-—2n = 0 
and, Ol+2m+n = 0 


On solving (i) and (ii) by cross-multiplication, we get 





Thus, the direction ratios of the required line are proportional to 2, — 1, 2. 


Hence, its direction cosines are 


...(i) 
(ii) 
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ee 2 2 te EF Sel 2 

V2? + (= 1)? + 22’ V2? + (- 12 +2” V2? + (- 1° +2? 
te 2_12 
= Biua' 3" 


EXAMPLE 6 If 1,, 111,12, and 15, mp, Nz be the direction cosines of two lines, show that the 
direction cosines of the line perpendicular to both of them are proportional to (m nz — mn), 
(myly — gly), (Ly, mz — Ip m4). 
SOLUTION Let I, m,n be the direction cosines of the line perpendicular to each of the 
given lines. Then, 

lly +mmy,+nn, = 0 cea) 


and, lly +mmy + nny = 0 -»(1i) 
On sloving (i) and (ii) by cross-multiplication, we get 


l m n 


MyNy = MN, Nylo—Mgl, — ymy—lpm, 


Hence, the direction cosines of the line perpendicular to the given lines are proportional 
to (myNy — Mon), (Nylo — Nol), (ymz — 1pm). 


EXAMPLE 7 If 1, 1,1, and Ip, mp, no be the direction cosines of two mutually perpendicular 
lines, show that the direction cosines of the line perpendicular to both of them are 


(mn — MgN}), (Mylp — Nl), (Lym — lpm) [NCERT] 


SOLUTION Let I, m, 1 be the direction cosines of the line perpendicular to each of the 
given lines. Then, proceeding as in Example 5, we get 


l m n 


MyNy— Mon, Nylyo—Ngly ym —lLpm, 
Thus, the direction cosines of the given line are proportional to (712 —1mpn}), 
(nly — Moly), (Lyme — lm) 
50, its direction cosines are 

My Np— M7 ny, My 15-—N2h 1 m2p-lgm 


x : x ; x , where 
X= Vom, Nz — Mz m1) + (nq lp — m2 hy + (1, m2 —1p m)* 


We know that, 
(3 + mi + nz) (B + me + n3) — (ly lp + mym2+ nyo) 
= (myo — mony)? + (Myla — Myly)? + (yz — Lym)? .--(i) 


It is given that the given lines are perpendicular to each other. Therefore, 
lp +mymz + nynN2 = 0 


Also, we have 
B + ms + nz = 1 


and, B+m3+n3 = 1 


Putting these values in (i), we get 
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(11,2 — mn)" + (nyly —- Nol)” + (lymz—1pm})* = 1 => A= 1 
Hence, the direction cosines of the given line are 
(112 — MgN1), (14!2 — Nal), (ym — 1pm) 
EXAMPLE8 Find the direction cosines of the sides of the triangle whose vertices are (3, 5, — 4), 
(—1, 1, 2) and (— 5, — 5, — 2) and also find the angles of the triangle. What types of triangle it is? 
SOLUTION Let ABC be the triangle the coordinates of whose vertices are A (3, 5, — 4), 
B (-—1,1, 2) and C (— 5, —5, — 2). 
The direction ratios of AB are proportional to 
-1-3,1-5,2+4 or, —4,-4,6o0r -—2,-2,3 
Direction cosines of AB are 


La CS Se) Zook ar 
V- 2) + (—2)°+3* Vi-2)°4+(-29° +3? Vi—2)° + (2° + 3 
-2 -2 3 


ou Vi7. Vi7. Vi7 


Let h=yo mm =F ny, = 2 
17 N17 °°) V7 
The direction ratios of AC are proportional to 
-5-3,-5-5, -2-(-4) or, —8, —10, 2 or, —4,-—5,1 
Direction cosines of AC are 


a aie -=5 : eee 
Varese? Vea eee? V4 +54 
=A) BE 4 


o Va’ van ar 


Let = Ty / Mm = Sy a 
42 Va2° ©? ~ Vaz 
The direction ratios of BC are proportional to 
-5-(-1), -5-1,-2-2o0r,-4,-6,-—4 or, -2,-3,-2 
Direction cosines of BC are 


See ie SD ee -3 : 7) 
V(—2)2+ (3)? +(-2)% Ve 2)2+(-3)*4+(-2)% V—2)°+ (3) + (- 2 
—-2 -3 -2 


© a7’ Vir’ Viv 


Let [Apes eee. 2 
SIZ 2 N17 N17 

Since A is the angle between sides AB and AC. 
cos A =]; lg +m, m2+n, n2 


= aha ee 
17 V42 ° V17 V4a2 * V17 V42 ~~ Vi7 V42 ~ ‘34 


—> A=cos’! (v2r) 


Since B is the angle between sides BA and BC. 


- cos B = (—1;) Iz + (— m,) m3 + (— 1m) n3 k Direction cosines of BA -| 


— h, — my, — Ny 
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2 —2 2 -3 -3 —2 
cos B= x a7 +47 * Viz * Viz * Vi7 
= cos Ba OFS, t 

-1 “ 


=> B=cos -— 


Since C is the angle between sides CB and CA and direction cosines of CB and CA are 
-[3,- m3 ,—n3 and —I5, — mg, — nz respectively 

cos C = (— 13) (— [) + (— m3) (— m2) + (— n3) (— 12) 
= cos C = [5 [3 + mz m3+N2 Ng 


= cos C = 4 2 eee Le 
V42 ~ V17 ° V42 * V17 * V42 ~ V17 


=. os’ C= +15-2 21 -V2 
arr Vi7._—-V42 17 
> C = cos”! 2 


Since ZA= ZC and cos B is negative. Therefore, A ABC is isosceles obtuse angled 
triangle. 
EXAMPLE 9 Find the angle between the lines whose direction cosines are given by the equations 
3l+m+5n = 0, 6mn—2nl+5lm = 0 
SOLUTION The given equations are 
31+m+5n = 0 -«(i) 
and, 6mn —2nl+5lm = 0 ..-(ii) 
From (i), we have m =— 3] — 5n. 
Putting m =—3/ — 5n in (ii), we get 
6 (- 31 —5n) n —2nl +51 (—31—5n) = 0 


= 30n? + 45In + 15/7 = 0 
= 2n7+3in+I? = 0: 

= Qn? +2nl+nl+l2 = 0 

= 2n(n+1)+1 (n+l) = 0 
= (1+1)(2n+l) = 0 

= either / =—n or, / =—2n. 


If!=—n, then putting / =— n in (i), we obtain m =— 2n. 
If! =—2n, then putting / = — 2n in (i), we obtain m =n. 
Thus, the direction ratios of two lines are proportional to 
—n,—2n,nand —2n,n,n 
i.e. 172,—1 and —2, 171: 
So, vectors parallel these lines are @’= ‘+27 kand b’=-2 ‘A. k respectively. 
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If 0 is the angle between the lines, then 
—> 
a’-b —-2+2-1 1 E 1 
|\a’| |b | Vi+e4e1 V4e141 6 | 


EXAMPLE 10 Find the direction cosines of the two lines which are connected by the relations. 


1—5m+3n = 0 and 7/2+5m?-—3n2 = 0 
SOLUTION The given equations are 


1-5m +3n = 0 , wa(i) 

7/7 + 5m? —3n? = 0 .«(ii) 
From (i), we have 

1=5m —3n 


Putting / = 57 — 37 in (ii), we get 
7 (5m —3n)* + 5m? -3n? = 0 
6m? —7mn + 2n? = 0 


6m? — 3mn — 4mn + 2n? = 0 
(3m —2n)(2m-—n) = 0 


Y vy J 


2 
m= 37 or, m = 


N [= 


If mm == n, then from (i), we obtain / = 


Le 
3 3" 


If m =5' then from (i), we obtain / =— 5 
Thus, direction ratios of two lines are proportional to 


2 n : 
a an and — mea en ie. 1,2,3 and —1,1,2 


Hence, their direction cosines are 


‘1 2 3 1 nn ae 
“vig * Vig “vig 2° #36 °* 6 * V6 
EXAMPLE 11 If a variable line in two adjacent positions has direction cosines |, m, n and 
1+61,m+6m,n+6n, show that the small angle 5 ® between two positions is given by 
(5 0)? = (51)* + (5 m)* + (6 n)* 


SOLUTION Sincel,m,nand/1 +8 1,m+85m,n +85 nare direction cosines of a variable line 
in two different positions. Therefore, 


2 4m*+n?2 =1 wa (i) 
and, (+5 D2 +(m +5 m)*+(n+6n) = 1 (ii) 
Now, (1+ 8 1)* +(m +8 m)* + (n +8 n)* = 5h 
=> (P+ m*+n°)+2(151+n5 m+n5n) + (51)? + (8 m)* + (6 ny =1 
= 1+2(151+m5m+n6n)+(5)2+(5 m)* + (6 n)* = 


= 2(151+m5m+n5n) = —((51? + (5m)? + (5 n)) 
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> l8l+mim+n6bn = -31@ 1)? + (8 m)? + (5 1)? ] .+.(iii) 
Now, @ = Unit vector along a line with direction cosines I, m, 1 

A A} 
= a =11+ +mj+nk 
and, b = Unit vector along a line with direction cosines /1+61,m+5m,n+6n 
=> b = (1481) f+ (m+5 m)j+(n+5n)k 

ares aA & A A 
cos 00 = — > — =) [Ff a p= os | = 1] 
la || | 

=> cos66 = /(1+61)+m(m+6 m)+n(n+6n) 
=> cos 66 = (2 +m? +n?) +(151+m5m+n6n) 
= cos 0 = 1-516 1)? + (5 m)* + (5 n)7] [Using (i) and (iii)] 
= 2(1—cos 50) = (51)? +(5m)* + (51)? 
=> 2x2 sin? 52 = (8 1)* + (5 m)* + (6n)* 1 ~cos 8 0=2 sin? 5D 
= (2) = (51)? + (6 m)* + (5n)* E 38 is small, i sin = | 


= (5 6)? = (81)? + (5m)? + (5 n)? 
EXAMPLE 12 Prove that the straight lines whose direction cosines are given by the relations 
al+ bm + cn=0 and f mn + g nl +h Im =0 are perpendicular, if £48 +4 = 0 and parallel, if 


af? +09” + c7h? — 2abfg — 2begh — 2achf = 0. 
SOLUTION The given relations are 


al+bm+cn = 0 .»-(i) 
and, fmn+fnl+hlm = 0 -.-(il) 
From (i), we obtain n = re 


Putting this value of n in (ii), we get 
— fm mae —el wn +hlm = 0 


=> agl’ + (af + bg — ch) lm + bfm = 0 
2 
=> ag g + (af + bg —ch) E +bf =0 ..-(iii) 


Lb 
This is a quadratic equation ins . SO, it will have two roots, say — — pets ae 


SNL Wa A Ue) pity SU ne 


fi Wt, ag > bflas agin wai /aaaeeTE a 


Similarly, by making a quadratic in = by using (i) and (ii), we get 
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MyM = NN 

“e/b marry »(V) 
From (iv) and (v), we obtain 

Ihlo 4M» NyM4 

Hi aa ae r (say) 


I 
=> l,l, = a( fom My = a] mn = (Z| 


The given lines will be perpendicular, if 
Ilo + 1411p +NyNo = 0 


=> (£4844) = 0 => Jie IE 
Ae 0c abe C 


The given lines will be parallel, if their direction cosines are same. This is possible only 
when the roots of (iii) are equal. The condition for equal roots is 


Disc. of equations (iii) = 0 
= (af + bg — ch)? — 4agbf = 0 
= af? + bg? + ch? — 2abfg — 2bcgh — 2achf = 0 


EXAMPLE 13 Show that the straight lines whose direction cosines are given by the 
equations al + bm +cn =0 and ul? + vm? + wn? =0 are perpendicular, if 
ya ee We 
a? (v + w) +b? (u+w) +c (u+v)=0 and, parallel, if © +£ 20 


SOLUTION The given equations are 


al+bm+cn = 0 .»-(i) 
and, ul? + um? +wn2 = 0 ...(1i) 
From (i), we obtain 


i ae + 4 
c 


Putting n= - mw in (ii), we get 


2 
uP + om + w =) 


— (c7u + aw) I? + 2abwlin + (c*v + b’w) m2 = 0 
2 

=> (a2w + cu) ia + 2abw (+ (b?w +c*v) = 0 .«+(iii) 
This is a quadratic equation in +. So, it gives two values of - Let the two values be 
l I 

Sand === 

my, M5 

h bh | Pwrev hl. _mymy 


mt Foren Parco Purdu se 
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similarly, by making a quadratic equation in = + we obtain 


mym n4n 
ee 5 ..(V) 


aeu+cu arv+bu 
From (iv) and (v), we get 


I1l> mm nyN2 
>, > = eee (say). 
Putco awt+eu arv+bru 
Et hlp = 4 (bw +c?v), mym2=h (a*w + c*u), nyn2=A (a2v + b71). 


For the given lines to be perpendicular, we must have 
I) lg +m m2+n, Nz = 0 
=> 1d (b?w +c7v) +A (a2w + C7) +A (av + b*u) = 0 


=> a® (v + w) +b? (u+w) +c* (ut+v) = 0 


For the given lines to be parallel, the direction cosines must be equal and so the roots of 
the equation (iii) must be equal. 


di Disc. of (iii) = 0 
=> 4a’ b? w*-4 (a*w + c*u) (b?w + cv) = 0 


=> arc?uw +07 c* uw+c* uv = 0 
= a vw +b? uw+ccuv = 0 
ee ¢ -F 
tet. = 0 [Dividing throughout by uvw] 


EXAMPLE 14 If the edges of a rectangular parallelopiped are a, b, c ; prove that the angles 
between the four diagonals are given by 


cost a+ b*+c* 
a? +b +c 
SOLUTION Let O be the origin and OX, OY, OZ be the coordinate axes. Let OA, OB, 
OC be the coterminus edges of the parallelopiped such that OA =a, OB=b and OC =c. 
Then, the coordinates of the vertices of the parallelopiped are: O (0,0,0), A (a,0, 0), 
B (0, b, 0), C (0, 0, c), P (a, b, c) Q (a, b, 0), R (0, b, c), S (a, 0, c) 
Clearly, OP, AR, CQ and BS are four diagonals of the rectangular parallelopiped. 







C(o, 0, c) R(0, b, c) 


(a, 0, c) 
S 





A(a, 0, 0) Q(a, b, 0) 


x Fig. 26.9 


26.22 MATHEMATICS-XII 


Since the direction ratios of the line segment joining (x1, 1,21) and (x2, yz, 22) are 


X2—X1,¥2—- V1, 22-24. Therefore, direction ratios of the diagonals OP, AR, BS and CQ 
are proportional 


a,b,c ;—a,b,c ;a,—b,c ;a,b,-—c 
Let 6, be the angle between OP and AR. Then, 


ax —-a+bxb+cxc 


cos' 0). 2 —— 
Na? +b? + c2 V(-a)? +0? +2 
ee ae -7? +P +e? 
LT tee 
= Gt=icosn! -@+P+c? 
; at + b* +2 


Again, let 62 be the angle between OP and BS. Then, 


axat+bx—-—b+cxc 


Pe sat ZS ue 
a Na? +b? + c2 Va? + (— b)* + 22) 
2 @4 P42 
2 a + b* + c? 


Let 83 be the angle between diagonals CQ and BS. Then, 


axa+(—b)xb+cx-c 
cos 63 = 
Na? + (—b)? +2 Va? +b? + (—c) 


_ @-B-2 
= cos 63 = tapad 
_ 42 
=> 83 = ileareel 


similarly, the angles between the other pairs of diagonals can be obtained. 


Putting all the results together, we obtain that the angles between the diagonals of the 
parallelopiped are given by 


cos7 2 eae 
a? + b2 +2 


EXAMPLE 15 Show that the angles between the diagonals of a cube is cos * 3| : 
SOLUTION Leta be the length of an edge of the cube and let one corner be at the origin 
as shown in Fig. 26.10. Clearly, OP, AR, BS and CQ are the diagonals of the cube. 


Consider the diagonals OP and AR. 


Direction ratios of OP and AR are 
a-0,a—0,a—OandQ-a,a-—0,a-—0 


i.e. a,a,a and —4,a,a respectively. 
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C(o, 0, a) R(o, a, a) 








Q(a, a, 0) 





A(a, 0, 0) 


Fig. 26.10 
Let 6 be the angle between OP and AR. Then, 


coed = ax-at+axat+axa 
Va? +a? +a” N(—a)* +a? +a? 


— a? +207 +07 


= SI mer ma 


Cea (2! 
> cos@ = 2 = 0 = cos 3) 


Similarly, the angles between the other pairs of diagonals are each equal to cos” , 5) 


Hence, the angle between any two diagonals of a cube is cos" + g . 


EXAMPLE 16 A line makes angles a, B, Y, 5 with the four diagonals of a cube, prove that 


4 
cos? a + cos? B + cos” y + cos” § =3 


SOLUTION Leta be the length of an edge of the cube and let one corner be at the origin 
as shown in Fig. .......... Clearly, OP, AR, BS and CQ are the diagonals of the cube. The 
direction ratios of OP, AR, BS and CQ are 


a-0,a-—0,a—Oi.e.a,a,a 

0-a,a-—0,a-—0 i.e.—a,a,a 

a-0,0-a,a-0O i.e.a,—a,a. 
and, a-0,a-0,0-a i.e. a,a,—a 
Let the direction ratios of a line be proportional to/, m, n. Suppose this line makes angles 
a, B, yand 6 with OP, AR, BS and CQ respectively. 
Now, a. is the angle between OP and the line whose di:cction ratios are proportional to 
I,m, Nn. 


2 .m+a.n l+m+n 
cos @ = __a.dta.m+a.n_ => cosa = — 


Vaz + a2 +02 V2 + m+ v2 V3 V2 + m2 +n? 


Since 8 is the angle between AR and the line with direction ratios proportional to 


i. mn, i], 
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cos 6 = —— Sr icos B= —-l+m+n 
Va? +02 +02 Vi2+ m2 + 2 V3. V2 + m2 + n2 
Similarly, 
cosy = + alain $ an ——= = cosy = [ioe iets hae 
Na? +02 402 Vi2-+ m2 +n V3. V2+ m2 +n? 
and, cos 8 = a ha at Sicos0=——— = 
Va? +02 +07 VP +m? +n? V3 vi +m? +n? 
: 2 


cos* a + cos? B + cos*y + cos? § 


(l+m+ n)? (—/+m+ n)* (l—m+ n)* (1 +m — n)* 
= + ar 7 


3 (I? +m + n?) 3 (7 +m? + n?) 3 (7 +m?+ n?) 3 (I? +m? +n’) 


= {(] +m +n)? + (—1l+m+n)*+[l—m +n)* + (1+ m-—n)? 
Sareea yr +( r+[ 2 +( yy 
1 p> eee Meare 2 4 
te ne (A In +t) =: se 
3(2+ m+n | ( 4 3 


EXERCISE 26.2 


1. Find the angle between the vectors with direction ratios 1,—2,1 and 4, 3,2. 

2. Find the angle between the vectors whose direction cosines are proportional to 2, 
3,-6 and 3, —4, 5. 

3. Find the direction cosines of the lines, connected by the relations :/ +m +n=0and 
2im + 2In — mn =0. 

4. Find the angle between the lines whose direction cosines are given by the equations 

(i) 1+m+n=0 and [7 +m? —n?=0 

(ii) 2/-—m+2n=0 and mn+nl+Im=0 
(iii) 1+ 2m +3n=0 and 3lm —4/n + mn =0 

5. Find the acute angle between the lines whose direction ratios are 2:3:6and 
esis 

6. Show that the points (2, 3, 4), (—1,-—2,1), (5, 8, 7) are collinear. 

7. Show that the line through points (4, 7, 8) and (2, 3, 4) is parallel to the line through 
the points (— 1, — 2, 1) and (1, 2, 5). 

8. Show that the line through the points (1, — 1, 2) and (3, 4, — 2) is perpendicular to 
the line through the points (0, 3, 2) and (3, 5, 6). 

9. Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the line 
determined by the points (3, 5, — 1) and (4, 3, —1). 

10. Find the angle between the lines whose direction ratios are proportional to a, b,¢ 
and b—c,c—a,a—b. 
11. If the coordinates of the points A, B,C, D are (1, 2, 3), (4, 5, 7), (-4,3,—6) and 

(2, 9, 2), then find the angle between AB and CD. 








ANSWERS 


1.2% 2 cos —1 


: Ieee lena (=2)) 2 1 
2 35 3. 2672 Ye a #( e+e 4% 


4. (i) a (ii) 3 (iii) A 5. cos Ga 10. 5 11. 0 


aff 18 v2 
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VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1. Define direction cosines of a directed line. 

What are the direction cosines of X-axis? 

. What are the direction cosines of Y-axis? 

. What are the direction cosines of Z-axis? 

. Write the distances of the point (7, — 2, 3) from XY, YZ and XZ-planes. 
. Write the distance of the point (3, — 5, 12) from X-axis? 


. Write the ratio in which YZ-plane divides the segment joining P (—2,5,9) and 
Q (3, a 2, 4). 


8. A line makes an angle of 60° with each of X-axis and Y-axis. Find the acute angle 
made by the line with Z-axis. 


NI QO S&S Ww NP 


9. If a line makes angles a, Bandy with the coordinate axes, find the value of 
cos 2a + cos 283 + cos 2y. 


10. Write the ratio in which the line segment joining (a, b, c) and (— a, —c, — b) is divided 
by the xy-plane. 


11. Write the inclination of a line with Z-axis, if its direction ratios are proportional to 
0,1,-1. 


12. Write the angle between the lines whose direction ratios are proportional to 
1,-2,1 and 4, 3, 2. 


13. Write the distance of the point P (x, y, z) from XOY plane. 
14. Write the coordinates of the projection of point P (x, y, z) on XOZ-plane. 
15. Write the coordinates of the projection of the point P (2, — 3, 5) on Y-axis. 





16. Find the distance of the point (2, 3, 4) from the x-axis. [CBSE 2010] 
ANSWERS 
2. 1,0,0 3.0,1,0 4. 0,0,1 5. 3,7,2 6. 13 units 
3 : 3n tm 
7. 2:3 internally 8. 45° 9. —1» TlOTiceb eal 4 12. 5 
13. | z | 14. (x, 0, z) 15. (0, —3, 0) L6so 


MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 
1. For every point P (x, y, z) on the xy-plane, 


(a) x =0 (b) y=0 (c) z=0 (d) none of these 
2. For every point P (x, y, z) on the x-axis (except the origin), 

(a) x = 0,y = 0,240 (b) x = 0,z = 0, y#0 

(c) y= 0,z = 0,x #0 (d) none of these 


3. A rectangular parallelopiped is formed by planes drawn through the points 
(5, 7, 9) and (2, 3, 7) parallel to the coordinate planes. The length of an edge of this 
rectangular parallelopiped is 
(a) 2 (b) 3 (c) 4 (d) all of these 

4. A parallelopiped is formed by planes drawn through the points (2, 3, 5) and 
(5,9, 7), parallel to the coordinate planes. The length of a diagonal of the paral- 
lelopiped is 
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(a) 7 (b) ¥38 (c) V155. (d) none of these 

5. The xy-plane divides the line joining the points (— 1, 3, 4) and (2, — 5, 6) 
(a) internally in theratio2:3 (b) externally in the ratio 2:3 
(c) internally inthe ratio3:2 (d) externally in the ratio 3 : 2 


6. If the x-coordinate of a point P on the join of Q(2, 2, 1) and R(5, 1, -2) is 4, then its 
z-coordinate is 


(a) 2 (b) 1 (c)-1 (d) -2 


7. The distance of the point P (a, b, c) from the x-axis is 
(a) Vi +c" (b) Va? +c (c) Na? +b? (d) none of these 


- 8. Ratio in which the xy-plane divides the join of (1, 2, 3) and (4, 2, 1) is 


(a) 3: 1internally (b) 3:1 externally 
(c) 1:2 internally (d) 2:1 externally. 
9. If P (3,2, — 4), Q (5, 4, — 6) and R (9, 8, — 10) are collinear, then R divides PQ in the 
ratio 
(a) 3:2 internally (b) 3:2 externally 
(c) 2:1 internally (d) 2:1 externally 


10. A (3, 2, 0), B (5,3, 2) and C (—9,6,-—3) are the vertices of a triangle ABC. If the 
bisector of ZABC meets BC at D, then coordinates of D are 


(a) (19/8 ,57/16 , 17/16 ) (b) (— 19/8, 57/16, 17/16) 
(c) (19/8 ,—57/16 , 17/16) (d) none of these 
11. If O is the origin, OP = 3 with direction ratios proportional to —1,2,—2 then the 


coordinates of P are 
(a) (—1,2,-2) (b) (1,2, 2) 
(c) (-1/9, 2/9, — 2/9) (d) (3, 6,—-9) 
12. The angle between the two diagonals of a cube is 
(a) 30° (b) 45° (c) cos’! | (d) cos : G3) 
13. If a line makes angles a,f,y,5 with four diagonals of a cube, then 
cos? a + cos” B + cos” y + cos” 8 is equal to 
(a) 2 ) 2 () 4 (a) & 
3 3 3 3 





ANSWERS 
1. (c) 2. (c) 3. (d) 4, (a) 5. (b) 6. (c) 7. (a) 8. (b) 
9. (b) 10. ‘(a) 11. (a) 12. (d) 13. (c) 
SUMMARY 

1. If P (x, y}, 21) and Q (x2, yz, Z2) are two points in space, then 

PQ = V (x0 — x3) + (y2 = Y) + (Z -_ Z3) 
2. The distance of a point P (x, y, z) from the origin O is given by 

OP = Vx2+y7+27 


3. If P (x1, 1,21) and Q (x2, yz, Z2) are two points, then the coordinates of a point 
dividing PQ internally in the ratio m:n are 
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( MX +X, MYy2+ NY, Mz + = 
m+n m+n m+n 
If R divides PQ externally in the ratio m : n, then its coordinates are 
= =X, MYy2— NY, Mz) — =) 
m—n mn m—n 


xX, +X + 4 ae 
The coordinates of the mid-point of PQ are | - : 9 2, 2 7) Bist 2 | 


4. The line segment joining P (x1, yy, Z;) and Q (x2, Y2, Zz) is divided by 
(i) YZ-plane in the ratio — x; : X2 
(ii) ZX-plane in the ratio — 1/; : yz 
(iii) XY-plane in the ratio — Z; : Z 
5. The coordinates of the centroid of the triangle formed by the points 
(x1, Y1, 21) and (Xp, Y>, Z9) are 
XytXqtXz YitVYoTty3 21 +Z59 +23 
3 3 3 
6. The coordinates of the centroid of the tetrahedron formed by the points 
(Xq, Yas 21), (ar Yor 20), (Xa, Yur Z3) ANA (X4y Yq, Z4) IS 
Xp tXQgtxXgtXq Ya tYo2tyztyy 21 +29 +234 Zy 
4 4 4 
7. The distances of point P (x, y, Zz) from x, y and z axes are 


V7 +22, Vz? +x? and Vx? + y* respectively. 


8. Ifadirected linesegment OP makes angles a, B, ywith OX, OY and OZ respectively, 
then cos «, cos B, cos Y are known as the direction cosines of OP and are generally 
denoted by I, m, n. 

Thus, we have! =cos a, m=cosB,n=cosY 
Direction cosines of PO are — I, —m, —n. 
If OP = rand the coordinates of P are (x, y,z), then x = Ir, y = mr, z = nr. 


9, If, m, n are direction cosines of a vector 7,’ then 
(i) r= |r} (f+ mj+ nk) => P= I+ mj + nk 


(ii) F+m2%+n? = 1 
(iii) Projections of 7 6n the coordinates axes are 


1] 7\,m| 71,217) 


(iv) | 77] = V Sum of the squares of projections of 7’on the coordinate axes 


10. If P (x1, y;, 2) and Q (x2, Y, Z2) are two points such that the direction cosines of 
PO are [, m,n. Then, 


X-X, = 1 [PQ s¥2-Yi = ™ |PQI, 22-2 =n IPOl 


These are projections of PQ on X,Y and Z-axes respectively. 
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11. Ifl, m,n are direction cosines of a vector Fand a, b, care three numbers such that 


ine 10ho 10 
Then, we say that the direction ratios of r’are proportional to a, b, c. 
Also, we have 
= i) m = : ae 
Va? + b2 + 2 Va? +b? 4+ c2 Va? +b? + c2 
12. If 6 is the angle between two lines having direction cosines 1}, 111, 11 and I>, my, Ny, 
then 
cos 8 = |; 1g + my m2 +n, ND 
. : ~ l my Ny 
(i) Lines are parallel, iff — = — = — 
lp my No 
(ii) Lines are perpendicular, iff 1; 1, +m, m2 +n, n> =0 
13. If 6 is the angle between two lines whose direction ratios are proportional to 
fy, by, Cy and Ap, bo, Cp respectively, then the angle 6 between them is given by 


& Ag +b, by +c, Co 
cos 8 = 1 OT a ee 
ay +b, +C a> + bo + C5 
eet 1 
Lines are parallel, iff— = — = — 
a bo 
Lines are perpendicular, iff a, az +b, by +c, co = 0 
14. The projection of the line segment joining points P (x, y}, 21) and Q (Xp, Y2, 22) to the 
line having direction cosines I, m, n is 


(Xp — X}) I+ (Yo — y}) mM + (Zo — Z}) n 


15. The direction ratios of the line passing through points P (x1, y},2}) ‘and 
Q (X2, Y2, Z2) are proportional to x2 — xX}, ¥2 — 1, Z2 — 21 
Direction cosines of PQ are 


X2-X, Yo2-Yi 22-24 


PQ “ PQ * PQ 


—-_ -|[.. - °° °° ~~. 


STRAIGHT LINE IN SPACE 


27.1 INTRODUCTION 


We know that in space a straight line is uniquely determined if either (i) coordinates of 
one point on it and its direction are given or (ii) coordinates of two points on it are given. 


In this chapter, we shall obtain the vector and Cartesian equations of a straight line under 
the above conditions. 


27.2 VECTOR AND CARTESIAN EQUATIONS OF ALINE 

THEOREM 1 The vector equation of a mens line passing through a fixed point with position 
vector @and parallel to a given vector b isT=a%+A b; where A is scalar. 

Ook Let O be the origin and let A be the fixed point with position vector a.’ Then, 
OA=a? 

Let 7 be the position vector of any poms P on the 
line drawn through A and ence! to Bas indi- 
cated in Fig. 27.1. Then, OP=r- 


Since AP is parallel to b: Therefore, 
AP=Xb for some scalar A. 





Now, 

AP=2b° 
> rare ay WE 
= P= Ted 


Fig. 27.1 


Since every point on the line satisfies this equation and for each value of A, this equation 
gives the position vector of a point P on the line. 


Hence, the vector equation of a line is7’= @+A b Q.E.D. 
REMARK 1 In the above equation r ris the position vector of any point P (x,y,z) on the line. 
Therefore, T® da feyfezk 

REMARK2 The position vector of any point on the line is taken as a%d b. 

EUSA TION Find the vector equation ap a line which passes through the point with position 
vector 21 a (+4 kand is in the irection 1 Pej 2 k 


SOLUTION Here,a%2f- f+ 4kandb= f+ f- 2k. So, the vector equation of the required 
line is 


aX eee 


27.2 MATHEMATICS-XII 


P= + XD 
=> T= Qi=prAak a2 +f 21) where? is ascalar 
THEOREM 2 The cartesian equation of a straight line passing through a fixed point 
(x4, ¥y, 21) and having direction ratios proportional to a, b, c is given by 

X7-% YYW 27-2 


Sc 


a b Cc 


PROOF We know that the vecior equation of a line passing through a fixed point with 
position vector @ and parallel to a given vector 7’ is given by 

r=atrAm : ik wa(i) 
Here, @¢x,?+y,) +z, kandm=ai+bj+ck 
Putting the values of 77 7@’and nf in (i), we obtain 


xfeyfezk = (x; My fea b+araa@hebj+ck 


AeA A A 4: 
= Kityjezk = (x tAajit(y+Ab)j+(y+Acyk 
Comparing the coefficients of L rR and k, we get 
x =X, +Aa, y = yy, +tAb,z=2,+ACc .»(ii) 


Eliminating the parameter A from (ii), we get the following cartesian equation of the line 
cy a ee 2 cima! ts 

amet eee w++(iii) 

This is known as the symmetrical form of a line. Q.E.D. 





eel VL eT 
REMARK 1 The parametric equations of the line pe TT en 


X= 2X, +adA, y = y, +bA, z = z1+CA, where d is the parameter. 





Se ES Nigel ime 
REMARK2. The coordinates of any point on the line a a Ve oe 
(xj +aA,y, +bA,2z, +A), whereA€ R. 


REMARK3 Since the direction cosines of a line are also direction ratios. Therefore, equation of 
a line passing through (x4, y;, Z,) and having direction cosines I, m, n is 
x—X4 yYy-¥j Z>2Zj 


REMARK 4 Since x, y and z-axes pass through the origin and have direction cosines 1, 0, 0; 0, 
1,0 and 0, 0, 1 respectively. Therefore, their equations are 


x-axis : xeaO 5 V0) 0 











= 0 0 or, y = Oandz = 0 
y-axis : x0 29 28 or, x = Oandz = 0 
z-Xxis : x0. 0228 or, x = Oandy = 0. | 


THEOREM 3 The vector equation of a line passing through two points with position vectors a” 


and b ts as 
r= @%A(b—a} 
PROOF Let O be the origin and A and B be the given points with position vectors 


@and b’ respectively. Let Tr’ be the position vector of any point P on the line passing 
through the points A and B. Then, 


2 bli 


a oe | 


STRAIGHT LINE IN SPACE 27.3 
OP = r? OA = f@and OB = 


Since AP is collinear with AB. 
AP = A Ab for some scalar A 


= OP -OA = 2(OB-OA) 
= re@=A(b-w 
> PemMAGAD 





X 


Fig. 27.2 
Since every point on the line satisfies this equation for each value of 4, this equation 
gives the position vector of a point P on the line. 
Hence, the vector equation of the line is 7=@+A (b— ay. 
THEROEM 4 The cartesian equations of a line passing through two given points (x1, Y1, Z,) and 
(X2, Yo, Zp) are given by 
oa Ee otra) 


Peels YP SY. - Aaa 


PROOF We know that the vector equation of a line passing through two points with 
position vectors @ and b is given by 


7= 7A (b—ay ..(i) 
A 
Here, a= xy i+, +2, kb b= Xf Yo ]f + Zk 
Since 7’is the position vector of any point P(x,y,z) on the line. Therefore, 
rexi+ y } +z k. 


Putting the values of 7,’ @’and bin (i), we obtain 

xheyfezk = (x; Mey, fez B+ leo-xp) i o-yp)+@—-z) kl 
= (x—x,) M4 (y—-y,) f+ (z-2) k = Axo — x) f+ (yo -y,) f+ (2) Al 
= X— x1 =A (X2— x1), y—Y1 =A (yg—yy) and zz = A(z2—23) 


AA A 
[On equating coefficients of i, 7 and k] 


= mL 2 owls ee ele [Eliminating ] 


27.4 MATHEMATICS-XIl 


Hence, the cartesian equations of the line passing through (x1, y1, 21) and (X, y2, Zz) are 
given by 
M2-X1 Yor\, 2-2 


27.2.1 REDUCTION OF CARTESIAN FORM OF THE EQUATION OF A LINE TO VECTOR FORM 
AND VICE-VERSA 


The cartesian equations of a line can be reduced to vector form and vice-versa as 
discussed below. 


CARTESIAN TO VECTOR Let the cartesian equation ofa line be 

Se i a fi 

a b c 

This is the equation of a line passing through the point A (xj, y;, Z;) and its direction 
ratios are proportional to 4, b, c. 
In MectOs Sout this means that the line passes ErOued point having position vector 
A= x,1 es YJ ie Z1 kand is parallel to the vector m=al+ bj. +C k. 
Thus, the vector form of line (i) is 


=atAMm 
A A 
or, T’= (x; ee Y} y+ Zk) +A (a ee bj‘+ ck), where A is a parameter. 
VECTOR TO CARTESIAN Let the vector equation of a line be 
r= atAnm (ii) 
= A A A A A A . 
where @® x, 1+y,)+2z,k, m=a1+bj+ckand A isa parameter. 
, A 
In order to reduce equation (ii) to cartesian form we put r= x ie y } + zk and equate the 
coefficients of i, } and k ck discussed below. 
Putting r= xfey feck, a go: Myf +z kand w= ats bf+ckin (ii), we obtain 
xfeyfezk = 3h ys fear ky +a (ahs bf ck 
On equating coefficients of D j fand k we get 
X=X, +ad, y=y,+bA, z=2+CA 
EL el 


ILLUSTRATIVE EXAMPLES 


TypeI ON FINDING THE VECTOR EQUATION OF A LINE SATISFYING THE GIVEN 
CONDITIONS AND aA Tee IT i et aregtah FORM. 


Formulae to be used: (i) FEa*+A b (ii) FEA*%A (b— — Aj. 


ere a Find the vector equation of a Hil which passes through the point with position 

vector 21 — J + ak and is in the direction of t i+ j- 2k Also, reduce it to cartesian form. 

SOLUTION We know that the vector equation of a By per pessinig through a point with 

position vector @ and pallets to the vere bis Tea AD. 

Here, @%21- J Nak end b= f+ j- - 2. So, the vector equation of the required line is 
r= (faa 2k) w«(i) 


where A is a parameter. 
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A 
Reduction to cartesian form: Putting 7=x ee y ; +z kin (i), we obtain 
Ai eA eS K -& ak ) Gy See 
Xi+yj+zk = (21-]+4k)+A(i+j—-2k) 
eh, oe rs A ~ 
2 xityj+zk = (2+A)i+(-—1+A)J+(4—-2)k 
On equating coefficients of } and k we get 
x=2+A,y =-1+A,z2=4-22 
@ -x-2=d,yt1 aa, ZF aa 
Eliminating 4, we have 


ca2 Yl 2-4 


1 1 —2 
Hence, the cartesian form of equation (i) is 


Melee YL _ Zee 


1 1 —2 


ALITER The equation (i) represents a line passing through a point (2, —1, 4) and has 
direction ratios proportional to 1, 1, — 2. 
So, the cartesian form of its equation is 


x-2 _y+1_ 2-4 Using: 2581 4M 2521 


1 i —2 b Cc 


EXAMPLE2 Find the vector equation of the line through A (3, 4, — 7) and B (1, —1, 6). Find also, 
its cartesian equations. 


SOLUTION We know that the vector equation ofa line passing through the points having 
position vectors a and b is given by 


7% 7% A (b— ay, where A isa scalar. 


Here, 7231+ 4 } -7k and b=f —7 +6 k. So, the vector equation of the line passing 
through A (3, 4, — 7) and B (1, -1, 6) is 


“A A 
r= (3h 4f-7R+Aa[- f+ 6k) - (Bf 4f-7 4H) 
A ° 
o = P= BMA TH4AC 2h 5f+13K (i) 
where A is a parameter. 
A 
Reduction to cartesian form: Putting 7=x i+y} +z kin (i), we obtain 
AVAL A Aaa A A n 
xityjt+zk = (31+4j-7k)+A(—21-5j+13k) 
ANA A A ss 
or, xityj+zk = (3-2A)i+(4-5A)j+(-74+13A)k 
On equating coefficients of L } and k we get 
x = 3-21, y = 4-5A,z=-7+13A 


or, EWS oa, San, 2 aa 





-2 : 13 
Eliminating A, we have 

C3) YA RZ, 

—2." =5 18 


Hence, the cartesian form of the equation (i) is 


x-3  y-4_z+7 
=—9). 5 > 38 


27.6 MATHEMATICS-XIl 


EXAMPLE 3 Tite points A (4,5, 10), B (2,3, 4) and C (1,2, —1) are three vertices of a paral- 
lelogram ABCD. Find vector and cartesian equations for the sides AB and BC and find the 
coordinates of D. [CBSE 2010] 
SOLUTION, ane line AB passes through A (4,5, 10) and B (2, 3, 4) having position vec- 
tors @% 41+ 5f +10kand b=2 1+ 3j, 44k respectively. So, vector equation of AB is 


P= 7% 2 (b—ay 
or, Pe 4h5 f+ 10k+2 [(204+3/+4h) — (4/45 [+101] 
Or, 772-4 5M 10k +A (—2h-2f- 6k) 

= Sye A SO Narn 
Or, r= 414+5j7+10k+p(t+j)+3k), where pp = —2A (i) 


Cartesian equation of line (i) is 


Be eT Zi 10 
] l 3 
Ge BC pase ee. the points B (2, 3,4) and C (1,2,—1) having position vector 
b=21+3 J M+4kand c& i+ 2; — k respectively. Therefore, vector equation of BC is 


r= b+A(CLb 
A 
or, Po ohisheakaw(i2fP-H-2i3f+4h 
— A A “ A A A“ 
OF, r= 21+3j+4k+u(-1-j)-5k 
nS Sas A Ayes se 
or, r= 21+3j+4k+v(itj+5h, where v=-p .»(ii) 


Cartesian equation of line (ii) is 


Ka 2 iy Ot ZF 
veces tale - "(5 
Suppose the coordinates of D are (x, y, z). Since ABCD is a parallelogram, the diagonals 
AC and BD bisect each other. Therefore, AC and BD must have the same mid-point. 


The coordinates of the mid-point of AC are (*s ae 12 Se 2 at *): i.e. P( 2, f, 2 Jona 


the coordinates of the mid-point of BD are Q en a SEY, 2 : oa Since P and Q coincide. 


Therefore, 


2+x 5 
een win pre) oY 2 = © 





Thus, the coordinates of D are (3, 4, 5). 


ce is 
Pe 4 Find the vector equation of a line passing pose a poli with position vector 


A 
2i- J i+ k, and parallel to the line joining the points —t +4 J i+ kand r+2 J | +2k. Also, find the 
cartesian equivalent of this equation. 
[CBSE 2003] 


SOLUTION Let A, B, C be the points with position vectors 2 i } + k +4 } +k and 
f+2 ik +2 k respectively. 
We have to find the equation of a line passing through the point A and parallel to BC 
We have, 

BC = Position vector of C — Position vector of B 


= BC = (f+2h20--—M4fMeh = 2h-2fek 
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We know that the equation of a line passing through a point @and parallel to bis 
P= TAD 
A — A 
Here, a’= 2i-j+k and b= 2 f-27+k. 
So, the equation of the required line is 
— A A A A. SAI . 
r’= (21-J+k)+A(21-2) +k) . 2) 
Reduction to cartesian form: Putting Fux t+ y }. +z k in (i), we obtain 
xt +yf+zk = (2+2A) f+ (-1-2a);+(1 +A)k 


> X¥=24+2A, y=-1-2A,z=1+A 
= z=4 = yet = z=, which is the cartesian equivalent of equation (i). 


TypeII ON FINDING THE CARTESIAN EQUATION OF A LINE SATISFYING THE GIVEN 
CONDITIONS AND REDUCING IT TO VECTOR FORM. 


Formulae to be used : 


2 6 —Z L— Yt LZ 
Vee 2  ) —=g) eee 


a b c Xo-X} Yo-M 27% 


EXAMPLE 5 Find the cartesian equation of a line passing through the points 
A (2,-1,3) and B (4, 2, 1). Also, reduce it to vector form. 


SOLUTION We know that the equations of a line passing through points (x1, yj, 2) and 
(Xp, Y2, Z2) are given by 


So, the equations of the required line are given by 








Mit Dena ty (IL) ei Xi 2 Sr ets 
a0. 2-51) > Aan =5 (i) 


Reduction to vector form : We have, 


eee) SY le Zo 
= 3 oo ee 


= x=2/A42,y =3A-1,2 = -2A+3 
Letr’= x i+ yj+ zk be the position vector of any point on the line. 
A 
Then, F2(2A+2)f+(3A —1)j/+(-2A43)k 
= pA at AA AN 
= r= (21-j+3k)+A(21+3j-2k) 
This is the required vector form. 


EXAMPLE 6 The cartesian equations of a line are 6x —2 =3y + 1 =2z —2. Find its direction 
ratios and also find vector equation of the line. [CBSE 2003] 


SOLUTION Recall that in the symmetrical form of a line the coefficients of x, yand z are 
unity. Therefore, to’put the given line in symmetric form, we must make the coefficients 
of x, y and z as unity. 


We have, 
6x-2 = 3y+1 = 22-2 





MATHEMATICS-XII 
aye Sie 
=> 6{ 3) =3(¥+5}= 26-0 
xX— += 
zt 3 ie _ zZ=1 Dividing throughout 
1 7) ae. by the l.c.m. of 6, 3, 2 i.e. 6 


This shows that the given line passes through ( 1/3, — 1/3, 1) and has direction ratios 
proportional to 1, 2, 3. 


In vector form this means that the line passes through the point having position vector 
SSE) LEAL ; SPAN EAN it) 
a&ai-git K and is parallel to the vector b =1 + 2) +3 k. Therefore, its vector equation 


is 


me! 


= [Zh gith |eateafesb 





EXAMPIEA Find the direction cosines of the line ar =. av, z=-— 1. Also, find the vector 


equation of the line. 
SOLUTION The given line is 





2 -3 
A t= 2 2y—5 _ 241 
hs — 3) - {0 
=e x-2_y-5/2_z+] 
2 -—3/2 0 


This shows that the given line passes through the point (2, 5/2,— 1) and has direction 
ratios proportional to 2, —-3/2, 0. So, its direction cosines are 


2 —3/2 0 
2 | 2 
2 +(-5) +0 2 +(-S) +08 P+(-3) +0? 


2, =3/2 a8) 
oF, Bz S72) hss 5° 


Thus given line passes through the point having position vector @=2? +3 ih —k and is 
parallel to the vector b= 25 f'+.0 k. 


So, its vector equation is 
A 
P= (2 MotB sale i508) 


Type III ON CHECKING COLLINEARITY OF THREE POINTS 

“A “A A 
EXAMPLE 8 Show that the points whose position vectors are 51+5k,2i+j+3k and 
-4143 j — Kare collinear. 


SOLUTION, Let the given points be P,QandR and let their position vectors be 
a, band ¢ respectively. Then, 


a= 51 +5k, b= of+j+3kand C= ~4f+37—k 
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The equation of the line passing through P and Q is 

P= a+r (b—ap 
or, P= (51+ 5k) +A (-3h+ ; 2k) -=(i) 
If points P, Q and R are collinear, then point R must satisfy equation (i). 
Replacing 7” by ¢?= - Ai + 3; - k in (i), we get 

Miuae A ae A ae 

—414+3j—k = 51+5k+ (— 31+) — 2k) 
=> -4=5-324,3 = Aand-1=5-2A [On equating coefficients of hjand Ky 
These three equations are consistent i.e. they give the same value of A. 
Hence, points P, Q and R are collinear. 
ALITER We have, 

PQ = -3%+7-2kand OR = - 6f+2j-4k 
Clearly, 2 PO = OR 
> PQ | OR 
Hence, points P, Q and R are collinear. 


EXAMPLE9 If the points A (—1,3, 2), B(—4,2,—2) and C(5,5,A) are collinear, find the 
value of i. 


SOLUTION The equation of the line passing through A (— 1,3, 2) and B (— 4,2, — 2) ts 
x+1 y— Z—2 











Ger 23. 2 2 
us ShL Yo-3 _ 2-2 

—3 —1 -4 

Aeteee Yi 8 Ze ‘ 
i aes ce a “@ 


If the points A (—1, 3, 2), B (— 4, 2, — 2) and C (5, 5, A) are collinear, then the coordinates 
of C must satisfy equation (i). Therefore, 


I 
N 
I 
No 


=> Dim Dis gre eon: 


TypeIV ON FINDING A POINT ON A LINE 





EXAMPLE 10 Find the point on the line x = uxt = 2-2 at a distance of 3V2 from the 


piont (1, 2, 3). [CBSE 2008] 
SOLUTION The coordinates of any point on the line 
X42 _ytl_ z-3 


3 2 2 
are given by 
x4+2_yt1 _273_j 
3 2 2 
= x+2 = 3A,y+1=2A,z-3=2A 
= x=3A-—2,y=2A—1,Z2=2A+3 ..(i) 


27.10 MATHEMATICS-XII 


So, let the coordinates of the desired point are (34 — 2, 2A — 1, 2A +3). The distance 
between this point and (1, 2, 3) is 32. 


V(3A — 2-1)? +-(2A—1-2)7+(204+3-—3)" = 3V2 


= 9 (X—-1)* + (2A—3)* +402 = 18 
= 1747 — 300 =0 
=> A= 0,A= so 


Substituting the values of A in (i), we obtain that the coordinates of the desired point 


96 43 111 
are (— 2,-—1,3) and ta 17 


EXERCISE 27.1 
1. Find the vector equation ofa line which is parallel to the vector 2 —~ f+ 3 kand which 
passes through the point (5, — 2, 4). Also, reduce it to cartesian for m. 
2. A line passes PEROUE Lt the point with position vector 2-3 ] Nak and is in the 
direction of 37+ 4 he 5 k. Find equations of the line in vector and cartesian form. 
3. ABCD is a peraneloerein. The position vectors ok the points A, B and C are 


respectively, 41 P+5 j- 10 k 27-3 ] i 4kand— +2 J \, k. Find the vector equation of 
the line BD. Also, reduce it to cartesian form. 


4, Find in vector form as well as in cartesian form, the equation of the line passing 
through the points A (1, 2, — 1) and B (2,1, 1). 


5. Find the vector equation sO the line which passes through the point (1, 2, 3) and 


parallel to the vector i-2 ] f+3 k. Reduce the corresponding equation in cartesian 
from. 


oN 


. Find the vector equation of a line passing through (2, —1, 1) and parallel to the line 





whose equations are =~ _ vet = =. 


7. The cartesian equations of a line are 
x-5 yt4 2-6 


3 7 2 
Find a vector equation for the line. [NCERT] 


8. Find the cartesian equation of a line passing through (1, — 1, 2) and parallel to the 
line whose equations are 
Moe Yd ooze 
j eer Sey 
Also, reduce the equation obtained in vector form. 


9. Find the direction cosines of the line 5 a z = J ae 








Also, reduce it to vector form. 


1%. The cartesian equations of a line are x =ay+b,z=cy-+d. Find its direction ratios 
and reduce it to vector form. 


11. Rind pbs vector equation of a line passing through the point with position vector 
—2 2j- 3 k and parallel to the line joining the points with position vectors 
= J N+ 4 k and 21+ J 2k Also, find the cartesian equivalent of this equation. 
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12. Find the points on the line zis = ure = ZS at ta distance of 5 units from the point 
P (1,3, 3). [CESE 2010] 


“A 
13. Show that the points whose position vectors are — Oi 3; i+ 2j + 3k and 7f- k are 
collinear. 
14. Find the cartesian and vector equations of a line which passes through the point 


Se = Ut3 x 2-6. : [CBSE 2004] 


15. The cartesian equations of a line are 3x +1 = 6y—2 = 1—z. Find the fixed point 
through which it passes, its direction ratios and also its vector equation. 


(1,2, 3) and is parallel to the line - 



































[CBSE 2004] 
ANSWERS 
1 Fe5h2feak+a(2h-[+3h; £2 Ute 2-4 
2 Fe2h-3f-ak+a(3h+4af-5h; xae es 2" 
= > OME Nas Swe, VIS 2a 4 
3. F=21-37+4k+2 (1-13) + 17k); 7 aig 
x-1_y-2_ztl 
4, re (i+ 2f- ky +a(h-f+2b; Ps ty, 
ap > 
5. Fe1+ 24+ 3k+A(P—-27+3k) 421522278 
6 Teoh feksa(2he7fe3k) 
7.72 (5P-4 f+ 6k) +A (3 S47 f4e2k) 
8 Rot Met 2 5 » P= fh fabsade2f-2k 
A 
9, -2,2,-3; = (4h ofek+a(-2'+6f-3h 
A A 
10. DRS:a,1,c; P= (bit Oftdky+A(aitj+ck) 





A “A XxX- y +3 
1. F2(P-27-3k) +A (P42)-2h; xt = 2 22t8 


12, (4, 3, 7), (= 3,—90,—1 
14. Rew ey 2 2 






FEE 2342 (-274+14f4+3h 


1):2.1,-6; Pe - -3h sfthsratef- 6h) 





27.3 ANGLE BETWEEN TWO LINES 
VECTOR FORM Let the vector equations of the two lines be 


—? —- —> > 
rea, +A D, and 7 =a +p. b>. 


27.12 MATHEMATICS-XII 


These two lines are parallel to the vectors by and by respectively. Therefore, angle between 


these two lines is équal to the angle between b; and bs. Thus, if 8 is the angle between 
the given lines, then 


> - 
cos § = SUG 
Loy] | bt 
Condition of perpendicularity: If the lines b, and Dy are perpendicular. Then, 


by -b3=0 

Condition of parallelism: If the lines are parallel, then by and b> are parallel. 
b; =A bs for some scalar A 

CARTESIAN FORM Let the cartesian equations of the two lines be 


X-X, YYW 27-44 


at = ae = iat ..-(i) 
X-%2 _ Y~-Y2 _ 2-22 
and, 7 bp cp «+.(ii) 


Direction ratios of line (i) are proportional to ay, b,, c. 
— eo “ 
m, = Vector parallel to line (i) = a; i+ b; i. +c,k 
Direction ratios of line (ii) are proportional to ap, bo, cp. 


A 
im = Vector parallel to line (ii) = a ree b> } +Cok 


Let 8 be the angle between (i) and (ii). Then, 9 is also the angle between my and Mm. 
9 = mi « iM = 9 Ay Ap + by bo +} C2 
cos —> —>— => cos 8 = aap cr ce 
| mm | | int | at+be+cy a5 + b> +3 
Condition of perpendicularity : If the lines are perpendicular, then 
> — 
m1, ° My = 0=> ay an +b, bo +c; Co = 0 
Condition of parallelism: If the lines are parallel, then im, and Mm are parallel. 
> — 
m, = Amp for some scalar A 


ILLUSTRATIVE EXAMPLES 
TypeI ON FINDING THE ANGLE BETWEEN TWO LINES 
1°02 Ay 2 + by ba + Cy C2 
Formula to be used: cos® = IRIR| or, cos 8 = A SR ara py are 
EXAMPLE 1 a o5 the ansies between the bres 
P= 3f4+2j- a+r 2 {+28 and 7°: = (57— 2k +p (3h+2f+6h). 
SOLUTION Let 6 be the angle between the given lines. The given lines are parallel to the 


vectors b; = !'+2'+2k and b= 31+2) + 6k respectively. So, the angle 6 between them 
is given by 


STRAIGHT LINE IN SPACE 27.13 
—_ — A “A 
b, +b M+ 2*+2k)-(32+2;+6k 
Cog fet ee et) J+ 2A) tte FON) =£lteN 
lbp] [oo] | te ap+2k | | 324+27+6k | 
a4  3+4+12 sae) aj -1{19 
a CSG = Visds4 Vonanae ool 2 ee | 


EXAMPLE 2 Find the angle between the lines 


x=4 2 yet, ee xo ag 2y+3 = z+5 





3 2 


SOLUTION The given equations are not in the standard form. The equations of the given 
lines can be written as 








Kae UL Ze (i) 
<) re ae 9 “ 
and, x-1 _ y+3/2 _z+5 .-(ii) 





A 34 


“A 
* +2k. 


1 
Let b; and b, be vectors parallel to (i) and (ii) respectively. Then, 
by = 3f-2f+ok and b> = 1+ 


5/ 


If 0 is the angle between the given lines, then 


—> — 
ey ee ee MOE ANG AEAOVS 
\b, | be |  V32+(—2)2+02 V124+ (6/2)? +22 
=> i AP 
EXAMPLE3 Prove that the linex =ay+b,z=cy+dandx=a' y+b',z=c' y+d are perpen- 


dicular if aa’ + cc’ + 1=0. 


SOLUTION The equations of the given lines are not in symmetrical form. We first put 
them in symmetrical form. 


Equations of first line are x = ay + b, z=cy +d. These equations can be written as 





Pay eae zob yet. end ) 
aia cre wi) 
Similarly equations x =a’ y + b’,z=c’ y +d’ can be written as 
0 V0 ee ..(ii) 
a 1 c 


Lines (i) and (ii) are parallel to the vectors mi, =att } +C k and Mo =a’ t+ ; +c’ k respec- 
tively. Ss E. 

If lines (i) and (ii) are perpendicular, then vectors 7, and mp are perpendicular 

= my - My = 0 

= Gat+feck-@’ifek =0 

= aa’+1+cc’ = 0. 

EXAMPLE 4 Find the angle between two lines having direction ratios 1, 1, 2 and 
(V3 -1), (- ¥3 -1),4 

SOLUTION Let my and im be vectors parallel to the two given lines. Then, angle between 
the two given lines is same as the angle between my and mp. 

Now, 


; A 
my = Vector parallel to the line with direction ratio 1,1,2 = i+ ; +2k 
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—) 
and, m2 = Vector parallel to the line with direction ratios V3 — 1, — V3 -1,4 
“A 
= (V3 -1)1-(V3 +1) f+4k 
Let 0 be the angle between mie lines. Then, 
—> 
cose = MMW - 8_ 
| mm, | | in | Vi+1+4 V(v3 —1)2+ (V3 +1)? +16 
6 1 7 
= C0801 = Te og = 9 ~ 9 =-5- 
Type II FINDING THE EQUATION OF A LINE PARALLEL TO A GIVEN LINE AND PASSING 
THROUGH A GIVEN POINT 
X-X, 1 z-Z 
Formulae tobe used: (i) FEa%AD ii) ——4 z oak saat = —— 


EXAMPLE 5 Find the equation of a line passing through a point (2, -— 1, 3) and parallel to the 
lineF% (t+ J) +A (21+)-2k). 
SOLUTION The given line is parallel to the vector 27+ = 2k and ine TeCued line is 


parallel to the given line. So, required line is parallel to the vector 2 7+ j-2 k. Iti is given 


that the required line passes through the point (2, — 1, 3). So, the equation of the required 
line is 


Pe 2h N3H+p2hef-2k 
EXAMPLE6 Find the equation of a line passing through (1,—1, 0) and parallel to the line 
x-2 _ 2y+1 _ 5-z 
=z 2 1 
SOLUTION The equation of the given line is 
x=2_2y+1_5-z 


3 2 1 
This can be written as : 
2  oytl/2  z=—5 
Seri ae i ie a 


Direction ratios of this line are 3, 1, — 1. So, the direction ratios of the parallel line are 
proportional to 3, 1,-1. 


The required line passes through (1, —1, 0) and its direction ratios are proportional to 3, 
1,—1. So, its equation is 


x-1 _yti_z-0 


3 1 —1— 3 
Type III FINDING THE EQUATION OF A LINE PASSING THROUGH A GIVEN POINT AND 
PERPENDICULAR TO TWO GIVEN LINES 
Result to be used: A He passing through a point having positon vector Gand perpen- 
dicular to the lines7% a; a,+A by and7= a + pt bois parallel to b; x Bs. So, its vector equation 
is 
= TA (b; x Bs) 


SAlisptais algorithm may be used to find the equation of a line passing through a given 
point and perpendicular to the given lines. 
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ALGORITHM 

STEPI Obtain the point through which the line passes. Let its position vector be oi 
STEPII Obtain the vectors parallel to the two given lines. Let the vectors be by and by. 
STEPII Obtain b, x bs 

STEPIV Write the required line as r FEO+AH (b; x by). 


EXAMPLE 7 Find the equation of the line passing through the point (— 1,3, - 72 and perpen- 
dicular to the lines 


Rese y 2 X+2° Y-Veeet 
to 3 0h) 4. oe es [CBSE 2005] 


SOLUTION § Let the direction ratios of the required line be a, b, c. Since it is perpendicular 
to the two given lines. Therefore, 


a+2b+3c.= 0 ...(i) 
and, —3a+2b+5e = 0 -»{1i) 
Solving (i) and (ii) by cross-multiplication, we get 

a b c a b c 

£314 8° 2 Sy 


Thus, the required line passes through (— 1, 3, — 2) and has direction ratios proportional 
to 2,-—7, 4. So, its el is 


Pete YO ere 
EXAMPLE 8 A line passes through (2; = 1, 3) and is perpendicular to the line 
re (+f +2 (2-25 AN. Ry and Fe (Q1=7— 3h +u (P+27+2Kk). Obtain its equation. 
SOLUTION The required line i is perpendicular to the lines which are parallel to 
vectors by = AED) J \kand ba = =f+2 J* N2k respectively. 


90, it is parallel to the vector b= by x bs. 


onal 
Now bebxie = |2 -2 1| ==6n28)46R 

Tec 2p 2 
Ae) he Paar line passes through the point (2, — 1, 3) and is parallel to the vector 
b=-6f-3 ] M6 k. 


So, its vector equation is 
re 2h-N3h4+a(-6f-3f+6h) 
o «= Pe Qh 3h+p2h+f-2h, wherep=-2A. 
Type IV ON PERPENDICULARITY OF TWO LINES 
EXAMPLE9 Find the value of \ so that the lines - 





l-x 7y-14 z-3 7-7x y-5 _ 6-z 
7 and a a oe Tie B TZ R URIS Ies [NCERT] 


SOLUTION The equations of the given lines are 
1% = AY AINE, Bien ag 7-7x _y-5 _ 6-2 


2X 2 3A 1 5 


These equations may be re-written in standard form as follows: 
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X-1 _y-2_2-3 Up. bask: Seay Sl 
ee Nee oa 7 = 
7 7 
If these lines are perpendicular, then 
=3A 2A 
sd aera +X Y+2x— -5=0 
71) a ae 70 
= 5 7 ~l0=0=-, 10 =0>A = Th 


EXERCISE 27.2 
1. Find the angle between the following Bren of lines: 
(i) Fe (40-7) +A(P+27- 2k) and F% fh fy ok u(2?+47- 4k) 
A 
(ii) FL(3M2f- 4b +a(h2f+2h andre (5f-2k) 4p (3 h+2/4 6 k) 
(ii) FEA 2B and Fe 2p [3-1 f- 03 +) 4 


2. Find the angle between the following pairs of lines : 
(i) x+4_y-1_Zz+3 Bete yea 25 


























5 4 1 1 > 
ee yy So dau zt 
tv) eae UES 225 and ff) 23 2-2 


3. Find the angle between the pairs of lines with direction ratios proportional to 
(i) 5,-12,13 and —3, 4,5 

(ii) 2,2,1 and 4, 1,8 

(iii) 1,2,—2 and —2, 2, 1 

(iv) a,b,cand b-—c,c—a,a—b. [NCERT] 
4, Find the angle between two lines, one of which has direction ratios 2, 2, 1 

while the other one is obtained by joining the points (3, 1, 4) and (7, 2, 12). 
5. Find the equation of the line passing through the point (1, 2, — 4) and parallel to the 
x-3 _y-5 _ztl 

Aime SB | 

6. Find the equations of the line passing through the point (— 1, 2, 1) and parallel to 

the line 

2x-1 _ 3yt+5 _2-z 


4 2 3 
7. Find the equation of the line passing through the point (2, — 1, 3) and parallel to the 
line 72 (7-2j +k) +A(274+3j- =5h. 


8. Find the equations of the line passing through the point (2, 1, 3) and perpendicular 
to the lines 


line 





meee rrr ere 


STRAIGHT LINE IN SPACE 27.17 


1 2 g US So eee 
9. Find the equation of the line passing through the point i+ +j7—3 i and perpendicular 
to the lines F= 1+ A (27+ j- 3k) and7=(2/+f- —-k)+uli “tp +k). 
10. Find the equation of the line passing through the point (1,—1, 1) and perpendicular 
to the lines joining the points (4, 3, 2), (1, — 1, 0) and (1, 2, — 1), (2, 1, 1). 
ll. Determine the equations of the line passing through the point (1, 2, — 4) and 
perpendicular to the two lines 
x-8 _ yt9 _ 2-10 0g 4219 Cu 29 _ 2-5 
8 =16 7 3 8 —5 
12. Show that the lines 
X-5 _Y¥+2_ 2,42 2Y 


a en 
7 -5 1 1 2) eae 
are perpendicular to each other. 
13, Find the vector equation of the line passing through the point (2, — 1, — 1) which is 
parallel to Ee Ee = 2z-2. 
Fad OE fis 
= 7. 2 Oo ‘ x3 
value of X. [NCERT, CBSE 2009] 


15. If the coordinates of the points A, B,C,D be (1,2,3), (4,5, 7), (—4,3,-—6) and 
(2, 9, 2) respectively, then find the angle between the lines AB and CD. [NCERT] 


16. Find the value of A so that the following lines are perpendicular to each other. 


eet Wa! C258 on eee 








14. Ora perpendicular, find the 














HO, a ee eee 
So" 6 =o 1 ae [CBSE 2009] 
ANSWERS 
° res 1/19 easy 7C 
1. (i) 0 (ii) cos 1 (iii) 
2. (i) cos? =e (ii) cos? az) (iii) cos "(Ga s) 
Tt Tt 
(iv) 5 (v) 5 
=} (ed zs =| 2 saan 10 pile iE 
3. (i) cos 3 (ii) cos 5) (iii) > (iv) 5 
-1/2 x-1 y-2 z+4 
eae 4 Tp 2 a 
vere ll ieee aa — nh Aad 
6 2 = 2/37 3 7. F=(21-j+3k) +A (21+3)-5k) = 
_ — — A 
g, 24 U tS 9. FEG+f-3H+A 4S 5f+h 
1, tot ewti_z-1 uu, tt 22 2+4 
aes ge? oe Cle goail 
3. P= Of f-k) +a 243k) 14.4 =-> 15. 0. 16. 1 


27.4 INTERSECTION OF TWO LINES 
To determine whether two lines intersect or not and in case they intersect the following 
algorithm is used to find their point of intersection. 
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ALGORITHM Let the two lines be 
Boe Poh. 2 





ay by ~<a Cy (i) 
and ahi a) (ii) 
A bo C2 


STEPI Write the coordinates of general points on (i) and (ii). The coordinates of general points 
on (1) and (ii) are given by 
Xx=—<X ZZ X—xX y—! Z-Z 
a zt = =. and ——_ = LSE 2 Beciae” g = jl respectively, 
ay by Cy a2 by c2 
i.e. (0, A +X1,b, A+ yy, C1] A +2) and (az [+ Xp, bo [b+ Yo, Co M+ Zp) 
STEP II If the line (1) and (ti) intersect, then they have a common point. 
MAX = AQ W+X, D,A+Y, = Dot yo and cy A472, =Co +22 


STEP III Solve any two of the equations in A and wt obtained in step II. If the values of X.and i 
satisfy the third equation, then the lines (i) and (ii) intersect. Otherwise they do not 
intersect. 


STEPIV To obtain the coordinates of the point of intersection, substitute the value A (or jt) in 
the coordinates of general point(s) obtained in step I. 


ALGORITHM FOR VECTOR FORM Let the two lines be 
—s A A N“ A A A“ ; 
r= (Qi+a7J] +a3k) +A (b) 1+ bo) +b3k) .--(i) 
A A 
and, r= (a’, ee a> j+ a's k) + (b’, i+ b’> j+ b's k) w+(il) 


STEPI Since rin the equation of a line denotes the position vector of an arbitrary point on it. 
Therefore, position vectors of arbitrary; points on (i) and (ti) are 


(2 Pap frag y+ (by Me by f+ bs) 
and, a’, Sea's Av a'sh) +p (0,1 +b’, ptUs k) respectively 
STEPII If the lines wy and (11) intersect, ae they have a common yeti So, 
(a Pap fa +2 (by Mba bs) = (a’, Nea’ + a's k) +p (0, P+ by p+’, k) 
— (ay +A.D,) A+ (ay +2 Bp) f+ (Ag+ ADs) k = (a’, + Dy) P+ (ay + Wb'p) f+ (@’'g t UWI 
=> A, +Aby = ay +), Q9+Ab2 = a'n+Ub’o and a3+1Ab3 = a’34+ nb’ 


STEP III Solve any two of the equations in A and \ obtained in step II. If the values of X.and \t 
satisfy the third equation, then the two lines intersect. Otherwise they do not. 


STEPIV To obtain the position vector of the point of intersection, substitute the value of 
A (or 1) in (1) (or (ii). 





ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Show that the line= = = uae 25 ri zES 2S 2 Ss 5 4 =u = z intersect. Find their 
point of intersection. [CBSE 2004, 2005) 


SOLUTION We have, 


X-1_y-2_2Z-3_ 
a: asi a Gay) 
=> x=2A41, y=3A+2andz=4A+3 


So, the coordinates of a general point on this line are (22 +1,34+42,44 +3). 
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The equation of second line is 


eee 1 2-0 
ar a a 

=> X=S+4, y=2u+1,2Z=p 
So, the coordinates of a general point on this line are (5p + 4, 2 4+ 1, }A). 
If the lines intersect, then they have a common point. So, for some values of A and , we 
must have 

2441 =5u4+4, 3042 =2pu+1 and 4A+3 =p 
OF, 2A-5u = 3, 3A-2y =- 1, 4A—-p = -3. 
Solving first two of these two equations, we get 

A=-landp=-1. 
Since 4 =— 1 and jt=— 1 satisfy the third equation. So, the given lines intersect. 
Putting A=-1 in (2A+1,34+2,4A+3), the coordinates of the required point of 
intersection are (— 1, —1,-— 1). 


sama eg. be eel x+2_y-1_2+1 














» line -_—$ = - = t 
EXAMPLE 2 Show that the lines 5 5 and 4 3 -5 do no 
intersect. [CBSE 2002] 
SOLUTION We have, 
eS Te wo) de 
eo ae (say) 
=> x=3A+1,y=2A-1,z=5A+1. 


So, the coordinates of a general point on this line are (34 +1,24-1,54+1). 
The equation of the second line is 


Kee, = Yee 
Bas a) ey = jl. (say) 


= x=4yu-2,y=3u+1,z2=-2y-1 
So, the coordinates of a general point on this line are 
(4u-2, 3u+1, -2u-1). 


If the line intersect, then they have a common point. So, for some values of A and jt, we 
must have 


3X41 = 4-2, 2A-1 = 341 and 5A+1 = -2y-1. 


=> 3A-4yn =-3 w«(i) 
24-3 = 2 .-.(ii) 
and, 5A+2u = -2 ...(iii) 


Solving (i) and (ii), we obtain A =— 17 and p=— 12. 

These values of A and 1 do not satisfy the third equation. 

Hence, the given lines do not intersect. 

EXAMPLE3 Show that the lines 
Sue Aes rs —> aA A A ne 
mo (M+ j—k) +A (3i-}) and r= (41-—kK)+y(21+3h) 


intersect. Find their point of intersection. 
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SOLUTION The position vectors of arbitrary points on the given lines are 
“A 
(MHP-k) +0 1 jf)=(3A+1)f+(1-A)p—k 
“A “A 
and, (41k) + (274+3k) = (2 +4) f+0 + (3p — 1) k respectively. 
If the lines intersect, then they have a common point. So, for some values of 4 and 1, we 
must have 
A a * A pnd awe 
(S3A+1)1+(1-A)j—k = (2n+4)1+0j7+(3n-1)k 
= 3A+1 =2y+4, 1-A = 0 and -1 = 3yp-1 Pre 
[On equating coefficients of i, j and k] 
Solving last two of these two equations, we get A=1 and p= 0. 
These values of A and 1 satisfy the third equation. 


So, the given lines intersect. 


A “A 
Putting A =1 in first line, we get r= (1+)—k)+(3 f-7)=4 re Oj-k 
as the position vector of the point of interaction. 


Thus, the coordinates of the point of intersection are (4, 0,—1). 
EXERCISE 27.3 


1. Show that the lines ; = ues = zt8 and a=8 =s u=8 22 7 3 intersect and find their 





point of intersection. 


ne ak 
2. Show that the lines 3 5) 5 4 3 EG 
+ + 


ie 5 G2, ¥i— 4) 2 Z— 6 
Sf 9.15 7 1 3 5 
point of intersection. 


4. Prove that the lines through A (0, — 1, — 1) and B (4, 5, 1) intersects the line through 
C (3, 9, 4) and D (— 4, 4, 4). Also find their point of intersection. 


“A A A 
5. Prove that the line r= (i + } —k)+A(3 Me ) and r= (4 j k) + pu (2 +3 k) intersect 
and find their point of intersection. 
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do not intersect. 


3. Show that the lines 2 











intersect. Find their 





6. Determine whether the following pair of lines intersect or not: 
(i) FE (1—-j)+A(2P+k) and 7FH(2i-f+p(P+j—-h 





HOA eRVRC he Ace Yo 2 
(ii) 2 = 3 7% Ro wae i. 
(iii) X=1 _ y-1l zel x—-4 y-0 z+1 
A asul 4 eee 
X-5 _Y-7 _2z+3,x-8 _ y-4 _ 3-5 
(iv) 7 aa a Via ame eG [CBSE 2002] 
ANSWERS 
Ik RS) 
en(2710,.3) mee E a 4. (10, 14, 4) 5. (4,0,-1) 


6. (i) No (ii) No (iii) Yes (iv) Yes. 
27.5 PERPENDICULAR DISTANCE OF ALINE FROM A POINT 


X-x = z—-2 
CARTESIAN FORM Let P (a, 8, ¥) be a given point and let — = a = a bea 


given line . 
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Let L be the foot of the perpendicular drawn from 
41 Jai ae 


P (a, B, y) 





x — 
P (a, B, y) on the line - 


Let the coordinates of L be 
(x, +ak,yy +b, 2, +cd) 


Then, direction ratios of PL are proportional to 
x+ah-G,y,; +bA-—B,z,;+cA-y¥ A 





Direction ratio of AB are proportional to a, b, c. os il =I L(x, + ah, yy + bd, 2, + cd) 
Since PL is perpendicular to AB. Therefore, Fig. 27.3 


(x; +aA-Ga)at+(y,;+bA-B)b+(z,+cA-yc = 0 


a (&— x1) +b (B—y) +¢(¥— 21) 
a* +b? +¢* 

Putting this value of A in (x; +a A, y; +b 4,21 +c A), we obtain coordinates of L. 
Now, using distance formula we can obtain the length PL. 
VECTOR FORM Let P (@) be a point and r=a+a b’ be the vector equation of a line. 
Let L be the foot of the perpendicular drawn from P (a) on the line 7= RTEAB. 
Since 7 denotes the position vector of any point on the liner=a@+A b. So, let the position 
vector of Lbe@%+Ab. Then, 

PL =@%Ab-@= ar arr 


=> X=- 


b° 


P(a) 
A B 
F=a+db L @+ 25) 
Fig. 27.4 
Since PL. is perpendicular to the line which is parallel to b. Therefore, 
PL 1b” 
= PL.b"= 
= G@2-O+Ab)-b = 0 
=> G@2o-b+A(b-by = 0 
a2 @)-b 
Position vector of Lis @+Ab=a> (a | b 


Now we can obtain PL and length PL is the magnitude of PL. 
Since PL passes through P and L. Therefore, equation of the perpendicular line PL is 
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or, P= Pep @zo- (oa | 


In order to find the coordinates of the foot of the perpendicular and the length of the 


perpendicular drawn from a given point on a given line we may use the following 
algorithm. 
ALGORITHM 
CARTESIAN FORM Let P (a, B, y) be the given point, and let the given line be 
x—™ yoy 27% 


a b Cc 


STEP1 Write the coordinates of a general point on the given line. The coordinates of general 
point on the line are (x, +a, y; +bA, 2, +d), where d is a parameter. Assume that 


this point L is the foot of the perpendicular drawn from P on the given line. 
STEP I] Write direction ratios of PL. 
STEP I] Apply the condition of perpendicularity of the given line and PL. 
STEPIV Obtain the value of A from step III. 
“STEP V Substitute d in (x, + aA, y) +bA,z, +c A) to obtain the coordinates of L. 
STEP VI Obtain PL by using distance formula. 
VECTOR FORM Let P (@} be the given point, and let r=a* dr b be the given line. 
STEP1 Write the position vector of ¢ a Sure f point on the given line. The position vector of a 


general point on r FL TEAD IisaHA b, where X is a parameter. Assume that this point 
L is required foot of the perpendicular from P on the given line. 


STEPII Obtain PL = Position vector of L — Position vector of P= d b-@ 

STEP Put PL-b = 0 ie. @+AD-@-b = 0 

STEPIV Obtaind from step III. 

STEPV Put the value of A obtained in step IV in =a* A D’to obtain the position vector of L. 
STEP VI Find | PL | to obtain the required length of the perpendicular. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE ¥ Find the foot of the perpendicular from the point (0, 2, 3) on the line 


aS = v S aa 2 . Also, find the length of the perpendicular. 


SOLUTION Let L be the foot of the perpendicular drawn from the point P (0, 2, 3) to the 
given line. 
The coordinates of a general point on 


24S _ UR = 24" aregivenby *$° = Het = 244 Ld 


bie aan 3 
i.e., x=5\-3, y= 2A+1,z=3A-4.. 
Let the coordinates of L be 
(5A -3,2A+1,3A-4) mie 


Direction ratios of PL are proportional to 
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5A-3-0, 2A+1-2, 3A-4-3 P(O, 2,3) 
ie. 5A-3, 24-1, 34-7. 


Direction ratios of the given line are 
proportional to 5, 2, 3. 


since PL is perpendicular to the given line. 
* D(5A-3)4+2(2A-1)+3(3A-7)=0>A=1. 


Putting A = 1 in (i), the coordinates of L are (2, 3, 
-1) i w ae { x+3  y-1_2+4 L(54,-3,2A, + 1,3A—4) 
OP Qe ag 





Length of the perpendicular from P on the Fig. 27.5 
given line 


= PL = V(2-0)*+(3 -2)*+(-1-3)* = V21 units. 


EXAMPLE 2 Find the length of the perpendicular from the point (1, 2, 3) to the line 
x-6 y-7 z-7 

Soe. = 2° 
SOLUTION Let L be the foot of the perpendicular drawn from the point P (1, 2, 3) to the 
given line. 








The coordinated of a general point on ei viSe 22 SL are given by 





3 2 —2 
OY 7 27 4 P(1, 2, 3) 
3 2 —2 
ie. X=31A+6,y=2A+7,2=-2i2+7 
Let the coordinates of L be 
(3A+6,2A+7,-2A+7) mtd) 


Direction ratios of PL are proportional to 
3A+6-1, 2A+7-2,, -2A+7-3 7 
Le. 3A+5,2A+5, -2A +4. (34 + 6, 2A + 7,-2A +7) 


ee Fig. 27.6 
Direction ratios of the given line are proportional to 


3, 2, - 2. 

since PL is perpendicular to the given line. Therefore, 
3(3A+5)+2(2A+5)+(-—2)(-2A +4) =0 >A =-—1. 

Putting A=—1 in (i), we obtain the coordinates of L as (3, 5, 9) 


PL = V(3-1)?+ (5-2)? +(9-3) = 7 unit 

Hence, the required length of the perpendicular is 7 units. 

EXAMPLE 3 Find the foot of the perpendicular drawn from the point 2 t— } +5 to the line 

r2 (11-2 }. -§ b) +X(107—4 } —11 b. Also, find the length of the perpendicular. 

SOLUTION Let L be the foot of the perpendicular drawn from P (2 ?— ; +5 b) on the line 
P=11 Sof gk+2(10 fat 18. 

Let the position vector of L be - 
uf-2f-sk+aaoh4f- 11 =(1+ 10a) (2-4f+(-8-ME 


‘ 
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P(2i -j+5k) 





eet SEVRot afb) ; 
Fig. 27.7 

Then, PL = Position vector of L — Position vector of P 
= PL = [(11+10A) f+ (-2-4A) f+(-8- 1A R-2f-7+5 
= PL = 9+10A)f+(-1-4a) f+ (-13-11 Ak 
Since PL is perpendicular to the given line which is parallel to b=10/-4 } -11 k 

PLib’ 

PL-b= 


A A nw ae. S 
[((9 +10A)1+(—1-—4A)j+(—13-11 A) k]-(10:-4j-—11 k)=0 
10 (9+10A)—4 (—1-—4A)-11(-13-11A) = 0 
90+100A+4+16A+143+121A = 0 
237A = -237 > A=- ie 
Putting the value of A, we obtain the position vector of L as re 27+ 3k 
Now, PL = (i+2f+3kK)—-(20-f+5k) =-2+3f-2k 
=> | PL| = V¥i+9+4 = Vi4. 


Hence, length of the perpendicular from P on the give line is 14 units. 


Yuydy 


EXAMPLE 4 Find the image of the gel (1, 6, 3) in the line : wile eae Also, write the 


2 3 
equation of the line joining the given. id its image ae find the length of the segment 
joining the given point and its image. =e ae 2010] 





SOLUTION Let Q be the image of point P (1, 6, 3) in the line + = y=1 _Z-2 and Mbe 


25° = 3 
the foot of perpendicular drawn from P to this line. Then, PM = MQ. 
Let the coordinates of M be given by 


X_y-1_z-2_, 


Ls 7 3 
_ The coordinates of M are (r, 2r + 1, 3r + 2). 
The direction ratios of M are proportional to r — 1, 2r —5, 3r — 1. 


iP (1, 6, 3) 


) | iM x _y-1 z-2 
| = Ts 
iQ 


Fig. 27.8 
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Since PM is perpendicular to the given line. Therefore, 
1(r—1)+2(2r—5)+3(3r-—1) = O => 14r-14=0 => r=1. 


So, the coordinates of M are (1, 3, 5). 
Let (x1, ¥}, Z}) be the coordinates of Q. Since M is the mid-point of PQ. 


ae y; +6 Be 
a So. 








25 => xX} = 1,y, = 0,2; = 7 


Thus, the coordinates of Q are (1, 0, 7). So, the equation of PQ is 


Sl ¥—6 _ 2-3 6 eee ae 
1-1 0-6 7-3°" 0 #-6 4 


and PQ = V(1—1)7+(6-0)°+(3-7) = 213 


EXERCISE 27.4 





1, Find the perpendicular distance of the point (3, — 1, 11) from the line 
x_y-2_2-3 
i: a 


2, Find the perpendicular distance of the point (1, 0, 0) from the line 


— Say Sl =itt . : 230 Also, find the coordinates of the foot of the perpendicular. 
= [CBSE 2005] 


3. Find the foot of the perpendicular drawn from the point A (1, 0, 3) to the joint of the 
points B (4, 7,1) and C (3, 5,3). 

4. A(1,0, 4), B (0,—11, 3), C (2,—3,1) are three points and D is the foot of perpen- 
dicular from A on BC. Find the coordinates of D. 


5. Find the foot of perpendicular from the point (2, 3, 4) to the line : = = = Z =; = =. 





Also, find the perpendicular distance from the given point to the line. , 
6. Find the roe of the perpendicular drawn from the point P (2, 4, — 1) to the line 
xX+5_yt3_z-6 
a 4 =9° 
Also, write down the coordinates of the foot of the perpendicular from P. 
7. Find the’ oer of the perpendicular drawn from the point (5, 4, — 1) to the line 


ré Ma (2h+9 +5 4b. 
8. pied the foot of Be perpendicular drawn from the point 1 1+6)+3 k to the line 


rep+2 k+ A+ 2 p+3 b). Also find the length of the perpendicular 
. Find the equation of the perpendicular drawn from the point P (— 1, 3, 2) to the line 


r&(2 i + 3k) +A (27+ ik +3 k). Also find the coordinates of the foot of the perpen- 
dicular from P. 
10. Find the foot of the perpendicular from (0, 2, 7) on the line 
x+2 _y-1_ 2-3 
-1 3 ° -2 
11. Find the foot of the perpendicular from (1, 2, —3) to the line 


a AUS Seis 
ie ia 
12. Find the equation-of-line-passing through the points A (0, 6, — 9) and B (— 3, — 6, 3). 
If D is the foot of perpendicular drawn froma point C (7, 4, — 1) on the line AB, then 


find the coordinates of the point D and the equation of line CD. [CBSE 2010] 


wo 


te te ee ee 


—o- .. 
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ANSWERS 
1. ¥53 | 2. 2NG, (3, -4,—2) 
3, (22,42 4, (22, =11 5 
"| 3°3' 3 No 9 “9 
170 78 10 4/101 Loe Ye Ze 
5. ( 4949, 4 }3 G Gea) =.=, 
7. ee 8. M3 f45k Via 


9. FE(-M3f42KH4+A(S-9f+b, oo Aen 
Voy eal: 

ca 

[= 


DO 


C —— 
10. -5.2) il, (Ghai) abs Eto xa7 


-4’ 4 











efi 
oN 


= ane 13. (1,0,7) 


2h 2t 2 


27.6 SHORTEST DISTANCE BETWEEN TWO STRAIGHT LINES 


SKEW LINES Two straight line in space which are neither parallel nor intersecting are called 
skew lines. 

Thus, the skew lines are those lines which do not lie in the same plane. 

LINE OF SHORTEST DISTANCE [If 1, and I, are two skew-lines, then there is one and only one 
line perpendicular to each of lines 1, and 1 which is known as the line of shortest distance. 
SHORTEST DISTANCE The shortest distance between two lines 1, and I> is the distance PQ 
between the points P and Q where the lines of shortest distance intersects the two given lines. 


Line of shortest 
distance 





I P 
Fig. 27.9 


If two lines intersect then the shortest distance between them is zero. If two lines are 
parallel then the shortest distance between them is the distance between the two lines. 


27.6.1 SHORTEST DISTANCE BETWEEN TWO SKEW LINES (Vector Form) 
Let /, and [> be two lines whose equations are 
l,: re a + A b; and lb: T= as + UL bs respectively. 

Clearly, |, and /, pass through the points A and B with position vectors a, and a respec- 
tively and are parallel to the vectors b; and b5 respectively. 
Let PO be the shortest distance vector between 1; and /5. Then, PO is perpendicular to 
both /, and Ig which are arallel to by and bz respectively. Therefore, PO is perpendicular | 
to both be and b>. But, bj x b2 is perpendicular to both b; and bp. Therefore, PQ is parallel | 

> —- 
to b, x bo. 
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Leth be a unit vector along PQ. Then, 


> — 

A b; x bo 

{ha per. rm 
| by x bo | 


From Fig. 27.9, we have 


PQ = Projection of AB on PQ 














=) PQ = AB-} 
aah es 
ee b, x by 
=. PQ = £(aQ-4)-) SS 
| by x bp | 
= PQ as _@- m)-¢ ( x bs) 
| by xb x by | 
= PQ = gi a) 1 F=a,+7b, P A (a) 
|b, x by | 


Fig. 27.10 
Since the distance PQ is to be taken as positive. 

> > 9 = 
(b; x b>) . (a — Ay) 


PQ = 
| by x bo | 








4 a" — a" —> 
Condition for two given lines to intersect : If the lines r= a, + X b; and r= Ay +U bs 
intersect, then the shortest distance between them is zero. 


"ee 
| (by X ba - (@z — 4) 





= 0 
| by x bp | 
= (by xby @-m) = 0 


27.6.2 SHORTEST DISTANCE BETWEEN TWO SKEW LINES (Cartesian Form) 
Let the two skew lines be 


Sal YY ae PTA 


The vector equations of nie two. lines are 
> — 47? =: 
r= a, +Ab, and 7’= a3+ by respectively, 


where i Res . a ze 
A 
ay = Xj 1+Y,) +24 k, aa = Xgt+Yoj+2Z2k, 
—) A —> A A A 
b=], [+m )+n,k and, by = Int+myj+mpk. 
We have, x 
A A 
> - ko Jk A A oN 
by Xbo = | 1, my ny | =(my ng— m2 Ny) 1+ (InN, — 1, N2Q)] + (1 mz — 12m) k 
Io Mp ng 


=> ce bs | = Vm No — Mp M})° + (Ip ny L no) + (1, mm — lb mm) 


Xg-X% Yo-y. 27-241 
and, (a ~ 43) (b; x Bs) = ly my ny 
l, m> No 
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l B(a;) 





Fig. 27.11 
See ips, 
a5 —Ay ).(b; xb 
Shortest distance (S.D.) = (42 a) (0; X 59) 
| by x bo | 








OATS el Pimp hae 
l my ny 
ly my No 


= STO SS a a ae 
(114 Np — Mz Ny)* + (11y Ip — 1 Ng)* + (Ly mz — Lp mM) 


X—-X, yr} Z—-Z 
Condition for two given lines to intersect : If the lines j : = sa and 
1 Lae 


A A SE 








X—-X2 YY 2-22 
——— = —— = —— 2 intersect, then the shortest distance between them is zero. 
2 
Romie 2 le ADA 
L my ny 
I, ly N»> 


Vim No—m n1)* +(n l,—n L,)* +( My —I5 m i= * 
Lier. pay 1 *2 2°1 pC Jaret or BELL | 


PIN LPI LAL Cp domes 
= l, my ny = Q. 
I my Ng 
27.6.3 SHORTEST DISTANCE BETWEEN TWO PARALLEL LINES 
Let /, and Bi be two parallel lines whose equations are 1,: 7= aj a, +b and 


lp: Fea, +p respectively. 
Clearly, 1; and lz pass through the points A 4 and B with position vectors a; a; and a 


respectively and both are parallel to the vector b: 
Let BM be perpendicular from B on |;. Then, BM is the shortest distance between 


L and lp. 
Let 6 be the angle between AB and line /,.Then, angle between AB and bis n- 8. 


In triangle ABM, we have 
9 . BM 
sin AB 


= BM = ABsin®@ = | AB | sin® (i) 
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Now, 
| ABxb| = | AB| |b} sin(x-@) 

= | ABxb | = | AB] |b} sine 

~ | ABxb | = (| AB | sin) | D4 

= AB xb = BM | b’ [Using (i)] 
ie Lanse . ie ak 


: - — ~ —> —? eee 
Thus, the shortest distance between the parallel lines 7a, +A b and r=a, +b is given 


by 
aap 
| b | 


d= 





ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Find the shortest distance between the lines x 
r= (41-j)+A($+27-34 and Tre (¢-f+ 2k +p (21+47-5kh) 
SOLUTION We know that the shortest distance between the lines r= a; +i b: and 
r=ay + wb, is given by 
> 2 > > 
(a5 ~ Ay) ° (b, x b>) 
| by x by | 
Comparing the given equations with the equations r= ay +A by and ré as + Ul b> respec- 
tively, we have 








St A A A 
a, = 40-f\ a = f-f42k b, = Ms 2f-3k and by = 2+ 4f-5k 
A 
Now, @-a@, = —37+0f+2k 
an fp 
A 
and, b,;xb,=|1 2 -3| =2f-f+ok 
24 -5 
-—)> 





A 
(3 -a,)- (xb) = (-3 f+ 0f42K)-(2f- f+ 0k = -6+040 = -6 


and, | b,x be | = ¥4+1+0 = V5 














—-> —32 > > 
Shortest distance = a Ba 3 Rca . 
| by x bo | 15 V5 
EXAMPLE2 Find the shortest distance between the lines 
Be) 2 ys2 2 223 | Mee es ee 
OE S37), 19° 2 Se x4 mete” bape 
SOLUTION The equations of two given lines are 
x-1_y-2_ 2-3 : 62h, HY Ss AZO = 
cE on a (i) and “3> = "G7 =e ...(ii) 


Line (i) passes through (1, 2,3) and has direction ratios proportional to 2, 3, 4. So, its 
vector equation is 
r= a, tab; ; : ...(iii) 
A 
where, @? = {+2f43k and b; = 2%+3f+4k. 
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Line (ii) passes through (2, 4,5) and has direction ratio proportional to 3, 4, 5. So, its 
vector equation is 


—> =? —)> 
r= Ag+ pb (iV) 
—~) A A 

where, ay = 2P+4P+5k and bs = 37447 +5k. 


The shortest distance between the lines (iii) and (iv) is given by 








> 2 - > 
Ay —a,)-(b, xb 
S.D. = (62 = 41) * O12) .».(V) 
| by x bo | 
AeA eee A A ON A a aN 
We have, a> — aie (2i+4j7+5k)—-(1+2/+3 KH =1+2j74+2k 
pene 
— A 
and, b,x Dy = 23 4 = —-[+2j—-k 
O45 








|b, xb, | = Vi+4+1 = V6 
and, @2-m)-(, xbs) = (M2M28)- rt27— pe one mayen al 
Substituting the values of (> —a;) « (B; X Ds) and | by xB | in (v), we obtain 
S.D.=1/V6 


EXAMPLE3 By computing the shortest distance determine whether the following pairs of lines 
intersect or not : 


A 
) eR /+rzeMh; eatfephfew 
(ii) eat aVth 7, 2th ues, z=2. 
3 5 1 
SOLUTION Le@) Let the vector equations of two given lines be 7% ay +A b and 
r& a> +p by respectively. Then, 


ap=t_fbe=2f+kap=2'-fand ba=t-f-k. 
> = ; 
fig — Ay = (27-7) -(i'-}) = 
| Rea ap 
A 
and, bxbo=|2 O 1] =f+3f-2k 
eee! al 
A 
=> (a5 -a,) - (b; xb) = (4 3f-2kK = 14040 = 1 


Since (a5 - a3) (Bx bs) # 0. So, the given lines do not intersect. 


(ii) The equation of two given lines are 
-1_ ytil —0 c+ 1 —2 —2 ‘s 
ae oe sii 
Line (i) passes through the point (1, — 1, 0) and has direction ratios proportional to 2, 3, 
1. So, its vector equation is 
r= ay + Xr by 
where ap=f—fand by =2f+3/ +k. 
Line (ii) passes through the point (- 1, 2, 2) and has direction ratios proportional to 5, 1, 
0. So, its vector equation is 


— —_ 
r= Ap+Ubo, 





i 


STRAIGHT LINE IN SPACE 27.31 


A aes A 
where @=-/+2f+2kandb,=51+)+0k 


os os A A 
Wehave, a;-a, =.(-f+2f+2k)-(-f) = -27+3/+2k 
i fk 
4 A 
and, =, xg = |2 3 1| = —f45f-13k 
5 10 





—> -_- —- => “A Aye On “A 

(a5 - 44) « (bj Xb3) = (-2743)+2k)-(-1+5j-13k) 

2+15-—26 = -9 # 0. 

Hence, given lines do not intersect. 

EXAMPLE4 Find the shortest distance between the lines whose vector equations are 


A 
Pe (M2 PBK 40 (2043 f44h 


A 
and, P's (2S 4 PSK +p (4h+6f+ 8h) [CBSE 2008] 
SOLUTION The given lines are 
A A : 
r’= (P+ 24+ 3K +2(20+3f+4k) --(i) 
ai. A ct af A FATeo ¥ 
and, r= (21+ 4)+5k)+2u(21+3j)+4k) .-.(ii) 
Equation (ii) can re-written as 
A ees 
= (2a Sky (2043 f+4h ...(111) 


where w’=2u. 
These two lines Wpebaes through the points having position vectors a= =f+2j+ 2 kand 


B=21+ 4745 k respectively and both are pare) to the vector b=21+3 p+4 k. 


aj)xb : 
Shortest distance = hee pael ...(iv) 
We have, * 
(q-0)xb'= (P+ 27+ 2k kx (223 f+4h) 
a & 
= bi ok A A 
= @-axb=|1 2 2| =@-6 4-4f+@G-4k =21-0f-k 
2 24 
= | @-a)xb| = Ve+041 = and | bj = V4+9+16 = 29 
_ af pe 
Substituting the values of | (ap - a1) x b | and | b | in (iv), we get 
V5 
Shortest distance = 99 
EXERCISE 27.5 





1. Find the shortest distance between the following pairs of lines whose vector 
equations are: 
(i) rushvaf3ksr@hfeb 
and r= b-3f7Mok+n(-3he2fe4h) 
(ii) Fe BM5p+7 kK +AC- =2pa) 
and ref A kane Mh 
A A 
(iii) FEM 2P4+ 3K +A (214+3/444K 
A 
and Fz(2f¢+4f45 H+ (Bl+4 ft5k 
A A ys 
(iv) F2(1-H 1+ (t-2)j+(8-Hk 


-. = 


i 
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and 7% (s+1)f+(2s—1)f-(2s+1)k [NCERT, CBSE 2002] 
(v) FE(N—1)7+(A4+1)f-(1 +ryk 
and 7% (1-) MS (2u-1)f+(u+2)k 
A 
(vi) FE(2h-f-B+aA(2f- 52h; FEMA H+ Pen 
i : x [CBSE 2008] 
(vii) FE(+/)+A(27-f+h; FE2t+jf—-k+pBr-5f4+2h [NCERT] 
2. Find the shortest distance between the following pairs of lines whose Cartesian 
equations are : 


(i) x-1 y-2 ZS a4 x-2_y-3_2z-5 




















2 3 4 3 4 5 
eek YE Sly 2 
(ii) 7 = 3 =zZ and 3 = | 4 
Mee ee te ZS x1 yrl z2+i 
0) 5S a ar 
(ivy 25S = HO? = EA? ang FH* UE ED [CBSE 2008] 
3. By computing the shortest distance determine whether the following pairs of lines 
y Pp & &P 
intersect or not : 
@) Pa P-fy+aahek); P=ehNsniefek) 


A_A A A“ 


(i) P= MPR) +acsh-f); re af ky+p 3k) 
(iii) zat as Met x+1 ot * 222 











3 =Z; 5 = 
(iv) Mey obo t=O Y= 7 Z—5 
aoe 5 7 CCT 
4. Find the shortest distance between the following pairs of parallel lines whose 
equations are : 


(i) FEMA 3H4A0- fh and FELD 
A A A 
(ii) TE(7+f)+A(2i-j+k) and 7T&(2/+7-kK) +p (41-27 +2k) 
5. Find the equations of the lines joining the following pairs of vertices and then find 
the shortest distance between the lines 
(i) (0,0,0) and (1,0, 2) (ii) (1,3,0) and (0, 3,0). 


6. Write the vector equations of the following lines and hence determine the distance 
between them 











Lave ets X—3 y-3 z2z+5 
ptt aE 28 U8 288 [CBSE 2010] 
ANSWERS 
Ree te Oi ved pee ow Sete A Mat eon 10 
1. (i) 270 (ii) 3968 (iii) N6 (iv) 32 (v) v2 (vi) V2 (vii) 59. 
2. (i) 12 (ii) ve (iii) 55 (iv) 2V29 3. (@) No (ii) Yes (iii) No (iv) No 
’ [78 ee NIT, cs pee Sia WO Xs Dy ee 
4. (i) VS es a al el a, i PR 
A 
6. Fa Reap ak+a (2437 + 6) 7% BM 37 — 5h) + (44+ 6) + 128), S.D. = 2222 units 


7 
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 —_ VERY SHORT ANSWER QUESTIONS (VSAQS) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1, 





2. Write the cartesian and vector equations of Y-axis. 
3. Write the cartesian and vector equations of Z-axis. 
4, Write the vector equation of a line passing through a point having position vector 
Gand parallel to vector 
5. Cartesian equations of a line AB are a= he 4ou = ze 
Write the direction ratios of the line parallel to AB. 
6. Write the direction cosines of the line whose cartesian equations are 
6x -2=3y+1=2z-4. 
7. Write the direction cosines of the line ~ = = se z ,z=2. 
8, Write the coordinate axis to which the line ~ 4 = vet == 3 : is perpendicular. 
. _ p XO ree eee 2 sel) RI per et | 
9. Write the angle between the lines —>~ =“ == ="; and] =5=73_ 
10. Write the direction cosines of the line whose cartesian equations are 2x = 3y = —z. 
11, Write the angle between the lines 2x = 3y =— z and 6x =— y = — 4z. 
i 2 
12, Write the value of A for which the lines z=3 = ae =# - : and 
xt a —5 8 are perpendicular to each other. 
13. Write the formula for the shortest distance between the lines F’= ay +Ab’and 
P= ay +yb. 
> -> ‘ 
14. Write the condition for the lines 7 = - +A by and F’= a, +b, to be intersecting. 
15. The cartesian equation of a line AB is == ute a-* 3 —3 Find the direction cosines 
of a line parallel to AB. [CBSE 2008] 
ANSWERS 
Cartesian equation Vector equation 
x-0 fl Ee 0 = z—-0 —> 4,4 
if a i r= At 
pee 0! _Z~—0 ae 
2) Oni 0” RM 
x-0_y-0_z-0 7 YS 
3. 1) eRe Re r= Ak 
SS ad 1. Zien 1 2 3 4 -3 
_re= 2 ’ y ie ae 0 
aa > Ver’ vea' Vea) Via Via Vi 5’ 5 
3) PAE 
-~ 9° seer hee, ES eee e m 
8. Z-axis 9. 90 ee 5 11. 90 
= ay —aj;)xb 
p, 220 | @z- 47) xb | =f N34 6 


Write the cartesian and vector equations of X-axis. 
































——.-_i- ee a ~ ~ 


0 BO tel epetiad adee owe aes 


i li 
a es 
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MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


The angle between the straight lines 
Pee Wee eS ong So t2  zo3. 
iene ec ae ay 5g 
(a) 45° (b) 30° (c) 60° (d) 90° 





; The lines © = 4 = 2 and == = 44 = 2-3 are 


3 —2 —4 —6 
(a) coincident (b) skew (c) intersecting (d) parallel 








. The direction ratios of the line perpendicular to the lines 
LE Bas Ng lS zt2 Se tat lle ia 
fee 2 <2 
are proportional to 
(a) 4,5,7 (b) 4,-—5,7 (c) 4,-5,-7 (d) —4,5,7 
. The angle between the lines 
zoho ¥ot zt anil eh a 
[pee nil oa ie B=1 7 
-1/ 1 us me x 
(a) cos Gg (b) & (c) 3 (d) 3 


. The direction ratios of the line x — y +z -5 =0 =x —3y — 6 are proportional to 


(a) ge (b) 2,-4,1 


©) -2 fey te 4 A 
ae vi4 vai V41 V4 


De Amal 
ae —2 


(a) 7 (b) 5 (c) 0 (d) Here of these 


1 
4 Vi4- 
; ee perpendicular distance of the point P(1,2,3) from the line 
V kez Bel 
2 


7. The equation of the line pees through the points 


as Pent babe 
(a) 7” SA han] has b) +A (by ht bof +b3h) 
(b) 7” = (a Peagj ask) —t  P baj + by 
(c) T= a, (1—f) i +a (1 —t)j tag (1—tk+E(b, f+ by jf +b3h) 
(d) none of these 


If a line makes angles a,Bandy with the axes_ respectively, then 
cos2a+cos2B+cos2y = 


(a) -2 (b) -1 (c) 1 (d) 2 
. If the direction ratios of a line are proportional to 1, — 3, 2, then its direction cosines 
are 
1 Se? 1 3 
@) a" Via Via ©) a’ Wie’ Wid 
1 Shue 1 2 3 
© ~ Via’ Via Vie (9) ~ ia’ Via" Via 
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10. 


11, 


12. 


13, 


14. 


ee 


If a line makes angle 3 and 7 with x-axis and y-axis respectively, then the angle 


made by the line with z-axis is 


(a) 2/2 (b) 2/3 (c) 2/4 (d) 52/12 
The projections of a line segment on X, Y, Z axes are 12, 4,3. The length and direction 
cosines of the line segment are 





12,43 12,4 ,3 
(a) 13;53 1313 (0) 1955979‘ 19 
12,14, 3 
(c) 11; TTEAT (d) none of these 
a aa a 3 x-1 y-2 z=-3 
The lines 7 =5 = 3 and 9: ae eee 
(a) parallel (b) intersecting (c) skew (d) coincident 
The straight line aes Ete 21 is 
3 1 0 
(a) parallel to x-axis (b) parallel to y-axis 
(c) parallel to z-axis (d) perpendicular to z-axis 


The shortest distance between the lines 


MO 8" _ 2-3 and x+3_ y+7_z-6,. 


3 =el 1 re 2 4 
(a) V¥30 (b) 2V30 (c) 5V¥30 (d) 3V30 


ANSWERS 


. (a4) 2. (a) 3. (a) 4. (c) 5. (a) 6. (a) 7. (c) 8. (d) 
.(a) 10. (b) 11. (a) 12. (a) 13. (d) ‘14. (d) 


SUMMARY 


. Two non-parallel planes always intersect in a straight line. Thus, if 


a, x+b, y+c,z+d, =Oanda, x + bo y + Cy z + dy = Dare equations of twonon-paral- 
lel planes, then these two equations taken together represent a line i.e., 
ax+b,y+c, z+, =Q=agx+boy+C2z+do 
is the equation of a line. 
This is known as an un-symmetrical form of a line. 
The equations of a line passing through a point (xj, y;, Z,) and having direction 
cosines (or direction ratios) I, m,n are given by 
4. Voy 4541 


The coordinates of an arbitrary point on this line are (x, + Ir, y; + mr, z, + nr), where 


ris a parameter. 
This is known as symmetrical form of a line. 


. The vector equation of a line passing through a point having position vector @’and 


parallel to vector b is 
r’= 2% 2b, where A is a parameter. 


4. The equations of a line passing through points (x, y;, 21) and (X2, ¥2, Z2) are given 


by 


%2-X%, Yo2-Y. 27-2 


27,36 


MATHEMATICS-XII 
5. The ve ector equation of a line passing through points having position vectors 
a and b is 
r’: 


= ar (b- —@}), where Aisa parameter. 
6. If I,m,n are the direction cosines of the line of intersection of planes 
ayx+b,y+c,z+d, =Oand a x+bz y+ cy z+d>=0, then 
a,1+b; m+c,n = 0 
agl+bym+con = 0 
by Co — bo cy = Cy Ag — CO AY ~ 4 Bp — Aan dy 
=  I,m,n are proportional to b cz — bz cy, cy az — C2 a1, A, bp — Aap by 


7. (i) The length of the perpendicular from a point P (a) on the line 7°= 7A Dis 


given by 
Viera 


(ii) The length of the perpendicular from a point P (xj, y}, Z) on the line 


el! OT el at 
j fi 7 is given by 





{(a - x1)" + (b —y3)* +(c— 2) ~ \(a —X;)1+(b—y,) m+(c—2Z}) nj ’ 
where, |, 11, 11 are direction cosines of the line. 

8. Two straight lines in space are said to be skew lines if they are neither parallel nor 
intersecting. 

9. If 1, and I, are two skew lines, then a line perpendicular to each of lines I, and I, is 


known as the line of shortest distance. 
Tf the line of shortest distance intersects lines /, and /, at P and Q respectively, then 


the distance PQ between points P and Q is known as the shortest distance between 
1, and lp. 

10. The shortest eistance between lines 7& a; +A b: and r’= ay +U bs is given by 

(bi x ba) - @-m) 

a ee 
| by x by | 

11. The shortest distance between the lines 

Reel ema HF AT 











ly m4 n T mM n> 
X2-X%1 Y2-Y¥1 227-24 
is given by l my ny 
In m5 Lo) 


= Vm, Nz — mp2 m1)" + (ny lp—n21 7 + (1) mz — [5 my)" 


12. The shortest st distance between parallel lines 
r= ap ae ees and r=a a3 + 1D is given by 


(a3 — a) xb 
eed 


13. Lines 72a; +A b; andr=a3+u b> are intersecting lines, if (b; x bs) - (@3-@;) =0 


d= 
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THE PLANE 





28.1 PLANE 


DEFINITION A plane is a surface such that if any two points are taken on it, the line segment 
joining them lies completely on the surface. In other words, every point on the line segment 
joining any two points lies on the plane. 


THEOREM Prove that every first degree equation in x, y and z represents a plane t.e., 

ax + by + cz + d = 0 is the general equation of a plane. 

PROOF Letax + by +cz+d=0 -»-(i) 
bea first degree equation in x, y and z. 


In order to prove that the equation (i) represents a plane, it is sufficient to show that 
every point on the line segment joining any two points on the surface represented by it 
lies on it. 


Let P (x, yy, Z;) and Q (xp, ¥2, Z2) be two points on the surface represented by (i). Then, 
AX, + by; + CZ, + d=0 .--(ii) 
and, AXq + byy + cZa+d = 0 ..-(iii) 


Let R be an arbitrary point on the line segment joining P and Q. Suppose R divides PQ 
in the ratio A : 1. Then, coordinates of R are 


Xy,+XAXo y, +A y2 Z1 +AZp 
At+1 % 2A+1 % A+] 


We have to prove that R lies on the surface represented by the equation (i) for all values 
ofA . For this it is sufficient to show that R satisfies equation (i). 





We have, 
Xy+AXo Yi +A y2 Z1+AZ 
o( A+1 Jeo A+1 }ee[ A+1 +e 
= 7 [(axy + by, +cz, +d) +A (ax + by2 + cZ2 + d)) 
thicsil 3 iain ‘a 
= ae [(0+A0] = 0 [Using (ii) and (iii)] 
XytAX YytAY2 A+tAZ)\_. sions. 
This shows that the point R | ———~— , —=——,, —;———_ |satisfies equation (i). 


Atl ’% At1 * Arti 


Since R is an arbitrary point on the line segment joining P and Q. Therefore, every point 
on PQ lies on the surface represented by equation (i). 


Hence, equation (i) represents a plane. 
Q.E.D. 


seme eo Se OS 


== A... ate. 
eee 


28.2 MATHEMATICS-XII 


REMARK The general equation ofa plane is ax + by + cz +d =0. To determinea plane satisfying 
some given conditions we will have to find the values of constants a,b,c and d. It seems that 
there are four unknowns viz. a, b, c and d in the equation ax + by +cz+d=0. But, there 
are only three unknowns, because the equation ax + by + cz + d =0 can be written as 


a b c 
(a l(a )y+(G ee? = Oor, Ax + By+Cz+1=0. 
Thus, to finda plane we must have three conditions to find the values of A, Band C. 


28.2 EQUATIONS OF A PLANE PASSING THROUGH A GIVEN POINT 
THEOREM Thi general equation of a plane passing through a point (x4, yy, 2,) is 
a(x—xX;)+b(y—y, ) +¢ (2-23) =0, where a, b and c are constants. 


PROOF The general equation of a plane is 

ax+by+cz+d = 0 .»(i) 
If it passes through (x1, y;, Z;), then 

ax, +by,+cz;+d =0 => d = —(ax, + by, +cz)) 
Substituting the value of d in (i), we obtain 

ax + by + cz — (ax, + by, +cz,) = 0 


= a(x—x,)+b(y—y})+c(z—-2z,) = 0 


This is the general equation of a plane passing through a given point (%j, Y1,2})- 
Q.E.D. 


In order to find the equation of a plane passing through three given points 
(X1, V1, Z1), (Xo, Yo, Zz) and (x3, ¥3, Z3), we may use the following algorithm. 


ALGORITHM 
STEPI Write the equation of a plane passing through (x1, y,, 21) as 


a(x—x})+b(y—y})+c(z-—z,) = 0 »».(i) 

STEP II If the plane (i) passes through (x9, y2, Z2) and (X3, Y3, Z3), then 
@ (Xz — X1) + B(Y2 — 1) +¢ (22-2) = O .-(ii) 
and, a(x3—%;)+b(y3—y}) +c (z3-—21) = 0 .».(ili) 


STEPIV Substitute the values ofa, band c, obtained in step III, in equation (i) in step 
to get the required plane. 


REMARK On eliminating a, b, c from equations (i), (ii) and (iii), we get 

RK YY re) 

xX2-%1 Y2-Y1 22-21) = 0 

%3—%1 Ya—Y1 23771 
as the equation of the plane passing through three given points (x1, 1, 21), (X2, Ya, Z2) and 
(X3, Ya, Z3)- 


STEP III Solve equations (ii) and (iii) obtained in step II by cross-mutltiplication. 





ILLUSTRATIVE EXAMPLES 


TypeI ONFINDING THE EQUATION OF A PLANE PASSING THROUGH THREE GIVEN POINTS 


EXAMPLE1 Find the equation of the plane through the points A (2, 2,—1), B (3, 4, 2) 
and C (7, 0, 6). 
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SOLUTION The general equation of a plane passing through (2, 2, — 1) is 





a(x-2)+b(y—2)+c(z+1) = 0 ..-(i) 
It will pass through B (3, 4, 2) and C (7, 0, 6) if 

a(3-2)+b(4-2)+c(2+1) = 0 > at+2b+3c = 0 .»-(ii) 
and, a(7-2)+b(0—2)+c(6+1) = 0 = 5a—2b+7c = 0 .»- (iti) 
Solving (ii) and (iii) by cross-multiplication, we have 

__) ee TE 

14+6 15-7 -2-10 

Apo JC: = 
=> 59 aes X (say) 


2 a=5A,b=2A andc=-—3A. 
Substituting the values of a, b and c in (i), we get 
52(x-2)+2A(y—2)-3A(z+1) = 0 
= 5 (x -—2)+2 (y—2)—-3 (z+1) = 
= 5x + 2y—3z = 17, which is the required equation of the plane. 
ALITER The equation of the plane passing through points (2, 2, — 1), (3, 4, 2) and 
(7,0, 6) is given by 
X-2 y-2 z+1 
3-2 4-2 2+1 
7=2, 0-261 
X—=—2 y-2 z+1 
1 2 3 
Ded 
Or, (x — 2) (14 + 6) —(y— 2) (7-15) + (2 +1) (-2-10) = 0 
or, 20 (x -2) +8 (y—2)-12(z+1) = 0 
or, 20x + 8y —12z-68 = 0 
Of, 5x +2y—3z = 17. 
EXAMPLE2 Find the equation of the plane through the points P(1,1,0), Q(1, 2, 1) and 
R (-2, 2,—1). 
SOLUTION The general equation of a plane passing through P (1, 1, 0) is 


= 0 








or, = 0 








a(x-1)+b(y—1)+c(z—-0) = 0 ...(i) 
It will pass through Q (1, 2, 1) and R (2, 2, -1), if 

a-0+b-1+c-1=0 ..(ii) 
and, a(-3)+b-1+c(-1) =0 ...(ili) 
Solving (ii) and oF by a ee we have 

C 

(1) (- = a MC 5. -0(-1) (0) (1)-@) C3) 

z Soa ag 7g = hy) 


=> a=-2i,b=-3A andc=3A 

Substituting the values of a, b and c in (1), we get 
-22(x-1)-3A(y-1) +3Az = 0 

=> —2(x-1)-3(y—1)+3z =0 

= 2x +3y—-3z-5 =0 


oot Ss ee Se pe a oe 


28.4 MATHEMATICS-XII 
EXAMPLE3 If from a point P (a, b, c) perpendiculars PA and PB are drawn to yz and zx-planes, 
find the equation of the plane OAB. | 

SOLUTION The coordinates of A and B are (0, b, c) and (a, 0, c) respectively. 

The equation of the plane passing through O (0, 0, 0), A (0, b, c) and B (a, 0, c) is givenby 





x-0 y-0O z-0 
0-0 b-0O c-0O} =0 
a-Q 0-0 c-0 
= = Ned = 
= bex + acy — abz Oth 3 0. 


Type II ON PROVING COPLANARITY OF FOUR POINTS 

In order to prove the coplanarity of four points, we may use the following algorithm. 

ALGORIGHM 

STEPI Find the equation of a plane passing through any three out of given four points. 
TEP I] Show that the fourth point satisfies the equation in Step I. 


AMPLE4 Show that the four points (0, —1,-1), (-4, 4, 4), (4, 5, 1) and (3, 9, 4) are coplanar. 
id the equation of the plane containing them. 


LUTION The equation of a plane passing through (0, —1, —1) is 


a(x-—0)+b(y+1)+c(z+1) =0 .»+(i) 
if it passes through (’-4, 4, 4) and (4, 5, 1), then 

a (— 4) +b (5) +c (5) = 0 .»-(ii) 
and, a (4)+b(6)+c(2) = 0 
Or, a(2)+b(3)+c(1) = 0 ..-(iii) 


Solving (ii) and (iii) by cross-multiplication, we obtain 
a b c 


AM isp De jC 

-5 7 -11 
=> a=-5iA,b=7i andc=-l11A 
Substituting the values of a, b and c in (ii), we get 

—5Ax+7A (y+1)-11A(z+1)=0 
= —5x+7y+7-11z-11 = 0 
=> 5x —-7y+11z+4 = 0 .+(iV) 
Clearly, the fourth point viz. (3, 9, 4) satisfies this equation. Hence, the given points are 
coplanar. The equation of the plane containing the given points is 

5x —-7y + 11z+4=0. 





EXERCISE 28.1 
1. Find the equation of the plane passing through the following points: 
(i) (2, 1, 0), (3,—2, —2) and (3, 1, 7) 
(ii) (— 5, 0, — 6), (—3, 10, —9) and (— 2, 6, — 6) 
(iii) (1,1, 1), (1,-1,2) and (-—2,-—2,2) — 
(iv) (2, 3, 4), (-3, 5, 1) and (4, —1, 2) 
(v) (0,—1, 0), (3, 3, 0) and (1, 1, 1) [CBSE 2004) 
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2. Show that the four point (0, -1, —1), (4, 5, 1), (3, 9, 4) and (-4, 4, 4) are coplanar and 
find the equation of the common plane. 


3. Show that the following points are coplanar: 
(i) (0, —1, 0), (2, 1,— 1), (1, 1, 1) and (3, 3, 0) 
(ii) (0, 4, 3), (- 1, -5,-3), (- 2, —2, 1) and (1, 1, - 1) 


ANSWERS 





1. (i) 7x +3y—z=17, (ii) 2x -y-—2z-—2=0, (iii) x -3y-—6z+8=0, 
(iv) x+y-—z=1,(v) 4x-—3y +2z=3. 2. 5x-7y+11z+4=0. 


28.3 INTERCEPT FORM OF A PLANE 
THEOREM The equation of a plane intercepting lengths a, band c with x-axis, y-axis and z-axis 
respectively is 

x 2 W 

3 + b +-— = 1 
PROOF Let O be the origin and let OX, OY and OZ be the coordinate axes. Suppose a 
plane meets the coordinate axes OX, OY and OZ at A, B and C respectively such that 
OA =a, OB =b and OC =c. Then, the coordinates of A, B and C are (a, 0, 0), (0, b, 0) and 
(0, 0, c) respectively. 
The equation of a plane passing through A (a, 0, 0) is 

P (x-a)+Q (y—0)+R(z-0) = 0 .t(i) 


Z 
If the plane in (i) passes through B(0,b,0) and 


C(0,0,c), then 
P(0-—a)+Q (b—0)+R (0-0) = 0 








C(o, 0, c) 


= P (-a)+Q(b)+R(0) = 0 .».(ii) 
and, P(0-a)+Q(0-—0)+R(c—0) = 0 
> P (-—a)+Q(0)+R(c) = 0 ...(iii) 


Solving (ii) and (iii) by cross-multiplication, B(o, b, 0) Y 


we have 





iBeicOundt Rex A(a, 0, 0) 
Sa eek. xX 
Fig. 28.1 


=> P = X(bc), Q = A(ac) and R = A (ab) 


Substituting the values of P, Q and R in (i), we get the required equation of the plane as 
d (bc) (x — a) +A (ac) (y —0) +A (ab) (z-0) = 0 


=> bex — abe + acy +abz = 0 

=> bex + acy + abz = abe 
Se Eh fae = 1 Q.E.D. 
Gees iC : 


NOTE1 The above equation is known as the intercept form of the plane, because the plane 
intercepts lengths a, b and c with x, y and z-axis respectively. 

NOTE2 To determine the intercepts made by a plane with the coordinate axes we proceed as 
follows: 

For x-intercept: Put y =0,z =O in the equation of the plane and obtain the value of x. The value 
of x is the intercept on x-axis. 
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For y-intercept: Put x =0,z=0 in the equation of the plane and obtain the value of y. The value 
of y is the intercept on y-axis 


For z-intercept : Put x = 0, y = 0 in the equations of the plane and obtain the value of z. The 
value of z is the intercept on z-axis. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Write the equation of the plane whose intercepts on the coordinate axes are — 4, 2 
and 3. 


SOLUTION We know that the equation of a plane whose intercepts on the coordinate 
axes are a, b and c respectively, is given by 


a “b° Cc 


Here, a = — 4, b = 2, and c = 3. So, the equation of the required plane is 


i = = 
~atot3 1 => —3x+6y+4z = 12. 


EXAMPLE 2 Reduce the equation of the plane 2x + 3y —4z = 12 to intercept form and find its 
intercepts on the coordinate axes. 


SOLUTION The equation of the given plane is 


| 2x Sy Az SS nd Pcs 
2x +3y 4z=12 > +4 ot Bt a Tage 


This is of the form : + ° + : = 1.50, the intercepts made by the plane with the coordinate 


axes are 6, 4 and — 3 respectively. 


EXAMPLE) A plane meets the coordinate axes in A, B, C such that the centroid of triangle ABC 
is the point (p, q, r). Show that the equation of the plane is = gy S = 3. 


[HSB 1991C] 

SOLUTION Let the equation of the required plane be 
aR Lrg ea 
cee a 


Then, the coordinates of A, B and C are A (a, 0, 0), B (0, b, 0) and C(0, 0, c) respectively. 
So, the centroid of triangle ABCis(a/3, b/3, c/3 ) . But, the coordinates of the centroid 
are (p, q, r). 


p=4,q=2 and r= = a= 3p, b = 3q and c = 37 


Substituting the values of a, b and c in (i), we get the required plane as 


Bing Me po B PY i Bie 
$e-¢— 21 => =—4+°+4+-= 3. 
Sp 3q = 3r Pq 


EXAMPLE4 A variable plane moves in sucha way thgt the sum of the reciprocals of its intercepts 
on the three coordinate axes is constant. Show thatfhe plane passes through a fixed point. 


SOLUTION Let the equation of the plane b 







xXx ,¥VZL_ 
vautiinnt Gucie : .«-(i) 


This plane cuts intercepts of lengths a, b and c on the coordinate axes. It is given that 


DT yeas = X, where d is a constant 
a@ 0 °C 
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Jd ae ae Lif Dey ele Slee 
Ma 0h tc * al x lH Bl le alee 


This shows that the plane (i) passes through the fixed points (1/A, 1/A, 1/A). 


EXERCISE 28.2 


1, Write the equation of the plane whose intercepts on the coordinate axes are 2, —3 
and 4. 


2. Reduce the equations of the following planes in intercept form and find its intercepts 
on the coordinate axes: 
(i) 4x+3y-—6z-12=0, (ii) 2x+3y-z=6, (iii) 2x-y+z=5. 

3. Find the equation of a plane which meets the axes in A, B and C, given that the 
centroid of the triangle ABC is the point (a, B, y). 


4. Find the equation of the plane passing through the point (2, 4, 6) and making equal 
intercepts on the coordinate axes. 

. Aplane meets the coordinate axes at A, B and C respectively such that the centroid 
of triangle ABC is (1, — 2, 3). Find the equation of the plane. 


=> 





wi 


ANSWERS 





1, 6x- a area 


Ace a. a ay XYZ _ 
2. (i) Rta te 1; 3,4,-2, (ii) 345 56 l; 3,2,-—6 
wy X | Y Zz Oia 
(iii) anise sts =k mY SD 
3. an 73 4. x+y+z=12 5. 6x—3y +2z=18. 


28.4 VECTOR EQUATION OF A PLANE PASSING THROUGH A GIVEN 
POINT AND NORMAL TO A GIVEN VECTOR 


THEOREM The vector equation of a plane passing through a point having position vector @’and 
normal to vector n° is 


(r (F-ay- nn’ w= Oo, renr=aen’ 
PROOF Suppose the plane m passes through a point having a position vector a’ 
(see Fig. 28.2) and is normal to the vector 71 
a r’ be the position vector of an arbitrarily chosen point P on the plane x. Then, 
OP = r. 


Now, AP lies in the plane and ris normal to the 
plane tt. 


on AP in 
=> AP - = 
> @a. a 


Since ris the position vector of an arbitrary point on 
the plane. So, the vector equation of the plane is 


(F-ay-n’= 0 -»(i) 


Equation (i) can also be written as 


rT. nN a’. n’= 0 or, rT. n= a’. rid Fig. 28.2 


Plane x 





me = 
eee ee 


28.8 MATHEMATICS-XIl 
NOTE NOTE 1 | It is to note here that vector equation of a plane means a relation involving the position 
vector r° of an arbitrary point on the plane. 
NOTE2 The above equation can also be written as 7? n’= d, where d' = a?-in? 
This is known as the scalar product form of a plane. 
REDUCTION TO CARTESIAN FORM 
A A “A 
If P=xityj+zk, a’= ay t+ a + a3 k and 7i’= ny ie it J +13 k. 
A 
Then, r-a’= (x — ay) P+ (y — a9) J + (2-423) k. 
Substituting the values of (F*ayand 77’ in equation (i), we get 
A “A 
[(x — a4) I+ (y — aa) J + (z — 43) k] - (ny ee N» j+ n3k) = 0 
=> (x —@}) ny + (Y — Az) Np + (Z—A3) Nz = 0 .+.(ii) 
This is the cartesian equation of a plane passing through (4), 4, a3). 


Note that the coefficients of x, yand z in equation (ii) are 1), nz and 3 respectively which 


are direction ratios of vector 7!’normal to the plane. 


Thus, the coefficient of x, y and z in the cartesian equation of a plane are the direction ratios of 
normal to the plane. 


For example, the direction ratios of a vector poumnal fo. the plane 2x + y—2z-5=Oare 
2, 1,-—2 and hence a vector normal to the plane is 2 1 i+ j- 2 k. 


ILLUSTRATIVE EXAMPLES 
See 1 Pind the vector equation of a plane passing through a point having position vector 
27+3 j- -4 k and perpendicular to the vector 2 j- J +2 k. Also, reduce it to cartesian form. 


SOLUTION We know that the vector equation of a plane passing through a point 
@’and normal to 71’ is 


P-P- P09 PPP? 
Here, @= 2143 f-4kand w= 2f-M2k 
So, the equation of the required plane is 
7. (2h M2k = 23f-4h- 2h M2h 


= (28-28 = 4-3-8 
= P.(2h-M2k = -7 ‘ Ai) 


Reduction to cartesian form : Since 7’denotes the position vector of an arbitrary point 
(x, y, z) on the plane. Therefore, putting 7’= x1+yj+zk in (i), we obtain 


x feyfezk- (20-28 =-7 = 2x-y+22 = -7 
This is the required cartesian equation of the plane. 


EXAMPLE2 Find the equation in cartesian form of the plane passing through the point 
(3, -3, 1) and normal to the line joining the points (3, 4, -1) and (2, —1, 5). 


SOLUTION We know that the vector equation ofa plane passing through a point having 
position vector @ and normal to 71’ is 


(7- ay - = o=> ae =a’ . Th »--(i) 


Since the given plane passes through the point (3, —3, 1) and is normal to the line joining 
A (3, 4,-1) and B (2,—1, 5). Therefore, 
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w= 3f-3f+k 
and, = W= AB = (2°-+5H-(3%+4f- bk = -f-5f4+6k 
Substituting @’= 37-3 }. + k and f= -7-5 } + 6k in equation (i), we obtain 
r.(-f-5f+6k = (3f-3f% b-(-f-5f+6k 
= P(-fsf+6 =-34+15+6 
=) 7. (- Ss 6b =18 
This is the vector equation of the required plane. 
The cartesian equation is given by 
fey fezk-(-h5f6k = 18 [Putting 7= x+y f+3h] 
=? -x-5y+6z = 18 
= x+S5y—-6z+18 = 0 


EXAMPLE3 The foot of perpendicular drawn from the origin to the plane is (4,—2,—5). 
Find the equation of the plane. 


SOLUTION The required plane passes through the point P(4, — 2, — 5) and is perpen- 
dicular to OP. 
A A 


q%4f-2f-5kand 7=OP =4f-2j-5k. 


O 
Fig. 28.3 
So, the equation of the plane is 
P= 2. 
Sop A AIS AYRiAgE OD ACA 
> r*(41-2j-—5k) =(41-2j-5k)- (41-2)-5k) 
= 7. (4f-2f-5h =164+44+25 
= P(aho2f-sh =45 (i) 


A 
Reduction to cartesian form : Putting r= x?+y }. +2k in (i), we obtain 
A 
fey fezk-(4f-2f-5h = 45 = 4x-2y—5z =45 
This is the cartesian equation of the required plane. 


EXAMPLE4 Find the vector equation of the plane whose cartesian form of equation is 
3x — 4y + 2z =5. 


SOLUTION The equation of the given plane is 
3x-4y+2z =5 
A A 
=> (xityf+zk)-(31-4j+2k =5 


atin 
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= 7. (3f-4%2h =5 
This is the vector form of the equation of the given plane. 


EXAMPLES Find a normal vector to the plane 2x — y + 2z = 5. Also, find a unit vector normal 
to the plane. 


SOLUTION We know that the coefficient of x, y and z respectively in the cartesian 
equation of a plane determine the direction ratios of a vector normal to the plane. 


Therefore, direction ratios of a vector’ normal to the given plane are proportional 
to 2,-—1, 2. 


A 
W= 2i-j;+2k | 
Thus, a unit vector normal to the plane is givenb 
—- 


Sa OD Oey ar 

Pains daeiea 32! 7*2h \. 
EXAMPLE6 Find the equation of the plane passing through the point (1, — 1, 2) having 2, 3, 2 
as direction ratios of normal to the plane. 


SOLUTION Here the plane passes through the point having position vector 


T= i } + 2k and is normal to the vector 7’= 27+3 j+ 2k. So, the vector equation of 
the plane is 


Pr. (2h4 32k = (Mf2k (2h 3f-2b 
= & A N 
r(21+3j+2k) = 2-3+4 
SN Ae A 
r’(21+3j+2k) =3 
The cartesian equation of the plane is 
Ape nies Ain Nan oS 
(xityj+zk)-(21+3j;+2k =3 
= 2x +3y+2z = 3 
EXAMPLE 7 Let n’ bea vector of magnitude 2N3 such that it makes equal acute angles with the 


coordinate axes. Find the vector and cartesian forms of the equation of a plane passing through 
(1,-1, 2) and normal to 7? 


SOLUTION Leta, B and ybe the angles made by n’ with ox, oy and oz respectively. Then, 


a=f8=y=> cosa =cosB=cosy > /l=me=n, 


Youyvd 


A 
[Putting 77= x P+yj+zk) 


where I, m1, n are direction cosines of n? 


But, 2 +m2+n*=1 
= = 2. = i ee i ‘ = 
l=m=n-> 3l 1=> I! Vs [-.- @isacute .. cosa = />0] 
Thus, 7°=2V3 i + - j+ : k [Using 7’= | 7’| ahem fend) 
4 3° V37" VB | 
= w= 20+2f+2k 


The required plane passes through a point (1, — 1, 2) having position vector 
@’= {—-j +2kand is normal to 7’ So, its vector equation is 


rT n= an’ 


THE PLANE 28.11 


A 
= aa h+2f+28) = (hf2k (2M 2f428 
= r?. (2 M2 f+2k) = 2- 2+4 
= 7. (fei k) = 2. 


The cartesian equation of this plane is 
Ne A MN ON Aas 
(Xi+yjJ+Zk)-(i+j+ kh) =2 => x+y+z =2. 

EXAMPLE 8 Find the angle between the normals to the planes 2x -— y + z = 6 and 
x+yt+2z = 7. 
SOLUTION Let 7; and 713 be vectors normal to the planes 2x - y + z = 6 and 
x+y+2z2=7. 
Direction rabies Of NOL, to 2x — y + z = 6 are proportional to 2, —1,1 
50, ni =27- j Nk 
Direction ratios of normal to x + y + 2z = 7 are proportional to 1, 1,2 

A 
Let @ be the angle between the normals 7; and 73. Then, 

ny - 3 


Cod 0S oe 
[ny] | 3 | 


=, “os 6 = 2x1+(—1)x1+1x2 
V2? + (-1)2 +1? V1? 4+1?+2? 


1 1 
=> cosO=5 => 6 = 3. 


eR 9 Show that the normals to the planes r-(t-j+k)=3 and 
7 (31+2 } - k)+5= 0 are be gist to each other. 

SCION Let mi nm; and 75 be vectors normal to the planes r(i— } + k) = 3 and, 
7? (3142 i= k) = 0 respectively. 


A 
Then, i; fA. band 7 =3f+2f- k. 
A A 
Now, m-73 = (?-j+ k)-(31+2j- kb =3-2-1=0 
Hence, 7y-4 73. 


EXAMPLE10 Find the angles at which the normal vector to the plane 4x + 8y +z =5 is inclined 
to the coordinate axes. 


SOLUTION Let be a vector normal to the pene Since direction ratios of normal to the 
plane are proportional to 4, 8, 1. Therefore, 1=41 i+8 ] + k 


Direction cosines of 7are 
ie ee ’ 8 ’ 1 Or 4 ’ 8, i 
Va?482412 Va2+82412 Va2+82422 °9 9 9 


Let o,B,y be the angles made by 7” with x-axis, y-axis and z-axis respectively. 
Then, 


\O | 


cosa = =, cosB = © and cos = 


a= cos'($), p = cos(8 me — (3) 
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EXAMPLE 11 A vector n nof magnitude 8 units is inclined to x-axis at 45°, y-axis at 60°and an 
acute angle with z-axis. If a plane passes through a point (V2, — 1, 1) and is normal to 71; find its 


equation in vector form. 





SOLUTION Lety be the angle made by 77’ with z-axis. Then direction cosines of 7’ are 


1 1 
= ° = = °o= => = 
I = cos 45 Vo7 m = cos 60 7 and nm = cosy. 
P+m24+n? = 1 
2 2 
1 1 ae 
=~ (zy+(Bfer es 
=> n? = ; =>n= 7 [-.. yis acute ..n = cosy>0] 
We have, | 7’ | = 8. 
A 
n=|n’| (hk mj. nk) 


= 


a= 


A 
b) nae trafeal 


The required plane passes through the point (V2 ,-1,1) having position vector 


V2 i-j+ k. 


So, its vector equation is 


2. 


(ay n’= 
= r-n=a-n 
=> Fava af yak = DPI & by - (42 haha 
= Cd ae 444 
= P.(4V2h4h4ahk = 
= 7. (2PM R) = 2. 

EXERCISE 28.3 

1 


. shee lute vector equation of a plane passing proven a point having position vector 


i —J (+ kand perpendicular to the vector 4 1+ 2;- —3k. 


Find the caren form of equation 0) ofa plane whose vector equation is 
(i) r’. a2f-3f%-4h+5 = 0 (ii) Fr’: (-74+74+2k) = 9 


. Find the vector equations of the coordinates planes. 
. Find the vector equation of each one of following planes: 


(i) 2x-y+2z=8 (ii) xt+y-—z=5 (iii) x+y =3 


. Find the vector and cartesian equations of a plane passing through the point 


(1,—1,1) and normal to the line joining the points (1, 2, 5) and (— 1,3, 1). 


. If 7’ is a vector of magnitude V3 and is equally inclined with an acute angle with 


the coordinate axes. Find the vector and cartesian forms of equation of a plane which 
passes through (2, 1, — 1) and is normal to n 


. The foot of the perpendicular drawn from the origin to a plane is (12, —4, 3). 


Find the equation of the plane. 


. Find the equation of the plane passing through the point 2, 3, 1) having 5, 3, 2 as 


direction ratios of normal to the plane. 


. If the axes are rectangular and P is the point (2, 3, —1), find the equation of the plane 


through P at right angles to OP. 





THE PLANE 28.13 


10. Find the intercepts made on the coordinate axes by the plane 2x + y—2z = 3 and find 
also the direction cosines of the normal to the plane. 

Tl. A plane passes through the pojnt (1, - 2, 5) and is perpendicular to the line joining 
the origin to the point 3 1 +7 — k. Find the vector and cartesian forms of the equation 
of the plane. 


12. Find the equation of the plane that bisects the line joining (1, 2, 3) and (3, 4,5) and 
is at right angle to the line. 

13, = that the normals to the following pairs of planes are perpendicular to each 
other: 

i) x-y+z—2=N and 3x + 2y—z+4=0 

" Piot-f+3h—5 and e 2f- 26S. 

14. Show that the normal vector to the plane 2x + 2y + 2z = 3 is equally inclined with 
the coordinate axes. 

15. Find a vector of magnitude 26 units normal to the plane 12x — 3y + 4z = 1. 

16. If the line drawn from (4,—1,2) meets a plane at right angles at the point 
(- 10,5, 4), find the equation of the plane. 

17, Find the equation of the plane which bisects the line joining the points 
(- 1, 2,3) and (3, — 5, 6) at right angles. 





ANSWERS 
1. 77-(4M2*-3h = 3 
2. (i)12x-3y+4z+5=0 (ii) -x+y+2z =9 
37. f= 0,7. f= 0,7 k = 0 
A 
a (rat-M2b=8 Wdr(hfP_b=5 
“A 
(iii) 7. (+7) = 3. 5. 7? (2i-j+4k) = 7, 2x-y+4z =7 
SAA. A 
6. rs (t+j+k)=2,xt+y+z=2 
7. 12x-4y+3z = 169 8. 5x+3y+2z = 21 
9. 2x+3y—z = 14 ie Seas Spe = 
: - tags . 9’ r) 9? SYGEyY 3 
11. 7° (374+j- kh) =-4, 3x+y-z =-4 
A 
12. x+y+z=9 15. 24i-674+8k 
16. 7x-3y—z+89 = 0 17. 4x -7y+3z—28 = 0 


HINTS TO SELECTED PROBLEM 


3. XY-plane passes through the origin and is perpendicular to z-axis. 
So, its vector equation is (r- Oy -k = 0Oor,r? k= 0. 
Similarly, the equations of YZ and XZ-planesarer’-1 = Oand 





Tr’. } = Orespectively. 
28.5 EQUATION OF A PLANE IN NORMAL FORM 

VECTOR FORM 

THEOREM 1 The vector equation of a plane normal to unit vector n and ata distance d from the 
origin isT’-n =. 

PROOF Let O be the origin and let ON be the perpendicular from O to the given plane 


m such that ON = d. Let n be a unit vector along ON. Then, ON =d fh. So, the position 
vector of N is dn. Let F’be the position vector of an arbitrary point P on the plane. Then, 


28.14 


NP LON 


NP Ln 
NP -2 =0 


(F-dh)-n = 0 [. NP = F-dn] 
r-n—d(n-n) =0 

P.A-d|n|2=0 tah. fe 
F.h-d =0 oe | ; 


A 
rn = d. 


fo) ta te 


O 


Since r’ denotes the position vector of an arbitrary Fig. 28.4 


point on the plane 7. Thus, the required equation of 


the plane isr*n = d. 


REMARK1 The vector equation of ON isT=0+A n and the position vector of N is d Nas it is 
at a distance d from the origin O. 


CARTESIAN FORM 


THEOREM 2 If 1, m,n are direction cosines of the normal to a given plane which is at a distance 
p from the origin, then the equation of the plane is Ix + my + nz = p. 


PROOF We know that the vector equation ofa plane at a distance p from the origin and 
normal to unit vector 71 is 


rn =p 
Here, A=lh+mfenk. 
So, the cartesian equation of the plane is 
(x fey fezk- (fem fenk =p 
=> Ix-+my+nz =p 


NOTE1 The equation 7’ n’= d is in normal form if Wis a unit vector and in such a case d 


denotes the distance of the plane from the origin. If n’is not a unit vector, then to reduce the 
equation r’- n’= d to normal form we divide both sides by | 1’ | to obtain 


—> 


— n = d —> A _ d 
COTTE ih = ae a 


NOTE2 To reduce the cartesian equation ax + by + cz + d =0 to normal form, we proceed as 
follows: 


STEP I 


Keep terms containing x, y and zon LHS and shift the constant term d on the RHS. 
STEP I 


If the constant term on RHS is not positive make it positive by multiplying both sides 


by —1. 
STEP III Divide each term on two sides by 


Na? +? +02 = V(Coeff. of x)? + (Coeff. of y)* + (Coeff. of z)?. 


The coefficients of x, y and z in the equation so obtained will be the direction cosines of 
the normal to the plane and the RHS will be the distance of the plane from the origin. 
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REMARK2 The cartesian equation of the normal to the plane Ix + my + nz =p drawn from the 





origin is ; = = = a and the coordinates of the foot N of the perpendicular drawn from the origin 


O are given by ; = re = 5 =pi.e. (Ip,mp,np). 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the vector equation of a plane at a distance of 5 units from the origin and has 
las the unit vector normal to it. 


SOLUTION Here, n = fandd = 5. 

So, the vector equation of the plane is 7” i= 5. 

EXAMPLE2 Find the vector equation of a plane which is at a distance of 8 units from the origin 
ia: AN Ae 

and which is normal to the vector 21+] +2 kK 

SOLUTION Here, d=8and7’=21+)+2k. 


= A: A! As 
A n ZIP, tQK © 2 Aes 
w= TS|  Vapiee -.8 0 oye 
Hence, the required equation of the plane is 
A 
P(gteghs k)=8 => P-Qhf42b = 24. 


A 
EXAMPLE 3 Reduce the equation Tr”: (3 i 4 rk + 12k)=5 to normal form and hence find the 
length of perpendicular from the origin to the plane. 


SOLUTION The given equation is 
—>> A A A 
r*-(31-—47+12k)=5. 


A 
= r?.W?= 5, where W’= 31-4) +12k. 


Since | 7’ | = V3? + (- 4)* +127 =13 #1. Therefore, the given equation is not in normal 
form. To reduce it to normal form, we divide both sides by | n’ | ie., 


—>> 
>. ars 5 
| 7 | | i | 


>{ 3A 4a, 120)_ 5 
= E a! she |= % 


This is the normal form of the equation of given plane. The length of the perpendicular 


es, 
from the origin is 13° 
EXAMPLE4 Reduce the equation of the plane x — 2y — 2z = 12 to normal form and hence find 
the length of the perpendicular from the origin to the plane. Also, find the direction cosines of the 
normal to the plane. 


SOLUTION The given equation of the plane is x — 2y —2z = 12 ---(i) 
Dividing (i) throughout by V1? + (—2)*+(—2)° ie. by 3, we get 

X22 ad 

33” 3 


This is the normal form of the equation of the given plane. Clearly, the length of the 
perpendicular from the origin to the plane is 4 units and the direction cosines of the 
22 


LS yee 
normal to the plane are =, 3°73 


, 
: 
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EXAMPLES Find the vector equation ofa plane which is at a distance of 6 units from the origin 
and has 2, -1, 2 as the direction ratios of a normal to it. Also, find the coordinates of the foot of 
the normal drawn from the origin. 


SOLUTION Let 77’ be a vector normal to the plane. Then the direction ratios of i’are 
proportional to 2, —1, 2. 


A 
W= 2P-f4+2k => |W] = V224+(-1)2+22 = 3 
fe a 2h 1p 2 fp 
Srimuleaie 32-3 


The required plane is at a distance of 6 units from the origin. So, its equation is 


DN eiGiaart gigihy r)- 6 


3 3 
The position vector of the foot of the normal drawn from the origin is 
A 2 IS NOS 72 A w»A 
dn = 6 E Fe ejhials Jeafofeat 


So, the coordinates of the foot of the normal are (4, — 2, 4). 


EXAMPLE 6 Find the coordinates of the foot of the perpendicular drawn from the origin to the 
plane 2x —3y + 4z — 6=0. 
SOLUTION The equation of the plane is 

2x —3y+4z-6=0 
=> 2x -3y+4z=6 
es 2 et 3 bide 4 ps 6 Dividing through out by 
V29 *~ ¥29 4 * ¥a9 7 29 2? + (—3)° +42 =V29 


This is the normal form of the given plane. It is evident from this equation that the 
direction cosines of the normal drawn from the origin to the given plane are 


[= 2 sm=— 2 n= Z 
29 v29°" ~ ¥29. 
and the plane is at a distance of d= 5 units from the origin. 
The coordinates of the foot of the perpendicular drawn from the origin are 


‘ 12 18 24 
(Id, md, nd) i.e., 29’ 99" =} 


EXAMPLE 7 Find the direction cosines of perpendicular from the origin to the plane 
r*.(2i-3j7-6k)+5 = 0. 


SOLUTION To find the direction cosines of perpendicular from the origin to the given 
plane we first reduce it to normal form. 


The equation of the given plane is 
—> A “a A 
r*-(21-3j-6k)+5 =0 


A. 
=> 7 (2i-3)-6k) =—-5 
= F.(-29+3f+6K =5 
= 7? w= 5, where W= -2/4+3jf+6k afi) 


Now, |7| = V(-2)?+37+6 =7 
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Dividing (i) throughout by | 7’ | =7, we get 
—) 
= yest aaa —{ 2h 28.67) ao 
alin | 5° hn =P 7 ig) Tae aaa 


So, the direction cosines of the normal to the plane are -< , : : 2. 


EXAMPLE 8 Find the equation of the plane passing through the point (— 1, 2, 1) and perpen- 
dicular to the line joining the points (— 3, 1, 2) and (2, 3, 4). Find also the perpendicular distance 
of the origin from this plane. 


SOLUTION The required plane passes through the point (— 1, 2, 1) having position vector 
P= -1+2 } + k and is perpendicular to the line joining the points A (— 3, 1, 2) and B (2, 
3,4). Therefore, a vector normal to the plane is given by 

MAB = (2f43h+4b-(-3h+ {42H =5f+2fe2k 
We know that the vector equation of a plane passing through a point having position 
vector @ and normal to vector 71s given by 

(F-a)- = 0 ST nea’ in’ 
Therefore, the equation of the required plane is 

(6 he2- 2h = (feats RGM 22h 
= 7. (52+2$+2k) = -54442 
= 7. (51+ 2f+2k = 1. .--(i) 
To find the distance of this plane from the origin, we reduce its equation to normal form. 


We have, | n’| = V52 427422 = ¥33 


Dividing (i) throughout by | nt | = V¥33, we get 
?( Soh 22 pled 
V33 | * ¥33/~ V33 V¥33 


Bes 
So, the perpendicular distance of the origin from the plane is Bs" 


28.6 VECTOR EQUATION OF A PLANE PASSING THROUGH THREE 

GIVEN POINTS = 
Let A, B, and C be three points on a.plane 7 having their position vectors a7 b and c 
respectively. Then, vectors AB and ACare in the plane . Therefore, AB x AC is a vector 
perpendicular to the plane 7. 


We have, 
ABxAC = (b—ayx (Fay 
=> ABxAC = akb+bxo% OKT 


Thus, the plane 1 passes through the point A with position vector @’and is normal to 
vector 


W= ABxAC = akb+bxetcKa 
So, the vector equation of the plane 7 is 
(F>ay.n’= 0 


or, (Fa). (ABx AC) = 0 


Or, (Fz ay. b+ bx TR TK = 0 


ie 


Dg ee ee, Se ee I -- 
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ILLUSTRATION 1 Find the vector equation of the plane passing through the points 
A (2, 2, — 1), B (3, 4, 2) and C (7, 0, 6). Also, find the cartesian equation of the plane. 
oa The required plane passes through the point A (2, 2, — 1) whose position 
vector is 7% 21+ 2} - —k and is normal to the vector 7’given by 


W= ABxAC 
We have, 
AB = (3f+4)+2k) —(2h+2/—-h = M4 2) 43k 
REAROEOR HA A in A A 
and, AC. = (7+ 0j + 6K) — (28+ 2j —k) = 5f- 2j + 7k 


w= ABxAC 








Aa fs 
i upeck 
= w=|1 23 
5-2 7 
A A A 
= W= (1446) f-(7-15)j+(-2-10)k = 208+ 8j— 12k 


The vector equation of the required plane is 
TT ie v 
F? (208+ 8f 12k) = (2h+2)-K) . (20/4 8) — 12k) 
—_ A 2% A 
r. (20: + 8j —12k) = 40+16+12 
Saupe ANN “ 
r. (201 + 8j — 12k) = 68 
A 
7? (5+ 2) 3k) = 17 
The cartesian Tuts) of the plane is given by 
(xt + Yj i+ 3h) . (51. + 2} 3k) = 17 
=> 5x + 2y —3z = 17. 


ILLUSTRATION 2 If from a point P (a,b,c) perpendiculars PA and PB are drazwn to yz and 
zx-planes, find the vector equation of the plane OAB. 
SOLUTION The coordinates A and B are (0, b, c) and (a, 0, c) respectively. 


A 
OA = bj+ck and OB = aft ck 


Yuu dy 


The plane OAB passes through O (Oy and is perpendicular to n= OA x OB. 
We have, 


0S AN 
= bei + acj —abk 








So, the equation of plane OAB is 


(2 Dy-7’= 0 


= Pen= 0 => Fr? (bel + caj — abk) = 0. 


EXERCISE 28.4 


1. Find the yector equation of a plane which is at a distance of 3 units from the origin 
and has kas the unit vector normal to it. 


2. Find the vector equation of a plane Which i is ata distance of 5 units from the origin 
and which is normal to the vector 1-2 j—2k. 





a 
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3. Reduce the equation 2x — 3y — 6z = 14 to the normal form and hence find the length 
of perpendicular from the origin to the plane. Also, find the direction cosines of the 
normal to the plane. n 

4. Reduce the equation 7”: (f-2j+2k)+6=0 to normal form and hence find the 
length of perpendicular from the origin to the plane. 

5. Write the normal form of the equation of the plane 2x — 3y + 6z + 14=0. 

6. The direction ratios of the perpendicular from the origin to a plane are 12,—3,4and 
the length of the perpendicular is 5. Find the equation of the plane. 

7. Find a unit normal vector to the plane x + 2y + 3z—6 = 0. 

8, Find the equation of a plane which is at a distance of 3 V3 units from the origin and 
the normal to which is equally inclined with the coordinate axes. 

9. Find the equation of the plane passing through the point (1, 2, 1) and perpendicular 
to the line joining the points (1,4, 2) and (2,3,5). Find also the perpendicular distance 
of the origin from this plane. [CBSE 1996] 

10. Find the vector equation of the plane passing through the points 
(1,1, 1), (1,—1, 1) and (— 7, —3, —5). 





ANSWERS 
1. 7k=3 2 PgR aI k)=8 3 Neate 
4. Bata f)=2:2 5. -Sx+Sy-2z=2 
6. Ge- SR ytaz=5 7 sag he eft 
8. xty+z=9 9. x-y+3z-2=0, = 


“A 
10. 7?(3i-4k) +1 = 0 


28.7 ANGLE BETWEEN TWO PLANES 
DEFINITION The angle between two planes is defined as the angle between their normals. 
VECTOR FORM 


THEOREM 1 The angle 8 between the planes Tr’. ny =d, and Ts 13 = d> is given by 
ny - 713 


cos: 8) = —— 
[my | | m2 


PROOF Let 0 be the angle between the planes r* nj =d, and 7’: 13 =d>. Then, @ is the 
angle between their normals 77; and 715. 
my + 13 


COS Oise ee 
| my] | 72 | 


Condition of perpendicularity : If the planes 7’; = d, and 
dicular, then 7; and 75 are perpendicular. 

ny 713 = 0 
Condition of parallelism : If the planes 7’ nj = d, and 7-73 = dp are parallel, then 
ny and 73 are parallel. Therefore, there exists a scalar A such that 

ny = An 


T*-tg = d> are perpen- 
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CARTESIAN FORM 
THEOREM2 The angle © between the planes ayx+b,y+c,z=0 and 
Ay X + boy + Co z+ dz =0 is given by 


AA + bib, + C4Co 


Va,? + b,? + ¢;7 Va57 + bo? + Co" 


PROOF Let 7; and 715 be the vectors normal to the planes a,x + by + ¢,z +d, =0 and 
Apx + boy + Coz + dz = 0. Then, 


cos § = 


A A As A A As 
Ny = a,1+b,)+c,k and 13 = Ani +by] +czk. 


The angle 6 between 7; and 713 is given by 


Se) ET oR oe 


9 TH c TH 9 AA + by by + C4Co 
cos =7T7=>,1-> 7, = COS = 
| ny | | ny | Vay? + by? + c,7 Vag? + ba? + cp” 


Condition of perpendicularity: If the planes are perpendicular, then 7; and 75 are perpen- 
dicular. 


ey 


my Hig = 0 
A A ‘A rs A “4 
7 (a, 1+b, 3+, k)- (@91+boj+0c,k) = 0 
> @Az + by bz + €4Co = 0 


Thus, the planes a,x + byy + c,z +d, =O and ax + boyy + coz + d = 0 are perpendicular, if 
A3A7 + by bp +C,Co = O 
Condition of parallelism : If the planes are parallel, then 7; and 73 are parallel. 


nN; = An forsome scalar A 


A A 
=> (ay 2 +b, fc, K) =A (Qo it + bz] + cok) 
=> Q@;=A a, b) =A by and cy =A co 
= pilieog sa 
Ma b, 
Thus, the planes a,x + byy + cz + d, =0 and apx + boy + coz + dz = O are parallel, if 
ma b XY 
a2 bn © 


ILLUSTRATIVE EXAMPLES 


TypeI ON FINDING THE ANGLE BETWEEN TWO PLANES 

EXAMPLE1 Find the angle between the planes r?- (2 1—} + k) =6and7*(f+]+2 k) =9. 
SOLUTION We know that the angle between the planes Pr TH = d, and Tr’ n3 =dy> is 
given by 


é iy +113 
cos @ = 
| my | | 72 | 


Here, Wm = 2t-j+ kand 7 =f+ 2k. 
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wos = Eafe (Peek) 2-142 si 
p2h-fe rR) [fepeok) Vaei+1 Vi+1+4 = 2 
= 6 = 2/3. 
EXAMPLE2 Find the angle between the planes x + y + 2z = 9and 2x-y+2z=15. 
SOLUTION We know that the angle between the planes a,x + by +c,z+d,=0 and 
45x + boy + Coz + do = 0 is given by 


Maz + by bo + CC 
cos 8 = 
Va,” + b,? + c;? V a5” + bo? + C5” 


Therefore, the angle between x + y + 2z = 9 and 2x -y +z = 15 is given by 
1) (2) + (1) (= 1) + 2) ( )_, 2-1+2_1 at 
cos 0 = = z a, MS aa 
12412742? V22+C1r+12 eve 2 3 


EXAMPLE3 Show that the planes 2x + 6y + 6z =7 and 3x + 4y —5z = 8 are at right angles. 
SOLUTION We know that’ the planes a,x + by + cyz +d, = and 
ax + boy + Coz + da = 0 are at right angles, if 

Ao +b by +C,Co = 0 
We have, (2) (3) + (6) (4) + (6) (—5) = 0. 
Therefore, planes 2x + 6y + 6z = e and 3x + 4y—5z=8 as at PHEnE angles. 


EXAMPLE 4 If the planes 7’: (2 = J +2 b= Sand 7: (31+2 j +2 b= 4 are perpendicular. 
Find the value of i. 


EON We know that the planes 7” Th = dand7’- 13 = d> are perpendicular, if 
ij-g = 0. Therefore, given planes will be perpendicular to each other, if 


A A 
(2P-+AK-(BI+2p+2k) =0 = 6-24+20=0 > A=-2. 
Type II ON FINDING A PLANE PASSING THROUGH A GIVEN POINT AND PERPENDICULAR 


TO TWO GIVEN PLANES 


The normal to the plan Me aSaie through a point having position vector f@ and perpen- 
dicular to the planes 7? 73 = d, and 77 713 = d> is perpendicular to the vectors ny and 73. 


So, itis parallel to , x m5. We may use the following algorithm to find the plane 
passing through a given point and perpendicular to the two planes. 

ALGORITHM 

STEPI Obtain the position vector of the given point say, a. 

STEP II Obtain the pti vectors to two planes. Let the normal vectors be n, n, and >. 


STEP IM Compute n= nh x >. Clearly, nis normal to the required plane. 





; 


Write the equation of the desired plane as 
(Fay. (ny xg) =0 
or, 72 (1X3) = a2 (1, X75) 
EXAMPLES Find the equation of the plane passing through the point (1, 1,—1) and perpendicular 
to the planes x + 2y + 3z—7 = Oand 2x —3y + 4z=0. [CBSE 2003] 
SOLUTION The equation of any plane passing through (1, 1,—1) is 
a(x—1)+b(y-1)+c(z+1) =0 --.(1) 


EE I TP em 


ee 
— > os 


28.22 MATHEMATICS-XII 


If plane (i) is perpendicular to each one of the planesx + 2y + 3z —7 = Oand 
2x — 3y + 4z =0, then 


a+2b+3c = 0 ...(ii) 
and, 2a -3b+4c = 0 ...(iii) 
On solving (ii) and (iii) by cross-multiplication, we get 

a b 7 c 

(2) (4)-(3)(-3) (3) (2)- (4) 4) (1) - 3) - 2) 2) 

LY a Neel 
a a) = a7 = ery) 
=> a=17h4,b =2A andc=-7A 


Putting a=174,b=2d and c=-—7A( in (i), we get 
17A (x-1)+2A(y-1)-7A(z+1) = 0 
= 17x + 2y —7z = 26 
This is the equation of the required plane. 
ALITER The required plane passes through the point having position vector 


ati } — &. Let the normal vector to the required plane be 7: Then, 71'is perpendicular to 
the normals to the planes x + 2y+3z-—7=0 and 2x-3y+4z=0 i.e. to the vectors 
Ny = 1+ 2)+ 3k and 73 = 2% 3/44 








Se ane 
m= yxy = |1 2 3] = 177 +27-7k 
2-34 
So, the equation of the required plane is 
(F*ay.n’= 0 
= rr=2n 
= 7? (171+27—7h) = (P+ 7-f. (178+ 2f- 7h) 
= 7? (171+ 27—7k) = 17+24+7 
=> 7? (171+ 2j7-7h) = 26 


Type III ON FINDING A PLANE PASSING THROUGH TWO GIVEN POINTS AND 
PERPENDICULAR TO A GIVEN PLANE 


The normal to the plane passing through two points P and Q having their position 
vectors @ and b respectively and perpendicular to the plane 7? 7; = d, is perpendicular 


to the vectors PQ and 77. So, the normal vector 77’to the plane is parallel to the vector 

PQ x nj. Thus, we may use the following algorithm to find a plane passing through 

two given points and perpendicular to a given plane. 

ALGORITHM 

STEPI Obtain the position vectors of the given points. Let the positions vectors of the given 
points P and Q be @’and b respectively. 

STEP II Obtain the equation of the plane perpendicular to the required plane. Let its equation 

ber? nj =d. 

Let n’be the normal vector to the required plane. Then, 7 is perpendicular to both n; 

and PQ. So, compute n= 72 x PQ. 


Write the equation of the required plane as (Fa) .n=O0or7? naan 





 E 
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EXAMPLE¢gFind the equation of the plane through the points (2,1 1,- 1) and (— 1,3, 4) and 
perpendicular to the plane x — 2y + 4z = 10. 
SOLUTION The equation of any plane through (2, 1, — 1) is 

a(x-—2)+b(y-—1)+c(z+1) = 0 .--(i) 
If it passes through (-1, 3, 4), then 

a(-1-—2)+b(3-—1)+c(4+1) = 0 


=> -3a+2b+5c = 0 .-.(ii) 
If plane (i) is perpendicular to the plane x — 2y + 4z = 10, then 

a-2b+4c = 0 ..-(ili) 
Solving (ii) and (iii) by the method of cross-multiplication, we obtain 

ie ee 

8+10 5+12 6-2 
= fat = = = A Gay) 
=> a=18A, b=17iXandc=4A. 


Puttinga=18A, b=17A and c=4 A in (i), we obtain 
18A(x-2)+17A(y-—1)+4A(z+1) = 0 
= 18x + 17y +4z = 49 


This is the required equation of the plane. 

ALITER ute required plane passes through the points P (2, 1,—1) and x Cn 1, 3, 4). Let 
Wand b’be the position eS see: of points P and Q respectively. Then, a 21+ 7-Kand 

b=-1+3)+ 4 and PO= b-a7%—-3! f+ 27+ 5k 

The required plane is Bere eee to the plane x — 2y + 4z = 10.. Let 7; be the normal 

vector to this plane. Then, 77; = he 2; + 4k 


Let ’be the normal vector to the desired plane. Then, 


A a 
l 


] 
1. =2;.4 
OF aaa 
The required plane passes through a point having position vector Te 21+ j- R and is 
normal to the vector = — 181 — 17j — 4k. So, its vector equation is 
ps Saat 


= 72x PQ = = -181- 17}- ak 








N=a.wn 
= 7? (-18f- 177-48) = (20+ f- & .(- 187-177- 4k) 
= 7? (-187-177—4k) = -36-17+4 
= F?(181+177+4h) = 49 


The cartesian equation of the plane is 18x + 17y +4z = 49. 

EXAMPLE 7 Find the equation of the plane through the points (3, 4, 2) and (7, 0, 6) and is 

perpendicular to the plane 2x — 5y = 15. 

SOLUTION The equation of a plane passing ‘rough (3, 4, 2) is 
a(x-—3)+b(y—4)+c(z-2) =0 .-.(i) 

This passes through (7, 0, 6). 
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a(7-3)+b(0-4)+c(6-2) =0 


=> 4a-—4b+4c = 0 => a-b+c =0 .(ii) 
The plane (i) is perpendicular to the plane 2x — 5y + 0z = 15. 

2a + (—5)b+(0)c = 0 -««(ili) 
Solving (ii) and (iii) by cross-multiplication, we get 

€ 23 = =A(say) 3 a =52,b = 22, = -3xX 


Substituting the values of a, b, c in (i), we get 
5 A(x -3)+2A(y—-4)-3A(z—-2) = 0 = 5x+2y—3z-17 = 0 
This is the equation of the required plane. 
EXERCISE 28.5 


a vine the BURN. between the planes : 
(i) 7? 2h-3 fr ak) = land? (-i+))=4 


(ii) Tr’ (28-42%) = 6 and r* (314+67- 2k)= 9 
(iii) 7” (2043 jf 6h) = 5 andr: (f-242K= 9 


2. Find the angle between the planes: 
(i) 2x-y+z=4andx+y+2z=3 
(ii) x+y—2z=3 and 2x -2y+z=5 
(iii) x-y+z=5andx+2y+z=9 
(iv) 2x-3y+4z=land-x+y=4 
3. Show that the following planes are at Hight angles: 
(i) 7’ (2i—7+ b= 5 andr’ “(-i-}+ b= 3 
(ii) x -2y+4z=10 and 18x + 17y + 4z=49 


4. Determine the value of 4 for which the following planes are perpendicular to each 
other. 


(i) 7° (23h) = 7 andr’. (AP+2f- 7k) = 26 
(ii) 2x-4y+3z=5andx+2y+Az=5 
(iii) 3x -6y—2z = 7 and 2x+y-Az =5 
5. Find the equation ofa plane passing through the point (- 1,-1, 2) and perpendicular 


to the planes 3x + 2y —3z =1 and 5x-4y +z=5. [CBSE 2004, 2008] 
6. Obtain the equation of the plane passing through the point (1, -3, —-2) and perpen- 
dicular to the planes x + 2y + 2z =5 and 3x + 3y + 2z =8. [CBSE 2009] 


7. Find the equation of the plane passing through the origin and perpendicular to each 
of the planes, x + 2y —z =1 and 3x -—4y+z=5. 

8. Find the equation of the plane passing through the points (1, — 1, 2) and (2, —2, 2) 
and which is perpendicular to the plane 6x — 2y + 2z = 9. [CBSE 2005] 

9. Find the equation of the plane passing through the points (2, 2, 1) and (9, 3, 6) and 
perpendicular to the plane 2x + 6y + 6z = 1. 


10. Find the equation of the plane passing through the points whose coordinates are 
(— 1, 1, 1) and (1,—1, 1) and perpendicular to the plane x + 2y + 2z=5. 





- InA APL, we have 
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ANSWERS 


1. (i) cos" 5 (ii) cos” '( $$] i). eos” 1°] 


2. (i) A (ii) cos" S| (iii) "5 (iv) cos” Se | 
4, (i) 17 (ii) 2 (iii) O 5. 5x+9y+11z-8=0 

6. 2x-4y+3z-8=0 7. x+2y+5z=08. x+y—2z+4=0 

9. 3x+4y—-5z=9 10. 2x+2y-—3z+3=0 


28.8 EQUATION OF A PLANE PASSING THROUGH A GIVEN POINT AND 
PARALLEL TO TWO GIVEN VECTORS OR LINES 

PARAMETRIC FORM 

THEOREM 1 The equation of the plane passing through a point having position vector @’and 

parallel to b and C’is F’=a’+ Ab’ + uc; where X.and ware scalars. 

PROOF Let O be the origin and z be a plane passing through a point A having position 

vector @ Let the plane 1 be parallel to vectors 

b and ¢ tespectively. Through the point A draw two 


vectors AB and AC such that AB =band AC =@Let 
Pbean arbitrary point on the plane. Let the position 
vector of P be r.,Complete the page verogram ALPM. 
SinceAL and AM are parallel tob and c fespectively. 
Therefore, 


AL =A b’and AM = uc for some scalars 4 and u. 





AP = AL +iP 


—> 
= ra’ = Ab +c’ 


Fig. 28.5 


—>- 
= r’=A'+Ab +c’ 


Since F denotes the position vector of any point P on the plane. Therefore, the equation 
of the plane is 7’=@°+ Ab +c,’ where A and pare scalars. 


NOTE In the above equation Xand are variable scalars, because for different points on the 
plane the values of X and are different. That is why, it is called the parametric form of the plane 
passing through a given point and parallel to given vectors. 


NON-PARAMETRIC FORM 


THEOREM 2 To show that the equation of the plane passing through a point having position 
vector @and parallel to vectors b and ©” is 


(P-@)- (bx) =00r, 7: (b X@) =a: (bX) OF [FD CO] = [7d CI. 


—-> 
PROOF From Fig. 28.5, the plane is pagalle! o vectors AB =b and AC =@ Therefore, 
itis perpendicular to the vector 7’= AB x AC =b xt. 

Since the plane passes through a point A having position vector a’ Therefore, the 


equation of the plane in scalar product form is 
(r°-a@’) - (b’x 2) = 0 [Using : (7’—ay- n’=0] 


= (bx @)-7?- (bx®) = 0 


coe. s DS + ee - 
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a P.(Dxe) =O x®) 
= Pb Ola? re 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Find the vector equation of the following plane in scalar product form: 
= A Aa AY A nf} 
r’= (1—f)-+A (P+ f +k) +p (P-2 f+ 3k). 
SOLUTION We know that the equation 7’=7°+Ab + [c’represents a 1 plane passing 


through a point having position vector @ and parallel to vectors b and ¢. Here, 


A A 
a’ = 1}, b= +f +k and ¢’= 1-2 f+ 3k. 


The given plane is perpendicular to the vector 


e ah 

A 

W=bxe=|1 11] =5f-2f--3k 
Te 2s 








So, the vector equation of the plane in scalar product form is 


= 7. (5f-2f-3k = f-f-6h2f- 3h 
A 

= r?. (51-2f-3k) = 5+240 or 7. (5-2/3 = 7. 
EXAMPLE2 Find the Cartesian form of the equation of the plane 

F?= (s—2t) 1+ (3-8 j +(2s+2)k. 
SOLUTION We have, 

—> A A a 

r°= (s—2t)i+(3—t))+(2s+t)k 

A A 

= r= 3j-+s (f+ 2k)+t(-2%-f+k) 
This equation represents a plane passing through a point having position vector 
= A Die. A4) ~ A A fs 
a° = 3) and parallel to vectors b =1+ 2k and ¢’=-—21-]j +k. 
So, it is perpendicular to 


sag 
W=bxe=| 1 02] =2f-5f-k 
=F sila 








= r.(2f-5f-b = Bf-ahsfPh 
= r.(2h-5f-h =-15 


The cartesian form of the equation of this plane is given by 
ots yf'+ 2k) (2h 5f-B = -15 = 2x-Sy—z = -15 

EXAMPLE3 Find the vector equation of the plane 
P= (1+s—f)f+(2—-s)f+(B—2s+2Hk 

in non-parametric form. | 

SOLUTION We have, 

P= (145-1) f+ (2—-s)/+(3—25+28)k 

r= (2M aks (ffi 2b) +t (- f+ 2h) 
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This is the vector equation of the plane passing through the point qa 1+2 J f+3 k and 
Parallel to vectors b =1- j- ok and ¢?=— + 2k. So, it is perpendicular to the vector 








fi ftap ; 
W=bxe= | 1 -1-2| =-2+0j-k 
-~1 OF 2 
The vector equation of the plane in non-parametric form is 
(7—ay-n’ = 0 
rn’ = an 
r.(-2f+0f-k = f+2f+3k)-(-2h0f-b 


ra 


A 
a =-2+0-3 
AS 
r.(2P+0j+k) = 
oe 4 Find the vector > ial of the plane passing through the points? 


A 
i+} =2k, of-fe-kand M2 /+¢k. Z 
rs 


A 
SOLUTION Let A, B, C be the points with position vectors t+ i= ok 32 j+k and 
i+2 j +k respectively. 


A A 
Then, AB = PV.of B—PV.of A=(22-f+h)—(f+f- 2k) =f 2f'+ 3k 


“A “A “A 
and, = BC.:- = PV. of C-- PV. of B=(f+ 2 +k) —-(2¢-f +k) =! +3 f+ Ok 
A vector normal to the plane containing points A, B, and C is 


| Eons ies | 











mae ia r 
w= ABxAC =| 1 -2 3| =-9f-3f+k 
-1 30 
The required plane pases Boor the point having position vector a@ a= t+ 2 ok and is 
normal to the vector — 97-3 ) | + k. So, its vector equation is 
(r’-ay-n” = 
= rn = an 
> 7. (-9f- 3% = ff — 2K) - (-97- 3) +k) 
= 7. (-9f-3/+k) = -9-3-2 
= Fro%3fh =14 
EXERCISE 28.6 
1. Find the vector equation of the following planes in scalar product form 


Wad): 

@ Pah K+atendd -2)- k) 
(ii) P=(l+s—b f+(2- —s)j+(3- -25 +2 
Gi) P= C+ J+ AC+27— en etsf- 2k) 
(iv) Pe ita pee +p (4h 27 4+3k) 

2. Find the cartesian form of the equation of the following planes: 
(i) r Pa fas(Pe perk +t G+2f+® 
(ii) 7: =(l+s+tit+(2- s+i)j+(3- 2s + 2t) k 

3. Find the vector equation of the following planes in non-parametric form: 
@) F=Q- — 2u) f+ 3 — yyy (2A+y)k 
(ii) 7 r= (21+27- R+ahe2f+ak) +p (5f-2f4+7%) 
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4. Find the , vector equation of the plane passing through the points 
3144) +2k,2¢-2f-kand 7 f+ 6k. 


eee ANSWERS 
1. (i) 7 G-28) = 2 Gi) PAMKH=5 (iii) PMMA =0 
2. (i) x-y+z=2 (ii) 2y-—z=1 
3. (i) 7. (2f-5f-h+15=0 (ii) 7 (6h+2f-3h =17 
4. 7% (91+27—7h) = 21 


EQUATION OF A PLANE PARALLEL TO A GIVEN PLANE 
OR FORM Since parallel planes have the common normal, therefore, equation of a 
parallel to the plane 7” n’= d, is 7: 1” = dz, where do is a constant determined 
‘ given condition. 


A 
TRATION 1 Find the equation of plane passing through the point re rk + kand parallel to 
SNR AY CNRS 
lane r*-(21—] + 2k) =5. Ke 
ALUTION The equation of a plane parallel to the plane 7 * (2 ee } + 2k) =5 is 
A 
r* (21—j+2k) =d (i) 
A 
Since it passes through f+ ; +k. Therefore, 
aA A fh ALA. nts 
(i+) +k)-(21-7+2k) =d => 2-14+2=d>d =3. 
A 
Putting d = 3 in (i), we obtain 7 * (2 a }. + 2k) = 3. 
This is the equation of the required plane. 


ALITER The required planes passes through the pon a” 


plane?’ 


A 
i + jt k and is parallel to the 
r*-(21—] + 2k) =5.So, itis normal to the vector 7” 
is 


21—Jj + 2k. Hence, its equation 


= rn =a A 
A 
= 7. (2h f+-2k) = (Ps fek- (2h fe2k 
—) A A A 
=> r’-(21-j+2k) = 2-1+2 
= 7. (2h f+2k) = 


CARTESIAN FORM Let ax + by + cz +d =0 bea plane. Then, direction ratios of its normal are 
proportional to a, b, c. Since parallel planes have common normal. Therefore, the direction ratios 
of the normal to the parallel plane are also proportional to a,b,c. Thus, the equation of a 
plane parallel to the plane ax + by + cz +d =0 isax + by + cz +k =0, where k is an arbitrary 
constant and is determined by the given condition. 


ILLUSTRATION 2 Find the equation of the plane through the point (1, 4, — 2) and parallel to 
the plane —2x +y—3z=7. 


SOLUTION Let the equation of a plane parallel to the plane —-2x + y -3z = 7 be 
—2x+y-3z+k =0 (i) 
This passes through (1, 4, — 2). Therefore, 
(— 2) (1)+4-3(-2)+k =0 
= —-2+4+6+k=0>5 k=-8. 
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Putting k = - 8 in (i), we obtain 
-2x+y—-3z-8 = 0 = 2x-y+3z+8 = 0 
This is the equation of the required plane. 


28.10 EQUATION OF A PLANE PASSING THROUGH THE INTERSECTION 

OF TWO PLANES 
The intersection of two planes is always a straight line. For example, xy-plane and 
1z-plane intersect to form x-axis. The plane containing the line of intersection of two 
given planes is known as the plane passing through the intersection of two given planes. 
In the following discussion we will obtain the equation of family of planes passing 
through the intersection of two given planes. 
VECTOR FORM 
THEOREM 1 The equation of a plane passing through the intersection of the planes 
and 7”. 3 = dy is “Spas by 


(r’. —d}) +X (r’. —d5)= 0 


Or, r’. te + Ai13) =d, + 2 , where d is an arbitrary constant. 


ry =a) 


PROOF The equation 7”: (72 + A713) =d, + Ady is of the form 7 - n’=d . So, it represents a 
plane. 


In order to prove that it represents a plane, it is seleenatl to show eat every point on 
the line of intersection of the plane 7*i;=d, and 7”-7n3=d, lies on 


r’. init =d,+Adp. 

Let Un be the positon vector of any point on the line of intersection of 
7’. i; = = d, and Fr’ r - 73 = d>. Then, 

Am = d, and 77-13 = do 

7-1; —d, = 0 and 7-itz-d> = 0 

(FP: tf -d,) +A (P- 3 - dp) = 0 

ry (nj +A ng) = dy +Ad, 

77 lies on the plane 7”: (1] +A 79) = dy +A dp. 

Thus, equation r-(m+A i= d, + A dz represents a plane Besse through the intersec- 
tion of 7”. Mm =d, and r’: 1 = dp. 


CARTESIAN FORM 
THEOREM 2 The equation of a plane passing through the intersection of 
ax +byy+cyz+d,=0 and agx + boy +c2z + d>=0 is 
(a,x + byy + Cyz + dy) +A (aox + boy + coz + dz) =0, where 2 is a constant. 
PROOF Consider the equation 
(a,x + byy + cyZ + dy) +A (aox + boy + Coz +d2) = 0 w+(i) 
or, X (a, +A ag) ty (by +A bo) +2 (Cy tA Co) +d, +Adz = 0 


You vi Jy 
a) 


This is a first degree equation in x, y, z. So, it represents a plane. 


In order to prove that equation (i) represents a plane passing through the intersection 
of planes 
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a,x + by + C)Z + d> = 0 .+(i) 
and, ApX + boy + Coz + do = 0 w+(iii) 


It is sufficient to show that every point on the line of intersection of (ii) and (iii) isa point 
on plane (i). 


Let (a, B, y) be a point on the line of intersection of (ii) and (iii). Then, 
a, a+b, 8+c,y+d; = 0 and 220+). BR+my7+d> = 0 

=> (a, O+b, B +c, ¥ +41) +A (Q9a+bnB+0.¥+d) = 0+A0 = 

= (a, B, y) lies on plane (i). 


Thus, (@,x + byy +¢,Z +1) +A (Qox + boy + coz +d) = 0 represents a plane passing 
through the intersection of the planes a,x+b,y+c,z+d,=0 and 
Aox + boy + Coz + dp = 0. 


ILLUSTRATIVE EXAMPLES 


Typel EQUATION OF A PLANE PASSING THROUGH THE INTERSECTION OF TWO GIVEN 
PLANES AND A GIVEN POINT 


ao Aglers 1 Find the ernaoU of a plane through the intersection of the planes 
rT (1+3 j- k= 5 andr: .(27-j+k)= 3 and passing through the point (2, 1, — 2). 


SOLUTION ihe equation of a plane through the intersection of 7’ (+3) k) = 5 
and r* .(27-7+k) = a5 


[7 (M3f- RS] 4A TF (2h +k -3] = 0 
= 7 [(1+2A) f+ (3—A) f+ (—1 4A) KI-5-3A = 0 i) 
If plane in (i) passes through (2, 1, — 2), then the vector 2 I rk ~ 2k should satisfy it. 
(2+ f- 2k) - [1 +2.) A+ (3—-A) A (—1 +A) RI-(5 +3A) = 0 
=> 2(1+2A)+1(3-—A)—2(—1+A)-—(5+3A) = 0 
= -2A#2=0>A=1 
Putting A = 1 in (i), we get the required equation of the plane as 
7. (3f+2 f+ 0k) = 8. 


EXAMPLE2 Find the equation of the plane containing the line of intersection of the plane 
x+y+z2—-6=Oand 2x + 3y + 4z+5=O0 and passing through the point (1, 1, 1). 


SOLUTION The equation of the plane through the line of intersection of the given 
planes is 


(x+y +z—6)+A(2x+3y+4z+5) =0 (i) 
If (i) passes through (1, 1, 1), we have 
ae 


Putting A = —— in (i), we obtain the equation of the required plane as 


(x+y +2-6) + (2x +3y +42 +5) = 0 => 20x+23y + 26z—69 = 0. 


EXAMPLE 3 Find the direction ratios of the normal to the plane passing through the point 
(2, 1, 3) and the line of intersection of the planes x + 2y +z=3 and 2x-—y—z=5. 
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SOLUTION The equation of the plane passing through the intersection of the planes 
x+2y+z=3 and 2x —y —z=5is given by 


(x +2y+2z—-—3)+A(2x-y—-—z-—5) = 0 
= x(2XA+1)+y(2-A)+z(1-A)-3-5A = 0 -«+(i) 
It passes through (2, 1,3). Therefore, 

2(2A +1)+(2-A)+3(1—-A)-3-5A = 0 


=> 4X44+24+2-A+3-3A-3-5A =0 
= 4-5A=05A=2 


Substituting A = : in (i), we get 


13x + 6y +z—35 = Oas the equation of the required plane. 

Clearly, direction ratios of normal to this plane are proportional to 13, 6, 1. 

Type II EQUATION OF A PLANE PASSING THROUGH THE INTERSECTION OF TWO PLANES 
AND PERPENDICULAR TO A GIVEN PLANE. 


EXAMPLE {Find the equation of the plane which is. perpendicular to the plane 
Sx+3y+6z+8 = 0 and which contains the line of intersection of the planes 
x+2y+3z-4=O0.and 2x+y-z+5 = 0. [CBSE 2007] 
SOLUTION The equation of a plane through the line of intersection of the planes 
x+2y+3z—4 = Oand 2x+y-—z+5 = Ois 


(x +2y+3z—4)+A (2x+y—z+5) =0 


=> x(1+2A)+y(2+A)+z(3-A)-44+5A = 0 ea(i) 
This is perpendicular to the plane 5x + 3y + 6z +8 = 0, therefore, 

5(1+2A)+3(2+A)+6(3-—A) =0 [Using : a,a2 + bbz + Cyc = 0) 
= 7A+29 =0 >A =—-29/7 


Putting A = — 29/7 in (i), we obtain the equation of the required plane as 
- 51x -15y +50z-173 = 0 => 51x+15y—50z+173 = 0. 
EXAMPLE’ S-Find the per of the plane through the line vi sHibeTaeCH Or of 
r.(21-3 J ‘4 4k) = land 7. (f- —}) + 4 = Oand perpendicular tor’: (2 i j + b+ 8=0. 


SOLUTION The equation of any plane through the line of intersection of the given 
planes is 


My 7. (26-3 ab) -1]+Aa[r-(f-f+4] = 0 


= 7 [(2+A) f- (BA) f+ 4k] = 1- -42 ..(i) 
If plane js is perpendicular to ie ~(2i —] f+B)- +8 = 0, then 
(2 +a) (3 +a) f+ 4k (2f-f+k =0 [Using nj -73 = 0) 
-=> 2(2+A)+(3+A)+4 =0 
= 3A+11=0 > A=-S 


Putting A = — * in (i), we obtain the equation of the required plane as 


a 
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oi {[(o-M)a(g_1 lr atl = 142 
P(2 | [s 3 )+4k 3 


A 
= 7 (-5i+2)+12k) = 47. 
EXAMPLE 6 Find the equation of the plane passing through the intersection of the plan 
2x —3y+z-4=Oandx-y+z+1 = 0 and perpendicular to the plane x + 2y —3z 4.6 = es 


SOLUTION The equation of a plane the intersection of the planes x-y+z+41=9 and 
2x -3y+z—-4=0is 


(2x —By+z—-4)+A(x-ytZz4t]) = 0 
=> x(2+A)-y (B+A)+z(14+A)-44A = 0 
This is perpendicular to the plane x + 2y —3z+6=0 
1(2+A)-2(3+A)-3(1+A) = 0 


(i) 


=> 944-6-2A-3-3A =0 => -4A-7=0SA=- 


PIN 





Putting A =— f in (i), we obtain 


} 7 7 ee 
«(2-F}-9(3-f)+2(1-§ 4-3 =0 => x-Sy-3z-23 = 0, 
which is the equation of the required plane. 


EXAMPLE7 Find the cartesian as well as vector equations of the planes through the intersection 


— nh sn : x . *, 78 
of the planes r< (21 + 6/) + 12=0 andr? (31 —j + 4k) =0 which are at a unit distance from the 
origin. [CBSE 2005] 


SOLUTION The equation of the planes through the intersection of the planes 
r? (21+ 6))+12=Oand 7? (3i—j + = 0 is 


[7? (2+ 67) +12] +A [77 (3t-7 +48)] = 0 
= 7? ((2+3A) i+ (6-A)j +404} +12 = 0 wll) 
This planes is at a unit distance from the origin. Therefore, 
Length of the perpendicular from the origin on (i) =1 unit. 





12 
Va+aiy+(6-) tio 
3 = 144 = (2+3A)*+(6—A)?+16)2 : 
| => 144 = 40+ 2607 = 26A7=104 > A72=4 => A=+2 


Putting the values of A in (i), we obtain 

7? (Bi+ 4) +8k) = 12 = 0 and 7?(-41+8/- 8h) +12 = 0 
as the equations of the required planes. These equations can also be written as 

7? (20+ +21)+3=0 and 72(-1+27-2h)+3 = 0 | 
EXERCISE 2! 


1. Find the equation of the plane which is parallel to 2x — 3y +z=0and which P? 
through (1,—1, 2). ai 

2. Find the equation of the plane through (3, 4, — 1) which is parallel to the P 
(21-3) +5k)+2=0. 








E 
tHEPLAN ie 


ion of the plane pass 

Find the equation of the Plane passing through the line of ; . 

3. ox—7y + 42 —-3=0, ae S¥+4z4+11 =0 ond bape gee of the planes 
; uation of the plane th ED a 

4, Find me eq eae nS P apes ie point 21+ } -kand passing through the 

line of intersection of the planes 7”. (743 j-k)=O0and?>. (t ob) =0 

5, Find the equation of the plane passing through the line of intersection of the planes 

ax-y=O0and 3z — y=0 and perpendicular to the Plane 4x + 5y —3z=8. 

g, Find the equation of the plane which contains the line 
x+2y+3z—4=0 and 2x+y—z+5 = 0 and which is 
5x + 3y — 62+ 8 =0. 

. Find the equation of the plane through the line of intersection of the planes 
x+2y+3z+4=0andx—y+z+3=0and passing through the origin. 

, Find the vector equation (in scalar product form) of the plane containing the line of 
intersection of the planes x -3y+2z-5=0 and 2r- y +3z-1=0 and passing 
through (1, — 2, 3). 

. Find the equation of the plane which is perpendicular to the plane 
5x+3y+6z+8=0 and which contains the line of intersection of the planes 
x+2y+3z—-4=0,2x+y-z+5=0. 

10. pn the equation of the plane through the line of intersection of the planes 
7. (+3 ]) +6 = 0 and 7’. (3 1-7 —4k) = 0, which is at a unit distance from the 
origin. [CBSE 2010] 

1, Find the equation of the plane passing through the intersection of the planes 
2x+3y—-z+1 = Oandx+y-2z+3=0 and perpendicular to the plane 
3x-y-2z-4 =0 

12. Find the equation of the plane that contains the line of intersection of the planes 

r? (+ 27+3k) —4 =0 and 7? (21+ j-k)+5=0 and which is perpendicular to the 


plane 7? (51+ 3) - 6k) +8=0. 

13. Find the equation of the plane passing through (a, b, c) and parallel to the plane 
re (i+ jtkh=2. 

14. Find the, eqyation of the plane passing through the intersection of the planes 
r. (21+j + 3k) =7, 7? (21+ 5j + 3k) =9 and the point (2, 1, 3). [CBSE 2007] 


ee —— ANSWERS 


of intersection of the planes 
perpendicular to the plane 


a | 


cS 


WO 


1, 2x-3y 42247 2, 7. (2h-3/+5k) +11 =0 
‘8, 15x — 47y +282 =7 4. =. fof 11k) =0 

9. 28x ~17y +9z=0 6. 33x + 45y + 50z- 41 =0 
7. X-10y-5z=0 g. 7 (+7) +13=0 

9 


+ Sx + 15y— 50z +173 =0 
10, ™ (-2 144} 4k) +6 =0 or, 7. (4242) -4k)+6=0 
M. 7x + 13y +42+9=0 12, 33x +45y ~502—41=0 
13, *ty+z=atbt+c 14. F? (21 - 13/ + 3k)=0 

ial DISTANCE OF A POINT FROM A PLANE 


5 Section, we shall find the perpendicular distanc 


V lan and vector forms. 
ECTOR FoRM 


i ing position vector 
73 OREM 1 The length of the perpendicular froma point having p 
~ 1S given by 


e of a point from a plane in both 


a’ to the plane 





Fee ee _ _ 


—— 


Tt 
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—> —)> 
|a°-n—d 
Dias me Fea : 


PROOF Let 7 be the given plane and P (ay be the given point. Let PM be the length of 
the perpendicular from P on the plane 1. Since line PM passes through P (aY and is 
parallel to the vector n which is normal to the plane 7. So, vector equation of line PM is 
> _ 914 
r°=a’+An, ...(i) 
where A is a scalar. 
Point M is the intersection of line (i) and the given plane. Therefore, for point M, we have 
— = _ On substituting 72 7417’ 
(a"+ Mi}? = dl fe the equation of the plane 


= a-nr+aAn-n=d 
d-(a’-n 
=> A= 
nen 
d—(a’-n} 
= EL erst er ras 
| n° | 


Putting this value of A in (i), we obtain the position vector of M given by 


— 2 
= m{4 a |e 


lex 
— 
= PM = PV. of M—PV. of P = 
P(a) 
—> 
= it = ret) CC 
| x? |? 
a PM _ d-@-n)n’ 
| 7? |? 
—> 
an PM = | PX | (d-@ -nj]n 
ball 
q’—(a- ni n’ 
|? |? 
=_ 
sg PM = ae 7 Fig. 28.6 


Thus, the length of the perpendicular from a point having position vector 7 6n the plane 
rn’ = dis given by 


| e mjd | 


n° | 


CARTESIAN FORM 


THEOREM 2 The length of the perpendicular from a point P (x, yy, Z;) to the plane 
ax + by +cz +d =0 Is given by 


| ax, + by, +cz, +d | 
Na? +b + 


PROOF Let M be the foot of the perpendicular from P (x; , y1, z,) to the plane ax + by + 
cz + d = 0. Then, the equation of PM is 


DEE EEE EEE \ 
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Beoe SVL Peed ..-(i) 


The coordinates of any point on this line are (x; + ar, y; + br, z; + cr), 
where r is a real number. This point coincides with M iff it lies on the plane i.e., iff 


a(x; +ar)+b(y; + br) +c (z,+cr)+d = 0 
P(Xy, Vy 21) 






(ax, + by; + cz, +d) 


=> r= 
am + b? +c? 


(ii) 
Now, 

PM = V(x +ar—x})* + (yy + br —y1)* + (21 + cr —2})" 
= PM = Vat+b? +02 ha 


= M 
= PM = Vee | One 






ae+b*+Cc 
[From (ii)] ax + by+cz+d=0 
5 py = Lett by + cz +d | Fig. 28.7 
a+bt ce 
ILLUSTRATIVE EXAMPLES 


“A A 
EXAMPLE1 Find the distance of the point 2 f+ ih —k from the plane r”- (f— 2 f+ 4k) =9. 


SOLUTION We know that the perpendicular distance of a point P with position vector a’ 


from the plane 7”: 7’ = d is given by 


a’-n—d 
Ho 
SSA ON 2 SS TAR Aas 
Here. @=21+)-k, n°=1-2j+4kandd=9. 
A 
So, required distance = QP fh Gaps ak) -9 | elieee ee ae 
art V1+4+16 21 V21 
EXAMPLE2 Find the distance of the point (2, 1, 0) from the plane 2x + y+ 22 +5 =0. 
SOLUTION We know that the distance of the point (x,,¥,,2,) from the plane 
ax + by+cz+d=0Ois given by 
| AX, + by; + CZ} +d | | 


+b° +c 


1 
So, required distance = ze 7 ap = He 3° 


EXAMPLE3 Prove that if a plane has the intercepts a, b, c and is at a distance of p units from 
oa. | Ug! Cree 1 
the origin, then =+——=+—> ==. 
8 Be oe | 
SOLUTION The equation of the plane having intercepts a, b and c on the coordinate axes 
is 


CSN. Aare 
ah ore 


It is given that this plane is at a distance of p units from the origin. 
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ar bE re Si: 
5 ae 
ipa ee 
— 1 = 
Ninmede | ~ P 
ae b 2 
1 brn 
2 a7, ema 
az b* 
ele elie 
—  aae ialie 


EXAMPLE4 Find the equations of the planes parallel to the plane x — 2y + 2z —3 = 0 which is 
ata unit distance from the point (1, 2, 3). 


SOLUTION The equation of a plane parallel to the plane x — 2y + 2z-3 =O is 
x-2y+2z+A =0 .«-(i) 
1-2x2+2x3+A 
Distance of plane (i) from point (1, 2, 3) is given b —— 
ace eee gee Beh hy Vi2 + (— 2)2 +22 


But, this distance is also given equal to 1. 





re ae ee ee ee ee ee ee 





1-4+6+A aa 
Fare 

= |A+3] =3 

= A+3=43>A=00r,A=-6 


Putting the values of A in (i), we obtain 
x—2y+2z =0 and x-2y+2z-6 = 0 
as the equations of the required planes. 
EROMEEe 5 If the points (1,1,A) and (-3,0,1) be equidistant from the plane 
Tr? (31+ 4j — 12k) + 13 =0, find the value of i. 
SOLUTION ae is given that the points (1,1, A) and (—3,0, 1) are equidistant from the 


| plane 7? (I+ 4) — 12k) + 13 = 0 
(Map+AK. (Bhs 4j— 12K) +13| _ (— 31 + 0j +k) . (31 + 4j — 12k) +13 
9+16+144 9+16+144 


























= 3+4-12A4+13 a 
13 13 
=> | 20-12A | = 
=> 20-12A=+ 8 
= 20-12A = 8 or,20-12A = -8 
=> 12A = 12 or, 12A = 28 =h=1or,2= 2. 
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EXAMPLE6 A variable plane which remains at a constant distance 3p from the origin cut the 
coordinate axes at A, B, C. Show that the locus of the centroid of triangle ABC is 
xegy 24272 =p”? 
SOLUTION Let the equation of the plane be 

ee .».(i) 
where a, b, c are variables. 
This meets X, Y and Z axes at A (a, 0, 0), B (0, b, 0) and C (0, 0, c). 
Let (a, B, y) be the coordinates of the centroid of triangle ABC. Then, 

a = 400 6 gg OHO Le ya HE = G5 said) 
The plane (i) is at a distance 3p from the origin. | 

3p = Length of perpendicular from (0, 0, 0) to the plane (i) 














0 0.0 
att -1| 
= 3p = 
aL pall (el aR} 
a b Cc 
1 1 Le leet we 
= 3p = = —— = +45 .--(iil) 
F Pe 


From (ii), we have 
a = 3a,b = 3Bandc = 3y. 
Substituting the values of a, b, c in (iii), we obtain 


1 1 1 1 

=> —== stats 
pr oe pf ¥ 

So, the locus of (a, B, y) is 
1 j Lae a | -2,,-2,,-2 -2 
— = Ste ta OXY + Zo = ‘ 
poe YY 2 : : 


EXAMPLE 7 A variable plane is ata constant distance p from the origin and meets the coordinate 

axes in A, B, C. Show that the locus of the centroid of the: tetrahedron OABC is 

x+y? 427 =16 ee 

SOLUTION Let the variable plane be 
2444221 »»-(i) 
Ao20 AC 

This meets the coordinate axes at A (a, 0, 0), B (0, b, 0) and C (0, 0, c) respectively. 

Let (a, B, y) be the coordinates of the centroid of tetrahedron OABC. Then, 


O+at+0+0 a ,_ O0+0+b0+0_ Fb, _O+0+0+c _C€ +3 
MS 4 = abe 4 ae 4 openly 
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The plane in (i) is at a constant distance p from the origin. Therefore, 
p = Length perpendicular from (0, 0, 0) to plane (i) 








aU '¢ 
=> EE 
Deel y fh 
JORGE 
: 1 1 1 1 
a OS SSS Rl (Hil 
ete a yp az 2 c. ( ) 
a* b* ¢2 


Eliminating variables a, b, c 
mt 1 1 


- 1 2 yn Rg a2 
meeace dene ey? =a~“+P“+y 


~) 


from (ii) and (iii), we obtain 





Hence, the locus of (a, B, ¥) is 16p = x24 y? +272, 


EXAMPLE 8 If a variable plane at a constant distance p from the origin meets the coordinate 
axes in points A, B and C respectively. Through these points, planes are drawn parallel to the 
coordinate planes. Show that the locus of the point of intersection is 


leer I 1 
ststaezs 
SOLUTION Let the variable plane be 


itp) Cc 


It cuts the coordinate axes at A (a, 0, 0), B (0, b, 0) and C (0, 0, c) and it is at a distance p 
from the origin. 


=> ao (i) 

pro 2 = 
Let P (a, B, y) be the point of intersection of planes through A (a, 0, 0), B (0, b, 0) and 
C (0, 0, c) and parallel to yz, zx and xy-planes respectively. 


The equations of planes passing through A (a, 0, 0), B (0, b, 0) and C (0, 0, c) and parallel 
to respectively yz, zx and xy-planes are 


x =a,y = b and z = crespectively. 
These three planes intersect at (a, b, c). 
a=a,8B =b and y=c »».(ii) 
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Eliminating a, b, c from (i) and (ii), we get 

on 248-2472 = p-? 
Hence, the locus of P (a, 8B, Y) is x” 24. y? +n =p? 


EXAMPLE 9 Find the distance between the point P (6,5,9)and the plane determined by 


the points A (3, — 1, 2), B (5, 2, 4) and C (— 1, — 1, 6). [NCERT, CBSE 2010] 
SOLUTION The equation of a plane passing through A (3, — 1, 2) is 
a(x-3)+b(y+1)+c(z—2) = 0 »(i) 
If this plane passes through B (5, 2, 4) and C (— 1,—1, 6). Then, 
2a+3b+2c = 0 
—-4a+0b+4c = 0 
CA IE 
12 —16 12 
« §eie! 


Substituting the values of a, b, c in (i), we obtain 

3 (x-3)-4(y+1)+3(z-2) =0 
Or, 3x —4y+3z = 19 as the equation of the plane passing through A, Band C. 
The distance of P (6, 5,9) from this plane is given by 


18-20+27-19| 6 
94+16+9 ~ 134 


ALITER Let D be the foot of the perpendicular drawn from P to the plane passing 
through the points A, B and C. Then, PD is the required distance. 


ab (Ab x At) 
* abxa Sr | 


A A 
= 12f-16)4+12k and, AP = 31+ 6j+7k 





Also, PD = Projection of AP on AB x AC = 





Now, AB x AC = 


A A 
. Fk 
2: BL? 

Sy! 








A A 
‘ Ab .(AB x AC) = (3f+ 6+ 7h) - (121 16) + 12k) = 36-96 +84 = 24 
and, ABx AC = Vid4+256+ 144 = V544 = 4134 
24 6 
PD = qyBa = Vad 
28.11.1 DISTANCE BETWEEN THE PARALLEL PLANES 
Let ayx + byy + cz +d, =0 and a,x + byy + c,z + d) =0 be two parallel planes. Then, the 


distance between them can be obtained by taking any point P (x1, yy, Z,) on any one of 
the given planes and finding the perpendicular distance from P (x1, y;, 2) on the other. 


The procedure is illustrated in the following examples. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the distance between the parallel planes x + y—z+ 4= 0 and 
X+y—-Z+5=0. 


28.40 
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SOLUTION Let P (x,, y;, 2) be any point on 2x — y + 2z + 3=0. Then, 
2x; — 1 +2z14+3 =0 (i) 
The length of the perpendicular from P (xj, y;,2)) tox+y-z+5=0is 
xy + Yj 2 +5 [-4+5| 1 Ney 
= = Usin 
Rasarar. | 3 3 , [Using ()] 


Therefore, the distance between the two given parallel planes is 2 
ALITER Putting x =0,y=Oinx+y-z+4=0, we get z = 4. 
So, the coordinates of a point on the plane x + y—z +4=0 are (0, 0, 4). 


Required distance = Length of the perpendicular from (0, 0, 4) 
on the planex+y—-—z+5 = 0 








: . 0+0-4+5 1 
=> Required distance = = 
= Vi2 4124 (- 1) V3 


EXAMPLE2 Find the distance between the parallel planes 2x-—y+2z+3=0 and 
4x-2y+4z+5 = 0. 


SOLUTION Let P (xj, y;,Z 1) be any point on 2x — y + 2z +3 = 0. Then, 
—y,+2z,3+3 = 0 (i) 
The length of the perpendicular, from P (x, y;,2Z;) to 4x — 2y + 4z+5=0is 
4x, —2y, +42,3+5) | 2(2e)-y, +22)+5] | 2(-3)+5] 1,,. 


Therefore, the distance between the two given parallel planes is - 








ALITER Putting x =0,z=0in 2x —y+2z+3=0, we get y=3. | 
So, the coordinates of a point on the plane 2x — y + 2z +3 =0 are (0, 3, 0). : 

Required distance = Length of perpendicular from (0, 3, 0) on the plane 

' 4x—2y+4z+5=0 

4x0-2x3+4x0+5/ 1 
— N@+ Care | 6 
EXAMPLE3 Find the distance between the parallel planes, r’-(2 3 } + 6h) =5 
and F?. (6 f-9f'+ 18k) + 20 =0. 


= Required distance = 





SOLUTION Let the position vector of any point P on r’ “@ i-3 j i+ 6 k= 5 bea’ Then, 


a’ (22-3 {6h =5 (i) 
Required distance = Length of the perpendicules from P (@”) to 


r 7. (6 f- 9f+ 18k) +20 = 0 











i a. (6 f-9/+ 18k) +20 
67 + (— 9)* + (18) 
3 fa?-(2$-3 1/466] + 20 
—- 





36 + 81 +324 


Required distance = exer 








= 2 _5 
"2° 3 
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EX ERCE 28.8 


1. Find the distance of the oint 21 [— j- - 4k from the planer” - (31-47 + 12k) - -9=0. 

now that the points 1—j I + 3k and 31+3 j i+ 3k are equidistant from the plane 
r.(51+2f- 7k) +9 = 0. 

3. Find the distance of the point (2, 3, -5) from the plane x + 2y -2z-9 =0. 

4. Find the equations of the planes parallel to the plane x + 2y — 2z + 8 = 0 which are 
at distance of 2 units from the point (2, 1, 1). 

5. Aplane is at a constant distance p from the origin and meets the coordinate axes in 
A, B, C. Show that the locus of the centroid of triangle ABC is 





x+y 274272 = 9 p-? 
6. Show that the points (1, 1, 1) and (- 3, 0, 1) are equidistant from the plane 
3x + 4y-.12z+13 = 0. 


7. Find the distance between the parallel planes, 2x-y+3z-—4=0 and 
6x — 3y + 9z +13 =0. 


8. Find the equation of the plane which passes through the point (3, 4, —1) and is 
parallel to the plane 2x —3y +5z+7=0. Also find the distance between the two 
planes. 


9. Find the equations of the planes parallel to the plane x — 2y + 2z -3 =0 and which 
are at a unit distance from the point (1, 1, 1). 


10. Find the equation of the plane mid-parallel to the planes 
2x —-2y+z+3=Oand 2x-2y+z+9=0. 
ll. Find the distance of the point (2, 3, 5) from the xy-plane—- 
12, Find the distance of the point (3, 3, 3) from the plane 7? (5i+ 2j — 7k) +9 =0 


A A 
13. Find the - distance between the planes Fr? (i+ 2)+3k)+7=0 and 
r? (21+ 4j+6k)+7=0. 
14. If the product of distances of the point (1, 1, 1) from the origin and the plane 
x-y+z+A=0be5, find the value of A. 





ANSWERS 
1, al Shoe! 4. x+2y—2z+4=Oorx+2y—2z-—8=0 7 a 
13 Ey Y * 3V14 
8, 2x-3y+5z+11=0 9. x-—2y+2z+2=0,x-2y+2z—-4=0 
10, 2x-2y+246=0 11.5 12. <8S 13. we 14.4 15. er 


HINTS TO SELECTED PROBLEM 
10. Let the equation of the plane be 2x - 2y +z+k=0. This plane is equidistant from 
the given planes. So, 
| -—k+3|=|—-k+9 | =>-k+3=-(-—k+9) =2k=12 = k=6. 


28.12 LINE AND A PLANE 


28.12.1 UNSYMMETRICAL FORM OF A LINE 

From elementary solid geometry we know that two non-parallel planes intersect in a 
straight line. We have seen that every first degree equation in x, y, z represents a plane, 
therefore a line in space can be represented by two equations of first degree in x, y and 





= 


—e _-_ 


eT EE _ ee as a ae 
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z. Thus, if u = a,x + byy + c;z +d, =0 and v = a5x + boy + coz + dy = 0 are equations of two 
non-parallel planes, then these two equations taken together represent a line because 
any point on the line will lie on the two planes and conversely any point which lies on 
two planes will also lie on the straight line which can be written as u = 0 = v. This form 
is called unsymmetrical form of a line. 


For example, x-axis is the intersection of zx-plane i.e., y = 0 and xy-plane i.e., z = 0. So, 
the equations of x-axis are y = 0 =z. Similarly, the equations of y-axis are x = 0 =z and 
the equations of z-axis are x = 0 = y. 
REDUCTION OF UNSYMMETRICAL FORM TO SYMMETRICAL FORM 
Let the unsymmetrical form of a line be 

a,x + by + c4z + dy = 0 

Ax + boy + Coz + do = 0 
where 41: b,:C, # @2: bg: Cp. 


w»(I) 


To transform the equations to symmetrical form, we require 
(i) direction ratios of the line, and 
(ii) coordinates of a point on the line. 


(i) Leta, b,c be direction ratios of the line (i). Then, as this line lies in both the planes, it 
must be perpendicular to normals to these planes. We, therefore, have 
aa, + bb; +cc, = 0 ...(ii) 
and, aay + bbz + Cccp = O .»+(iil) 
Solving (ii) and (iii) by cross-multiplication, we obtain 
___ Ge 
bycg— bye, Cy@g—CyM «4 by — hy 
So, direction ratios of the line (i) are proportional to 
byC2 — bzey, €1@2 — Czy, 0yb2 — aby. 
(ii) There are infinitely many points on the line (i) from which we have to choosea point. 
For this, we put z = 0 (we may put y = 0 or x = 0) in the equations of the planes to obtain: 
ax +byy + dy = 0 
Ax + boy + dy = 0 
Solving these two equations, we obtain 
(EE eee 
byda—bed; = dag —dpay ay b2 — anh, 
So, the coordinates of a point on line (i) are 
byd2—bd, daz —d ay 
@yb2— aby‘ ayby—a2b; 


Thus, the symmetrical form of the line (i) is given by 


bj;d> = bod, d1a5 = doa, 
ab> — aonb; I~ | ayby — ab, ar; 
byco—b2cy Cy —CpM@y———s 1b — Ay 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Reduce in symmetrical form, the equations of the line x-y+2z = 5, 
3x+y+z=6. 


SOLUTION Leta, b, c be the direction ratios of the required line. Since the required line 
lies in both the given planes, we must have 


Sa 
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a-b+2c = 0 and 3a+b+c =0 
Solving these two equations by cross-multiplication, we get 
en cee cs LN 
-1-2 6-1 1+3 SO OF 
In order to find a point on the required line, we put z = 0 in the two given equations to 
obtain 





x-y = 5, 3x+y = 6 
Solving these two equations, we obtain x = ” ,Yy=- 2. 
Therefore, coordinates of a point on the required line are a = 2 ‘0 } 


Hence, the equations of the required line are 














eee y-(-4 
4 _ 4 z= 0F 
-3 5 a 
a 4x -11 _ 4yt+9 _ z-0 
-—12 20 4 
2 4x-11 S 4y+9 nL z-0 
-3 5 1 


EXAMPLE2 Reduce in symmetrical form, the equations of the line x = ay + b,z=cy+d. 
SOLUTION Let I,m, n be the direction ratios of the required line. Since the required line 
lies in both the given planes, we must have 

1+m(-a)+n0 =0 and 1-0+m(—c)+n = 0 
Solving these two equations, we obtain 


—2 —-—1 =<c a4 T9c 
To obtain the coordinates of a point on the required line, we put y = 0 in the two given 
equations to obtain 

x=b,z=d. 
So, the coordinates of a point on the required lines are (b, 0, d). 
Therefore its equation are 

xed _oy=0°s zed 

Br aL Se tae 


EXAMPLE3 Find the angle between the lines x—-—2y+z=O=x+ 2y-2z and 

X+2y+z=0=3x + 9y + 5z. 

SOLUTION Let a,, by, c, be the direction ratios of the line x— 2y+z=0 and 

x + 2y—2z = 0. Since it lies in both the planes, therefore, it is 1 to the normals to the two 

planes. 

’ ay— 2b +Cy = 0 

ay + 2b; -2c; = 0 

Solving these two equations by cross-multiplication, we have 
ay b; Ci ay b; Ci 


422" 12 ~ 240. aie Gedy 
Let a>, b>, C> be the direction ratios of the line x +2y+z=0=3x+9y+5z. Then, as 
discussed above 


Ao + 2bo +2 = 0 3a2+9b2+5c2 = 
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a2 bo Co a bo Cy 


10-9 3-5 9-6~ 1° -2°3 
Let 6 be the angle between the given lines. Then, 





= 





eric @y@2 + byb2 + C42 (1) (2) + (— 2) (3) + (3) (4) 
Nat + b? + c? Naa + 3 + ae ~ 22 437442 Vi2+ (- 2) + (3) 
2-6+12 8 


— cos 8 = Vo0 Via = V406 
-1 8 
=> 6 = cos sabe | 


-28.12.2 ANGLE BETWEEN A LINE AND A PLANE 


The angle between a line and a plane is the complement of the angle between the line 
and normal to the plane. 


VECTOR FORM 
THEOREM 1 [f6 is the angle between a line T’= (a+ by and the planer’: n’=d, then 
i’.> 
sin§ = a 
[|b | | n’| 


PROOF " _The line 7=7°+ Ab’ is parallel to the vector b and the plane is normal to the 
vector 71” eo if 6 is ee angle between the given line and given plane, then the 


angle between band 7’ is 5 —6}. 


> 
qo b-n 
cos{ 5 le =a 


[b | |n’| 
ba? 
= sin® = —>—.\- 
[b°| | a] 





Fig. 28.8 


Condition of perpendicularity: If the Pe is perpenciculer to the plane, then it is parallel 
to ee normal to the plane. Therefore, b b’and Ware parallel. 

So, b” x 7’=0 or, b’ =n’ for some scalar A. 

Condition of parallelism: Ifthe line i is porate to the plane, then it is perpendicular to the 
normal to the plane. Therefore, b and 7’are perpendicular. 


So, b - 7=0. 


™ -£ ta bt a oes & oe eee! foe ee 


| has 
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CARTESIAN FORM 


Sie — and the plane 


m 





x 
THEOREM 2 If 6 is the angle between the line 


ax +by+cz+d=0, then 
al +bm+cn 


sin’ = > A S X— 
Va? +b +c? VP +m? +r? 
A 
PROOF Clearly, the given line is parallel to the vector b= If + mj. + nkand the given plane 


is normal to the vector 7’ = ai + bj. + ck. Therefore, if 8 is the angle between the line and 
the plane, then 


cos( 3-0) = 
2 nie. 
= ain) ma nb) (at bro 
2 +m?+4+n? Na? +b7+0c* 
i gin'6: = al + bm +cn 
V2 + m+n? Va? +b? +2 


Condition of perpendicularity: If the a is perpen cunt to the plane, then it is parallel 


to its normal. Therefore, b =/i'+ mj N+ nk and i= al+ bj. + ck are parallel. Consequently, 
we have 





ab c 
Condition of parle ie If Oe line i is paralle to the plane, then it is perpendicular to its 


normal. Therefore, b= If+ my A. nk and 71°= ai + by. + ck are perpendicular. Consequently, 
we have 
b’-n’? = 0 = al+bm+cn = 0 


ILLUSTRATIVE EXAME EES: 


ae a jFind the angle between the line r= (1 ‘+2 = b) +A (r- Mb and the plane 
r (27 MB = 4. 


SOLUTION We know that the angle 8 between the line P=a-+A b’and the plane 
r’-n=d is given by “ 
br 
ine = ——_—————_— 
|b | |w 


af A A 


A 
Here, b= P-fekandW'=2i—j+k 


sin'@ = = A,B) - 2i- ALR 2+1+1 4 
Viz + (-1 +2 eae V3 V6 3V2 
=> 6@ = sin! Cs 

3 
EXAMPLE2 Find the angle between the line wat = 22-4 and the plane 


3 
2x+y-—3z+4=0. 
SOLUTION The given line is parallel) to the vector b =31+2 J A. 4kand the given plane 
isnormal to the vector 7’= 21+ pe — 3 k. Therefore, the angle 6 between the given line and 
given plane is given by 


N 
ls 
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r | 
sin§ = a 3f+27+4k)- oft 3k 
|b Py 37427 4.42 V224(1)2 + (3) 


an din'0 a 6+2-—12 =—4 4 
N29 Vi4 ~ 29x14 ~ 406 


oye | 4 
=> 8 = sin Sa 
AME 3s If athe line F'=(t-2 J I 4 kb) +A (20+ J P+ 2 b) is parallel to the plane 
r. (31-2 J I+ mk) = 14, find he value of m. 


SOLUTION The eye line i is parallel t to the vector b = 2 f+ ] P+2 k and the given plane is 
normal to the vector 77”=3 1 2; + mk. 


If the line is parallel to the plane, then normal to the plane is perpendicular to the line. 


bin 
= b 9 =0 
= (2+ f+2k) -(3h-2/+ mb = 0 
=> 6-2+2m =0 > m = -2 


EXAMPLE4 Show that the line whose vector CG ale is r° =(2 7-2 ]° i+ 3 k) +A (r —] +4 b) is 
parallel to the plane whose vector equation is r ” P+5 j i+ b= 5. Also, find the distance between 
them. [CBSE 2001C, 2004] 
SOLUTION SS given line passes through peste point having position vector 

=21-2 es p+3 le Me, is parallel to the vector b’=f- j+4 k. The given plane is normal to 


eres sere 
A 


We have, b - W = (1- peak). (P+57) +k) =1-5+4=0 
So, b° perpendicular to 7: 


Hence, the given line is parallel to the given plane. The distance between the line and the 
parallel plane is the distance between any point on the line and the given plane. Since the 


line passes through the point a= 2 1-2 j+ 3 k. Therefore, 
Distance between the line and the plane 


Length of perpendicular from a’= 2 i-2 } +3 k to the given plane 
2f-2f43h (45 H-5 2-10+3)-5 
17 +5741? c 27 ~ N27 
EXAMPLE 5 rind the vector equation of | the line passing through the point with position vector 
2 '37- 5 k and perpendicular to the plane F?. (61-3) +5k) +2=0. 
SOLUTION The required line is perpendicular fe the plane 7” (67-3745 k) +2=0. 
Therefore, it is parallel to the normal 7’= 6 — 3 j + 5 b). Jhus, the required line passes 
aye the point with position vector @=21-3 -— 5 k and is parallel-to the vector 
= 62-3 /+5k. 
a its vector equation is 


= D+ AW or T= (2f-3f-5H+A6f-3/45h) 


EXAMPLE6 Find the equations of the line passing through the point (3, 0, 1) and parallel to the 
planes x + 2y =O and 3y—z=0. 
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SOLUTION Leta, b,c be the direction ratios of the required line. Then, its equation is 
x=3  y-0 z=] 
ee = op oe w+-(i) 

Since (i) is parallel to the planes x + 2y + 0z = 0 and Ox + 3y—z =0, therefore 
a(1)+b(2)+c(0) = 0 and a(0)+b(3)+c(—1) = 0 

Solving these two equations by cross-multiplication, we obtain 





a b = Cc 
(2)(-1)-(0) (3) (0) (0)- (1) (-1)_~— (1) (3) - (0) (2) 
> a2 = £ = Asay) 
= a=-2h,b=14,c=3A 


Substituting the values of a, b, c in (i), we obtain the equation of the required line as 
x=3' y=0 Z—1~ 


=: 1 3 

ALITER The required line passes through the point having its position vector 
a%3!+k and is parallel to the planes x + 2y = 0 and 3y — z=0. So, it is perpendicular to 
their normals 7; =i + 2) and 713 = 37 f respectively. 
Consequently, the required line is parallel to the vector 

b= a xmg=-20+f+3k 
Hence, the equation of the required line is 

r= at Ab or, 7% (31 +h) +X (-26+ 7+ 3k) 
EXAMPLE7 Find the equation of the plane passing through the line of intersec- 
tion of the planes 2x + y-—z = 3,5x-—3y+4z+9 = Oand parallel to the line 
cele EHS). BSS 


2 4 5 


SOLUTION The equation of the plane passing through the line of intersection of the 
planes 2x + y-—z=3 and 5x —3y+4z+9=Ois 


(2x +y—z—-—3)+A (5x-—3y+4z+9) = 0 
> x(2+5A)+y(1-3A)+z(4A-1)+9A-3 = 0 =) 


See eNes Ree Seed le WL fane) Oe e 
The plane in (i) is parallel to the line or igite She 








2(24+52)+4(1-3A)+5(4A-1) = 0 = 18443 =0 A= -4 
Putting the value of A in (i), we obtain 

(2-2) +y(1+}+2{-3-1]-3-3 = 0 = 7x+9y-10z-27 =0 
This is the equation of the required plane. 
EXAMPLES Find the equation of the plane passing through the intersection of the planes 
ree k) =land rT? (21+ 3; k) +4=0 and parallel to x-axis. 
SOLUTION The equation of a plane passing through the intersection of the planes 
r(t+j+k) =1and 7? (2'+3j—k)+4=0is 

Pi j+h-1+atreah3j-h+4} =0 


= 772241) f+ GA+1))+(1—-A) K+ (44-1) = 0 (i) 
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It is parallel to x-axis i.e. the vector i. 
A 
(2A+1)BA+)j+-A.f= 0 


= 2A+1 =O>A=-= 
Putting 4 =~ >in (i), we get 


A A 
Pgh 5h -s = 0 or 7? (-j4+3h) = 


This is the equation of the required plane. 
EXAMPLE 9 ae the sie of the plane through the points ( 1, 0, — 1), (3, 2, 2) and parallel 








_¥-1_z-2 —2 

to the line ~ = = -s <a 
SOLUTION The equation of a plane passing through (1, 0, - 1)i is 

a(x-1)+b(y—0)+c(z+1) =0 , wa(i) 
This passes through (3, 2, 2). So, 

ON aa = 2a+2b+3c = 0 .».(ii) 
The plane in (i) is parallel to the line x 1 tatot. af ao = 
Therefore, normal to the plane is perpendicular to the line. 

a(1)+b(—2)+c(3) = 0 .«-(iii) 
Solving (ii) and cay by cross-multiplication, we get 

b c 
(2) (3) - x) (-2) (1) 8)-@) G3) (2)(-2)- (2) () 
LE a 

e eee Ge aera mo OY) 
=> a=4jX, b=-d, c=-2A 


Substituting the values of a, b, c in (i), we obtain 4x — y— 2z-6=0 

This is the equation of required plane. 

oe The required plane passes through the point A (1, 0, -—1) and B (3, 2, 2). Let 
and bbe the position vectors of A and B respectively. Let 7’ be the normal to the 
ae’ ee Then, 771s perpendicular to ab. Also, the required is parallel to the line 


—¥-1_z-2 
plane =— 77 = 3 


So, its normal vector 71’ is perpendicular to the vector b; = ={- 27. + 3k which is parry to 
the given line. 
Thus, 71’is perpendicular to both AB and by =j- 2}. + 3k. Therefore, 7is parallel to the 
vector AB x bj. 


A OCA 
aay a 

Now, 7} = ABxb; = |2 2 3] = 12f-3f-6f 
1b 266 


Hence, vector equation of the required plane is 


(F*ay.ny = 0 


ef ett fs Re 
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Ss PR=aPP 

= F? (121° - 3f- — 6k) = is —f). (128-37 6h) 

= r?(121-37— 6k) = 

=> 7? (41-7) j- 2k) = 6 

EXAMPLE a0 State punt the line P= a+ d bis pees to the e planer” r--n’=d. Show that the 


line P= 1+ J p+A (21+ ]. p+ 4 ki is parallel to the plane r’- (-2%+ b= 5. As: find the distance 
between the line and the plane: 


SOLUTION The line 7°=4°+Ab is parallel to the plane 7”: 7?=d, if the normal to the 
plane is Peek ucule to the line i.e., 


bins b= 
Here, Outi} Pots heal 
We have, 
Den? = (2f+f+4ak-(-20f+h = -4+044 =0 
=> bin 
=> Given line is parallel to the given plane. 


Distance between the line and the plane 


eee of the perpendicular from the point a” re } on the plane 


= Lead Lx A Ae (OE E)ESS =o 5 im 
V- Se ~ 5° 


EXAMPLE 11 Find the equation of the plane passing through the intersection of the planes 
4x-y+z=10andx+y-—z=4and parallel to the line with direction ratios proportional to 
2,1, 1. Find also the perpendicular distance of (1, 1, 1) from this plane, 


SOLUTION The equation of a plane passing through the intersection of the given planes 
is 


= 


(4x-y+z—-10)+A(x+y-—z-—4) = 
= x(4+A)+y(A-1)+z(1-A)-10-4A = 0 w--(i) 
This plane is parallel ‘to the line with direction ratios proportional to 2, 1, 1. 
: 2(4+A)+1(A-1)+1(1-A) =O >A=-4 
Putting A =— 4 in (i), we obtain 
5y -—5z—-6=0 -..(ii) 
This is the equation of the required plane. 
Now, Length of the perpendicular from (1, 1, 1) on (ii) is given by 
5x1-5x1-6| _ 3V2 
5? + (-5)? 5 
EXAMPLE 12 Find the equation of the plane passing through the_point_ A (1, 2, 1). and 
perndicular to the ne] joining the points P (1, 4, 2) and Q (2, 3, 5). Also find the distance of this 


plane from the line ~ 5 ee =. = = " [CBSE 2010] 


SOLUTION The direction ratios of PQ are proportional to 
2-1,3-4,5-2 ie.1,-1,3 
So, the equation of the plane passing through A (1, 2, 1) and perpendicular to PQ is 
78 


d= 











oor rs 


ovis ne. , ‘oe 


"ee? Ge 
ae a 
; 
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1 x(x -1)+(-—1) (y-2)+3x(z- 1) = 9 on, x- y+3z = 2 -»s(i) 
The SN line j AS parallel to the vector b’= 21 ic -k and the plane (i) is normal to the 
vector = 1—j + 3k such that b. 7’=0. So, given line is parallel to the plane (i). 


The distance between the plane (i) and the given line is the distance of any point on the 
line from the plane (i). The line passes through the point (— 3, 5, 7). 


So, required distance = Length of perpendicular from (— 3, 5, 7) on plane (i) 


SVE 11 
ee ei fT) 
W124 Gaija+ae Vit Co 








EXERCISE 28.9 
1, a, the angle between the line F°=(27+3 J I+ ok) +A(27+3 ; +4 bj and the plane 
r (t+ J f+k) =5. 

2. Find the angle between the line x 7 ne uns =~ . I and the plane 2x + y-z=4. 

3. Find the angle between the line joining the points (3, — 4, — 2) and (12, 2, 0) and the 
plane 3x — nue +z=1. 

4. The line F’=?+A (2i- mj — —3 ki is parallel to the planer’ r (mt +3] i+ k) = 4. Find m. 

5. Show that the line whose vector equation is is r T= 21 yp 5] A 7k +A (+3) +4K) is 
parallel to the plane whose vector equation is?’ (P+ j- k) = 7. Also, find the distance 
between them. 

6. Find the vent equation of the line through the origin which is perpendicular to 
the plane 7’: (§+2j+3k)= 3. 

7. Find the equation of the plane through (2, 3, — 4) and (1, —1, 3) and parallel to x-axis. 








8. Find the equation of a plane passing through the points (0, 0, 0) and (3, — 1, 2) and 





parallel to the line = 7 se ute = zt. [CBSE 2010] 


9. Find the equation of the line passing through (1, 2, 3) and parallel to the planes 

X-y+2z=5 and 3x+y+z=6. 

10. Prove that the line of section of the planes 5x+2y—4z+2=0 and 
2x + 8y + 2z — 1 =0 is parallel to the plane 4x — 2y —5z -—2=0. 

11. Find the vector equation of the line passing through the point (1, — 1, 2) and 
perpendicular to the plane 2x — y+ 3z-—5=0. 

12. Find the equation of the plane through the points (2, 2,—1) and (3, 4, 2) and parallel 
to the line whose direction ratios are 7, 0, 6. 





13. Find the angle between the line x z 2 ue 258 and the plane 


3x + 4y+z+5=0. 

14. Find the equation of the plane passing through the intersection of the planes 
x —2y+z=1 and 2x+y+z=8and parallel to the line with direction ratios propor- 
tional to 1, 2, 1. Find also the perpendicular distance of (1, 1, 1) from this plane. 


[CBSE 2005] 
15. State when ei line ¥” r’=a @+AB is parallel to the plane 7” rn’ =d. Show that the line 
F=f + J ‘4A (3 ;- J +2 yi is parallel to the plane?’ r%-(2] + b= 3. mee find the distance 


between the line and the plane. 
16. Show that the pans pnoee Nestor paualend is fe (P+ 2 j- b= 1 and the line whose 


vector equation is r= (-1 + j 4. k) +A(2i+) NY 4k) are parallel. Also find the distance 
between them. 
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17. Find the equation of the plane through the intersection of the planes 
3x — 4y + 5z = 10 and 2x + 2y — 3z =4 and parallel to the line x = 2y = 3z. 

18. Find the vector equation of the straight line passing through (1, 2, 3) and perpen- 
dicular to the plane r? (f+ 2) -5k)+9=0. 

19, Find the vector equation of the line passing through (1, 2,3) and parallel to the planes 
7? }'+ 2k) =5 and 72 (3+) +h) =6. 











20. Find the equation of the plane passing through the ponits (3, 4, 1) and (0, 1, 0) and 
parallel to the line = 2 : J 2-4 [CBSE 2008] 
ANSWERS 
-1( 3V3 anl{ —23 2 
1. sin es 2. 0 3. sin Fring) 4. -3 
7 —-_ A A A 
5 e r=A(i-2j+3k) 
7. 7y+4z-5=0 8. x-19y—11z=0 
_ _ — A 
9, XR ete 11. P= f+2H+2(2f-f43h) 
12. 12x + 15y - 14z-68=0 13. sin”! Vz 
21 | 
14. 13x — 6y + 9z — 37 =0, Vase 15. Distance = Ws 
i S 
16. ‘e 17. x-—20y+27z = 14 
“A A A A 
18, 7% (+2) 43k) +A (f+ 275K) 19. FE (f+ 27+ 3k) +A (-31 +5) + 4k) 
20. 8x -13y + 15z+13=0 


28.12.3 INTERSECTION OF ALINE AND A PLANE 


X-X% YY 27-2] 


Let the equation of a line be ST i ea and that of a plane be 


ax +by+cz+d=0. 





Mi bat) Wem or ; 
The coordinates of any point on the line fied Sane = ee by 
RAM) Yer Ve ae 
l m ie ee) 
ree) (os La A Vt ped Ea? a 
pat. n 





ax+by+cz+d=0%, 


Fig. 28.9 


= ED ae sa eed eine Fs 
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Or, (xX) +/r, yy + mr, z+ Nn7r) w»(i) 
If it lies on the plane ax + by + cz +d=0, then f 
a (x, + Ir) +b (y, + mr) +c(z1+nr)+d = 0 
=> (ax, + by, + cz, +d) +r(al+bm-+cn) = 0 


(ax, + by; + cz, +d) 


—-> 
al + bm +cn 


‘Substituting the value of r in (i), we obtain the coordinates of the required point of 


intersection. 


In order to find the coordinates of the point of intersection of a line and a plane, we may 
use the following algorithm. 


ALGORITHM 


STEPI Write the coordinates of any point on the line in terms of some parameters r (say). 
STEP II Substitute these coordinates in the equation of the plane to obtain the value of r. 
STEP Il Put the value of r in the coordinates of the point in step I. 

ILLUSTRATION 1 Find the coordinates of the point where the line through the points 
A (3, 4, 1) and B (5, 1, 6) crosses the XY-plane. [NCERT] 


SOLUTION The equation of the line passing through A and B 
to Y= 4) Zz) GO YA 21 


B=8 1-4 6=-1°’ 2..-3 5 
The coordinates of any point on this line are given by 


BES ye 8 2-1 4 
2 -—3 5 
=> x = 2A+3, y = —-3A+4, z = 5A+1 
So, (2A +3, — 3A +4, 5A + 1) are coordinates of any point on the line passing through 
A and B. If it lies on XY-plane i.e. z = 0. Then, 


SAt+1=0>2=-2 











So, the coordinates of required point are 


1 1 1 A 13 23 
[2x-§+3--3x-5+4.5x-5+1] te, [ , 0) 


A 
ILLUSTRATION 2 Find the distance between the point with position vector — i-5 } —10kand 


ge, nal 
the point of intersection of the line = == = uth = z=2 with the plane x-—y+z=9. 


SOLUTION The coordinates of any point on the line 


Boe. UAh = 2 = r (cay) are (3r +2, 4r—1, 12r +2) ~.(i) 


If it lies on the plane x — y + z =5, then 
3r+2—4r+14+12r+2=5 => llr=0>r=0. 


Putting r = 0 in (i), we obtain (2, —1, 2) as the coordinates of the point of intersection of 
the given line and plane. 


Required distance = Distance between points (— 1,—5, — 10) and (2, — 1, 2) 
= V(2+1)?+(-14+5)*+(2+10)* =13 
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28.12.4 CONDTION FOR A LINE TO LIE IN A PLANE 
| — > 9 sD pe: —> —>_ 
THEOREM 1 (Vector form) If the line r=a°+Xb lies in the plane r*-n’=d, then 
(i) b -7’=0 and (ii)a’- W=d. 
PROOF Ifthe line? = a+ AD lies in the plane?” 7°=d, then every point on the line lies 


on the plane. The position vector of any point on the line7 = a+ A bisa’+ A b. This point 


lies on the plane if 
+25)” =d forall values of A 


= (a. n’—d)+r (b- 7} = 0 forall values of A. 

=> a. 1 — d =— .--(i) 
— —> ee 

and, b-n’=0 .--(ii) 


The conditions (i) and (ii) also confirm the geometrical fact that a line will lie ina 
plane, if (i) any point lies on the plane (ii) the normal to the plane is perpendicular to 
the line. 


THEOREM 2 (Cartesian form) If the line oa lies in the plane 
ax+by+cz+d=0, then : 

(i) ax + by, +cz, +d=Oand, (ii) al+bm+cn=0. 

PROOF The coordinates of any point on the line 


SSS | — Virol = ec | = X are (x, +1h, y,+mA, Z + nA) 


If the line lies on the plane, then every point on the line lies on the plane. Therefore, 
(x) + JA, y, + mA, z, + nA) lies on the plane ax + by + cz + d=0 for all values of A. 
a (x; + 1A) +b (y, + mA) +c (z; + nA) +d = 0 forall values A 
= (ax; + by, + cz, +d) +A (al+bm+cn) = 0 forall values A 
= ax, + by; +cz,+d = 0 and al+bm+cn = 0 | 
28.12.5 CONDITION OF COPLANARITY OF TWO LINES AND EQUATION OF THE PLANE 


co INING THEM ms ie 
Baia form) If the lines r= ay +A b, and r= a + b> are coplanar, then 


> = —> — 
ae = @3.(b, xb5) 
andafeeGiation of the plane containing them is 


F? (by x by) = Hp. (by x ba) of 7? (b,x ba) = H. (b; x by) 


PROOF If the given lines are coplanar, their common plane should be parallel to each 
of the vectors a; — 3, b; and by i.e., these vectors should be coplanar and the condition 


=> a (b x bg) -@3- &; xBy) = 0 
=> aR (6, xy) = -( xdy) 


The plane containing the given lines passes through@; and a3and is normal to the vector 
b; x by. So, its equation is 
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>) 
(FR) - (by x by) = 0 or, ented = 0 
=> = SMa 
— at (b; x bs) = ap - (b; x b>) or, 7 (b; x Bs) = a? - (b; xb) 








TH pee a? Z—Z x-x zZ-z 
EOR wai form) If the line 19" ben) ieee Ys92 2 
h 43 | ny Si ee No 
are cop ana then oe 


X2—-%X1 Y2-Y1 22-24 





l 1y ny = 0 
lb m5 nN» 
and the equation of the plane containing themis == =~§- ~- 
WA“ X—X1 YY 2-2 X—%X2 Y—-Y2 2-22 
ly my, ny = 0 or, ly my, ny = 0 
ly m2 No I, My No 
° a 2 --— a a a a 
PROOF The equations of two straight linésare~— 
Rielenrein el (2 21 (i) 
l 14 Ny 3 
data Yas 2% fé 
Ip m9 ib) x 
Let ax+by+cz+d=0 .».(ili) 


be the plane containing the line (i). Then, (xj, y;, 2) lies on the plane and the normal to 
the plane is perpendicular to the line. 


AX, + by; +cz; +d = 0 .».(iv) 
and, al; + bm, +cn; = 0 -o(¥) 
Substituting the value of d obtained from (iv) in (iii), we get 

a (x—x1)+b(y—y})+c(z@-2) = 0 .»(vi) 


If the lines (i) and (ii) are coplanar then line (ii) lies in the plane (vi), i.e., the point 
(Xz, Yo, Zz) lies in the plane (vi) and line (ii) is perpendicular to the normal to the plane 
(vi). 
@ (x2 -X4) +b Y2—y1) + ¢ (22-2) = 0 ..-(Vii) 
and, aly + bm +CNo = 0 .».( Vili) 
Eliminating a, b, c from the equations (v), (vii) and (viii), we get 
~| %2—%1 Y2-Y1 22-77% 


L my, ny = 0 
b mm Mm 
which is the required condition. 


The equating of the required plane is obtained by eliminating a, b and c from the 
equations (vi), (vii) and (viii). 


X—X1 YY 2-2; 
i om, Mm, | = 0 isthe required plane. 
lb mM, mM 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Show that the lines 7’= ef R +a (3 ij) and 7’=(4 ra) +p (2 {3h are 
coplanar. Also, find the plane containing these two lines. 
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SOLUTION We know that the lines 7’= 4]; +A b; and 7 ’=a3 + ub> are coplanar if 

a}. (b,x by) = @3.(b, xy) 
and the equation of the plane containing them is 

F? (by x by) = ay (by x by) 


Aan A : A 
Here, ap=i+f-k, b,=3f-f a=41+0f—kand by =21+0f+3k. 








A rs 
b1 xbs = 3-10 = -3f-9f+2k 
2 09 
= a; .(b;xb,) = (M+ f-k)-(-3f-9 f+ 2k) =-3-9-2=-14 
and,  @3..(b, xby) = (4+ 0f-k)-(—3f-9 f+ 2k) =- 12+0-2=-14 
> (by xby) = 3B.(b, xby) 


So, the given lines are coplanar. 
The equation of the plane containing the given lines is 


> —- > —- 
r? (by xb3) = a7 - (b, xbp) 








= 7. (b; xB) = -14 

A —> — “A 
= r. (-31-9+2k =-14 [-. b)x by = —37- 9 +2k] 

A 
= 7. (314+97-2k) = 14. 
SF} = = 
EXAMPLE2 Prove that the lines ~ : = ute =- +2 and = = vos = a are coplanar. 
Also, find the plane containing these two lines. 
SOLUTION We know that the lines 
Set LUST A 2S) 4 5%20 Ya2. 4-2 














and, 
ly my ny l5 m> n> 
are coplanar if 
%2—%1 Y2-Y1 22-21 
h my ny = 0 
lp mM Ny 


and the equation of the plane containing these two lines is 


RO YS AS At 
ly m, my | =0 
l5 Mz 89M 


‘ Here, x; =-1, y, =—3, 2, =—5, X = 2, yn = 4, 22 = 6, L =3,m, =5,n, =7,l,=1,m2=4, 


: n,=7. 
X2—-%1 Y2-Y1 2-24 37 11 
ly my ny =/35 7 | = 21-98+77 =0 
Ip m9 Ny 14 7 


Lidia BB RB Bek 
ce 








So, the given lines are coplanar. 


The equation of the plane containing the lines is 
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X+1 y+3 245 
3 5 7 = 0 
Slee ea 7 
= (x + 1) (85 — 28) — (y +3) (21-7) + (z +5) (12-5) = 0 
=> x-2y+z=0 


EXAMPLE3 Show that the lines 
x-atd_y-a_z-a-d a x-b+c y-b z-b-c 
a—-§ a a+ —SR=y 8B! * B+ 
are coplanar. [NCERT] 
SOLUTION We know that the lines 


X—-X%1 YryYi 2-2 





X—-%2_Y-Y2_ 2-2 


= ——_— = ——_ and, = = —_—_ 
h LS | Ny Ip M4 No 
are coplanar, if 
%2-% Y2-" 27-% 
L my ny =0 
lL m2 no 


The equations of the given lines are | 


x-(a-d) y-a_z-—-(at+d) ana, b-—c) y-b z-—(b+0) 
a-5 a  a+téd Bey BBY, 


Here, xX, =a-—d, yy =a, Z}=at+d 
X9=b-—Cc, yo=b, 2=b+ec 
1, =a—-—8, mj =a, ny =a+5; 1 =B-y, m=B,no=B+y 








a re eer me 








27%. Y2-Y1 22-4! |b-c-a+d b-a b+c-a-d 
L my nm | = a—s oO a+ 
lb m> n> B-¥ B B+y 
%2-%1 Yoa-yl 2-% 2(b-a) b-a b+c-a-d 
= ly my, ny = 2a 10 4 a+d 
lb m9 no 28 B B+y 
Applying C; > C;+G 
%2-%1 Y2-YW 22-21 
=" h my nm |=0 [-. Cy and Cy are proportional] 


lp m2 no 
Hence, given lines are coplanar. 


EXAMPLE4 Find the vector equation of the plane that contains the lines 
Pas P+rad+2f-Kandra(sfepeef-2b,. 
SOLUTION The two given lines pass through the point having position vector @’=!+ ; 
and are parallel to the vectors b; = +2 j-kand by =-i4+j-2k respectively. Therefore, 
the plane containing the given lines also passes through the point with position vector 
a= i+ ip Since the plane contains the lines which are parallel to the vectors b; and by 
respectively. Therefore, the plane is normal to the vector 
1] rR 
7 = b; xb, = 12-1) = -3f-3f%3k 
eli 2 


~~ 
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Thus, the vector equation of the required planes is 


(r’—ay-n’= 0 or, F-= 4-H - 
A aie 
=> Fe (-3 fa f43hk = )-C3heafe3h yess 
i A A A . & 
=> rs ((-31+3j7+3k) = -3+3 fish sg 
=) P.(-M MK = 0. , 


EXAMPLES Find the equation of the plane passing through the point (0, 7,7) and containing 


he li X+1_y-3 _z+2 
the line sary 5 an 


SOLUTION Let the equation of a plane passing through (0, 7, — 7) be 
a(x—0)+b(y—7)+c(z+7) = Q.(i) o 


Theline£+> = ¥=3 zee 
- 3, 2, 1. If (i) contains this lines, it must pass through (— 1, 3, — 2) and must be parallel 
to the line. Therefore, 

a(-—1)+b(8-—7)+c(-2+7) =0 





passes through the point (— 1,3,—2) and has direction ratios 


= a(—1)+b(—4)+c(5) = 0 .-.(ii) 
and, —3a+2b+1c =0 ...(iii) 
On solving (ii) and (iii) by cross-multiplication, we get 

a b C @ ~3sb= ae 


Putting the values of a, b, c in (i), we obtain 
A(x-0)+A(Y-7) +A(Z+7) = 0 => xt+y+z = 0. 
This is the equation of the required plane. 
ALITER The required plane passes through the point A (0, 7, — 7) and contains the line 


Se y=S 22 
=3) Sa 


Clearly, the line passes through B(—1;3,-2) and is parallel to the vector 
7? nh. nA 
b=-31+2) + k 
Thus, the plane passes through two points A (0, 7, — 7) and B (— 1,3, — 2) and is parallel 

ria A nh 
to the vector b = — 31 + 2) + f. 

—> 

is n be the normal vectar to ) the required plane. Then, n’is perpendicular to both b and 
AB. So, it is parallel to AB x b. 


Let 7, = AB x b: Then, 


> rs, 
m = |-1 —4 5| = -14f-14%- 14k 
=3..2).4 








Let @ be the position vector of A. Then, @= 7} =7ke 

Clearly, the required plane passes through &= 7}— 7k and is perpendicular to 
ny =— 147 14). — 14f. So, its equation is 

(a.m =0 

Pn = 2m 


= 7? (—-14f- 14f- 114k) = (7f- 7k). (-14f- 147 14F) 


¥ 
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= Fr? (-141- 147 14k) = -98 +98 
=> r? (1+ } + R) = 
The cartesian equation of the plane is x+y +z = 0. 


A 
EXAMPLE 6 Show that ie pane whose vector requauon is TF. (1+ 2 }. — k) =3 contains the line 
whose vector equation is r= 1G + }) +A C + ry I + 4 K). 


SOLUTION phe line 7’ = (7. + }) +X (21 + J +4 k) passes through a point with Position 


vector a a= 1+ jand i is parallel to the vector b = =2h+fak The plane 7” (f+27- k)= 3 
contains the given line if 


(i) it passes through 1 I. J | and (ii) it is parallel to the line. 
We have, (f+/)-(*2f-k)=14+2<3 
So, the plane passes through the point re : 


A A 
And, (2 t+ ik +4k)- (7 +2 ; —k)=2+2-4=0. Therefore, the plane is parallel to the line. 
Hence, the given plane contains the given line. 


EXAMPLE7 Find the vector and cartesian equation of the plane containing the two lines 
ETA ICY =< nt Seah tts 
r= 21+j—-3kK+A(1+2j+5k) 
BR KN oA a ph _A 
and, r= 31+3j+2k+p (31—2j + 5k) 
A _A 
SOLUTION Given lines pass through points having position vectors 4; = 2I+ j —3kand 
A A A A 
a3 = 31+ 3) +2k respectively and are parallel to the vectors b; = I+ 2j+5k and 
A A 
by = 31 2j + 5k respectively. Therefore, the plane containing these two lines passes 


through points having position vectors @; and @3 and is perpendicular to the vector 


n= b; x Dy. 
We have, 
S PR 
a 
W=b,xb,=|1 2 5 |= 20f+10;-8k 
3° =2'5 








So, the vector equation of the required plane is 


(F2a)).n = 0 


==> => =) 


Or, n= aj.n 
=> AN ss Amat (Sy ee 
Or, 7? (201 + 10j — 8k) = (21+) —3k) . (20: + 10j — 8k) 
A 
or, F? (208+ 10) —8k) = 40+10+4 24 
SS aah e An A 
Or, r~ (101 + 5j —4k) = 37 


The cartesian equation is 10x + 5y — 4z = 37. 
Brite If 4x + 4y — i z =O is the equation of the plane through the origin that contains the 





line =— + = ti 2% find the value of i. 
SOLUTION If the plane 4x + 4y — 4.z = 0 contains the line ~ + =¥E1 §2, then 


2x4+3x4-4xA =0 =20-4A =0 >A =5. 


ee 
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EXERCISE 28.10 





1. Show that the lines 7” rice (2j- aR +ai+2f+3h) and 
r r'=(2i+67 +3k) +p (20-3 peak are coplanar. Also, find the equation of the 
plane containing them. 


x+1_y-3_Z+2 
=—3 2 1 
the equation of the plane containing them. 


2. Show that the lines —— —— and = = unt = zt2 are coplanar. Also find 





3. Find the equation of the plane containing the line zit a2 = = 2 and the point 


(0, 7,-7) and show that the line e* = wat = zie also lies in the same plane. 


4. Find the equation of the plane which contains two parallel lines 


X=4 _y-3 2-2 0g X38 ute z 
M4 5 1 a 





5. Show that the lines x: : s = ute = 255 and 


3x-2y+z2+5=0=2x+3y+4z-4 intersect. Find the equation of the plane in which 
they lie and also their point of intersection. 
6. Show that the plane ws Neel Ss is r? (+ i ky =3 contains the line 


whose vector equation is 721 i. j i+ (27+ J i ak ). 
7. Find the distance of the point —1,-5,-10) from the point of intersection of the line 








7% (27 —; + 2k) +d (3f+ 4) + 2k) and the plane?” > (f-j+k)= 5: [NCERT] 
ANSWERS 
7. P-2b47=0 2.x+y+z=0 3. x+yt+z= 
4. lix-y-3z=35 5. (2,4,-—3), 45x-—17y+25z+53=0 7. 13 units 


28.13 IMAGE OF A POINT IN A PLANE> 
DEFINITION Let P and Q be two points and let n be a plane such that 

(i) line PQ is perpendicular to the plane 1, and, (ii) mid-point of PQ lies on the plane Tt. 
Then, either of the point is the image of the other in the plane m. 


P(X, Yys =) 





(x, + ar, y, + br, 2, + cr) 
Fig. 28.10 


In order to find the image of a point (x1, y1, 21) ina plane ax + by + cz +d =0, wemay use 
the following algorithm. 
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ALGORITHM 


STEP1 Write the equations of the line passing through P and normal to the given plane as 
xX Pie AUS tama] 


a b c 
STEP Ii Write the coordinates of image Q as (x, + ar, y1, + br, 2, + cr). 
STEP Ill Find the coordinates of the mid-point R of PQ. 
STEPIV Obtain the value of r by putting the coordinates of R in the equation of the plane. 


STEP V Put the value of r in the coordinates of Q. 
The above algorithm is illustrated in the following examples. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Find the image of the point (3, — 2, 1) in the plane 3x — y + 4z = 2. 


SOLUTION Let Q be the image of the point P (3, -—2, 1) in the plane 3x — y + 4z = 2. Then, 
PQ is normal to the plane. Therefore, direction ratios of PQ are proportional to 3, - 1, 4. 
Since PQ passes through P (3, — 2, 1) and has direction ratios proportional to 3, - 1, 4. 
Therefore, equation of PQ is 


x-3 +2 _ z-1 
sgt 2 ery roa 


Let the coordinates of Q be (3r + 3, -—r—2,4r+1).LetR 
be the mid-point of PQ. Then, R lies on the plane 
3x — y + 4z = 2. The coordinates of R are 


3r+3+3 -r-2-2 4r+1+1 
2 . 2 g 2 


or, SenO! = Soret 1 


Tre ae: OGr +3,-r-2,4r#1) 
Since R lies on 3x — y + 4z =2. Fig. 28.11 


Sr +6 —r-4 = 
eget = 2 


13r = -13 > r=-1 
Hence, the coordinates of Q are (0, —1,-3). 
EXAMPLE 2 Find the length and the foot of the perpendicular from the point (7, 14, 5) to the 
plane 2x + 4y—z=2. 


SOLUTION Let M be the foot of the perpendicular from P on the plane 2x + 4y—z = 2. 
Then, PM is normal to the plane. So, its direction ratios are 2, 4, — 1. Since PM passes 
through P (7, 14, 5). Therefore, its equation is 


Reid, eV, ZA. 
Tage a ae gan aed 


Let the coordinates of M be (2r + 7, 4r + 14, -r + 5). 
Since M lies on the plane 2x + 4 — z = 2. Therefore, 
2 (2r +7) +4 (4r+14)-(—r+5) = 


P(7, 14, 5) 


= 21r+63 = 0 


=> r=-3 


So, the coordinates of M are (1, 2, 8). Fig. 28.12 
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Now, 
PM = Length of the perpendicular from P 
= PM = V(7-1)? + (14-2)? + 6-8) = 
OMILE 5 the image of the point having position vector i+3 ; +4k in the plane 
rr (21 J p+k)+3=0. 
aera Let Q be the image of the point P(r +3 Mak in the plane 


r.(21- J ie ky +3 =0. Then, PQ is normal to the plane. Since PQ passes through P and 
is normal 2 the given plane; therefore Sgktiven. of line PQ is 


= 43 fab +a (20-f+h. 
Since i lies on line PQ, so let the position vector of Q be 


(M3h4 4b +02 MB = (1420) MH G-AP+ 44K 


P(7, 14, 5) 


Fig. 28.13 


Since R is the pu point of PQ. Therefore, posifion vector of Ris 


[(1+2A)7+(3- ay fe (44a) kl + (83 fa 


2 
r A \s 

= (A+1)f+ me fear k 
Since R lies on the plane 7” (2 i j+ +k) +3=0. 

[arnte(3-3]f+(4+ > | }. (2f-f-K+3 = 0 
=> 2242-34 4444443 =0 

2 2 

=> A = -2. 


Thus, the position vector of Qis is 
(§+37+4k)- 2(27- MR =-3 85 f42k. 


EXERCISE 28.11 
1. Find the image of the point (0, 0, 0) in the plane 3x + 4y —6z + 1=0. 

2. Find the reflection of the point (1, 2, — 1) in the plane 3x — 5y + 4z =5. 

3. Find the coordinates of so i of the perpendicular drawn from the point (5, 4, 2) to 


ited: Yi) 
the line —_— 7 3 = zt. 
Hence or otherwise deduce the length of the perpendicular. 
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4. Find the image of the point with position vector 3 ee } +2Kk in the plane 
rs (21-j+k)=4., 


5. Find the coordinates of the foot of the perpendicular from the point (1, 1, 2) to the 
plane 2x — 2y + 4z +5 =0. Also, find the length of the perpendicular. 


6. Find the distance fe the point (1, - 2, 3) from the plane x — y + z = 5 measured along 


a line parallel to ~ > =f = = [CBSE 2008] 
7. Find the coordinates of the foot of the perpendicular from the point (2, 3, 7) to the 
plane 3x — y —-z =7. Also, find the length of the perpendicular. 


8. Find the image of the point (1, 3, 4) in the plane 2x -1 y +Z+3=0. 


9. Find the distance of the point with ppoeibion vector —i— ? j- 10 k from the point of 
Bue ieecnon of the line 7r#(2 }— ] Ny 2 b) +A(31 +4 J +12 b) with the plane 


re(t—j+ k) y=5. ] 
10. Find the length and the foot of the perpendicular from the point (1, 1, 2) to the plane 
r?(1-2j+4k)+5=0. [CBSE 2002C] 








11. Find the value of A such that the line * 7 = et = are is perpendicular to the 


plane 3x- y-2z=7. [CBSE 2010] 
12. Find the coordinates of the foot of the perpendicular and the perpendicular distance 
of the point P (3, 2, 1) from the plane 2x — y+ z+1=0. Find also the image of the 





point in the plane. [CBSE 2010) 
ANSWERS 
1. ke a at | 2. ees | 3. (1,6,0),2V6 4. (1,2,1) 
we ia —a | ae 6.1 7. (5,2,6);V11 8 (-3,5,2). 
9. 13 10.25 V6" or 2, 3 {a 26 12. (1,3,0), V6 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


1. Write the equation of the plane parallel XOY-plane and passing through the point 
(27375): 


2. Write the equation of the plane parallel to YOZ-plane and passing through 
(— 4, 1, 0). 


3. Write the equation of the plane passing through points (a,0,0), (0, b,0) and 
(0, 0, c). 


4. Write the general equation of a plane parallel to X-axis. 


5. Write the value of k for which the planes x-2y+kz=4 and 2x+5y—z=9 are 
perpendicular. 


6. Write the intercepts made by the plane 2x — 3y + 4z = 12 on the coordinate axes. 


7. Write the ratio in which the plane 4x + 5y — 3z = 8 divides the line segment joining 
points (— 2, 1, 5) and (3, 3, 2). 
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8, 
9, 
10. 
. Write the equation of the plane F= 7% Ab + U2” in scalar product form. 


14. 
15. 


16. 


17, 


12. 


. Write a vector normal to the plane 7’= lb + me. 
. Write the equation of the plane passing through (2, — 1, 1) and parallel to the plane 


Write the distance between the parallel planes 2x — y + 3z =4 and 2x — y + 3z = 18. 
Write the plane 7? (27+ 3j — 6k) = 14 in normal form. 
Write the distance of the plane r? (27- j + 2k) = 12 from the origin. 


— 


3x + 2y —-z=7. 
. . te . — — 4,7 _ 
Write the equation of the plane containing the lines F’= @+Ab and 7=a@+ wc, 
“ra oe ae ee 
Write the position vector of the point where the line 7’= @% Ab meets the plane 
r.n=0. 


boot fd | 


z—1 
~~ 
= pt - 
= = 


2 Came 





Write the value of k for which the line is perpendicular to the 


A A 
normal to the plane 7? (27+ 3j + 4k) = 4. 





Write the angle between the line 2+ = 4= 2.243 and the plane x + y+4=0. 
ANSWERS 

z=5 2. x=-4 3 ern» 4. by+cz+d=0 

-8 6. 6,-4,3 7. 221 8. V14 

rots 7-Sk =2 10. 4 I. (2a). (6x3 =0 


+ 
MULTIPLE CHOICE QUESTIONS (MCQs) 


—> —» ss) 6 =i a.n\-> -—13 a 
bxc’ 14. (7%a}.(bkO}=0 15. a Gok 16. — 17. 45 


Mark the correct alternative in each of the following: 


1, 


2. 


3, 


4. 


The Plane 2x-(1+A)y+3A2z=0 passes through the intersection of the planes 
(a) 2x-y = Oandy-—3z = 0 (b) 2x+3z = Oandy = 0 

(c) 2x—y+3z = Oandy-—3z = 0 (d) none of these 

The acute angle between the planes 2x -y+z=6andx+y+2z=3is 

(a) 45° (b) 60° (c) 30° (d) 75° 

The equation of the plane through the intersection of the planes x + 2y + 3z =4 and 
2x + y—z=—5 and perpendicular to the plane 5x + 3y + 6z +8 =O is 

(a) 7x -2y+3z+81 = 0 (b) 23x+14y—9z+48 = 0 

(c) 51x-15y-50z+173 =0 (d) noneof these 

The distance between the planes 2x + 2y — z+2 =O and 4x + 4y —-2z+5=Ois 


(a) . (b) : (c) ; (d) none of these 


5. The image of the point (1, 3, 4) in the plane 2x —- y+z+3=Ois 


(a) (3,5,2) (b) (—3,5, 2) (c) (3,5,-2)  (d) (3,-5,2) 


6. The equation of the plane containing the two lines 


Me Yk. z= 0 and —Swe te Zt. 


Dae ae Sa 3 ee ee 
(a) 8x+y-—5z-—7 = 0 (b) 8x+y+5z-7 =0 
(c) 8&x-y-5z-7 =0 (d) none of these 
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. . A A A 
7. The equation of the plane re ai +A (P+ j +k)+y (f- 2j + 3k) in scalar product 


form is 
(a) r F205 2p 3k) = (b) 7 7? (6h+ 2) — -3k) = 7 
(c) r r?(5 = 2. + 3k ) = (d) none : of these 


8. The distance of fe line 7%21- 2} + 3k +2 (h-j-+ 4k) from the plane 
Fe (i+ 5j+k)=5, is 


(a) mt (b) we (c) ae (d) none of these 


9. The equation of the plane through the linex+y+z+3=0=2x—y+3z+1and 


parallel to the line + =5 =F is 
(a) x-Sy+3z = 7 (b) x-5y+3z = -7 
(c) x+5y+3z = 7 (d) x+5y+3z = -7 


10. The vector equation of the plane containing the ie, 
re (- ates oe) + 4k) +X (37 2 - =f ) and the pont t+ a “+ 3h i is 
(a) r Fh+ 3k) = 10 (b) 7? (3k) =1 
(c) F? (31. + k e=—10 (d) none of these 
11. Aplane meets the coordinate axes at A, B, C such that the centroid of A ABC is the 


point (a, b,c). If the equation of the plane is - + * + = =k, thenk= 


(a) 1 (b) 2 (c) 3 (d) none of these 
12. The distance between the point (3,4,5) and the point where the line 


Xo8 U4 .2- meets the plane x + y +z =17, is 


(a) 1 (b) 2 (c) 3 (d) none of these 
13. A vector or parallel to the line of intersection of the planes 7° > (37 - +b = 1 and 
rT? (i+ 4j- 2k) = 2 is 


(a) -2/ +7] 13k (b) 2f+ 77 13k 
(c) -2f-77+13k (a) 2f+77 413k. 

14. If a plane pases genouen the point (1, 1, 1) and is perpendicular to the line 
<= aan lt ee 275! then its perpendicular distance from the origin is 
(a) 3/4 (b) 4/3 (c) 7/5 (d) 1 


15. The equation of the plane parallel to the lines 
x—-1=2y—5=2z and 3x =4y-11 = 3z-4 
and passing through the point (2, 3, 3) is 
(a) x-—4y+2z+4 = 0 (b) x+4y+2z+4 =0 
(c) x-4y+2z-4 =0 (d) none of these 
16. The distance of the point (— 1, -5, — 10) from the point of InteXeecuCs of the line 
A A 
re of 7+ 2k + A (31+ 4j + 12k) and the plane? (r- ] Ps k) = 5is 
(a) 9 (b) 13 (c) 17 (d) none of these 


17. The equation of the plane through the intersection of the planes 
ax + by + cz +d =O and Ix + my + nz + p =0 and parallel to the line y=0,z=0 


eee ee 
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18. 





1, 
9, 
17, 


teal 


10. 


11. 


(a) (bl —am) y + (cl —an) z+dl-—ap=0 

(b) (am — bl) x + (mc — bn) z+ md — bp = 0 
(c) (na —cl) x + (bn —cm) y+nd—cp = 0 
(d) none of these. 


The equation of the plane which cuts equal intercepts of unit length on the coor- 
dinate axes is 

(a) x+y+z= 1 (b) x+y+z=0 

(c) xt+y-z = 1 (d) x+y+z=2 


ANSWERS 
(a) 2. (b) 3. (d) 4. (c) 5. (b) 6. (a) 7. (a) 8. (b) 
(a) 10. (a) 11. (c) 12. (c) 13. (a) 14. (c) 15. (a) 16. (b) 
(a) 18. (a) 


SUMMARY 


. The general equation of first degree in x, y,z i.e., ax + by + cz +d = 0 always repre- 


sents a plane. 
In the equation ax + by + cz +d=0, the direction ratios of normal to the plane are 
proportional to a, b, c. 


. Avector normal to the plane ax + by+cz+d=Ois n=al r+ by. + ck. 
. If], m,n are the direction cosines of normal to a plane which is at a distance p from 


the origin, then the cartesian equation of the plane is 
Ix+my+nz = p. 
This is known as the normal form of a plane. 


. The vector equation of a plane passing through a point having position vector a and 


normal to 71’is 
(*4)-W=0 o, r= a'n 


. The cartesian equation of a plane passing through (x1, 1), Z;) and having direction 


ratios proportional to a, b, c for its normal is 
a(x—xy)+b(y—-yi)+c@—2) = 0 


. The vector equation ofa plane having n as a unit vector normal toit and ata distance 


‘d’ from the origin is r= ren=d. 
If l,m, ult are direction cosines of the normal to the plane, then its vector equations 
r? (It + mj + nk) = d 


This is the vector equation of the normal form of a plane. 


The vector equation of a plane passing through points having position vectors 


a band 7c is 


Po (ak b+ bx ee oxKa = a2 (bxo3 


. Avector normal to the plane passing through points A (ay, B (b) and G (cy is 


AB x AC or, BC x BA or, CBx CA 1.e., akbebxceexa 


The cartesian equation of a plane intercepting lengths a, b and c with X, Y and Z 
axes ee is 


¥ 
ae =1 


The cartesian equation of a plane passing through points (x1, y}, 21), (%2, Y, Z2) and 
(X3, ¥3, 23) is 


MATHEMATICS-XII 
is y ye X—<X 1 1 Y Aimy A 
Bu 21 2) 9 7% ee at |= 
X2 Yo 2 1 = Or, i: ¥ fa z is a = 
X3 y3 2 1 %3-%, Y3-Y1 237-21 


12. The angle between two planes is defined as the angle between their normals. 


13. 


14. 


15. 


16. 


17. 


(i) Ifr?ny=d, andr? 113 = dp are two planes inclined at an angle 0, then 
— —> 
Ny * M9 
COSs\0.= 9s 
| my | | 72 | 
These planes are parallel, if 77; is parallel to 79. 
These planes are perpendicular, if 7] - 73 = 0 
(ii) Ifa, x+b, y+c,z+d, =Oand ay x+bz y+ c2z+d2=0 are cartesian equations 
of two planes inclined at an angle 0, then 
* Ay A + by bo + Cy C2 
cos 8 = NEP a 
1 1 TC ag” + b> t Co 
M1 1 
The planes are parallel, if— = — = — 
a2 bg & 
The planes are perpendicular, if a1 42 + by bp +c, co =0 
The vector equation of a plane passing through a point having position vector a@and 
parallel to vectors b and cis 


—)y 
r= a+mb+nc- where mand n are parameters. 


or Fe(bxe} =ar(bxo 


The vector equation of the plane passing through points having position vectors, 
—>7? =. 
a,b and c’is a 
r= (1 —m—n) a%mb+nc? [Parametric Form] 
r? (ax b) +r? (bx C}+re(Ckaj=a- (bx C3 [Non-parametric form] 
The equation of a plane parallel to the plane 


(a) F?n’= dis r’?n’= dy 

(b) ax+by+cz+d =0 is ax+by+cz+A = 0 
The length of the perpendicular from the point (x,y12;) to the plane 
ax +by+cz+d=Ois 

Jax, + by; + CZ} +d| 
Va? +b? +2 
and the coordinates (a, B, y) of the foot of the perpendicular are given by 
Cec eine ea (Ort bya Fez 
a b c P4Pae 
The coordinates (a,8,y) of the image of the point (x,, 41,21) in the plane 
ax + by + cz +d =O are given by 
x1 2 B-y spe Ad JS: ax, + by, +cz, +d 
a? +b? +7 

The distance between the parallel planes ax+by+cz+d,=0 and 
ax + by +cz +d =0 is given by 


———— ieee ae a) Se eee ee 


— os we 
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| dy = dy |_ 
Va? 4b? +c? 
18. The equation of the family of planes containing the line 
Mx+bpy+cyz+d, = 0 = agx+bgy+C2Z+dp2 is 
ax+byy+c,z +dy)+ A (a2. x+ boy + C>z+d>\ = 0, where A is a parameter. 


19. The equations of the planes bisecting the angles between the planes 
ax+b) y+c,z+d, =Oand a x+bz y+c2z+d> =O are given by 
a x+b) y+e,z+dy aig x + bo y +02 z+ dz 


ag a a as ae BP Te 
a” +b* +c" ay” + b> + C9 


Rmx =i 2-2 
20. The angle 0 between a line ; 2h =< and a plane ax + by + cz +d=0is 


the complement of the angle between the line and normal to the plane and is given 
by 











bis Qi al + bm +cn 
Va? +b? + c2 VP + m2 +n? 
The angle 6 between mnt line 727% A band the planer? 7i’= d is given by 
: b-n 
A line is parallel to a plane if it is perpendicular to the normal to the plane. 
A line is perpendicular to a plane if it is parallel to the normal to the plane. 


21. The line 7% 7% A b lies in the plane r?n*=d, if 
m= d and b:W= 0 


X=—X%, yr Z—Z 
The line——+ = “#1 = =“ }ies in the plane ax + by +cz +d =0, if 
ax, + by; + czy +d=Oandal+bm+cn = 0 


22. The equation of a plane containing the line 
tad Wa Aare). WE, Soot t'- 


= ———— = —— is 
l m nN 


a(x—x1)+b(y—y}) +c (z —z,) =0, where al + bm + cn =0. 





—. Xx - Z—-Z xXx—-x - Z—29 
23. Two lines De and, —— = wee. —— are coplanar, if 
l my Ny l, m> n> 
42—%1 Y2-Y1 22741 
l my nm, | =0 
Ip M> Nz 


and the equation of the plane containing them is 


scram Me fa A late | SAND) 222 
l my ny =Oor, lL; I} My =0 
b. Ma NZS Lb mM, Mm 


24. Two lines 7=ay+A b; and r=a3+p bs are coplanar, if 


a?- (b, xy) = @-(b, x55) 
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REVISION EXERCISE ON 3-D 

1. Ifaline makes angles of 90°, 60° and 30° with the positive direction of x, y, and z-axis 
respectively, find its direction cosines. 

2. If a line has direction ratios 2, — 1, — 2, determine its direction cosines. 

3. Find the direction cosines of the line passing through the two points (— 2,4,-5)and 
(1,2, 3). | 

4. Using direction ratios show that the points A (2,3,—4),B(1,-—2,3) and | 
C (3, 8, — 11) are collinear. | 

5. Find the direction cosines of the sides of the triangle whose vertices are 
(3, 5, — 4), (— 1, 1, 2) and (— 5, — 5, — 2). 

6. Find the vector and cartesian soe ODe C of the line through the point (5, 2, — 4) and 
which is parallel to the vector 31+ 2} — sk. 


7. Find the vector equation of the line passing through the points (— 1,0, 2) and 
(3, 4, 6). 


ines with directi ings 22 =3 =4. 4 zeae 
8. Show that the three lines with direction cosines 2-3 -4,4 2 3, 
3 -4 12 
13’13’'13 —; are mutually perpendicular. 


9. Show that the line through the points (1, —1, 2) and (3, 4,—2) is perpendicularto 
the through the points (0, 3, 2) and (3, 5, 6). 
10. Show that the line through the points (4, 7, 8) and (2, 3, 4) is parallel to the line 
through the points (— 1, — 2, 1), (1, 2, 5). 
11. Find the cartesian equation of the line which passes through the point (— 2, 4, -5) 
and parallel to the line given by 
x+3  y-4 =2z+8 
Oe Oe. 6 
12. Find the distance between the lines /; and /5 given by 
= NAA A. nf), 4 ESA At ee An Ase 
r= 1+2)—-4k+A(21+3j+6k) and, r= 31+3j—5k+ 1 (21 + 3) + 6k) 


BaP a WA Zandt a 4a? 





apie 1 Ob <3 perpendicular to each 





other. 

14. Find the shortest distance between the lines 
Ree See A int eat aA & A IAG oo 1 aA ah 
(i) r= (@+2j+k)+AQ—j+k)and,r= 21-j—k+ (21 +7 + 2k) 
(ii) ast — Yel _ Zt andi” pO ei 7 





ple 1 A —2 i 
(iii) 7”: M+ 2f+ak+2 3+ 2k) and 7” = ats 5j+ ok + P+ 3) +8) 
| (iv) 7” Se ere and r= —4i- + Bi 2) — 2k) 


15. Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the line 
: determined by the points (3, 5, — 1) and (4,3, —1). 


i 16. Find the vector equation of the line passing through the point (1, 2,—4) and 
perpendicular to the lines: 


x-8 _yt19 _ z-10 me x=15'- y=29 _ z=5 
Reh a6. Gee Bt 25g -~5 


ey Find the equation of a line parallel to x-axis and passing through the origin. 
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18, Find the vector equation of the piane which i i at : distance of es from the origin 


and its normal vector from the origin is 27 3} + ak. Also, find its cartesian form. 


19, a 25 digection cosines of the unit vector perpendicular to the plane 
F? (61 - 3j — 2k) + 1 = 0 passing through the origin. 


20. Find ee on of the plane 2x — 3y + 4z —6 = 0 from the origin. 

21. Find the coordinates of the foot of the perpendicular drawn from the origin to the 
plane 2x -3y + 4z —6 = 0. 

22. Find the vector and cartesian equations of the plane which passes through the point 
(5,2, —-4) and perpendicular to the line with direction ratios 2, 3, — 1. 

83) Find the vector equation of the plane passing through the points 
P (2,5, — 3), Q (— 2, —3, 5) and R (5, 3, — 3). 

24. Find the vector equation of the plane passing through the intersection of the planes 
r? (i+ j +k) =6 and F? (21 + 3j + 4k) =—5 and the point (1, 1, 1). 

25. Show that the lines 














ES Y— 1] X+1. Y=2-Z=5 
—3 ody 5 <1 Serio 
are coplanar. 


26. Find the angle between the planes 2x + y-—2z = 5 ane 3x — 6y— 22 = 7. 
27. Find the distance of a point (2, 5, — 3) from the planer? r: (67 — 3; + 2k) = 4, 


28. Find the angle between the line gael 2 ho ES and the plane 


Ge oe 
10x+2y—11z = 3. 

29. Find the vector equation of a plane Which i is at a distance of 7 units from the origin 
and normal to the vector 3i + Sf 6k. 

40,) Find the equation of the plane passing through the points (1, 1, — 1), (6, 4, —5) and 
(— 4, -— 2, 3). 

31. Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX 
plane. 

32. Find the equation of the plane through the intersection of the planes 
3x-y+2z = 4andx+y+z = 2and the point (2, 2, 1). 

33. Find the vector equation of the plane through the line of intersection of the planes 
xt+y+z=1 and 2x+3y+4z=5 which is perpendicular to the plane 
X-y+z= 

34, Find the equation of the plane that contains the point (1, — 1, 2) and is perpendicular 
to each of the planes 2x + 3y — 2z = 5andx+2y—3z = &. 

35. Find the vector equation of the line passing through (1, 2, 3) and perpendicular to 
the plane 7? (1 N07 — —5k) +9 =0. 

36. Find ste equation of the plane passing through (a, b,c) and parallel to the plane 

7? (1 +j+k) = 2. 

37. Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1) crosses 
the (i) yz-plane (ii) zx-plane. 

38. Find the coordinates of the point where the line through (3, — 4, — 5) and (2, — 3, 1) 
crosses the plane 2x +y +z = 7. 

39. Find the equation of the plane passing through the point (— 1,3, 2) and perpen- 
dicular to each of the planes x + 2y +3z = 5and3x+3y+=z = 0. 
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40. If the ppoints (1,1,p) and -3,0,1) be equidistant from the plane 
F? (31 + 4j — 12k) + 13 =0, then find the value of p. 


41. Find the Rquation of of the plane passing through the intersection of the planes 
rer +j+k)=1 and Fr? (21 + 3j —k) +4 = Oand parallel to x-axis. 


42. If Obe the origin and the coordinates of P be (1, 2, — 3), then find the equation of the 
plane passing through P and perpendicular to OP. 


43. Find Ee es ae of the line passing through (1, 2,3) and parallel to the planes 
ni 7? (fj + 2k) = 5andr? (32+ j +k) = 6. 
44. Find the e equation of the pp wench contains the line of intersection of the planes 
re (te 2j j+ 3k), = 4,7? (2i+j j-k)+5=0 and which is perpendicular to the plane 
7? (543) — 6k) +8 = (). 














ANSWERS 
1 NB 7a bag (3. 32) 18S 
ON a 3° 3°73 3. 7’ N17’ N77 
3 Aiea HG 2 4. 6 1 
eG site es 42’ V42 
A A A A = 
6. 7 Sh 2j— ak +A Bh 2)- 8k); ==? = USA = 248 
7. P= — Pe 2k+A (4h 47 +44) 11. za8 = u=s : zt? 
293. axe = 
12. = units 14. (i) — (ii) 2V29 (iii) vi9 (iv) 9 
16. 7% f+2j—4k +A (2/43) + 6h) 17> a Fee 
18. 7? — an = |= £ 2x -—3y+4z=6 
a ail 29 “| ~ 29’ JE 
-6 3 2 12 -18 24 
19: ror 20. 6V29 21. eae | 
22. 2x+3y—z = 20 23. 7 Fr? (21—- 34 4k) +23 = 0 
A A 
24. F? (201+ 23) +26k) = 69 26. cos |= 27. 2 


1 (80 =» (38+ 5j- 6k) _ 
28. sin & 29. 70 = 7 


30. These points are collinar. There will be infinite number of planes passing through 
these points. Their equations are given a(x-1)+b(y—1)+c(z+1) =9, 
where 5a + 3b — 4c = 0. 


31. y = 3 32. 7x - Phere ER en 33. x-z+2=0 

34. 5x-4y-z=7 35. figs ee ea —5k) 36. xty+z=atbte 
YZ, =13 We 238) 

38. (1, -2, 7) 39. 7x -8y+3z+25 = 0 40. p = es 


41. ye —3z+6 =0 42. tee ee = 14 
43. T= A, of4 3k +A (— 31+ 5j + 4k) 44. 33x +45y+50z = 41 


se - £86482) 8880555" #*¢ SSS 88s S&S). ee eee se 


LINEAR PROGRAMMING 





29.1 INTRODUCTION 

The term ‘programming’ means planning and it refers toa particular plan of action from 
amongst several alternatives for maximizing profit or minimizing cost etc. Program- 
ming problems deal with determining optimal allocation of limited resources to meet 
the given objectives, such as least cost, maximum profit, highest margin or least time, 
when resources have alternative uses. 

The term ‘Linear’ means that all inequations or equations used and the function to be 
maximized or minimized are linear. That is why linear programming deals with that 
class of problems for which all relations among the variables involved are linear. 
Formally, linear programming deals with the optimization (maximization or minimiza- 
tion) of a linear function of a number of variables subject to a number of conditions on 
the variables, in the form of linear inequations or equations in variables involved. 

In this chapter, we shall discuss mathematical formulation of linear programming, 
problems that arise in trade, industry, commerce and military operations. We shall also 
discuss some elementary techniques to solve linear programming problems in two 
variables only. 


29.2 LINEAR PROGRAMMING PROBLEMS 

In this section, we shall discuss the general form of a linear programming problem. To 
give the general description of a linear programming problem, let us consider the 
following problem : 

Suppose that a furniture dealer makes two products viz. chairs and tables. Processing 
of these products is done on two machines A and B. A chair requires 2 hours on machine 
A and 6 hours on machine B. A table requires 4 hours on machine A and 2 hours on 
machine B. There are 16 hours of time per day available on machine A and 20 hours on 
machine B. Profits gained by the manufacturer from a chair and a table are Rs 30 and Rs 
50 respectively. The manufacturer is willing to know the daily product of each of the 
two products to maximize his profit. 


The above data can be put in the following tabular form: 


2 hrs 4hrs 16 hrs 






a i 
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To maximize his profit, suppose that the manufacturer produces x chairs and y tables 
per day. It is given that a chair requires 2 hours on machine A and a table requires 4 
hours on machine A. Hence, the total time taken by machine A to produce x chairs and 
y tables is 2x + 4y. This must be less than or equal to the total hours available on machine 
A. Hence, 2x + 4y = 16. Similarly, for machine B, we have 


6x+2y s 20. 


The total profit for x chairs and y tables is 30x + 50y. Since the number of chairs and 
tables is never negative. Therefore,x20 and y20. 


Thus, we have to maximize 
Profit = 30x + 50y 
Subject to the constraints 
2x +4y < 16 
6x+2y Ss 20 
x20, y20 
Out of all the points (x,y) in the solution set of the above linear constraints, the 


manufacturer has to choose that point, or those points for which the profit 30x + 50y has 
the maximum value. 


In the above discussion if a chair costs Rs 250 and a table costs Rs 300 then the total cost 
of producing x chairs and y tables is 250x+300y. Now, the manufacturer will be 
interested to choose that point, or those points, in the solution set of the above linear 
constraints for which the cost 250x + 300y has the minimum value. 


The two situations discussed above give the description of a type of linear programming 
problems. In the above discussion, the profit function =30x + 50y or the cost function 
=250x +300y is known as the objective function. The inequations 2x+4y<16, 
6x + 2y < 20 are knownas the constraints and x 2 0, y = Oare knownas thenon-negativity 
restrictions. 


The general mathematical description of a linear programming problem (LPP) is given 
below : 


Optimize Z =c, X14 + Co Xo +... +C)Xy (objective function) 
Subject to 

Ayq Xy +047 Xp +043.XZ +... +My, Xp, (S,=,2) Dy 

Ap X14 + Any Xp +73 XZ +... +A9,X, (S,=, 2) b2 

. : : (constraints) 

Ay Xy F Am? XZ F Amz XB +--+» F Any Xy (S,=,2) Dn 

X41, XQ, Xz, «+, Xp, 20 ( non-negativity restrictions) 
where all aj; ’s, bjs and c;’s are constants and x; ’s are variables. 


The above linear programming problem may also be written in the matrix form as 
follows : 


«4 

a s s J we x 

Optimize (maximize or minimize) Z = [cy ¢2..... cy] |<? 
xn 
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Subject to 
My, M2 ++ Mn || XY by 
&y, nn ... a x b 
2] 22 2n : 2? {<, =, 2} 2 
Ain) An2 eee Anny Xn b, 
X19 X90, Xp wosssy Xp, a O 
OR 
Optimize (Maximize or Minimize) 
4= CX 
Subjectto AX (<,=,2)B 
0). 
X} My 42 «++ Ain 


x M21 422 «++ Qn 
where C= [c, c...c,], X= |.7/,A =| :¢ 


Xn Any An -+* Amn 


29.3 SOME DEFINITIONS 


In this section, we shall formally define various terms used in a linear programming, 
problem. 


As discussed in the previous section, the general form ofa linear programming problem 
is 


Optimize (Maximize or Minimize) Z = c; Xj +€2 X2 +... Cy Xy 


Subject to 


Amy Xy + Ag Xz + +» + Amn Xn (S,=,2 1 Om 
Xq, XQ, «v0, Xy 2 O 


The definitions of various terms related to the LPP are as follows : 

OBJECTIVE FUNCTION If cj, Co, ...., C, are constants and x1, Xo, --.,X, are variables, then the 
linear function Z = cy X1 + Co Xo +...+C_,X, which is to be maximized or minimized ts called 
the objective function. 

The objective function describes the primary purpose of the formulation of a linear 
programming problem and itis always non-negative. In business applications, the profit 
function which is to be maximized or the cost function which is to be minimized is called 
the objective function. 

CONSTRAINTS The inequations or equations in the variables of a LPP which describe the 


conditions under which the optimisation (maximization or minimization) is to be accomplished 
are called constraints. ; 


In the constraints given in the general form of a LPP there may be any one of the three 
signs S$, =, 2. 


tee ed 
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Inequations in the form of greater than (or less than) indicate that the total use of the 
resources must be more than (or less than) the specified amount whereas equations in 
the constraints indicate that the resources described are to be fully used. 


NON-NEGATIVITY RESTRICATIONS Thiese are the constraints which describe that the variables 
involved in a LPP are non-negative. 


29.4 MATHEMATICAL FORMULATION OF LINEAR PROGRAMMING PROBLEMS 


In the previous section, we have introduced the general form of a linear programming 
problem (LPP). In this section, we shall discuss the formulation of linear programming 
problems. Problem formulation is the process of transforming the verbal description of 
a decision problem into a mathematical form. There is not any set procedure to formulate 
linear programming problems. In fact, one can only learn the formulation with adequate 
practice. However, the following algorithm will be helpful in the formulation of linear 
programming problems. 

ALGORITHM 

STEPI In every LPP certain decisions are to be made. These decisions are represented by 


decision variables. These decision variables are those quantities whose values are to be 
determined. Identify the variables and denote them by x1, X2, X3, «.- 


STEP II Identify the objective function and express it as a linear function of the variables 
introduced in step I. 

STEP III InaLPP, the objective function may be in the form of maximizing profits or minimizing 
costs. So, after expressing the objective function as a linear function of the decision 
variables, we must find the type of optimization i.e. maximization or minimization. 
Identify the type of the objective function. 

STEP IV Identify the set of constrainsts, stated in terms of decision variables and express them 
as linear inequations or equations as the case may be.. 


The following examples will illustrate the formulation of linear programming problems 
in various situations. 


ILLUSTRATIVE EXAMPLES 


TypeI OPTIMAL PRODUCT LINE PROBLEMS 


EXAMPLE 1 A factory produces two products P, and P>. Each of the product P; requires 2 hrs 
for moulding, 3 hrs for grinding and 4 hrs for polishing, and each of the product P> requires 4 
hrs for moulding, 2 hrs for grinding and 2 hrs for polishing. The factory has moulding machine 
available for 20 hrs, grinding machine for 24 hrs and polishing machine available for 13 hrs. The 
profit is Rs. 5 per unit of P; and Rs. 3 per unit of P and the factory can sell all that it produces. 
Formulate the problem as a linear programing problem to maximize the profit. 

SOLUTION The given data may be put in the following tabular form: 


Product Capacity 


Resources 
Moulding 
Grinding 
Polishing 
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Suppose x units of product P, and y units of product Pz are produced to maximize the 
profit. Let Z denote the total profit. 
Since each unit of product P; requires 2 hrs for moulding and each unit of product P 
requires 4 hrs for moulding. Hence, the total hours required for moulding for x units of 
product P; and y units of product P are 2x + 4y. This must be less than or equal to the 
total hours available for moulding. Hence, 

2x + 4y < 20 
This is the first constraint. 
The total hours required for grinding for x units of product P; and y units of product P, 
is3x + 2y. But the maximum number of hours available for grinding is 24. 

3x + 2y S24 
This is the second constraint. 
Similarly for polishing the constraint is 4x + 2y < 13. 
Since x and y are non-negative integers, therefore x20, y20 


The total profit for x units of product P, and y units of product P3 is 5x + 3y. Since 
we wish to maximize the profit, therefore the objective function is 


Maximize Z =5x+3y 
Hence, the linear programming problem for the given problem is as follows 
Maximize Z=5x+3y 
Subject to the constraints 
2x + 4y < 20, 
3x+2y< 24, 
4x +2y < 13, 
and, x20, y20 


EXAMPLE 2 A toy company manufactures two types of doll; a basic version doll A and a deluxe 
version doll B. Each doll of type B takes twice as long to produce as one of type A, and the company 
would have time to make a maximum of 2,000 per day if it produces only the basic version. The 
supply of plastic is sufficient to produce 1500 dolls per day (both A and B combined). The deluxe 
version requires a fancy dress of which there are only 600 per day available. If the company makes 
profit of Rs 3 and Rs 5 per doll respectively on doll A and doll B; how many of each should be 
produced per day in order to maximize profit? 

SOLUTION Let x dolls of type A and y dolls of type B be produced per day. Then, 


Total profit = 3x + 5y. 


Since each doll of type B takes twice as long to produce as one of type A, therefore total 
time taken to produce x dolls of type A and y dolls of type B is 
x + 2y. But the company has time to make a maximum of 2000 dolls per day 


x + 2y = 2000 

Since plastic is available to produce 1500 dolls only. 
x+y < 1500 . 

Also fancy dress is available for 600 dolls per day only 
y < 600 
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Since the number of dolls cannot be negative. Therefore, 

x20, y20 
Hence, the linear programming problem for the given problem is as follows : 

Maximize Z = 3x +5y 
Subject to the constraints 

x+2y s 2000, 

x+y S$ 1500, 

y s 600 
and, Xen Veen 
EXAMPLE 3 A firm can produce three types of cloth, say C,, Cz, C3. Three kinds of wool are 
required for it, say red wool, green wool and blue wool. One unit of length C, needs 2 metres of 
red wool, 3 metres of blue wool; one unit of cloth C, needs 3 metres of red wool, 2 metres of green 
wool and 2 metres of blue wool; and one unit of cloth C3 needs 5 metres of green wool and 4 metres 


of blue wool. The firm has only a stock of 16 metres of red wool, 20 metres of green wool and 30 
metres of blue wool. It is assumed that the income obtained from one unit of length of cloth C, is 


Rs. 6, of cloth C3 is Rs. 10 and of cloth C3 is Rs. 8. Formulate the problem as a linear programming 
roblem to maximize the income. 
DILUTION The given information can be put in the following tabular form: 


Cloth C, Cloth C3 Cloth C3 ~~ Total quality of 
wool available | 
Red Wool 2 3 0 16 | 
Green Wool 0 2 5 20 | 
Blue Wool 3 2 4 30 


Income (in Rs.) 6 10 8 


Let x}, X2 and x3 be the quantity produced in metres of the cloth of type C,, C, and C; 
respectively. 

Since 2 metres of red wool are required for one metre of cloth C, and x, metres of cloth 
C, are produced, therefore 2x, metres of red wool will be required for cloth Cj. Similarly, 
cloth C, requires 3x, metres of red wool and cloth C3 does not require red wool. Thus, 
the total quantity of red wool required is 2x; + 3x2 + 0x3 


But the maximum available quantity of red wool is 16 metres. 
2X1 + 3X2 + 0x3 516 


Similarly, the total quantities of green and blue wool required are 
Ox, + 2x2 +5x3 and 3x, + 2x2 + 4x3 respectively. 
But the total quantities of green and blue wool available are 20 metres and 30 metres 
respectively. 
Ox] + 2X%o +5x3 S$ 20 and 3x, +2x2+ 4x3 < 30 
Also, we cannot produce negative quantities, therefore 
x, 20, x2 20, x320 
The totalincomeis Z=6x, + 10x + 8x; 
Hence, the linear programming problem for the given problem is 
Maximize Z = 6x; + 10x2+8x3 
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Subject to the constraints 
2x1 + 3X2 +0x3516, 
Oxy + 2x9 +5x3520, 
3X1 + 2x9 + 4x3 530, 
and, x, 20, x2 20, x320 


EXAMPLE 4 A furniture firm manufactures chairs and tables, each requiring the use of three 
machines A, B and C. Prodyction of one chair requires 2 hours on machine A, 1 hour on machine 
B, and 1 hour on machine C. Each table requires 1 hour each on machines A and B and 3 hours 
on machine C. The profit realized by selling one chair is Rs 30 while for a table tie figure is Rs 
60. The total time available per week on machine A is 70 hours, on machine B is 40 hours, and 
on machine C is 90 hours. How many chairs and tables should be made per week so as to maximize 
profit ? Develop a mathematical formulation. 

SOLUTION The given data may be put in the following tabular form: 





Machine Chair Table Avaitable time per 
week (in hours) 
| A 2 1 70 
B 1 1 40 
| © 1 3 30 


Profit per unit Rs 30 


Let x chairs and y tables be produced per week to maximize the profit. Then, the total 
profit for x chairs and y tables is 30x + 60y. 


Itis given that a chair requires 2 hours on machine A and a table requires 1 hour on 
machine A. Therefore, the total time taken by machine A to produce x chairs and y tables 
is (2x + y) hours. This must be less than or equal to total hours available on machine A. 


2x+y Ss 70 


Similarly, the total time taken by machine B to produce x chairs and y tables is (x + y) 
hours. But the total time available per week on machine B is 40 hours. 


Finally, the total time taken by machine C to produce x chairs and y tables is x + 3y hours 
and the total time available per week on machine C is 90 hours. 


x+3ys 90 
Since the number of chairs and tables cannot be negative. 
x20 and y20 
Let Z denote the total profit. Then, 
Z = 30x + 60y 
Hence, the mathematical form of the given LPP is as follows : 
Maximize Z = 30x + 60y 
Subject to 
2x+y s 70 
x+y < 40 


ot te 2s se! 


=e eS * ote ee he oe 
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x+3y S$ 
and, x20, y 20 


EXAMPLE 5 A manufacturer of a line of patent medicines is preparing a production plan on 
medicines A and B. There are sufficient ingredients available to make 20,000 bottles of A and 
40,000 bottles of B but there are only 45,000 bottles into which either of the medicines can be put. 
Further more, it takes 3 hours to prepare enough material to fill 1000 bottles of A, it takes one 
hour to prepare enough material to fill 1000 bottles of B and there are 66 hours available for this 
operation. The profit is Rs 8 per bottle for Aand Rs 7 per bottle for B. Formulate this problem 
as a linear programming problem. 

SOLUTION Suppose the manufacturer produces x bottles of medicines A and y bottles 
of medicine B. 


Since the profit is Rs 8 per bottle for A and Rs 7 per bottle for B. So, total profit in 
producing x bottles of medicine A and y bottles of medicine B is Rs (8x + 7y). 


Let Z denote the total profit. Then, 
Z = 8x+7y 


Since 1000 bottles of medicine A are prepared in 3 hours. So, 


Time required to prepare x bottles of medicine A = ae hours. 


It is given that 1000 bottles of medicine B are prepared in 1 hour. 





Time required to prepare y bottles of medicine B = 1 s 00 ~~~ hours. 
mee total time required to prepare x bottles of medicine A and y bottles of medicine B 
y ; Sack 
is 1 ax + F000 hours. But, the total time available for this operation is 66 hours. 
ee 
i000 * 7000 < 6 
=> 3x+y < 66000 
Since there are only 45,000 bottles into which the medicines can be put. 
x+y S 45,000 


: is given that the ingredients are available for 20,000 bottles of A and 40,000 bottles of 
x < 20,000 and y < 40,000 
Since the number of bottles can not be negative. Therefore, x = 0, y 2 0. 
Hence, the mathematical formulation of the given LPP is as follows: 
Maximize Z = 8x+7y 
Subject to 
3x+y < 66,000 
x+y S 45,000 
x s 20,000 
y < 40,000 
and, x>0,y 2 0. 
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EXAMPLE 6 A resourceful home decorator manufactures two types of lamps say A and B. Both 
lamps go through two technicians, first a cutter, second a finisher. Lamp A requires 2 hours of 
the cutter’s time and 1 hour of the finisher’s time. Lamp B requires 1 hour of cutter’s and 2 hours 
of finisher’s time. The cutter has 104 hours and finisher has 76 hours of time available each month. 
Profit on one lamp A is Rs 6.00 and on one lamp B is Rs 11.00. Assuming that he can sell all 
that he produces, how many of each type of lamps should he manufacture to obtain the best 
return, 

SOLUTION The above information can be put in the following tabular form : 


es 
Cutter’s time | _ Finisher’s time L Profit in Rs | 


2 | + ey 
1 2 11 

104 76 | 

Let the decorator manufacture x lamps of type A and y lamps of type B. 


Total profit = Rs (6x + 11y) 


Total time taken by the cutter in preparing x lamps of type A and y lamps of type B is 
(2x + y) hours. But the cutter has 104 hours only for each month. 


2x+y < 104. 


Similarly, the total time taken by the finisher in preparing x lamps of type A and y lamps 
of type B is (x + 2y) hours. But the cutter has 76 hours only for each month. 


x+2y < 76. 















Maximum time 
available 





Since the number of lamps cannot be negative. 
x 20 and y 2 0. 
Let Z denote the total profit. Then, Z = 6x + 11y. 
Since the profit is to be maximized. So, the mathematical formulation of the given LPP 
is as follows : 
Maximize Z = 6x+1ly 
Subject to 
2x+y s< 104 
x+2y S 76 
and, ee 10 yien0 


EXAMPLE7 A company makes two kinds of leather belts, A and B. Belt A is high quality belt, 
and B is of lower quality. The respective profits are Rs 4 and Rs 3 per belt. Each belt of type A 
requires twice as much time as a belt of type B, and if all belts were of type B, the company could 
make 1000 belts per day. The supply of leather is sufficient for only 800 belts per day (both A 
and B combined). Belt A requires a fancy buckle, and only 400 buckles per day are available. 
There are only 700 buckles available for belt B. What should be the daily production of each type 
of belt ? Formulate the problem as a LPP. 

SOLUTION Suppose the company makes per day x belts of type A and y belts of type B. 


Profit = 4x + 3y. 
Let Z denote the profit. Then, Z = 4x + 3y and it is to be maximized. 


29.10 MATHEMATICS XII 


Itis given that 1000 belts of type B can be made per day and each belt of type A requires 
twice as much time as a belt of type B. So, 500 belts of type A can be made in a day. 
So, total time taken in preparing x belts of type A and y belts of type B is 


0 + i000): But the company is making x belts of type A and y belts of type B ina 


day. 
eT yee, AE 
500 + 1000 Ss 1 => 2x+y s 1000. 
Since the supply of leather is sufficient for only 800 belts per day. 
x+y S 800. 


Itis given that only 400 fancy buckles for type A and 700 buckles for type B are available 
per day. 


x Ss 400, y s 700. 
Finally, the number of belts cannot be negative. 
x 20 and y 2 0. 
Thus, the mathematical formulation of the given LPP is as follows : 
Maximize Z = 4x +3y 
Subject to 
2x +y < 1000 
x+y < 800 
x Ss 400 
y < 700 
and, x20, y 2 0. 


TypelI DIET PROBLEMS 


EXAMPLE8 A dietician whishes to mix two types of food in sucha way that the vitamin contents 
of the mixture contain at least 8 units of Vitamin A and 10 units of vitamin C. Food ‘I’ contains 
2 units per kg of vitamin A and 1 unit per kg of vitamin C while food ‘II’ contains 1 unit per kg 
of vitamin A and 2 units per kg of vitamin C. It costs Rs 5.00 per kg to purchase food ‘I’ and Rs 
7.00 per kg to produce food ‘II’. Formulate the above linear programming problem to minimize 
the cost of such a mixture. 

SOLUTION The gives data may be put in the following tabular form : 


Resources <a... Requirements 


2 
1 2 10 


7 
















Cost (in Rs) 


Let the dietician mix x kg of food ‘I’ and y kg of food ‘II’. 
Clearly, x 20, y 20. 


Since one kg of food ‘I’ costs Rs 5 and one kg of food ‘II’ costs Rs 7. Therefore, total cost 
of x kg of food ‘I’ and y kg of food ‘II’ is Rs (5x + 7y). 
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Let Z denote the total cost. Then, 

Z = 5x+7y 
Since one kg of food ‘I’ contains 2 units of vitamin A. Therefore, x kg of food ‘I’ contain 
2x units of vitamin A. One kg of food ‘II’ contains one unit of vitamin A. So, y kg of food 
‘II’ contains y units of vitamin A. Thus, x kg of food ‘I’ and y kg of food ‘II’ contain 
2x + y units of vitamin A. But the minimum requirement of vitamin A is 8 units. 


2x+y 28 


Similarly, total amount of vitamin C supplied by x units of food ‘T’ and y units of food 
‘Il’ is (x + 2y) units and the minimum requirement of vitamin C is 10 units. 


x+2y 2 10 
Hence, the mathematical model of the LPP is as follows : 
Minimize Z = 5x+7y 
Subject to 
2x+y 2 8 
x+2y 2 10 
and, x,y 2 0. 


EXAMPLE 9 A diet is to contain at least 400 units of carbohydrate, 500 units of fat, and 300 
units of protein. Two foods are available : F,, which costs Rs 2 per unit, and F, which costs Rs 


4 per unit. A unit of food F, contains 10 units of carbohydrate, 20 units of fat, and 15 units of 


protein; a unit of food F> contains 25 units of carbohydrate, 10 units of fat, and 20 units of protein. 


Find the minimum cost for a diet that consists of a mixture of these two foods and also meets the 
minimum nutrition requirements. Formulate the problem as a linear programming problem. 
SOLUTION The given data may be put in the following tabular form : 


Protein Cost per unit 
F, 10 20 15 Rs 2 

400 500 300 . 

requirement 


Suppose the diet contains x units of food F, and y units of food F5. 
Since one unit of food F; costs Rs 2 and one unit of food F5 costs Rs 4. Therefore, total 
cost of x units of food F; and y units of food Fs is Rs (2x + 4y). 
Let Z denote the total cost. Then, 
Zo= 2x + 4y. 
Since each unit of food F, contains 10 units of carbohydrate. Therefore, x units of food 


F, contain 10 x units of carbohydrate. A unit of food F, contains 25 units of carbohydrate. 
So, y units of food F, contain 25 y units of carbohydrate. 


Thus, x units of food F, and+y units of food F, contain 10x + 25y units of carbohydrate. 
But, the minimum requirement of carbohydrate is 400 units. 


10x + 25y = 400. 





(2 MBA be 


1mg 
| 50 mg 
10 mg 
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Similarly, the total amount of fat supplied by x units of Food F, and y units of food Fis 
20x + 10y and the minimum requirement is of 500 units. 

20x + 10y 2 500. 


Finally, the total amount of protein supplied by x units of food F; and y units of food 
F, is 15x + 20y. But the minimum requirement of protein is of 300 units. 


15x + 20y 2 300. 
Clearly,x20 and y20. 
Since we have to minimize the total cost Z = 2x + 4y. 
Thus, the mathematical form of the given LPP is as follows : 
Minimize Z = 2x +4y 
Subject to 
10x + 25y = 400 
20x +10y 2 500 
15x +20y 2 300 
x,y 2 0. 


EXAMPLE 10 The objective of a diet problem is to ascertain the quantities of certain foods that 
should be eaten to meet certain nutritional requirement at minimum cost. The consideration ts 
limited to milk, beaf and eggs, and to vitamins A, B, C. The number of milligrams of each of these 
vitamins contained within a unit of each food is given below : 


Litre of milk | Kg of beaf | Dozen of eggs 








Minimum daily 
requirements 







Eeaeeecoste S| Rs 1.00 Rs 1.10 a 


What is the linear a formulation for this problem ? 


SOLUTION Let the daily diet consists of x litres of milk, y kgs of beaf and z dozens of 
eggs. Then, 


Total cost per day = Rs (x + 1.10y + 0.502). 
Let Z denote the total cost in Rs. Then, 


Z = x+1.10y + 0.50z 


Total amount of vitamin A in the daily diet is 


(x+y +10z) mg 
But the minimum requirement is 1 mg of vitamin A. 
os x+y+10z 21 


¢ 

Similarly, total amounts of vitamins B and C in the daily diet are (100x + 10y + 10z) mg 
and (10x + 100y + 10z) mg respectively and aM ss minimum requirements are of 50 mg 
and 10 mg respectively. 
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‘a 100x + 10y+10z = 50 
and, 10x + 100y + 10z = 10 


Finally, the quantity of milk, kgs of beaf and dozens of eggs cannot assume negative 
values. 

220) y20, z 2.0 
Hence, the mathematical formulation of the given LPP is 

Minimize Z = x +1.10y +0.50z 


Subject to 
x+y+10z 2 1 
100x + 10y+10z = 50 
10x + 100y + 10z = 10 
and, x20, y20,z2 0. 


Type II TRANSPORTATION PROBLEMS 


EXAMPLE11 There isa factory located at each of the two places P and Q. From these locations, 
acertain commodity is delivered to each of the three depots situated at A, B and C. The weekly 
requirements of the depots are respectively 5, 5and 4 units of the commodity while the production 
capacity of the factories at P and Q are 8 and 6 units respectively. The cost of transportation per 
unit is given below. 


Cost (in Rs) 


A 


16 





How many units should be transported from each factory to each depot in order that the 
transportation cost is minimum. Formulate the above as a linear programming problem. 
SOLUTION The given information can be exhibited diagramatically as follows : 


8 units 
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Let the factory at P transports x units of commodity to depot at A and y units to depot 
at B, Since the factory at P has the capacity of 8 units of the commodity. Therefore, the 
left out (8-x-—y) units will be transported to depot at C. 


Since the requirements are always non-negative quantities. Therefore, 
x20,y20 and 8-x-y20 => x20,y20 and x+y<8 


Since the weekly requirement of the depot at A is 5 units of the commodity and x units 
are transported from the factory at P. Therefore, the remaining (5 — x) units are to be 
transported from the factory at Q. Similarly, 5-y units of the commodity will be 
transported from the factory at Q to the depot at B. But the factory at Q has the capacity 
of 6 units only, therefore the remaining 6-(5-x+5-—y)=x+y-—4 units will be 
transported to the depot at C. As the requirements at the depots at A, B and Carealways 
non-negative. 


5-x20,5-y20 and x+y-—420 
=> xS5,yS5 and x+y24. 


The transportation cost from the factory at P to the depots at A, B and C are respectively 
Rs 16 x, 10y and 15 (8 — x — y). Similarly, the transportation cost from the factory at Q to 
the depots at A, B and Care respectively Rs 10 (5 — x), 12 (5 — y) and 10 (x + y — 4). There- 
fore, the total transportation cost Z is given by 


Z = 16x+10y+15(8-x-y)+10(5—x)+12(5-—y)+10 (x+y-4) 
= x-—7y +190 
Hence, the above LPP can be stated mathematically as follows : 
Find x and y which 
Minimize Z = x-—7y +190 
Subject to 
x+y <8 
x+y24 
x<5 
ys5 
and, x20,y20 


EXAMPLE12 A brick manufacturer has two depots, A and B, with stocks of 30,000 and 20,000 
bricks respectively. He receives orders from three builders P, Q and R for 15,000, 20,000 and 


15,000 bricks respectively. The Rost tt in Rs of transporting 1000 bricks to the builders from the 
depots are given below : Wat 





How should the manufacturer fulfil the orders so as to keep the cost of transportation minimum? 
Formulate the above linear programming problem. 

SOLUTION The given information can be exhibited diagrammatically as shown in 
Fig. 29.2. 
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Builder P 
15,000 





Fig. 29.2 


Let the depot A transport x thousands bricks to builders P, y thousands to builder Q. 
Since the depot A has stock of 30,000 bricks. Thereofre, the remaining bricks i.e. 
30 - (x + y) thousands bricks will be transported to the builder R. 


Since the number of bricks is always a non-negative real number. 


Therefore, 

x20,y20 and 30-(x+y)20 => x20,y20andx+y3s30. 
Now, the requirement of the builder P is of 15000 bricks and x thousand bricks are 
transported from the depot A. Therefore, the remaining (15 — x) thousands bricks are to 
be transported from the depot at B. The requirement of the builder Q is of 20,000 bricks 
and y thousand bricks are transported from depot A. Therefore, the remaining (20 — y) 
thousand bricks are to be transported from depot B. 


Now, depot B has 20 —(15-x+20-y)=x+y-—15 thousand bricks which are to be 
transported to the builder R. 

Als, 15-x20, 20-y20 and x+y-1520 

=> x 315, y S$ 20 andwt+y 215 


The transportation cost from the depot A to the builders P, Q and R are respectively 
Rs 40x, 20y and 30 (30 — x — y). Similarly, the transportation cost from the depot B to the 
builders P, Q and R are respectively Rs 20 (15 — x), 60 (20 — y) and 40 (x + y — 15) respec- 
tively. Therefore, the total transportation cost Z is given by 


Z = 40x + 20y + 30 (30—x—y) +20 (15 — x) + 60 (20-—y) +40 (x+y — 15) 
=> Z = 30x-—30y + 1800 
Hence, the above LPP can be stated mathematically as follows : 
Find x and yin thousands which 

Minimize Z = 30x—30y + 1800 
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Subject to 
x+y S 30 
x S15 
y s 20 
x+y 215 
and, x20,y20 
EXERCISE 29.1 
1. Asmall manufacturing firm produces two types of gadgets A and B, which are first 


processed in the foundry, then sent to the machine shop for finishing. The number 
of man-hours of labour required in each shop for the production of each unit of 
A and B, and the number of man-hours the firm has available per week are as 
follows : 


Gadget Foundry Machine-shop 
A 10 5 
B 6 4 | 
Firm’s capacity per week 1000 . 600 | 


The profit on the sale of A is Rs 30 per unit as compared with Rs 20 per unit of B. 
The problem is to determine the weekly production of gadgets A and B, so that the 
total profit is maximized. Formulate this problem as a LPP. 


- A company is making two products A and B. The cost of producing one unit of 


products A and B are Rs 60 and Rs 80 respectively. As per the agreement, the 
company has to supply at least 200 units of product B to its regular customers. One 
unit of product A requires one machine hour whereas product B has machine hours 
available abundantly within the company. Total machine hours available for 
product A are 400 hours. One unit of each product A and B requires one labour hour 
each and total of 500 labour hours are available. The company wants to minimize 
the cost of production by satisfying the given requirements. Formulate the problem 
as a LPP. 


. A firm manufactures 3 products A, B and C. The profits are Rs 3, Rs 2 and Rs 4 


respectively. The firm has 2 machines and below is the required processing time in 
minutes for each machine on each product : 


M, 
Mp, 


Machines M, and Mo have 2000 and 2500 machine minutes respectively. The firm 
must manufacture 100 A’s, 200 B’s and 50 C’s but not more than 150 A’s. Set upa 
LPP to maximize the profit. 

A firm manufactures two types of products A and B and sells them at a profit 
of Rs 2 on type A and Rs 3 on type B. Each product is processed on two machines 
M, and M). TypeA requires one minute of processing time on M, and two minutes 
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of M, ; type B requires one minute on M, and one minute on M>. The machine M, 
is available for not more than 6 hours 40 minutes while machine M, is available for 
10 hours during any working day. Formulate the problem as a LPP. 


. Arubber company is engaged in producing three types of tyres A, B and C. Each 


type requires processing in two plants, Plant I and Plant II. The capacities of the 
two plants, in number of tyres per day, are as follows : 


Plant ERs A | B | 
50 | 100 | 
I 60 6 fs 








The monthly demand for tyre A, B and C is 2500, 3000 and 7000 respectively. If plant 
I costs Rs 2500 per day, and plant II costs Rs 3500 per day to operate, how many 
days should each be run per month to minimize cost while meeting the demand ? 
Formulate the problem as LPP. 


. Acompany sells two different products A and B. The two products are produced 


in a common production process and are sold in two different markets. The 
production process has a total capacity of 45000 man-hours. It takes 5 hours to 
produce a unit of A and 3 hours to produce a unit of B. The market has been 
surveyed and company officials feel that the maximum number of units of A that 
can be sold is 7000 and that of B is 10,000. If the profit is Rs 60 per unit for the product 
A and Rs 40 per unit for the product B, how many units of each product should be 
sold to maximize profit ? Formulate the problem as LPP. 


- Tomaintain his health a person must fulfil certain minimum daily requirements for 


several kinds of nutrients. Assuming that there are only three kinds of nutrients — 
calcium, protein and calories and the person’s diet consists of only two food items, 
Tand II, whose price and nutrient contents are shown in the table below : 


Food I Food II Minimum daily require- 
(per lb) (per Ib) ment for the nutrient 
Calcium 10 + 20 
Protein 5 5 20 
Calories 2 6 13 
Price (Rs) 0.60 vf 1.00 


What combination of two food items will satisfy the daily requirement and entail 
the least cost ? Formulate this as a LPP. 


- Amanufacturer can produce two products, A and B, during a given time period. 


Each of these products requires four different manufacturing operations : grinding, 
turning, assembling and testing. The manufacturing requirements in hours per unit 
of products A and B are given below. 


A B 
Grinding 1 2 
Turning 3 1 
Assembling 6 3 
Testing 5 4 


29.18 MATHEMATICS-Xil 


10. 


11. 


12. 


13. 


The available capacities of these operations in hours for the given time period are: 
grinding 30; turning 60, assembling 200; testing 200. The contribution to profit is 
Rs 2 for each unit of A and Rs 3 for each unit of B. The firm can sell all that it produces 
at the prevailing market price. Determine the optimum amount of A and B to 
produce during the given time period. Formulate this as a LPP. 

Vitamins A and B are found in two different foods F, and Fj. One unit of food F, 
contains 2 units of vitamin A and 3 units of vitamin B. One unit of food F, contains 
4 units of vitamin A and 2 units of vitamin B. One unit of food F, and Fp, cost Rs5 
and 2.5 respectively. The minimum daily requirements for a person of vitamin 
A and B is 40 and 50 units respectively. Assuming that any thing in excess of daily 
minimum requirement of vitamin A and B is not harmful, find out the optimum 
mixture of food F; and F, at the minimum cost which meets the daily minimum 
requirement of vitamin A and B. Formulate this as a LPP. 

An automobile manufacturer makes automobiles and trucks in a factory that is 
divided into twoshops. Shop A, which performs the basic assembly operation, must 
work 5 man-days on each truck but only 2 man-days on each automobile. Shop B, 
which performs finishing operations, must work 3 man-days for each automobile 
or truck that it produces. Because of men and machine limitations, shop A has 180 
man- days per week available while shop B has 135 man-days per week. If the 
manufacturer makes a profit of Rs 30000 on each truck and Rs 2000 on each 
automobile, how many of each should he produce to maximize his profit ? Formu- 
late this as a LPP. 

A firm manufactures two products, each of which must be processed through two 
departments, 1 and 2. The hourly requirements per unit for each product in each | 
department, the weekly capacities in each department, selling price per unit, labour — 
cost per unit, and raw material cost per unit are summarized as follows: 


Product A Product B _— Weekly capacity 
Department 1 3 2 130 
Department 2 - 6 260 
Selling price per unit Rs 25 Rs 30 
Labour cost per unit Rs 16 Rs 20 
Raw material cost per unit  Rs4 Rs 4 


The problem is to determine the number of units to produce each product so as to 
maximize total contribution to profit. Formulate this as a LPP. 

An airline agrees to charter planes for a group. The group needs at least 160 first 
class seats and at least 300 tourist class seats. The airline must use at least two of its 
model 314 planes which have 20 first class and 30 tourist class seats. The airline will 
also use some of its model 535 planes which have 20 first class seats and 60 tourist 
class seats. Each flight of a model 314 plane costs the company Rs 1 lakh, and each 
flight of a model 535 plane costs Rs 1.5 lakh. How many of each type of plane should 
be used to minimize the flight cost ? Formulate this as a LPP. 

Amit’s mathematics teacher has given him three very long lists of problems with 
the instruction to submit not more than 100 of them (correctly solved) for credit. The 
problem in the first set are worth 5 points each, those in the second set are worth 
points each, and those in the third set are worth 6 points each. Amit knows from 
experience that he requires on the average 3 minutes to solve a 5 point problem, = 
minutes to solve a 4 point problem, and 4 minutes to solve a 6 point problem 
Because he has other subjects to worry about, he can not afford to devote mere than 
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problems involve numerical calculations and he knows that he cannot stand more 


hours altogether to his mathematics assignment. Moreover, the first two sets of 


than 2 ; hours work on this type of problem. Under these circumstances, how many 


problems in each of these categories shall he do in order to get maximum possible 
credit for his efforts ? Formulate this as a LPP. 

14. A farmer has a 100 acre farm. He can sell the tomatoes, lettuce, or radishes he can 
raise. The price he can obtain is Re 1 per kilogram for tomateoes, Rs 0.75 a head for 
lettuce and Rs 2 per kilogram for radishes. The average yield per acre is 2000 kgs 
for radishes, 3000 heads of lettuce and 1000 kilograms of radishes. Fertilizer is 
available at Re 0.50 per kg and the amount required per acre is 100 kgs each for 
tomatoes and lettuce and 50 kilograms for radishes. Labour required for sowing, 
cultivating and harvesting per acre is 5 man-days for tomatoes and radishes and 6 
man-days for lettuce. A total of 400 man-days of labour are available at Rs 20 per 
man-day. Formulate this problem as a LPP to maximize the farmer’s total profit. 

15. Two tailors A and B earn Rs 150 and Rs 200 per day respectively. A can stitch 6 shirts 
and 4 pants per day while B can stitch 10 shirts and 4 pants per day. Forma linear 
programming problem to minimize the labour cost to produce at least 60 shirts and 
32 pants. [CBSE 2005] 


ANSWERS 





1. Max. Z = 30x + 20y 2. Mini. Z = 60x + 80y 


Subject to Subject to 
10x+6y < 1000 x+y S$ 500 
ox+4y < 600 x <= 400 
x, y 2 0. y 2 200 
x20,y20 
3. Max. Z = 3x+2y + 4z 4, Max. Z = 2x+3y 


Subject to Subject to 


4x +3y+5z < 2000 x+y S 400 
2x +2y+4z < 2500 2x+y < 600 
100 < xs 150 x20,y 20 
y 2 200 
z 2 50 


x20, y20,z 20. 
5. Mini. Z = 2500x + 3500y 
Subject to 
50x + 60y 2 2500 


. Max Z = 60x+40y 


Subject to 
5x +3y < 45000 


100x + 60y 2 3000 x < 7000 
100x + 200y 2 7000 y =< 10,000 
x,y 2 0. x,y 20 
7. Mini Z = 0.60x + 1.00y . Max. Z = 2x+3y 
Subject to Subject to 
10x+5y 2 20 x+2y < 30 
5x+4y 2 20 3x+y S 60 
2x+6y 2 13 6x+3y < 200 
epee: 0: 5x+4y < 200 
x,y 20 
9, Mini. Z = 3x+2.5y 10. Max. Z = 30000x + 2000y 
Subject to Subject to 
2x 4-4y 2 40 5x +2y <= 180 
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3x +2y 2 50 3x +3y S 135 
x20,y20 x20,y 20 
11. Max. Z = 5x + 6y 12. Mini. Z = x+1.5y 
Subject to Subject to 
3x+2y s 130 20x + 20y 2 160 
4x+6y Ss 260 30x +60y 2 300 
re Upyor Us x22 
x,y 2 0 
13. Max. Z = 5x; + 4x2 + 6x3 14. Max Z = 1850x + 2080y + 1875z 
Subject to Subject to 
X1+X_+X3 < 100 x+y+z s 100 
3X1 + 2X9 + 4x3 S 210 5x +6y+5z < 400 
3X1 +2X%5 S 150. X,Y, Zz 2 0 
X1,X2,X3 2 0 
15. Mini. Z=150x + 200y 
Subject to 
6x + 10y s 60 
4x + 4y S32 
x,y20 


HINTS TO SELECTED PROBLEMS 


2. Let x units of product A and y units of product B be manufactured. Then, the 
mathematical formulation of the LPP is 
Minimize Z = 60x +80y 


Subject to 
x+y S 500 (Labour hours constraint) 
x S 400 ( Machine hours constraint) 
y 2 200 (Agreement constraint) 
x20,y20 


11. Suppose x units of product A and y units of product B are produced to maximize 
the profit. Then, 


Profit = (25 — 16 — 4) x + (30 — 20 —4) y or Profit = 5x + 6y. 


3x+2y < 130 (Capacity constraint of Department 1) 
4x+6y < 260 (Capacity constraint of Department 2) 
and x20,y20 


29.5 SOME DEFINITIONS AND RESULTS 


In this section, we shall discuss some definitions related to the solution of linear 
programming problems. 


The general form of a LPP is as given below : 
Maximize (or minimize) Z = cy X1 + C2 X2 +... + Cy X» (objective function) 


Subject to 
Ay Xy +042 XQ Fw $A Xp (S,=,2} = 01 
Any Xq + Ag2 Xq F ove + Ady Xy (S,=,2} bg (constraints) 
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The following are some definitions related to a LPP. 
SOLUTION A set of values of variables x, X2, ..... X, is called a solution of a LPP, if tt satisfies 


the constraints of the LPP. 
ILLUSTRATION 1 Consider the LPP: 

Maximize Z = 4x+5y 
Subject to 


Clearly, x=1,y=2;x=-2,y=3;x=-1,y=—-2;x=2,y=~-3 etc. are solutions of this 
LPP as they satisfy the constraints x + 2y < 6 and 3x + y S$ 12. Note that x = 2, y= 4 is not 
a solution, because it does not satisfy x + 2y <6. 
FEASIBLE SOLUTION A set of values of the variables x1, X3, ...,X, is called a feasible solution 
ofa LPP, if it satisfies the constraints and non-negativity restrictions of the problem. 
In other words, a solution that also satisfies the non-negativity restrictions of a LPP, is 
called a feasible solution. 
INFEASIBLE SOLUTION A solution of a LPP is an infeasible solution, if the system of con- 
straints has no point which satisfies all the constraints and non-negativity restrictions. 
ILLUSTRATION 2 Consider a LPP 

Maximize Z = 6x + 8y 
Subject to 

3x+2y <3 
X+2y S 22 

x,y 20 

We observe that x = 2, y=3;x =5, y=0;x =—2, y=—1;x=0, y =-2 etc. are solutions of 
this LPP. Out of these solutions x = 2, y= 3.and x =5, y = 0 are feasible solutions. Because 
these solutions also satisfy non-negativity restrictions. Remaining solutions given above 
are infeasible solutions. 
FEASIBLE REGION The common region determined by all the constraints of a LPP is called the 
feasible region and every point in this region is a feasible solution of the given LPP. 


OPTIMAL FEASIBLE SOLUTION A feasible solution of a LPP is said to be an optimal feasible 
solution, if it also optimizes (maximizes or minimizes) the objective function. 

Now, we shall discuss some definitions and results related to the feasible solutions of a 
LPP, 

CONVEX SET A set is a convex set, if every point on the line segment joining any two points 
in it lies in it. 

In Figs. 29.3 to 29.4 the polygons are convex sets whereas polygon in Fig. 29.5 is not a 
convex set. 


0 


Fig. 29.3 Fig. 29.4 Fig. 29.5 
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THEOREM hie set of all feasible solutions of a LPP is a convex set. 

The proof of the above theorem is beyond the scope of the syllabus for CBSE class XII. 
It follows from the above theorem that the set of all feasible solutions of a LPP isa convex 
polygon. When we are asked to solve a linear programming problem, it always means 
that we have to find its optimal solution. It is known from the general mathematical 
theory of linear programming that a LPP may or may not attain an optimal solution. 
However, if it attains an optimal solution, then one of the corner points (vertices) of the 
convex polygon of all feasible solutions gives the optimal solution as stated in the 
following theorem. 


FUNDAMENTAL EXTREME POINT THEOREM Ani optimal solution of a LPP, if it exists, occurs 
at one of the extreme (corner) points of the convex polygon of the set of all feasible solutions. 

It may happen that the two vertices of the corner polygon give the optimal value of the 
objective function. In sucha case all points on the line segment joining these two vertices 
give the optimal value and the LPP is said to have infinitely many solutions. Sometimes, 
the convex polygon is an empty set. In such a case, we say that the LPP has no solution. 
If the feasible region for a linear programming problem is bounded i.e., it can be enclosed 
within a circle, then the objective function has both a maximum and a minimum value 
and each of these values occurs at a corner point of the feasible region. 


If the feasible region of a linear programming problem is unbounded i.e., it extends 
indefinitely in any direction, then a maximum or a minimum value of the objective 
function may not exist. However, if it exists, it occurs at a corner point of the feasible 
region. 


29.6 GRAPHICAL METHODS OF SOLVING LINEAR PROGRAMMING PROBLEMS 


There are two graphical methods for the solution of linear programming problems. 
These methods are suitable for solving linear programming problems containing two 
variables only. If a LPP contains more than two variables, these graphical methods are 
not suitable to solve them. Such type of problems are solved by simplex method which 
is beyond the scope of our discussion. We shall, therefore, be concerned only with the 
graphical methods involving two variables x and y. 
The following methods are used to solve linear programming problems graphically: 
(i) Corner-Point Method 
(ii) Iso-profit or iso-cost method. 


We shall now apply these two methods for solving linear programming problems. 
29.7 CORNER-POINT METHOD 


This method is based on the Fundamental extreme point theorem which is stated in the 
earlier section. 


Following algorithm can be used to solve a LPP in two variables graphically by using 
corner-point method. 


ALGORITHM 
STEPI Formulate the given LPP in mathematical form if it is not given in mathematical form. 


STEP II Convert all inequations into equations and draw their graphs. To draw the graph of a 
linear equation, put y =O in it and obtain a point on X-axis. Similarly, by putting 
x =O obtain a point on y-axis. Join these two points to obtain the graph of the equation. 

STEP Ill Determine the region represented by each inequation. To determiine the region repre- 
sented by an inequation replace x and y both by zero, if the inequation reduces toa valid 
statement, then the region containing the origin is the region represented by the given 
inequation. Otherwise, the region not containing the origin is the region represented 
by the given inequation. 


ee ———————————————————EOoOroOrororvr—~ 
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STEPIV Obtain the region in xy-plane containing all points that simulianeous'y satisfy all 
constraints including non-negativity restrictions. The polygonal region so obtained ts 
the feasible region and is known as the convex polygon of the set of all feasible solutions 
of the LPP. 

STEPV Determine the coordinates of the vertices (corner points) of tle convex polygon obtained 
in Step II. These vertices are known as the extreme points cf the set of all feasible 
solutions of the LPP. 

STEP VI Obtain the values of the objective function at each of the vertices of the convex polygon. 
The point where the objective function attains its optimum Gnaximum or minimum) 
value is the optimal solution of the given LPP. 

REMARK 1 [f the feasible region of a LPP is bounded, 1.e., it is a convex polygon. Then, the 

objective function Z = ax + by has both a maximum value M and a minimum value mand each 

of these values occurs at a corner point of the convex polygon. 


REMARK2 Somietimes the feasible region of a LPP is not a bounded convex polygon. That is, it 
extends indefinitely in any direction. In such cases, we say that the feasible region is unbounded. 
The above algorithm is applicable when the feasible region is bounded. If tie feasible region is 
unbounded, then we find the values of the objective function Z =ax + by at each corner point of 
the feasible region. Let M and m respectively denote the largest and smallest values of Z at these 
points. In order to check whether Z has maximum and minimum values at M and m respectively, 
we proceed as follows: 

(i) Draw the line ax +by=M and find the open half plane ax + by > M. If the open 
half-plane represented by ax +by>M has no point common with the unbounded 
feasible region, then M is the maximum value of Z. Otherwise Z has no maximum 
value. 

(ii) Draw the line ax + by =m and find the open half plane represented by ax + by < m. If 
the half-plane ax + by < m has no point common with the unbounded feasible region, 
then m is the minimum value of Z. Otherwise, Z has no minimum value. 


Following examples illustrate the above algorithm. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Solve the following LPP graphically: 
Maximize ° Z = 5x+3y 


Subject to 
3x+5y < 15 
5x+2y < 10 
and, x,y 2 0. 


SOLUTION Converting the given inequations into equations, we obtain the following 
equations: 

3x+5y = 15,5x+2y=10,x = 0 and y = 0 
Region represented by 3x +5y<15.: The line 3x + 5y =15 meets the coordinate axes at 
Aj (5, 0) and B, (0, 3) respectively. Join these points to obtain the line 3x + 5y = 15. Clear- 
ly, (0, 0) satisfies the inequation 3x+5y<15. So, the region containing the origin 
represents the solution set of the inequation 3x + 5y $15. 
Region Represented by 5x +2y<10: The line 5x + 2y=10 meets the coordinate axes at 
A, (2, 0) and B, (0, 5) respectively. Join these points to obtain the line5x + 2y = 10. Clearly, 
(0, 0) satisfies the inequation 5x + 2y < 10. So, the region containing the origin represents 
the solution set of this inequation. 
Regio: represented by x20 and y20: Since every point in the first quadrant satisfies 
these inequations. So, the first quadrant is the region represented by the inequations 
x20and y20. 
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The shaded region OA 2 PB, in Fig. 29.6 represents the common region of the above 
inequations. This region is the feasible region of the given LPP. 






p{20 45 


(0, 3) B, *\19" 19 


x 
Fig. 29.6 
The coordinates of the vertices (corner-points) of the shaded feasible region are 
20, 45 
O (0, 0), A> (2, 0), ab 5) and B, (0, 3). 


These points have been obtained by solving the equations of the corresponding inter- 
secting lines, simultaneously. 
The values of the objective function at these points are given in the following table: 











Point (x, y) Value of the objective function 
Z= 5x+3y 
O (0, 0) Z=5x0+3x0=0 
Ap (2, 0) Z=5x2+3x0 = 10 
20 45 20 45 _ 235 
oar] 2 eee Te) 5G 
B, (0, 3) Z=5x0+3x3 =9 
Clearly, Z is maximum at P| —— ae . Hence, x = at y = is the optimal solution of the 
: 19, 19 ey i 
235 


given LPP. The optimal value of Z is —— 19° 


EXAMPLE 2 Solve the following LPP by graphical method: 

Minimize Z = 20x+10y 
Subject to x+2y s 40 

3x+y 2 30 

4x+3y = 60 
and, x,y 20 
SOLUTION Converting the given inequations into equations, we obtain the following 
equations: 

x+2y = 40,3x+y=30, 4x + 3y=60, x =0 and y=0. 
Region represented by x+2y<40: The line x+2y=40 meets the coordinate axes at 
A, (40, 0) and B, (0, 20) respectively. Join these points to obtain the line x +2y=40. 
Clearly, (0, 0) satisfies the inequation x + 2y < 40. So, the region in xy-plane that contains 
the origin represents the solution set of the given inequation. 
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Region represented by 3x+y230: The line 3x+y=30 meets Xand Y axes at 
A, (10, 0) and Bz (0, 30) respectively. Join these points to obtain this line. We find that 
O (0, 0) does not satisfy the inequation 3x + y 2 30. So that region in xy—plane which does 
not contain the origin is the solution se t of this inequation. 

Region represented by 4x+3y260: The line 4x+3y=60 meets XandY axes at 
A; (15, 0) and B, (0, 20) respectively. Join these points to obtain the line 4x + 3y = 60. We 
observe that O (0,0) does not satisfy the inequation 4x + 3y 260. So, the region not 
containing the origin in xy—plane represents the solution set of the given inequation. 
Region represented byx 20, y 20: Clearly, the region represented by x 20 and y 2Ois the 
first quadrant in xy—plane. 

The shaded region A3 A, QP in Fig. 29.7 represents the common region of the regions 
represented by the above inequations. This region expresents the feasible region of the 
given LPP. 






3x +4 = 30 





A; (40,0) 


Fig. 29.7 


The coordinates of the corner-points of the shaded feasible region are Az (15, 0), 
A, (40, 0), Q (4, 18) and P (6, 12). These points have been obtained by solving the equa- 
tions of the corresponding intersecting lines, simultaneously. 

The values of the objective function at these points are given in the following table: 





Point (x, y) Value of the objective function 
Z = 20x + 10y 

Az (15, 0) Z = 20x15+10x0 = 300 

A, (40, 0) Z = 20x40+10x0 = 800 

Q (4, 18) Z = 20x4+10x18 = 260 

P (6, 12) Z = 20x6+10x12 = 240 


Clearly, Z is minimum at P (6, 12). Hence, x = 6, y = 12is the optimal solution of the given 
LPP. The optimal value of Z is 240. 


EXAMPLE3 Solve the following LPP graphically: 
Minimize and Maximize Z = 5x +2y 
Subject to —2x—-3y < —6 
pee Pat] mS 78 
3x+2y S$ 12 
—3x+2y <3 
x,y 20 


pl. ~! 
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SOLUTION Converting the given inequations into equations, we get 

2x + 3y=6,x —2y =2,3x + 2y=12,-3x+2y=3,x=0 and y = 0 
Region represented by —-2x-—3ys-6 : The line —2x-—3y=-6 or 2x+3y=6 cuts 
OX and OY at A, (3, 0) and B, (0, 3) respectively. Join these points to obtain the line 
2x + 3y = 6. 
Since O (0, 0) does not satisfy the inequation — 2x — 3y < — 6. So, the region represented 
by — 2x —3y S— 6 is that part of XOY-plane which does not contain the orgin. 
Region represented by x-2ys2 : The line x-—2y=2 meets the coordinate axes at 
Ap (2,0) and B, (0,—1). Join these points to obtain x — 2y = 2. Since (0, 0) satisfies the 
inequation x — 2y $2, so the region containing the origin represents the solution set of 
this inequation. 
Region represented by 3x+2y<12: The line 3x+2y<12 interesects OX and OY at 
Az (4, 0) and B3 (0, 6). Join these points to obtain the line 3x + 2y =12. Clearly, (0, 0) 
satisfies the inequation 3x + 2y < 12. So, the region containing the origin is the solution 
set of the given inequations. 
Region represented by —3x+2y<3 : The line —3x+2y=3 intersects OX and OY at 
A, (—1, 0) and B, (0, 3/2). Join these points to obtain the line — 3x + 2y =3. Clearly, (0, 0) 
satisfies this inequation. So, the region containing the origin represents the solution set 
of the given inequation. 
Region represented by x 20, y 20: Clearly, XOY quadrant represents the solution set of 
these two inequations. 
The shaded region shown in Fig. 29.8 represents the common solution set of the above 
inequations. This region is the feasible region of the given LPP. 





Fig. 29.8 


The coordinates of the corner-points (vertices) of the shaded feasible region 

p, (28,2), p,{23), p,{2,42 and P,| 2, 2 |. These points have been 
P, Pp P3 Pyare Py 7’ 7 |r Pal 5’ 4 | P3| 5g jand Pal 79” 79 |- These points have 
obtained by solving the equations of the corresponding intersecting lines, simul- 
taneously. 
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The values of the objective function at these points are given in the following table: 


Point (x, y) Value of oe er oaapes function 
= 5x +2y 

18 2 18 4,2 _ 94 

n(5) Z=5x7+2x5 = 7 
7,3 SNe aos te 

Pl | Z=95xX57+2x, = 19 
3.15 3 15 

Psl5 ‘| Z=5x5+2x-— = 15 
3 24 is 3 24 _ 63 

Pal 35 2 Cog alae te 


Clearly, Z is min at x= = yan 13 4 and maximum at x =f, y=5. The minimum and 
maximum values of Z are es and 19 respectively. 


EXAMPLE4 Solve the following LPP graphically: 
Maximize and Minimize Z = 3x+5y 


Subjectto 3x-—4y+12 2 0 


2x-y+220 
2x+3y-12 2 0 
Osx <4 

y 2 2. 


SOLUTION The given LPP can be re-written as 
Maximize or Minimize Z = 3x+5y 
Subjectto 3x—4y = —12 
24 —Y 2 \— 
2x +3y 212 
xs4 
y22 
x20 
Converting the inequations into equations, we obtain the following equations 
3x — 4y =-12,2x-—y=-—2,2x+3y=12,x=4,y=2and x=0. 
These lines are drawn on suitable scale. The shaded region P, Pz P3 PsP; shown in 


Fig. 29.9 represents the feasible region of the given LPP. 
The values of the objective function at these points are given in the following table: 


Point (x, y) Value of oe ae function 
= 3x+5y 
P, (3, 2) Z=3x3+5x2 = 19 
P, (4, 2) Z=3x4+2x5 = 22 
P, (4, 6) Z=3x4+5x6 = 42 
4 18) 4 18 102 
Pale | Z=3xXEt5xXE = — 


37 3 7 99) 
Ps 3-3) Z=3x7t5x5= 4 
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Clearly Z assumes its minimum value 19 at x =3 and y = 2. The maximum value of Z is 
42atx=4 and y=6. 


EXAMPLE 5 Determine graphically the minimum value of the objective function 
Z = —50x + 20y 


Subject to constraints: 
2x-y 2-5 
3x+y 23 
2x —3y S 12 
x20,y20 


SOLUTION The feasible region of the system of inequations given in constraints is 
shown in Fig. 29.10. We observe that the feasible region is unbounded. 





Fig. 29.10 
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The values of the objective function Z at the corner points are given in the following 
table: 


| Corner point (x, y) Value of the objective function 
Z=-—50x + 20y 


& (0,5) : Z = —50x0+20x5 = 100 


(0,3) a Z = -50x0+20x3 = 60 
(1, 0) Z=-50x1+20x0 = —50 
(6, 0) = -50x6+20x0 = —300 







Clearly, — 300 is the smallest value of Z at the corner point (6, 0). Since the feasible region 
is unbounded. Therefore, to check whether — 300 is the minimum value of Z, we draw 
the line — 300 = — 50x + 20y and check whether the open half plane — 50x + 20y < — 300 
has points in common with the feasible region or not. From Fig. 29.10, we find that the 
open half plane represented by — 50x + 20y <—300 has points in common with the 
feasible region. Therefore, Z = — 50x + 20y has no minimum value subject to the given 
constraints. 


29.8 ISO-PROFIT OR ISO COST METHOD 


Consider the following LPP 

Maximize Z = 10x + 6y 
Subject to 

3x+y S12 

2x+5y < 34 

x,y 20 
The convex set of all feasible solutions of this LPP is the set of all points in the shaded 
region of Fig. 29.11. Any point in this region is a feasible solution of the above LPP and 
only the points in this region are feasible solutions of the above LPP. In order to solve 
the above LPP, we have to find the point or points in the shaded region which give the 
largest value of the objective function. For any fixed value of Z,Z=10x+6y or 
10x + 6y =Z is a straight line. For example, for Z =5, 10x + 6y =5 is a straight line. Any 
point on the line Z = 10x + 6y will give the same value of Z. So, it is known as an iso-profit 
line. 





1 = 10x + 6y 


Fig. 29.11 
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Also, for each different value of Z, we obtaina different line. In other words, for different 


values of Z, equation Z= 10x +6y gives a family of parallel straight lines of slope 
10 


par laaa and any point on the line Z = 10x + 6y, for given value of Z, gives the same 
value of Z. These lines are iso-profit lines. In order to maximize the objective function 
Z=10x + 6y, we have to find the line with the largest value of Z which has at least one 
point in common with the shaded region. In other words, to maximize the objective 
function find the line parallel to Z = 10x + 6y which is farthest from the origin O and 
which has at least one point in common with the shaded region. Clearly, 10x + 6y=Z; 
is not farthest from the origin. However, 10x + 6y = Z> is farthest from the origin and has 
a point P (2, 6) common with the shaded region. 


Thus, we see that Z> is the maximum value of Z, and the feasible solution which gives 
this value of Z is the corner P (2, 6) of the shaded region. The values of the variables for 
the optimal solution are x = 2, y = 6. Substituting these values in Z = 10x + 6y, we get 
Z = 56 as the optimal value. 
Now, consider the LPP 

Minimize Z = 18x+10y 
Subject to 4x+y = 20 

2x +3y 2 30 

x,y 20 

The convex set of all feasible solutions of this LPP is the set of all points in the shaded 
region of Fig. 29.12. In order to solve this LPP, we have to find the points in the shaded 
region which give the smallest value of the objective function. We observe that for any 
fixed value of Z, equation 18x + 10y = Z is a straight line and any point on this line gives 
the same value of Z. So, for some value of Z say Z;, if the line 18x + 10y = Z, has some 
points common with the feasible region of the LPP, then all these points give the same 
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value of Z equal to Z; i.e. for every point in the feasible region lying on 18x + 10y = Z), 
we obtain the same value of Z equal to Z;. The line 18x + 10y = Z, is known as iso-cost 
line. Thus, 18x + 10y = Z gives a family of parallel lines of slope — 2 in xy-plane. In 
order to find the minimum value of Z, we have to find the line nearest to the origin and 
having at least one point common with the shaded region. Clearly, 18x + 10y = Z, is 
nearest to the origin and has a common point P (3, 8) with the shaded region. The line 
18x + 10y = Z3 is more closer to the origin than the line 18x + 10y = Z3, but it does not 
have any point common to the feasible region. Thus, Z, is the minimum value of Z, and 
the feasible solution which gives this value of Z is the corner P (3, 8) of the shaded region. 

The values of the variables for the optimal solution are x = 3, y = 8. Substituting these 

values in Z = 18x + 10y, we get Z = 128 as the optimal value of Z. 

The above discussion suggests the following algorithm to solvea LPP by using iso-profit 

(iso-cost) lines. 

ALGORITHM 

STEP! Formulate the given LPP in mathematical form, if it is not given so. 

STEPIl Obtain the region in xy-plane containing all points that simultaneously satisfy all 
constraints including non-negativity restrictions. The polygonal region so obtained is 
the convex set of all feasible solutions of the given LPP and it isalso known as the feasible 
region. | 

STEP Ill Determine the coordinates of the vertices (Corner points) of the feasible region obtained 
in step II. 

STEPIV Give some convenient value to Z and draw the line so obtained in xy-plane. 

STEPV If the objective function is of maximization type, then draw lines parallel to the line in 
step IV and obtain a line which is farthest from the origin and has at least one point 
common to the feasible region. 

If the objective function is of minimization type, then draw lines parallel to the line in 
step IV and obtaina line which is nearest to the origin and has at least one point common 
to the feasible region. 


STEP VI Find the coordinates of the common point (s) obtained in step V. The point (s) so obtained 
determine the optimal solution (s) and the value (s) of the objective function at these 
point (s) give the optimal solution. 


ILLUSTRATIVE EXAMPLES 

EXAMPLE1 Solve the following linear programming problem graphically: 

Maximize Z = 50x +15y 
Subject to 

5x+y <= 100 

x+y < 60 
Ky en0: 

SOLUTION We first convert the inequations into equations to obtain the lines 
5x+y=100,x+y=60,x=0 and y = 0. 
The line 5x + y= 100 meets the coordinate axes at A, (20, 0) and B, (0, 100). Join these 
points to obtain the line 5x + y = 100. 
The line x + y = 60 meets the coordinate axes at A> (60, 0) and B3 (0, 60). Join these points 
to obtain the line x + y = 60. ; 


Also, x=Ois the y-axis and y = 0 is the x-axis. 
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The feasible region of the LPP is shaded in Fig. 29.13. The coordinates of the comer- 
points of the feasible region OA, PB» are O (0,0), A; (20, 0), P (10, 50) and Bs (0, 60). 










B, (0, 100) 


" 


5 P; 


\A,(20, 0) 





A,(60, 0) 


\ 
5x + y = 100 x+y = 60 


Fig. 29.13 
Now, we take a constant value, say 300 (i.e. 2 times the l.c.m. of 50 and 15) for Z. Then, 
300 = 50x + 15y 
This line meets the coordinate axes at P, (6,0) and Q, (0, 20). Join these points by a 
dotted line. Now move this line parallel to itself in the increasing direction i.e. away 
from the origin. P> Q> and P3 Q3 are such lines. Out of these lines locate a line which is 
farthest from the origin and has at least one point common to the feasible region. 
Clearly, P3 Q3 is such line and it passes through the vertex P (10, 15) the convex polygon 
OA, PB,. Hence, x=10 and y=50 will give the maximum value of Z. The maximum 
value of Z is given by 
Z = 50x10+15%x50 = 1250. 
EXAMPLE2 Solve the following LPP graphically: 
Maximize Z = 5x+7y 
Subject to 
x+y 34 
3x+8y < 24 
10x +7y < 35 
x,y 20 
SOLUTION Converting the inequations into equations, we obtain the following equa- 
tions : 
: x+y =4, 3x + 8y = 24, 10x + 7y = 35, x =O and y=0. 
These equations represent straight lines in XOY-plane. 
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The line x + y= 4 meets the coordinate axes at A, (4, 0) and B; (0, 4). Join these points to 
obtain the line x + y = 4. 

The line 3x + 8y = 24 meets the coordinate axes at A> (8, 0) and B; (0, 3). Join these points 
to obtain the line 3x + 8y = 24 

The line 10x + 7 = 35 cuts the coordinates axes at A; (3.5, 0) and B3 (0, 5). These points 
are joined to obtain the line 10x + 7y = 35. 

Also, x =0 is the y-axis and y = 0 is the x-axis. 

The feasible region of the LPP is shaded in Fig. 29.14. The coordjnates of the corner points 


of the feasible region OA3 PQB> are O (0, 0), A3 (3.5, 0), P G 3 QO ( 2 3] and Bs (0, 3). 





Fig. 29.14 


Now, we take a constant value, say 10 for Z. Putting Z = 10 in Z = 5x + 7y, we obtain the 


line5x + 7y = 10. This line meets the coordinate axes at P; (2, 0) and Q;} 0, 7] . Join these 


points by a dotted line. Now move this line parallel to itself in the increasing direction 
away from the origin. Pz Qo and P3 Q3 are such lines. Out of these lines locate a line 


farthest from the origin and has at least one common point to the feasible region 
OA3 PQB>. Clearly, P3 Q3 is such line and it passes through the vertex Q (8/5, 12/5) of 
the feasible region. Hence x = 8/5 and y=12/5 gives the maximum value of Z. The 
maximum value of Z is given by 
Z = 5xS+7 x= = 48. 
EXAMPLE3 Solve the following LPP graphically : 
Minimize Z = 3x +5y 
Subject to 
—-2x¥+y <4 
x+y 23 
x-2y <2 
x,y 20 
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SOLUTION Converting the inequations into equations, we obtain the lines - 2x +y=4, 
Xx+y=3,x-2y=2,x=Oandy = 0 

These lines are drawn on a suitable scale and the feasible region of the LPP is shaded in 
Fig. 29.15. 
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Now, give a value, say 15 equal to (l.c.m. of 3 and 5) to Z to obtain the line 
3x + 5y = 15. This line meets the coordinate axes at P, (5, 0) and Q (0, 3). Join these points 
by a dotted line. Move this line parallel to itself in the decreasing direction towards the 
origin so that it passes through only one point of the feasible region. Clearly, P3 Q3 is 
such a line passing through the vertex P of the feasible region. The coordinates of P are 
obtained by solving the lines x - 2y=2 and x + y =3. Solving these equations, we get 





8 1 
x=3 and y = 3° 
Putting x = : and y = 5 in Z =3x +5y, we get 
Lig Sie gh 22. 
Z=3*x 3 5X 37 3 
aie le 8 1 
Hence, the minimum value of Z is g atx = a/y = 3: 
EXERCISE 29.2 
Solve each of the following linear programming problems by graphical method. 
1. Maximize Z = 5x+3y 2. Maximize Z = 9x+3y 
Subject to Subject to 
3x+5y < 15 2x+3y < 13 
5x + 2y 310 3x+ys 5 
x,y20 x,y 20 
3. Minimize Z = 18x +10y 4. Maximize Z = 50x+30y. 
Subject to Subject to 
4x+y 2 20 2ax+y 2 18 
2x+3y2 30 3x+2y Ss 34 
x,y20 x,y 20 
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5. Maximize Z = 4x + 3y 
Subject to 
3x +4y 524 


8x + 6y < 48 
xs5 
ys6 

x,y20 


7. Maximize Z = 10x + 6y 
Subject to 
3x +yS12 
2x + Sy S34 
x,y20x,y20 
9. Maximize Z=7x + 10y 
Subject to 
x + y S$ 30000 
y £12000 
x 2 6000 
x2y 
x,y 20 


11, Minimize Z = 5x + 3y 
Subject to 
2x+y2 10 
x+3y215 
x<10 
ys8 
x,y20 
13. Maximize Z = 4x + 3y 
Subject to 
3x+4y<24 
8x + 6y < 48 
xs5 
y <6 
x, y20 
15. Maximize Z = 3x+5y 
Subject to 
x+2y Ss 20 
x+ys15 
ys5 
x,y20 
17. Maximize Z = 2x+3y 
Subject to 
x+y21 
10x+y25 
x+10y 21 
x,y20 


29.35 


6. Maximize Z = 15x + 10y 
Subject to 
3x + 2y < 80 
2x +3y 370 
x,y20 


8. Maximize Z = 3x + 4y 
Subject to 
2x + 2y < 80 
2x +4y < 120 


10. Minimize Z = 2x + 4y 
Subject to 
x+y28 
x+4y212 
x23,y22 


12. Minimize Z = 30x + 20y 
Subject to 
x+y<8 
x+4y212 
5x + 8y = 20 
x, y20. 


14. Minimize Z = x-—5y +20 
Subject to 
x-y20 
—x+2y22 
x23 
ys4 
x,y20 [CBSE 2004] 
16. Minimize Z = 3x; +5x2 
Subject to 
X1+ 3X5 23 
X + Xo 22 
X4, X2 20 [CBSE 2005] 


18. Maximize Z = —X,+2% 
Subject to 
— X; + 3x2 310 
X1 +X 36 
X1—-X%S2 
X1,X2 20 
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19. Maximize Z=x+y 20. Maximize Z = 3x1 + 4X9, if possible, 
Subject to Subject to the constraints 
-2x+ys1 X1—-X,S-1 
x32 iy ies 0 
x+ys3 X1,X2 20 
x,y20 


21. Maximize Z=3x+3y, if possible, 
Subject to the constraints 
x-ysl 
x+y23 
x,y20 
22. Show the solution zone of the following inequalities on a graph paper: 
5x+y 2 10 
x+y 26 
x+4y 2 12 
x20,y 2 0. 
Find x and y for which 3x +2y is minimum subject to these inequalities. Use a 
graphical method. 
23. Find the maximum and minimum value of 2x + y subject to the constraints : 
x+3y26,x—-3yS3,3x+ 4y$24,—-3x+2y<6,5x+y25,x,y 20. 
24. Find the minimum value of 3x + 5y subject to the constraints 
—2x+yS4,x+y23,x-2y<2,x,y20. 
25.’ Solved the following linear programming problem graphically: 
Maximize Z = 60x + 15y 
Subject to constraints 





x+y Ss 50 
3x +y 590 
x,y20 [CBSE 2005] 
ANSWERS 
_ 20 _ 45 _ 235 = — = = = i = 
ib x=" Y=F9 Li 19 2. x=2,y =6,Z=28 3. x=3, y=8, Min. Z=134 


4. x=10,y=2,Z=560 5. x=Sry=Z=24 6. x=, y=0,2=400 


or x=5,y=5,Z=24 x=20,y=10,Z=400 


7. x=1,y=6,Z=56 8. x=20, y =20, Z=140 

9. x =18000, y=12000,Z=246000 10. x=4,y=2,Z=16 

1. x=3,y=4,Z=27 12. x=Sy = Z= 60 

13. eaZ y= Z=24 14. a4 y=4,Z=4;x=5,y=5, 2524. 
15. x = 10, y=5, Z=55 16. 7 

172 Ge 2 19. 3 20. Does not exist 


21. Max value is infinity i.e. the solution is unbounded 
22.x=1y=5,Z=13 
15 


Ashe 2 04.15 Woman i 
23, Max. = atx= 7"y=-— 25. x=20,y=30,Z= 1650 
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29.9 DIFFERENT TYPES OF LINEAR PROGRAMMING PROBLEMS 


In this section, we shall discuss formulation and solution of some important types of 
linear programming problems viz. Diet problems, Optimal product line problems and 
Transportation problems. 


Type I DIETPROBLEMS 


In this type of problems, we have to find the amount of different kinds of con- 
stituents/nutrients which should be included in a diet so as to minimize the cost of 
the desired diet such that it contains a certain minimum amount of each con- 
stituent/nutrient. 


ae examples on this type of problems. 
A 


EXAMPLE house wife wishes to mix together two kinds of food, X and Y, in sucha way that 
the mixture contains at least 10 units of vitamin A, 12 units of vitamin B and 8 units of 
vitamin C. | 

The vitamin contents of one kg of food is given below: 


Vitamin A Vitamin B Vitamin C 
Food X: 1 2 3 
Food Y: 2 2 ] 


One kg of food X costs Rs 6 and one kg of food Y costs Rs 10. Find the least cost of the mixture 
which will produce the diet. [CBSE 2003] 
SOLUTION Letxkgof food Xandy kg of food Y are mixed together to make the mixture. 


Since one kg of food X contains one unit of vitamin A and one kg of food Y contains 2 
units of vitamin A. Therefore, x kg of food X and y kg of food Y will contain x + 2y units 
of vitamin A. But the mixture should contain at least 10 units of vitamin A. Therefore, 


x+2y 2 10 


Similarly, x kg of food X and y kg of food Y will produce 2x + 2y units of vitamin B and 
3x+y units of vitamin C. But the minimum requirements of vitamins B and C are 
respectively of 12 and 8 units. 


2x+2y = 12 and 3x+y 2 8 
Since the quantity of food X and food Y cannot be negative. 
x20,y20 


It is given that one kg of food X costs Rs 6 and one kg of food Y costs Rs 10. So, x kg of 
food X and y kg of food Y will cost Rs (6x + 10y). 


Thus, the given linear programming problem is 
Minimize Z = 6x+10y 
Subjectto x+2y 2 10 
2x+2y 2 12 
3x+y 2 8 
and, . x20,y20 
To solve this LPP, we draw the lines 
x+2y = 10,2x+2y = 12 and 3x+y = 8. 
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The feasible region of the LPP is shaded in Fig. 29.16. 
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Fig. 29.16 


The coordinates of the vertices (Corner-points) of shaded feasible region A; P; P> By are 
A, (10, 0), P; (2, 4), Po (1, 5) and Bs (0, 8). These points have been obtained by solving the 
equations of the corresponding intersecting lines, simultaneously. 

The values of the objective function at these points are given in the following table: 








Point (x, y) Value of the objective function 
Z = 6x +10y 
A, (10, 0) Z = 6x10+10x0 = 60 
Ag (2, 4) Z = 6x2+10x4 = 52 
P, (1, 5) Z = 6x1+10x5 = 56 
B, (0, 8) : Z = 6x0+10x8 = 80 





Clearly, Z is minimum at x =2 and y = 4. The minimum value of Z is 52. 


We observe that the open half-plane represented by 6x + 10y < 52 does not have points 
in common with the feasible region. So, Z has minimum value equal to 52. 


Hence, the least cost of the mixture is Rs 52. 


EXAMPLE?’ A dietician wishes to mix two types of food in such a way that the vitamin contents 
of the mixture contain at least 8 units of vitamin A and 10 units of vitamin C. Food ‘I’ contains 
2 units/kg of vitamin A and 1 unit/kg of vitamin C while food ‘II’ contains 1 unit/kg of vitamin 
A and 2 units/kg of vitamin C. It costs Rs 5.00 per kg to purchase food ‘I’ and Rs 7.00 per kg to 
produce food ‘II’. Determine the minimum cost to such a mixture. Formulate the above as a LPP 
and solve it. 

SOLUTION Let the dietician mix x kg of food ‘IT’ with y kg of food ‘II’. Then, the 
mathematical model of the LPP is as follows: 
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Minimize Z = 5x+7y 
Subject to2x+y 2 8 

x+2y 2 10 [See Example 8, page 29.10] 
and, x,y 20 
To solve this LPP graphically, we first convert the inequations into equations to obtain 
the following lines. 

ax+y = &x+2y = 10,x =0,y = 0 
The line 2x + y = 8 meets the coordinate axes at A, (4, 0) and B, (0, 8). Join these points 
to obtain the line represented by 2x + y=8. The region not containing the origin is 
represented by 2x + y 28. 
The line x + 2y = 10 meets the coordinate axes at A> (10, 0) and B; (0, 5). Join these points 
to obtain the line represented by x+2y=10. Clearly, O(0,0) does not satisfy the 
inequation x + 2y 210. So, the region not containing the origin is represented by this 
ineqution. 
Clearly, x 2 0, y 2 0 represent the first quadrant. 
Thus, the shaded region in Fig. 29.17 is the feasible region of the LPP. The coordinates 
of the corner-points of this region are Az (10, 0), P (2, 4) and B; (0, 8). 


LY 
B, (0, 8)} Yj 
0,32) 
B,(0, 5) 
O A,(4, 0) & OX 4220-0) x 
x+2y=10 


2x+y=8 5x+7y=38 
Fig. 29.17 
The point P (2, 4) is obtained by solving 2x + y=8 and x + 2y = 10 simultaneously. 


The values of the objective function Z = 5x + 7y at the corner points of the feasible region 
are given in the following table : 





Point (x, y) Value of the objective function 
Z=5x+7y 
Ag (10, 0) Z = 5x10+7x0 = 50 
P (2, 4) Z=5x2+7x4 = 38 


B, (0, 8) Z = 5x0+7x8 = 56 
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Clearly, Z is minimum at x = 2 and y = 4. The minimum value of Z is 38. 


We observe that open half plane represented by 5x + 7y < 38 does not have points in 
common with the feasible region. So, Z has minimum value equal to 38 at x=2 and 
y=4. 

Hence, the optimal mixing strategy for the dietician will be to mix 2 kg of food ‘I’ and 
4 kg of food ‘II’. Int this case, his cost will be minimum and the minimum cost will be 






Every gram of wheat provides 0.1 gm of proteins and 0.25 gm of carbohydrates. 
The corxesponding values of rice are 0.05 gm and 0.5 gm respectively. Wheat costs Rs. 4 per kg 
and rice Rs. 6. The minimum daily requirements of proteins and carbohydrates for an average 
child are 50 gms and 200 gms respectively. In what quantities should wheat and rice be mixed 


in the daily diet to provide minimum daily requirements of proteins and carbohydrates at 
minimum cost. 


SOLUTION Suppose x gms of wheat and y grams of rice are mixed in the daily diet. 


Since every gram of wheat provides 0.1 gm of proteins and every gram of rice gives 0.05 
gm of proteins. Therefore, x gms of wheat and y grams of rice will provide 0.1x + 0.05y 
gms of proteins. But the minimum daily requirement of proteins is of 50 gms. 


; pe 
0.1x + 0.05y 250 => 10 * 0 2 50 


Similarly, x gms of wheatand y gms of rice will provide 0.25x + 0.5y gms of carbohydrates 
and the minimum daily requirement of carbohydrates is of 200 gms. 


0.25x+0.5y => 200 => ats > 200 
Since the quantities of wheat and rice cannot be negative. Therefore, 
x20, y20 


It is given that wheat costs Rs 4 per kg and rice Rs 6 per kg. So, x gms of wheatand 


‘ ‘ 4x 6y 
y gms of rice will cost Rs 000 * 1000 


Hence, the given linear programming problem is 


BGs _ 4x 6y 
Minimize Z = 1000 oa 1000 


Subject to the constraints 


xy 
10 * 20 = 50, 


Xu 
at) = 200, 
and, x20, y20 


The solution set of the linear constraints is shaded in Fig. 29.18. The vertices of the 
shaded region are A> (800,0), P (400, 200) and B, (0, 1000). 


The values of the objective function at these points are given in the following table. 
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P(400, 200) Vs 
x U 
XS 47 > = 50% 
O A,(500, 0) - A,(800,0) X 
ax? Gin 2s 
1000" 1000 
Fig. 29.18 
Point (x4, X5) Value of objective function 
7= 4x A 6y 
~ 1000 1000 
A2 (800, 0) Beet: 8 s 
Z= 1000 x 800 + 1000 x0 = 3.2 
P (400, 200) __4 6 E. 
Z= 7000 x 400 + 7000 x 200 = 2.8 
By (0, 1000) __4 6 = 
Z= 7000 x0 +7000 x 1000 = 6 


Clearly, Z is minimum for x = 400, y = 200 and the minimum value of Z is 2.8. 


We observe that the open half plane represented by a +e < 2.8 does not have 





points is common with the feasible region. So, Z has minimum value 2.8 at x = 400 and 
y = 200. 

Hence, the diet cost is minimum when x = 400 and y = 200. The minimum diet cost is 
Rs 2.8. 


TypeII OPTIMAL PRODUCT LINE PROBLEMS 


In this type of problems, we have to determine the number of different products which 
should be produced and sold by a firm when each product requires a fixed manpower, 
machine hours, labour hours per unit of the product, ware house space per unit of 
output, etc. in order to make maximum profit. 


Following aresome examples on this type of problems. 

snes lana produces nuts and bolts for industrial machinery. It takes 1 hour 
of work on machine A and 3 hours on machin B to produce a package of nuts while it takes 3 
hours on macine A and 1 hour on machine B to produce a package of bolts. He earns a profit of 
Rs 2.50 per package of nuts and Re 1.00 per package of bolts. How many packages of each should 
he produce each day so as to maximize his profit, if he operates his machines for at most 12 hours 
a day ? Formulate this mathematically and then solve it. [NCERT] 
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SOLUTION The given information can be summarized in the following tabular form: 


Machines 










__ Time required to produce products Max. Machine hours 


available | 







Profit (in Rs) 


Let the manufacturer produce x packages of nuts and y packages of bolts each day. 


Since machine A takes one hour to produce one package of nuts and 3 hours to produce 
one package of bolts. Therefore, the total time required by machine A to produce x 
packages of nuts and y packages of bolts is (x + 3y) hours. But machine A operates for 
at most 12 hours. 


x+3y $12 
Similarly, the total time required by machine B to produce x packages of nuts and y 
packages of bolts is (3x + y) hours. But machine B operates for at most 12 hours. 
Sx+y S12 
Since the profit on one package of nuts is Rs 2.50 and on one package of bolts the 


profit is Re 1. Therefore, profit on x packages of nuts and y packages of boltsis of 
Rs (2.50x + y). Let Z denote the total profit. Then, Z = 2.50x + y. 


Clearly, x 20 and y 20 
Thus, the above LPP can be stated mathematically as follows: 


Maximize Z = 2.50x+y 
Subjectto x+3y < 12 
3x+y S$ 12 
and, x,y 20 


To solve this LPP graphically, we first convert the inequations into equations to obtain 
the following equations. 

Xx+3y = 12,3x+y = 12,x =0,y =0 
The line x + 3y = 12 meets the coordinate axes at A, (12, 0) and B, (0, 4). Join these two 
points to obtain the line represented by x+3y=12. The region represented by the 
inequation x + 3yS 12 is the region containing the origin as x=0, y=0 satisfies the 
inequation x + 3y S$ 12. 
The line 3x + y = 12 meets the coordinate axes at A> (4, 0) and Bz (0, 12). Join these points 
to obtain the line represented by 3x + y= 12. Since x = 0, y=0 satisfies the inequation 
3x + y S12. So, the region containing the origin and below the line 3x + y = 12 represents 
the region represented by 3x + y < 12. 
Clearly, x = 0 and y 20 represent all points in first quadrant. 


Thus, the shaded region OA» PB; in Fig. 29.19 represents the feasible region of the given 
LPP. 

The coordinates of the corner-points of the feasible region OA PB, are O(0,0), 
Ap (4, 0), P (8, 3) and B; (0, 4). These points are obtained by solving the corresponding 
intersecting lines simultaneously. 


* ae 2: 
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A,(12, 0) 





Sx +y=12 
Fig. 29.19 


The values of the objective function at the cormner-points of the feasible region are given 
in the following table : 





Point (x, y) Value ts ps ota function 
= 2.50x+y 
O (0, 0) Z = 2.50x0+1x0=0 
A2 (4, 0) Z = 2.50x4+1x0 = 10 
P (3,3): Z = 2.50x3+1x3 = 10.50 
By (0, 4) Z = 2.50x0+1x4 =4 





Clearly, Z is maximum at x = 3, y=3 and the maximum value of Z is 10.50. 


Hence, the optimal production strategy for the manufacturer will be to manufacture 3 
packages each of nuts and bolts daily and in this case his maximum profit will be Rs 
10.50. 


EXAMPLE/S An oil company requires 12,000, 20,000 and 15,000 barrels of high-grade, medium 

grade and low grade oil, respectively. Refinery A produces 100, 300 and 200 barrels per day of 
high-grade, medium-grade and low-grade oil, respectively, while refinery B produces 200, 400 
and 100 barrels per day of high-grade, medium-grade and low-grade oil, respectively. If refinery 
A costs Rs 400 per day and refinery B costs Rs 300 per day to operate, how many days should 
each be run to minimize costs while satisfying requirements. [CBSE 2004] 

SOLUTION The given data may be put in the following tabular form: 


B 200 400 100 Rs 300 
= 
Requirement 


Suppose refineries A and B should run for x and y days respectively to minimize the 
total cost. 
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The mathematical form of the above LPP is 
Minimize Z = 400x + 300y 
Subject to 
100x + 200y = 12000 
300x + 400y 2 20,000 
200x + 100y = 15000 
and, x,y 20 


The feasible region of the above LPP is represented by the shaded region in Fig. 29.20. 


400x + 300y = 33000 


= 
5 


2 

: _ 
3 ; 

x 

S B,(0, 50) 7 


100x + 200y = 12000 





Fig. 29.20 


The corner points of the feasible region are A, (120, 0), P (60,30) and Bz (0, 150). The 
value of the objective function at these points are given in the following table: 





Point (x, y) Value of the objective function 
| Z = 400x + 300y 
A2(120,0) Z = 400x120 +3000 = 48000 
P (60, 30) Z = 400 x 60 +300 x 30 = 33000 
B3 (0, 150) Z = 400 x0+300 x 150 = 45000 





Clearly, Z is minimum when x= 60, y =30. The feasible region is unbounded. So, we 
find the half-plane represented by 400x + 300y < 33000. Clearly, the half-plane does not 
have points common with the feasible region. So, Z is minimum at x =60, y=30. 
Hence, the machine A should run for 60 days and the machine B should run for 30 days 
to minimize the cost while satisfying the constraints. 
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EXAMPLE 6 Acompany produces soft drinks that hasa contract which requires that a minimum 
of 80 units of the chemical A and 60 units of the chemical B to go into each bottle of the drink. 
The chemicals are available in a prepared mix from two different suppliers. Supplier S has a mix 
of 4 units of Aand 2 units of B that costs Rs 10, the supplier T has a mix of 1 unit of Aand 1 
unit of B that costs Rs 4. How many mixes from S and T should the company purchase to honour 
contract requirement and yet minimize cost ? 

SOLUTION The given data may be put in the following tabular form: 










Minimum 
Requirement 


80 
B 1 60 
cee 


Suppose x units of mix are purchased from supplier S and y units are purchased from 
supplier T. 
Total cost Z = 10x + 4y. 
Units of chemical A per bottle = 4x + y. 
But the minimum requirement of chemical A per bottle = 80 
cf 4x+y = 80. 
Similarly, 2x + y = 60 
Clearly,x = 0,y = 0. 
Thus, the mathematical formulation of the given LPP is 
Minimize Z = 10x+4y 
Subject to 
4x+y 2 80 
2x+y = 60 
and, x20,y20 
Now, we find the feasible region which is the set of all points whose coordinates 
simultaneously satisfy all constraints including non-negativity restrictions. The shaded 
region in Fig. 29.21 represents the feasible region of the given LPP. The coordinates of 
the corner points of the feasible region are A> (30, 0), P (10, 40) , B, (0, 80). 





Chemical 








10x + 4y = 260 





O A, (20, 0 A,(30, 0) xX 


4x + y = 80 
Fig. 29.21 
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These points are obtained by solving the equations of the corresponding intersecting 
lines, simultaneously. 


The values of the objective function at these points are given in the following table: 


Point (x, y) Value of objective function 
Z = 10x +4y 
Az2 (30, 0) Z = 10x30+4x0 = 300 
P (10, 40) Z = 10x10+40x4 = 260 
By (0, 80) Z = 10x0+4x80 = 320. 


Clearly, Z is minimum at (10, 40). The feasible region is unbounded and the open half 
plane represented by 10x + 4y < 260 does not have points in common with the feasible 
region. So, Z is minimum at x = 10, y= 40. Hence, x = 10, y = 40 is the optimal solution 
of the given LPP. 

Hence, the cost per bottle is minimum when the company purchases 10 mixes from 
supplier S and 40 r~" vlier T. 


EXAMPLE 7 “A a number of fans and sewing machines. He has only 
Rs 5760.06 tc 20 items. A fan costs him Rs 360.00 and a sewing 
machiné Rs 2 ‘can sell a fan at a profit of Rs 22.00 and a sewing 
machine at a 1at he can sell all the items that he can buy, how 
should he inv ize his profit ? Translate this problem mathemati- 
cally and ther [CBSE 2001C, 2002C] 
SOLUTION s and y sewing machines. Since the dealer has 
space for at mos 
x+y S 20 


A fan costs Rs 360 and a sewing machine costs Rs 240. Therefore, total cost of x fans and 
y sewing machines is Rs (360x + 240y). But the dealer has only Rs 5760 to invest. 
Therefore, ; 

360x + 240y < 5760 


Since the dealer can sell all the items that he can buy and the profit on a fan is of Rs 22 
and on a sewing machine the profit is of Rs 18. Therefore, total profit on selling x fans 
and y sewing machines is of Rs (22x + 18y). 
Let Z denote the total profit. Then, Z = 22x + 18y. 
Clearly, x, y 2 0. 
Thus, the mathematical formulation of the given problem is 
Maximize Z = 22x +18y 
Subject to 
x+y < 20 
360x + 240y < 5760 
and,x 20,y20 


To solve this LPP graphically, we first convert the inequations into equations and draw 
the corresponding lines. The feasible region of the LPP is shaded in Fig. 29.22. Thecomer 
points of the feasible region OAp> PB, are O (0, 0), Az (16, 0), P (8, 12) and B, (0, 20). 
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B, (0, 24) 


B,(0, 20) | 





A,(20,0) X 


360x + 240y=5760 x+y=20 
Fig. 29.22 
These points ‘have been obtained by solving the corresponding intersecting lines, 
simultaneously. 


The values of the objective function Z at corner- points of the feasible region are given 
in the following table. 





Point (x, y) Value of the objective function 
Z = 22x + 18y 
O (00) Z = 22x0+18x0 = 0 
A2 (16, 0) Z = 22x16+18x0 = 352 
P (8, 12) Z = 22x8+18x12 = 392 
By (0, 20) Z = 22x0+20x18 = 360 





Clearly, Z is maximum at x = 8 and y= 12. The maximum value of Z is 392. 


Hence, the dealer should purchase 8 fans and 12 sewing machines to obtain the 
maximum profit under given conditions. 


EXAMPLE § A farm is engaged in breeding pigs. The pigs are fed on various products grown 
on the farm. In view of the need to ensure certain nutrient constituents (call them X, Y and Z), 
it is necessary to buy two additional products, say, Aand B. One unit of product A contains 36 
units of X, 3 units of Y, and 20 units of Z. One unit of product B contains 6 units of X, 12 units 
of Y and 10 units of Z. The minimum requirement of X, Y and Z is 108 units, 36 units and 100 
units respectively. Product A costs Rs 20 per unit and product B costs Rs 40 per unit. Formulate 
the above as a linear programming problem to minimize the total cost, and solve the problem by 
using graphical method. 

SOLUTION The data given in the problem can be summarized in the following tabular 
form : 















MATHEMATICS-XIl 
Nutrient constituent Cost in Rs 
: it its 2g. Y Zz 
36 7) oe ee 
ys 6 PL 12 at ate 10 4 
Minimum 108 36 2 100 





Requirement 





Let x units of product A and y units of product B are bought to fulfill the minimum 
requirement of X, Y and Z and to minimize the cost. 


The mathematical formulation of the above problem is as follows: 
Minimize Z = 20x +40y 
Subject to 


36x + 6y 2 108 
3x+12y 2 36 
20x +10y = 100 
and, x,y,z 2 0. 


The set of all feasible solutions of the above LPP is represented by the feasible region 
shaded darkly in Fig. 29.23. The coordinates of the corner points of the feasible region 
are A> (12,0), P; (4, 2), Pz (2, 6) and B, (0, 18). 
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Now, we have to find a point or points in the feasible region which give the minimum 
value of the objective function. For this, let us give some value to Z, say 20, and draw a 
dotted line 20 = 20x + 40y. Now, draw lines parallel to this line which have at least one 
point common to the feasible region and locate a line which is nearest to the origin and 
has at least one point common to the feasible region. Clearly, such a line is 
Z,=20x+40y and it has a point P, (4,2) common with the feasible region. Thus, 


Z, = 20x + 40y is the minimum value of Z, and the feasible solution which gives this 
value of Z is the corner P; (4, 2) of the shaded region. The values of the variables for the 


optimal solution are x=4, y=2. Substituting these values in Z=20x+40y, we get 
Z= 160 as the optimal value of Z. 


Hence, 2 units of product A and 4 units of product B are sufficient to fulfill the minimum 
Peay" a minimum cost of Rs 160. 


EXAMPLE 9 A toy manufacturer produces two types of dolls; a basic version doll A and a deluxe 
version doll B. Each doll of type B takes twice as long to produce as one doll of type A. The company 
have time to make a maximum of 2000 dolls of type A per day, the supply of plastic is sufficient 
to produce 1500 dolls per day and each type requires equal amount of it. The deluxe version, i.e. 
type B requires a fancy dress of which there are only 600 per day available. If the company makes 
a profit of Rs 3. and Rs 5 per doll, respectively, on doll A and B; how many of each should be 
produced per day in order to maximize profit ? Solve it by graphical method. 
SOLUTION LetxdollsoftypeA andy dolls of type B be produced per day to maximize 
the profit. 
The mathematical form of the given LPP is as follows: 
Maximize Z = 3x +5y 
Subject to x+2y < 2000 

x+y < 1500 (See Ex.2 on page 29.5 ) 

y < 600 

and, x,y 2 0. 


The set of all feasible solutions of the given LPP is represented by the feasible region 
shaded darkly in Fig. 29.24. The coordinates of the comer points of the feasible region 
are O (0,0), Az (1500, 0), P (1000, 500), Q (800, 600) and R (0, 600). 
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Now, to find a point or points in the feasible region which give the maximum value of 
the objective function Z = 3x + 5y, let us give some value to Z, say 1500 and draw the 
dotted line 3x + 5y = 1500 as shown in Fig. 29.23. 


Now, draw lines parallel to the line 3x + 5y = 1500 and obtain a line which is farthest 
from the origin and have at least one point common to the feasible region. Clearly, 
Z, =3x +5y is such a line. This line has only one point P (1000, 500) common to the 
feasible region. Thus, Z =3 x 1000 + 5 x 500 = 5500 is the maximum value of Z and the 
optimal solution is x = 1000, y = 500. 


Hence, 1000 dolls of type A and 500 dolls of type B should be produced to maximize the 
profit and the maximum profit is Rs 5500. 


Type IIT TRANSPORTATION PROBLEMS 


In this type of problems, we have to determine transportation schedule for a commodity 
from different plants or factories situated at different locations to different markets at 
different locations in sucha way that the total cost of transportation is minimum, subject 
to the limitations (constraints) as regards the demand of each market and supply from 
each plant or factory. 


Following are some examples on this type of problems: 


EXAMPL There is a factory located at each of the two places P and Q. From these locations, 
a certain commodity is delivered to each of these depots situated at A, B and C. The weekly 
requirements of the depots are respectively 5,5 and 4 units of the commodity while the production 
capacity of the factories at P and Q are respectively 8 and 6 units. The cost of transportation per 
unit is given below: 


Cost (in Rs) 





How many units should be transported from each factory to each depot in order that the 
transportation cost is minimum. Formulate the above LPP mathematically and then solve tt. 
SOLUTION For the formulation see Example 11 in section 29.4 on page 29.13. 


Let the factory at P transports x units of commodity to depot at A and y units to depot 
at B. Then, as discussed in Example 11 on page 29.13, the mathematical model of the 
LPP is as follows: | 


Minimize Z = x—7y +190 
Subject tox+y < 8 
x+y24 
Xx SD 
ys 
and, x 20,y 20 


To solve this LPP graphically, we first convert the inequations into equations and draw 
the corresponding lines. The feasible region of the LPP is shaded in Fig. 29.25. 

The coordinates of the corner points of the feasible region Az A3 PQ 53 By are 
A> (4, 0), A3 (5, 0), P (S, 3), Q (3,5), Bs (0,5) and By (0,4). These points have been ob- 
tained by solving the corresponding intersecting lines simultaneously. 
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Fig. 29.25 
The values of the objective function at these points are given in the following table: 
Z = x-7y+190 
A, (4, 0) Z = 4-7x0+190 = 194 
Ag (5, 0) Z = 5-7x0+190 = 195 
P:(S,3) Z = 5-7x3+190 = 174 
Q (3, 5) Z = 3-7x5+190 = 158 
B; (0, 5) Z = 0-7x5+190 = 155 
Bp (0, 4) Z = 0-7x4+190 = 162 


Clearly, Z is minimum at x = 0, y = 5. The minimum value of Z is 155. 


Thus, the optimal transportation strategy will be to deliver 0, 5 and 3 units from the 
factory at P and 5, 0 and 1 unit from the factory at Q to the depots at A, Band C 
respectively. The minimum transportation cost in this case is Rs 155. 

EXAMPLE/1 A brick manufacturer has two depots, A and B, with stocks of 30,000 and 20,000 
bricks respectively. He receives orders from three builders P, Q and R for 15,000, 20,000 and 
15,000 bricks respectively. The cost in Rs transporting 1000 bricks to the builders from the depots 
are given below: 





How should the manufacturer fulfill the orders so as to keep the cost of transportation minimum? 


‘ 
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SOLUTION The formulation of this LPP is discussed in Ex. 12 in section 29.4 on 
page 29.14, 
Let the depot A transport x thousand bricks to builder P and y thousand bricks to 
builder Q. Then, the above LPP can be stated mathematically as follows : 
Minimize Z = 30x — 30y + 1800 
Subject to 
x+y S 30 
% Ss 15 
y < 20 
x+y 215 
and, x20,y20 
To solve this LPP graphically, we first convert inequations into equations and then draw 
the corresponding lines. The feasible region of the LPP is shaded in Fig. 29.26. The 
coordinates of the corner points of the feasible region Az PQ Bz By are Ap (15, 0), 
P (15, 15) , Q (10, 20), Bz (0,20) and By (0,15). These points have been obtained by 
solving the corresponding intersecting lines simultanously. 


The values of the objective function at the corner points of the feasible region are given 
in the following table 






B,(0, 30) 


P (15, 15) 





Fig. 29.26 
Point (x, y) Value of the objective function 
Z = 30x —30y + 1800 
Ay, (15, 0) Z = 30x 15-30x0+1800 = 2250 
P (15, 15) Z = 30x 15-30 15+1800 = 1800 
Q (10, 20) Z = 30x 10-30 x 20 + 1800 = 1500 
B; (0, 20) Z = 30x0-30x20+1800 = 1200 


B, (0, 15) Z = 30x0-30x15+1800 = 1350 
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Clearly, Z is minimum at x = 0, y = 20 and the minimum value of Z is 1200. 

Thus, the manufacturer should supply 0, 20 and 10 thousand bricks to builders 
P,Qand R from depot A and 15, 0 and 5 thousand bricks to builders P, Q and R from 
depot B respectively. In this case the minimum transportation cost will be Rs 1200. 


29.10 SOME EXCEPTIONAL CASES 


Uptill now we have been discussing linear programming problems having finite unique 
solutions. In this section, we shall discuss some problems which either do not have 
solutions or they have unbounded solutions. Consider the following linear program- 
ming problem: 
Maximize Z = 2x +5y 
Subject to the constraints 
x+y<s4 
3x + 3y 2 18 
x,y20. 
This problem is shown graphically in Fig. 29.27. Clearly, it has no solution because the 
constraints are inconsistent. 





Fig. 29.27 Fig. 29.28 


Insome linear programming problems, the common feasible region may not be bounded 
and the variables can take any value in the unbounded feasible region. Such type of 
problems are said to have unbounded solutions. Consider the following linear program- 
ming problem. 


Maximize Z = 2x +3y 
Subject to the constraints 
x+y22 
X+2y23 
x,y20 
This problem is illustrated graphically in Fig. 29.28. 
The feasible region is shaded in Fig. 29.28. Clearly, x and y can take arbitrary large values. 


So, the objective function can be made as large as we please. Consequently, we say that 
the problem has unbounded solution. 
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EXERCISE 29.3 
TypeI DIETPROBLEMS 


1. A diet of two foods F, and F, contains nutrients thiamine, phosphorous and iron. 
The amount of each nutrient in each of the food (in milligrams per 25 gms) is given 
in the following table: 









Food 
Nutrients 
Thiamine 


Phosphorous 


The minimum requirement of the nutrients in the diet are 1.00 mg of thiamine, 7.50 
mg of phosphorous and 10.00 mg of iron. The cost of F, is 20 paise per 25 gms while 
the cost of F, is 15 paise per 25 gms. Find the minimum cost of diet. 

P- A diet for a sick person must contain at least 4000 units of vitamins, 50 units of 
minerals and 1400 of calories. Two foods A and B, are available at a cost of Rs 4 and 
Rs 3 per unit respectively. If one unit of A contains 200 units of vitamin, 1 unit of 
mineral and 40 calories and one unit of food B contains 100 units of vitamin, 2 units 
of minerals and 40 calories, find what combination of foods should be used to have 
the least cost? [CBSE 2004] 

3. To mantain one’s health, a person must fulfil certain minimum daily requirements 

for the following three nutrients-calcium, protein and calories. This diet consists of 
only items I and II whose prices and nutrient contents are shown below: 


ae I Food II Minimum tee dil 
‘se 


Protein 
Calories 


Find the combination of food items so that the cost may be minimum. 











4. A hospital dietician wishes to find the cheapest combination of two foods. 
A and B, that contains at least 0.5 milligram of thiamin and at least 600 calories. Each 
unit of A contains 0.12 milligram of thiamin and 100 calories, while each unit of 8 
contains 0.10 milligram of thiamin and 150 calories. If each food costs 10 paise per 
unit, how many units of each should be combined at a minimum cost ? 

5. A dietician mixes together two kinds of food in such a way that the mixture contains 
at least 6 units of vitamin A, 7 units of vitamin B, 11 units of vitamin C and 9 units 
of vitamin D. The vitamin contents of 1 kg of food X and 1 kg of food Y are given 
below: 
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Vitamin C Vitamin D 





Vitamin B 


J 








One kg of food X costs Rs 5, whereas one kg of food Y costs Rs 8. Find the least cost 
of the mixture which will produce the desired diet. 

6A diet is to contain at least 80 units of vitamin A and 100 units of minerals. Two 
foods F, and F> are available. Food F, costs Rs 4 per unit and F, costs Rs 6 per unit 
one unit of food F; contains 3 units of vitamin A and 4 units of minerals. One unit 
of food F, contains 6 units of vitamin A and 3 units of minerals. Formulate this as a 
linear programming problem and find graphically the minium cost for diet that 
consists of mixture of these foods and also meets the mineral nutritional require- 
ments. [CBSE 2009] 

7, To maintain one’s health, a person must fulfil minimum daily requirements for the 
following three nutrients calcium, protein and calories. His diet consists of only 
food items I and II whose prices and nutrient contents are shown below: 


Price Food I Food II Minimum 
Re. 0.60 per unit Rel per unit requirement 
Calcium 10 4 20 
Protein 5 be) 20 
Calories 2 6 12 


Find the combination of food items so that the cost may be minimum. 

& Kellogg is a new cereal formed of a mixture of bran and rice that contains at least 
88 grams of protein and at least 36 milligrams of iron. Knowing that bran contains 
80 grams of protein and 40 milligrams of iron per kilogram, and that rice contains 
100 grams of protein and 30 milligrams of iron per kilogram, find the minimum cost 
of producing this new cereal if bran costs Rs 5 per kg and rice costs Rs 4 per kg. 


(CBSE 2002] 


Type II OPTIMAL PRODUCT LINE PROBLEMS 
9. A manufacturer has three machines installed in his factory. Machines I and II are 
capable of being operated for at most 12 hours wheareas Machine III must operate 
at least for 5 hours a day. He produces only two items, each requiring the use of 
three machines. The number of hours required for producing one unit each of the 
items on the three machines is given in the following table : 





A 1 
B 2 


He makes a profit of Rs 6.00 on item A and Rs 4.00 on item B. Assuming that he can 
sell all that he produces, how many of each item should he produce so as to 
maximize his profit? Determine his maximum profit. Formulate this LPP mathe- 
matically and then solve it. 


29.56 MATHEMATICS-XIi 

He makes a profit of Rs 6.00 on item A and Rs 4.00 on item B. Assuming that he can 

sell all that he produces, how many of each item should he produce so as to 

maximize his profit? Determine his maximum profit. Formulate this LPP mathe- 
matically and then solve it. 

10. Two tailors, A and B earn Rs 15 and Rs 20 per day respectively. A can stitch 6 shirts 
and 4 pants while B can stitch 10 shirts and 4 pants per day. How many days shall 
each work if it is desired to produce (at least) 60 shirts and 32 pants at a minimum 
labour cost? 

11. A factory manufactures two types of screws, A and B, each type requiring the use 
of two machines — an automatic and a hand-operated. It takes 4 minute on the 
automatic and 6 minutes on the hand-operated machines to manufacture a package 
of screws ‘A’, while it takes 6 minutes on the automatic and 3 minutes on the 
hand-operated machine to manufacture a package of screws ‘B’. Each machine is 
available for at most 4 hours on any day. The manufacturer can sell a package of 
screws ‘A’ ata profit of 70 P and screws ‘B’ at a profit of Re 1. Assuming that he can 
sell all the screws he can manufacture, how many packages of each type should the 
factory owner produce in a day in order to maximize his profit ? Determine the 
maximum profit. [NCERT] 

12. Acompany produces two types of leather belts, say type A and B. Belt A isa superior 
quality and belt B is of a lower quality. Profits on each type of belt are Rs 2 and 
Rs 1.50 per belt, respectively. Each belt of type A requires twice as much time as 
required by a belt of type B. If all belts were of type B , the company could produce 
1000 belts per day. But the supply of leather is sufficient only for 800 belts per day 
(both A and B combined). Belt A requires a fancy buckle and only 400 fancy buckles 
are available for this per day. For belt of type B, only 700 buckles are available per 
day. 

How should the company manufacture the two types of belts in order to have a 
maximum overall profit? 

13. A small manufacturer has employed 5 skilled men and 10 semi-skilled men and 
makes an article in two qualities deluxe model and an ordinary model. The making 
of a deluxe model requires 2 hrs. work by a skilled man and 2 hrs. work by a 
semi-skilled man. The ordinary model requires 1 hr by a skilled man and 3 hrs. by 
a semi-skilled man. By union rules no man may work more than 8 hrs per day. The 
manufacturers clear profit on deluxe model is Rs 15 and on an ordinary model is 
Rs 10. How many of each type should be made in order to maximize his total daily 
profit. 

14. A manufacturer makes two types A and B of tea-cups. Three machines are needed 


for the manufacture and the time in minutes required for each cup on the machines 
is given below: 


Machines 





Each machine is available for a maximum of 6 hours per day. If the profit on each 
cup A is 75 paise and that on each cup B is 50 paise, show that 15 tea-cups of type 
A and 30 of type B should be manufactured in a day to get the maximum profit. 
[CBSE 2003, 2008] 
15. A factory owner purchases two types of machines, A and B, for his factory. The 
requirements and limitations for the machines are as follows: 
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Labour force for 
each machine 


My (| Area occupied by 


the machine 
Machine A 1000 sq. m 
Machine B 1200sq.m_ | 8 men 40 


a SS — 

He has an area of 7600 sq.m available and 72 skilled men who can operate the 
machines. How many machines of each type should he buy to maximize the daily 
output? [CBSE 2003, 2008] 
Acompany produces two types of goods, A and B, that require gold and silver. Each 
unit of type A requires 3 gm of silver and 1 gm of gold while that of type B requires 
1 gm of silver and 2 gm of gold. The company can produce 9 gm of silver and 8 gm 
of gold. If each unit of type A brings a profit of Rs 40 and that of type B Rs 50, find 
the number of units of each type that the company should produce to maximize the 
profit. What is the maximum profit? 

A manufacturer of Furniture makes two products : chairs and tables. Processing of 
these products is done on two machines A and B. A chair requires 2 hrs on machine 
Aand 6 hrs on machine B. A table requires 4 hrs on machine A and 2 hrs on machine 
B. There are 16 hrs of time per day available on machine A and 30 hrs on machine 
B. Profit gained by the manufacturer from a chair and a table is Rs 3 and Rs 5 
respectively. Find with the help of graph what should be the daily production of 
each of the two products so as to maximize his profit. 

A furniture manufacturing company plans to make two products: chairs and tables. 

Fromits available resources which consists of 400 square feet of teak wood and 450 
man hours. It is known that to make a chair requires 5 square feet of wood and 10 
man-hours and yields a profit of Rs 45, while each table uses 20 square feet of wood 
and 25 man-hours and yields a profit of Rs 80. 

How many items of each product should be produced by the company so that the 
profit is maximum. 

A wholesale dealer deals in two kinds, A and B (say) of mixture of nuts. Each kg. of 
mixture A contains 60 grams of almonds, 30 grams of cashew nuts and 30 grams of 
hazel nuts. Each kg. of mixture B contains 30 grams of almonds, 60 grams of cashew 
nuts and 180 grams of hazel nuts. The remander of both mixtures is per nuts. The 
dealer is contemplating to use mixtures A and B to make a bag which will contain 
at least 240 grams of almonds, 300 grams of cashew nuts and 540 grams of hazel 
nuts. 

Mixture A costs Rs 8 per kg. and mixture B costs Rs 12 per kg. Assuming that 
mixtures A and B are uniform, use graphical method to determine the number of 
kg. of each mixture which he should use to minimise the cost of the bag. 

A firm manufactures two products A and B. Each product is processed on two 
machines M, and M). Product A requires 4 minutes of processing time on M, and 
8 min. on M3; product B requires 4 minutes on M, and 4 min. on Mp). The machine 
M, is available for not more than § hrs 20 min. while machine M, is available for 10 
hrs. during any working day. The products A and B are sold at a profit of Rs 3 and 
Rs 4 respectively. 

Formulate the problem as a linear programming problem and find how many 
products of each type should be produced by the firm each day in order to get 
maximum profit. 

A firm manufacturing two types of electric items, A and B, can make a profit of 
Rs 20 per unit of A and Rs 30 per unit of B. Each unit of A requires 3 motors and 4 
transformers and each unit of B requires 2 motors and 4 transformers. The total 
supply of these per month is restricted to 210 motors and 300 transformers. Type B 
is an export model requiring a voltage stabilizer which has a supply restricted to 65 
units per month. Formulate the linear programing problem for maximum profit and 
solve it graphically. 
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A factory uses three different resources for the manufacture of two different 
products, 20 units of the resources A, 12 units of B and 16 units of C being available. 
1 unit of the first product requires 2, 2 and 4 units of the respective resources and 1 
unit of the second product requires 4, 2 and 0 units of respective resources. It is 
known that the first product gives a profit of 2 monetary units per unit and the 
second 3. Formulate the linear programming problem. How many units of each 
product should be manufactured for maximizing the profit? Solve it graphically. 
A publisher sells a hard cover edition of a text book for Rs 72.00 and a paperback 
edition of the same text for Rs 40.00. Costs to the publisher are Rs 56.00 and 
Rs 28.00 per book respectively in addition to weekly costs of Rs 9600.00. Both types 
require 5 minutes of printing time, although hardcover requires 10 minutes binding 
time and the paperback requires only 2 minutes. Both the printing and binding 
operations have 4,800 minutes available each week. How many of each type of book 
should be produced in order to maximize profit ? 

A firm manufactures headache pills in two sizes A and B. Size A contains 2 grains 
of aspirin, 5 grains of bicarbonate and 1 grain of codeine; size B contains 1 grain of 
aspirin, 8 grains of bicarbonate and 66 grains of codeine. It has been found by users 
that it requires at least 12 grains of aspirin, 7.4 grains of bicarbonate and 24 grains 
of codeine for providing immediate effects. Determine graphically the least number 
of pills a patient should have to get immediate relief. Determine also the quantity 
of codeine consumed by patient. 

A chemical company produces two compounds, A and B. The following table gives 
the units of ingredients, C and D per kg of compounds A and Bas wellas minimum 
requirements of Cand D and costs per kg of Aand B. Find the quantities of 
A and B which would give a supply of C and D ata minimum cost. 


Compound Minimum requirement 


el 
Ingredient C 1 2 80 
as a 
per kg 


A company manufactures two types of novelty Souvenirs made of plywood. 
Souvenirs of type A require 5 minutes each for cutting and 10 minutes each for 
assembling. Souvenirs of type B require 8 minutes each for cutting and 8 minutes 
each for assembling. There are 3 hours 20 minutes available for cutting and 4 hours 
available for assembling. The profit is 50 paise each for type A and 60 paise each for 
type B souvenirs. How many souvenirs of each type should the company manufac- 
ture in order to maximize the profit? [NCERT] 
A manufacturer makes two products A and B. Product A sells at Rs 200 each and 
takes 1/2 hour to make. Product B sells at Rs 300 each and takes 1 hour to make. 
There is a permanent order for 14 of product A and 16 of product B. Aworking week 
consists of 40 hours of production and weekly turnover must not be less than 
Rs 10000. If the profit on each of product A is Rs 20 and on product B is Rs 30, then 
how many of each should be produced so that the profit is maximum. Also, find the 
maximum profit. 


A manufacturer produces two types of steel trunks. He has two machines A and B. 
For completing, the first type of the trunk requires 3 hours on machine A and 3 hours 
on machine B, whereas the second type of the trunk requires 3 hours on machine 
A and 2 hours on machine B. Machines A and B can work at most for 18 hours and 
15 hours per day respectively. He earns a profit of Rs 30 and Rs 25 per trunk of the 
first type and the second type respectively. How many trunks of each type must the 
make each day to make maximum profit? [CBSE 2001] 





LINEAR PROGRAMMING 29.59 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


A manufacturer of patent medicines is preparing a production plan on medicines, 
Aand B. There are sufficient raw materials available to make 20000 bottles of A and 
40000 bottles of B, but there are only 45000 bottles into which either of the medicines 
can be put. Further, it takes 3 hours to prepare enough material to fill 1000 bottles 
of A, it takes 1 hour to prepare enough material to fill 1000 bottles of B and there are 
66 hours available for this operation. The profit is Rs 8 per bottle for A and Rs 7 per 
bottle for B. How should the manufacturer schedule his production in order to 
maximize his profit? 

An aeroplane can carry a maximum of 200 passengers. A profit of Rs 400 is made 
on each first class ticket and a profit of Rs 600 is made on each economy class ticket. 
The airline reserves at least 20 seats of first class. However, at least 4 times as many 
passengers prefer to travel by economy class to the first class. Determine how many 
each type of tickets must be sold in order to maximize the profit for the airline. What 
is the maximum profit. 

A gardener has supply of fertilizer of type I which consists of 10% nitrogen and 6% 
phosphoric acid and type II fertilizer which consists of 5% nitrogen and 10% 
phosphoric acid. After testing the soil conditions, he finds that he needs at least 14 
kg of nitrogen and 14 kg of phosporic acid for his crop. If the type I fertilizer costs 
60 paise per kg and type II fertilizer costs 40 paise per kg, determine how many 
kilograms of each fertilizer should be used so that nutrient requirements are met at 
a minimum cost. What is the minimum cost? [CBSE 2002, 2008] 
Anil wants to invest at most Rs 12000 in Saving Certificates and National Saving 
Bonds. According to rules, he has to invest at least Rs 2000 in Saving Certificates 
and at least Rs 4000 in National Saving Bonds. If the rate of interest on saving 
certificate is 8% per annum and the rate of interest on National Saving Bond is 10% 
per annum, how much money should he invest to earn maximum yearly income ? 
Find also his maximum yearly income. 

Aman owns a field of area 1000 sq.m. He wants to plant fruit trees in it. He has a 
sum of Rs 1400 to purchase young trees. He has the choice of two types of trees. 
Type A requires 10 sq.m of ground per tree and costs Rs 20 per tree and type B 
requires 20 sq.m of ground per tree and costs Rs 25 per tree. When fully grown, type 
A produces an average of 20 kg of fruit which can be sold at a profit of Rs 2.00 per 
kg and type B produces an average of 40 kg of fruit which can be sold at a profit of 
Rs 1.50 per kg. How many of each type should be planted to achieve maximum 
profit when the trees are fully grown ? What is the maximum profit? 

A cottage industry manufactures pedestal lamps and wooden shades, each requir- 
ing the use of grinding/cutting machine and a sprayer. It takes 2 hours on the 
grinding /cutting machine and 3 hours on the sprayer to manufacture a pedestal 
lamp while it takes 1 hour on the grinding/cutting machine and 2 hours on the 
sprayer to manufacture a shade. On any day, the sprayer is available for at most 20 
hours and the grinding/cutting machine for at most 12 hours. The profit from the 
sale of a lamp is Rs 5.00 and a shade is Rs 3.00. Assumging that the manufacturer 
can sell all the lamps and shades that he produces, how should he schedule his daily 
production in order to maximize his profit? | [NCERT] 
A producer has 30 and 17 units of labour and capital respectively which he can use 
to produce two type of goods x and y. To produce one unit of x, 2 units of labour 
and 3 units of capital are required. Similarly, 3 units of labour and 1 unit of capital 
is required to produce one unit of y. If x and y are priced at Rs 100 and Rs 120 per 
unit respectively, how should be producer use his resources to maximize the total 
revenue? Solve the problem graphically. [CBSE 2000] 
A firm manufactures two types of products A and B and sells them at a profit of 
Rs 5 per unit of type A and Rs 3 per unit of type B. Each product is processed on 
two machines M, and M>. One unit of type A requires one minute of processing 
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time on M, and two minutes of processing time on M), whereas one unit of type 
B requires one minute of processing time on M, and one minute on Mp. Machines 
My, and M 2 are respectively available for at most 5 hours and 6 hours ina day. Find 


out how many units of each type of product should the firm produce a day in order 
to maximize the profit. Solve the problem graphically. (CBSE 2000] 


A small firm manufacturers items A and B. The total number of items A and B that 
it can manufacture in a day is at the most 24. Item A takes one hour to make while 
item B takes only half an hour. The maximum time available per day is 16 hours. If 
the profit on one unit of item A be Rs 300 and one unit of item B be Rs 160, how 
many of each type of item be produced to maximize the profit? Solve the problem 
graphically. [CBSE 2001, 2004] 
Acompany manufactures two types of toys A and B. Type A requires 5 minutes each 
for cutting and 10 minutes each for assembling. Type B requires 8 minutes each for 
cutting and 8 minutes each for assembling. There are 3 hours available for cutting 
and 4 hours available for assembling in a day. The profit is Rs 50 each on type A and 
Rs 60 each on type B. How many toys of each type should the company manufacture 
in a day to maximize the profit? [CBSE 2001} 


A company manufactures two articles A and B. There are two departments through 
which these articles are processed: (i) assembly and (ii) finishing departments. The 
maximum capacity of the first department is 60 hours a week and that of other 
department is 48 hours per week. The product of each unit of article A requires 
4 hours in assembly and 2 hours in finishing and that of each unit of B requires 2 
hours in assembly and 4 hours in finishing. If the profit is Rs 6 for each unit of A 
and Rs 8 for each unit of B, find the number of units of A and B to be produced per 
week in order to have maximum profit. [CBSE 2003] 


A firm makes items A and B and the total number of items it can make ina day is 
24. It takes one hour to make an item of A and half an hour to make an item of B. 
The maximum time available per day is 16 hours. The profit on an item of A is 
Rs 300 and on one item of B is Rs 160. How many items of each type should be 
produced to maximize the profit? Solve the problem graphically. [CBSE 2004] 


A company sells two different products, A and B. The two products are produced 
in a common production process, which has a total capacity of 500 man-hours. It 
takes 5 hours to produce a unit of A and 3 hours to produce a unit of B. The market 
has been surveyed and company officials feel that the maximum number of units 
of A that can be sold is 70 and that for B is 125. If the profit is Rs 20 per unit for the 
product A and Rs 15 per unit for the product B, how many units of each product 
should be sold to maximize profit? 

A box manufacturer makes large and small boxes from a large piece of cardboard. 
The large boxes require 4 sq. metre per box while the small boxes require 3 sq. metre 
per box. The manufacturer is required to make at least three large boxes and at least 
twice as many small boxes as large boxes. If 60 sq. metre of carboard is in stock, and 
if the profits on the large and small boxes are Rs 3 and Rs 2 per box, how many of 
each should be made in order to maximize the total profit? 

A manufacturer makes two products, A and B. Product A sells at Rs 200 each and 
takes 1/2 hour to make. Product B sells at Rs 300 each and takes 1 hour to make. 
There is a permanent order for 14 units of product A and 16 units of product B. A 
working week consists of 40 hurs of production and the weekly turnover must not 
be less than Rs 10000. If the profit on each of product A is Rs 20 and an product B 
is Rs 30, then how many of each should be produced so that the profit is maximum? 
Also find the maximum profit. 

If a young man drives his vehicle at 25 km/hr, he has to spend Rs 2 per km on petrol. 
If he drives it at a faster speed of 40 km/hr, the petrol cost increases to Rs 5/per km. 
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He has Rs 100 to spend on petrol and travel within one hour. Express this as an LPP 
and solve the same. (CBSE 2007] 
A manufacturer produces two types of steel trunks. He has two machines A and B. 
The first types of the trunk requires 3 hours on machine A and 3 hours on machine 
B. The second type of trunk requires 3 hours on machine A and 2 hours on machine 
B. Machines A and B are run daily for 18 hours and 15 hours respectively. There is 
a profit of Rs 30 on the first type of the trunk and Rs 25 on the second type of the 
trunk. How many trunks of each type should be produced and sold to make 
maximum profit? [CBSE 2005] 
A small firm manufactures gold rings and chains. The total number of rings and 
chains manufactured per day is atmost 24. It takes 1 hour to make a ring and 30 
minutes to make a chain. The maximum number of hours available per day is 16. 
If the profit on a ring is Rs 300 and that ona chain is Rs 190, find the number of rings 
and chains that should be manufactured per day, so as to earn the maximum profit. 
Make it as an LPP and solve it graphically. (CBSE 2010] 
A library has to accomodate two different types of books on a shelf. The books are 


6cm and 4 cm thick and weigh 1 kg and 1 ; kg each respectively. The shelf is 96 cm 


long and atmost can support a weight of 21 kg. How should the shelf be filled with 
the books of two types in order to include the greatest number of books? Make it as 
an LPP and solve it graphically. (CBSE 2010] 
One kind of cake requires 300 gm of flour and 15 gm of fat, another kind of cake 
requires 150 gm of flour and 30 gm of fat. Find the maximum number of cakes which 
can be made from 7.5 kg of flourand 600 gm of fat, assuming that there is noshortage 
of the other ingradients used in making the cakes. Make it as an LPP and solve it 
graphically. [CBSE 2010] 


Type III TRANSPORTATION PROBLEMS 
49. Two godowns, A and B, have grain storage capacity of 100 quintals and 50 quintals 


50. 


respectively. They supply to 3 ration shops, D, E and F, whose requirements are 60, 
50 and 40 quintals respectively. The cost of transportation per quintal from the 
godowns to the shops are given in the following table: (NCERT] 
Transportation cost 
per quintal (in Rs) 












How should the supplies be transported in order that the transportation cost is 
minimum ? 

An oil company has two depots, A and B, with capacities of 7000 litres and 4000 
litres respectively. The company is tosupply oil to three petrol pumps, D, E, F whose 
requirements are 4500, 3000 and 3500 litres respectively. The distance (in km) 
between the depots and petrol pumps is given in the following table: | [NCERT] 


Distance (in Km) 





, J 
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Assuming that the transportation cost per km is Re 1.00 per litre, how should the 
delivery be scheduled in order that the transportation cost is minimum? 

51. A medical company has factories at two places, A and B. From these places, supply 
is made to each of its three agencies situated at P, Q and R. The monthly require- 
ments of the agencies are respectively 40, 40 and 50 packets of the medicines, while 
the production capacity of the factories, A and B, are 60 and 70 packets respectively. 
The transportation cost per packet from the factories to the agencies are given below: 


Transportation 
cost per packet (in Rs) 


a 
5 - 
4 7) 
3 5 


How many packets from each factory be transported to each agency so that the cost 
of transportation is minimum ? Also find the minimum cost? 





a. 





ANSWERS 
. 125/2 gm of food F,,375/4 gm of food F5; Min cost 425/4 Paise 


1 

2. 5 units of food A and 30 units of food B 

3. Food 13 units, Food II 1 unit, Min cost Rs 2.80 
4. 1.875 units of A and 2.75 units of B 
5 
7 


. Rs 41 6. Rs 104 
. Food I— 3 units, Food—II 1 unit 
Minimum cost = Rs 2.80 8 Rs 4.6 
9. 4 units of A, 4 units of B, Rs 40.00 10. A:5 days, B:3 days 


11. 30 packages of screw ’A’ and 20 packages of screw ’B’, Rs 41.00 
12. 200 Belts of type A and 600 belts of type B; Max. profit = Rs 1300 
13. 20 ordinary models, 10 deluxe models; Max profit = Rs. 400 
15. Either 4 machines of type A and 3 machines of type 
or 
6 Machines of type A and no Machine of type B 
16. 2 units of A, 3 units of B , profit = Rs 230. 
17. 2% chairs and 2 tables ; Max profit = Rs 22.2 
18. 24 chairs and 14 tables ; Max profit = Rs 2200 
19. 2kg of A and 4 kg of B ; Min cost = Rs 64 
20. 25 units of product A, 100 units of product B; Max profit = Rs 475 
21. 30 type A and 60 type B ; Max profit = Rs 2400 
22. 2 units of first product, 4 units of second product ; Max profit = 16 monetary 
units. 
23. 360 hard cover edition, 600 paper back edition, 
Max. profit = Rs 2880 
24. 2 pills of size A, 8 pills of size B ; Quantity of codeine = 50 grains 
25. 19 kg, 13 kg; Rs 254 
26. 8 type A, 20 type B, Max profit = Rs 16 
27. 48 units of product A, 16 units of product B , Max. profit = Rs 1440 
28. 3, Trunks of type A 3, Trunks of Type B Max profit = Rs 165 
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Sod 


50. 


51. 


10500 bottles of A, 34500 bottles of B, max profit = Rs 325500 

First class tickets = 40, Economy class tickets = 160, Proft = Rs 64000.00 
Type I Fertilizer 100 kg, Type II Fertilizer = 80 kg, Cost = Rs 92 

Rs 2000 in Saving Certificates, Rs 10,000 in National Saving Bonds, 
Income = Rs 1160 per month 

Type A : 20 trees Type B : 40 trees, Max profit = Rs 2200 

4 pedestal lamps 4 wooden shades 

3 units of X and & units of Y 

60 units of type A and 240 units of type B 

8 items of type A and 16 items of type B 

12 toys of type A and 15 toys of type B 

12 units of product A and 6 units of product B. 

8 units of A and 16 units of B. 

Product A — 25 units, Product B > 125 units 

Max. profit = Rs 2375 

Large Box = 6, Small box = 12 

Maximum profit = Rs 42. 

Product A — 48 units, Product B — 16 units 

Maximum profit = Rs 1440. 

At 25 km/hr — 50/3 km, the 40 km/hr — 40/3 km 

Max. Distance = 30 km. 

3 trunks ofeach typements 46. 8ringsand1l6chains 47. 12,6 48. 20,10 
From A : 10 quintals, 50 quintals and 40 quintals to D, E, F respectively. 
From B : 50 quintals, 0 quintal and 0 quintal to D, E, F respectively. 
From A : 500 litres, 3000 litres, 3500 litres to D, E, F respectively 

From B : 400 litres, 0 litres, 0 litres to D, E, F respectively. 

From A : 10 packets, 0 packets and 50 packets to P, Q and R respectively 
From B : 30 packets, 40 packets and 0 packets to P, Q and R respectively. 
Minmum cost = Rs 400. 


HINTS TO SELECTED PROBLEMS 


. Let 25 x gms of food F, and 25 y gms of food F, be used to fulfil the minimum 


requirements of thiamine, phosphorous and iron. Then, the LLP is 
Minimize Z = 20x+15y 
Subjectto 0.25x+0.10y 2 1 
0.75x+1.50y 2 7.50 
1.60x + 0.80y 2 10 
and, x,y 20 


. Let x units of food A any y units of food B are used. Then, the LPP is 


Minimize Z = 4x +3y 
Subject to 200x+100y = 4000 
“ x+2y 2 50> 
40x +40y = 1400 
and, — x,y 20 
Let x units of food I and y units of food II are used to fulfil minimum daily 
requirements. Then, the LPP is 


- — = - I 


29.64 


10. 


11. 


MATHEMATICS-XIl 
Minimize Z = 0.60x + y 
Subject to 10x+4y = 20 
5x + 6y = 20 
2x+6y 2 12 
x,y 20 


. Let x units of food A and y units of food B are combined. The LPP is 


Minimize Z = 0.1x +0.1ly 

Subject to 0.12x+0.10y 20.5 
100x + 150y 2 600 

and, x,y20 


. Let x kg of food X and y kg of food Y are mixed to produce the desired diet. The 


LPP is 

Minimize Z = 5x + 8y 

Subject to x+2y 2 6 
x+y 27 
x+3y 2 11 
2x+y 29 

and, x,y 20 


. Let the cereal contain x kg of bran and y kg of rice. Then, the LPP is 


Minimize Z = 5x +4y 





eet oe) 100 _ 88. 
Subject to x x 1000 *Y * io00 = 7000 °@ 20x + 25y = 
230 anes 36. 
*X 7900 *Y*q000 = 1000 0% 20% + I5y = 18 


x,y 20 


. Suppose the manufacturer produces x units of item A and y units of item B. Then, 


the mathematical form of the given LPP is 
Maximize Z = 6x +4y 
Subject to x+2y < 12 

2x+y < 12 


) 
—y> 
x+ay25 


and, x,y 20 


We have to minimize the labour cost. This means that the profit is to be maximized. 


For this, suppose the tailors A and B work for x and y days respectively. Then the 
LPP is 


Maximize Z = 15x+20y 

Subject to 6x+10y 2 60 
4x+4y > 32 

and, x,y 20 


Suppose the manufacturer produces x packages of screws A and y packages of 
screws B in a day. The LPP is 


Maximize Z = 0.7x+y 

Subject to 4x+6y S 240 
6x+3y < 240 

and, x,y 2 0. 
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12. Suppose the company produces x belts of type A and y belts of type B. Then, 


13. 


14, 


15. 


profit = 2x + 1.5y 
Since the rate of production of belts of type B is 1000 per day. Therefore, time taken 


to produce y belts of type B is rain Also, since each belt of type A requires twice as 


much time as a belt of type B, the rate of production of belts of type A is 500 per day 


and consequently total time taken to produce x belts of type A is =. Thus, we have 


500" 
500” 1000 

The supply of leather is sufficient only for 800 belts per day. 
x+y <= 800 


Since 400 buckles are available for belt A and 700 buckles are available for belt B per 
a 


<1 = 2x+y < 1000 


< 400, y < 700 
Thus, the mathematical formulation of the LPP is 
Maximize Z = 2x+1.5y 
Subject to2x + y < 1000 
x+y < 800 
x < 400 


y < 700 
and, x,y 20 
If the manufacturer makes x, deluxe model articles and x, ordinary model, then 


lA 


IA 


Maximize Z = 15x, + 10x» 

Subject to 2x; +x <= 40 
2X1 +3x2 < 80 

and, X1,X2 2 0 


Let x tea-cups of type A and y tea-cups of type B are manufactured per day. Then, 
the LPP is 


Maximize Z = 0.75x + 0.50y 

Subject to 12x+6y < 360 
18x + Oy < 360 
6x+9y s 360 

and, x,y 20 


Letx machines of type A and y machines of type B are bought to maximize the daily 
output. Then, the LPP is 


Maximize Z = 60x + 40y 

Subject to 1000x+1200y < 7600 
12x+8y < 72 

and, x,y 20 
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16. Suppose the company produces x goods of type A and y goods of type B. The 


20. 


25. 


26. 


27. 


& 


29. 


mathematical form of the LPP is as follows: 
Maximize Z = 40x + 50y 
Subject to 3x+y 39 
x+2y <8 
and, x,y 2 0 
The LPP is as follows : Max. Z = 3x, + 4x9 
4x, +4x2 S 500 
8x, +4xo S 600 
X1,X220 
Let x kg of compound A and y kg of compound B are produced. Then, the mathe- 
matical formulation of the LPP is as follows : 
Minimize Z = 4x + 6y 
Subject to x+2y 2 80 
3x+y 2 75 
x,y 20 
Let x souvenirs of type A and y souvenirs of type B are manufactured. Then, the 
LPP is as follows : 


Maximize Z = 50x + 60y 
Subject to 5x+8y < 200 
10x +8y < 240 
and, x,y 20 
Letx units of product A and y units of product be B produced. Then the mathemati- 
cal form of the LPP is as follows: 
Maximize Z = 20x + 30y 
Subject to 200x +300y 2 10,000 


x 214 
y 2 16 


x 
a ty < 40 


and, x,y 20 
Suppose x trunks of type A and y trunks of type B are manufactured per day. Then, 
the mathematical form of the LPP is as follows : 
Maximize Z = 30x + 25y 
Subject to 3x+3y < 18 
3x+2y < 15 
and, x,y 20 
Let the manufacturer produce x bottles of medicine A and y bottles of medicine B. 
Then the mathematical form of the LPP is as follows: 
Maximize Z = 8x+7y 
Subjectto x < 20000 


y <= 40000 
x+y < 45000 
OM im = Hits 
i000 * 1000 * © 


and, x,y 20 


EE A 
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30. Let x first-class tickets and y economy class tickets are sold. Then the mathematical 


31. 


32. 


33. 


34. 


35. 


form of the LPP is 
Maximize Z = 400x + 600y 
Subject to x+y < 2000 
x 2 20 
y 2 4x 
and, x,y20 
Let x kg of fertilizer I and y kg of fertilizer II are used. Then the mathematical form 
of the LPP is as follows : 


Minimize Z = 60x + 40y 


Subject to Wee Sue = 14 


100 100 ~ 
6x, 10x 
—-4+—— > 
100 100 ~ a 
and, x,y 20 


Suppose Anil invests Rs x in Saving Certicate and Rs y in National Saving Bonds. 
Then, the mathematical formulation of the LPP is as follows : 


Maximize Z = 8x_, 10y 


100 100 
Subject to x+y < 12000 

x 2 2000 

y 2 4000 
and, x,y 20 


Let x trees of type A and y trees of type B are planted. Then, the mathematical 
formulation of the LPP is as follows : 


Maximize Z = 40x + 60y — (20x + 25y) 
Subject to 20x+25y < 1400 

10x + 20y <= 1000 
and, x,y 20 


Let x lamps and y shades be manufactured by the manufacturer. Then, the mathe- 
matical formulation of the LPP is 


Maximize Z = 5x +3y 
Subjectto 2x+y Ss 12 
3x+2y < 20 


and, x,y20 
Let x units of X and y units of Y be produced to maximize the revenue. Then, the 
LPP is 


Maximize Z = 100x+120y 
Subject to 2x+3y S 30 
3x+y S17 
x20,y20 
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39. Let x units of A and y units of B be produced per week for maximum profit. Then, 
the LPP is 


Maximize Z = 6x + 8y 
Subjected to 4x + 2y < 60 
2x + 4y < 48 
x,y20. 
49. Suppose godown A supplies x quintals of grain to the ration shop D and y quintals 
to ration shop E. Then, the mathematical formulation of the LPP is as follows: 
Minimize Z = 6x +3y +2 (100 — x — y) +4 (60 —x) + 2 (50- y) +3 (x + y—-60) 


Subject to x+y < 100 
x s 60 
y < 50 
x+y 2 60 
and, x,y 20 


50. Let depot A supply x litres to petrol pump D and y litres to petrol pump E. The 
mathematical formulation of the LPP is as follows : 


Minimize Z = 7x + 6y + 3 (7000 — x — y) + 3 (4500 — x) + 4 (3000 — y) +2 (x + y—3000) 
Subject to x+y < 7000 
x =< 4500 
y Ss 300 
x+y 2 3000 
and, x,y 20 
51. Let x packets and y packets be transported from the factory A to the agencies 
P and Q respectively. Then, the mathematical formulation of the LPP is as follows: 
Minimize Z = 5x +4y+3 (60—x-y)+4(40—x) +2(40-y)+5 (x+y -30) 
Subject to x+y S 60 
x < 40 
y s 40 
x+y 2 30 
and, x20,y20 


MULTIPLE CHOICE QUESTIONS (MCQs) 


1. The solution set of the inequation 2x +y>5 is 
(a) half plane that contains the origin 
(b) open half plane not containing the origin 
(c) whole xy-plane except the points lying on the line 2 x + y=5. 
(d) none of these 
2. Objective function of a LPP is 


(a) aconstraint (b) a function to be optimized 
(c) a relation between the variables (d) none of these 

3. Which of the following sets are convex? 
(a) (x,y) +21) (b) (x,y) :y? 22] 


(c) (xy) 2327 +4y725) (d) {(x, y):y22,y<4} 


a eee 
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4, 


10. 


11. 


12. 


13. 


Let X; and X> are optimal solutions of a LPP, then 

(a) X= X, + (1-A) X2,A€ Ris also an optimal solution 
(b) X=A X,+(1—A) X,,0<5A<1 gives an optimal solution 
(c) X=AX,+(1+A) X2,05AS1 give an optimal solution 
(d) X=A X, +(1+A) X2,A€ R gives an optimal solution 


. The maximum value of Z = 4x+2y subjected to the constraints 2x+3 y<18, 


x+y210;x,y20is 
(a) 36 (b) 40 (c) 20 (d) none of these 


. The optimal value of the objective function is attained at the points 


(a) given by intersection of inequations with the axes only 
(b) given by intersection of inequations with x-axis only 
(c) given by corner points of the feasible region 

(d) none of these 


. The maximum value of Z=4x+3y subjected to the constraints 3 x +2 y= 160, 


9x+2y2200,x+2y280;x,y20is 
(a) 320 (d) 300 (c) 230 (d) none of these 


. Consider a LPP given by 


Min Z=6x + 10y 

Subjectedto x 26; y22; 2x +y210; x, y20 
Redundant constraints in this LPP are 

(a) x20, y20 (b) x26,2x+y210 
(c) 2x+y210 (d) none of these 


. The objective function Z=4x+3 y can be maximied subjected to the constraints 


3x+4yS24,8x+6y<48,x<5,y<56;x,y20 

(a) at only one point 

(b) at two points only 

(c) at an infinite number of points 

(d) none of these 

If the constraints in a linear programming problem are changed 

(a) the problem is to be re-evaluated 

(b) solution is not defined 

(c) the objective function has to be modified 

(d) the change in constraints is ignored 

Which of the following statements is correct? 

(a) Every LPP admits an optimal solution 

(b) ALPP admits unique optimal solution 

(c) Ifa LPP admits two optimal solutions it has an infinite number of 
optimal solutions 

(d) The set of all feasible solutions of a LPP is nota converse set 

Which of the following is not a convex set? 


(a) (x,y): 2x +5y <7] ob) {a y:2+y¥ < 4] 
(c) x: |x] = 5] (d) {(x, y) : 3x2 + 2y7 s 6} 
By graphical method, the solution of linear programming problem 
Maximize Z = 3x1 +5x9 
Subject to 3x; +2%x2 < 18 
x17 <4 
Xo S 6 
x1 20,x2 2 0, is 
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(a) x} = 2, X% = 0, Z =6 (b) x; = 2, xX» = 
(c) x} = 4, X% = 3, Z = 27 (d) xX, = 4, X= 
14. The region represented by the inequation system x, y 
(a) unbounded in first quadrant 
(b) unbounded in first and second quadrants 
(c) bounded in first quadrant 
(d) none of these 
15. The point at which the maximum value of x+y, subject to the constraints 
x+2y S 70,2x+y < 95,x,y 2 0 is obtained, is 
(a) (30,25) (b) (20,35) (c) (35, 20) (d) (40, 15) 
16. The value of objective function is maximum under linear constraints 
(a) at the centre of feasible region 
(b) at (0, 0) 
(c) at any vertex of feasible region 
(d) the vertex which is maximum distance from (0, 0) 
17. Thecorner points of the feasible region determined by the following system of linear 
inequalities: 
2x +y<10,x+3y< 15, x, y= Oare (0,0), (5, 0), (3, 4) and (0,5). Let Z = px + qy, where 
p,q>0. Condition on p and q so that the maximukm of Z occurs at both (3, 4) and 
(0, 5) is 
(a) p=q = (b) p = 29 (c) p = 39 (d) q = 3p 


36 
42 


6, 
6,Z = 
0,y 5 6,x+y S$ Sis 


Z 
Z 
2 


ANSWERS 
1. (b) 2 (b) 3. (dd) 4 0%) +5 Wd) 60 7. (ad) 8 (0 


9. (c) 10. (a) 11. (c) 12. (c) 13. (b) 14, (a) 15. (d) —‘16. (a) 
17. (d) 


REVISION EXERCISE 
1. Solve the following linear programming problems graphically: 
(i) Maximum z = 4x+y (ii) Minimize Z = 200x + 500y 
Subject to x+y S 50 Subject to x + 2y 210 
3x +y<90 3x + 4y < 24 
x20,y20 x20,y20 
(iii) Max. and Min. Z = 3x +9y (iv) Minimize Z =3x + 2y 
Subject to x + 3y < 60 Subjecttto x+y28 
x+y210 3x+5y S15 
xsy x20,y20 
x20,y20 
(v) Minimize Z =x + 2y (vi) Min.iand Maxi. Z = 5x + 10y 
Subject to 2x +y23 Subject to x + 2y < 120 
x+2y26 x + 2y 2 60 
x20,y20 x-2y20 
x20,y20 


2. Acooperative society of farmers has 50 hectare of land to grow two crops X and Y. 
The profit from crops X and Y per hectare are estimated as Rs 10,500 and Rs 9,000 
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respectively. To control weeds, a liquid herbicide has to be used for crops X and Y 
at rates of 20 litres and 10 litres per hectare. Further, no more than 800 litres of 
herbicide should be used in order to protect fish and wild life using a pond which 
collects drainage from this land. How much land should be allocated to each crop 
so at to maximise the total profit of the society? 


. Amanufacturing company makes two models A and B of a product. Each piece of 


Model A requires 9 labour hours for fabricating and 1 labour hour for finishing. 
Each piece of Model B requires 12 labour hours for fabricating and 3 labour hours 
for finishing. For fabricating and finishing, the maximum labour hours available 
are 180 and 30 respectively. The company makes a profit of Rs 8000 on each piece 
of model A and Rs 12000 on each piece of Model B. How many pieces of Model A 
and Model B should be manufactured per week to realise a maximum profit? What 
is the maximum profit per week? 


. Reshma wishes to mix two types of food P and Q in such a way that the vitamin 


cotents of the mixture contain at least 8 units of vitamin A and 11 units of vitamin 
B. Food P costs Rs 60 kg and Food Q costs Rs 80 kg. Food P contains 3 units/kg of 
Vitamin A and 5 units/kg of Vitamin B while food Q contains 4 units/kg of Vitamin 
Aand 2 units/kg of vitamin B. Determine the minimum cost of the mixture. 


. One kind of cake requires 200 g of flour and 25 g of fat, and another kind of cake 


requires 100 g of flour and 50 g of fat. Find the maximum number of cakes which 
can be made from 5 kg of flour and 1 kg of fat assuming that there is no shortage of 
the other ingredients used in making the cakes. 


. A factory makes tennis rackets and cricket bats. A tennis racket takes 1.5 hours of 


machine time and 3 hours of craftman’s time in its making while a cricket bat takes 
3 hour of machine time and 1 hour of craftman’s time. In a day, the factory has the 
availability of not more than 42 hours of machine time and 24 hours of craftsman’s 
time. 
(i) What number of rackets and bats must be made if the factory is to work at 
full capacity? 
(ii) If the profit on a racket and ona bat is Rs 20 and Rs 10 respectively, find the 
maximum profit of the factory when it works at full capacity. 


- Amerchant plans to sell two types of personal computers—a desktop model and a 


portable model that will cost Rs 25000 and Rs 40000 respectivley. He estimates that 
the total monthly demand of computers will not exceed 250 units. Determine the 
number of units of each type of computers which the merchant should stock to get 
maximum profit if he does not want to invest more than Rs 70 lakhs and if his profit 
on the desktop model is Rs 4500 and on portable model is Rs 5000. 


. A diet is to contain at least 80 units of vitamin A and 100 units of minerals. Two 


foods F; and F, are available. Food F, costs Rs 4 per unit food and F> costs Rs 6 per 
unit. One unit of food F, contains 3 units of vitamin A and 4 units of minearls. One 
unit of food F, contains 6 units of vitamin A and 3 units of minerals. Formulate this 


as a linear programming problem. Find the minimum cost for diet that consists of 
mixture of these two foods and also meets the minimai nutritional requiremenis. 


. There are two types of fertilisers F,; and F>. F, consists of 10% nitrogen and 6% 


phosphoric acid and F, consists of 5% nitrogen and 10% phosphoric acid. After 
testing the soil conditions, a farmer finds that she needs atleast 14 kg of nitrogen 
and 14 kg of phosphoric acid for her crop. If F; costs Rs 6 /kg and Fp costs Rs 5/kg, 
determine how much of each type of fertiliser should be used so that nutrient 
requirements are met at a minimum cost. What is the minimum cost? 

A dietician has to develop a special diet using two foods P and Q. Each packet 
(containing 30 g) of food P contains 12 units of calcium, 4 units of iron, 6 units of 
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cholesterol and 6 units of vitamin A. Each packet of the same quantity of food Q 
contains 3 units of calcium, 20 units of iron, 4 units of cholesterol and 3 units of 
vitamin A. The diet requires atleast 240 units of calcium, atleast 460 units of iron 
and at most 300 units of cholesterol. How many packets of each food should be used 
to minimise the amount of vitamin A in the diet? What is the minimum amount of 
vitamin A? 

11. A manufacturer has three machines [, II and III installed in his factory. Machines I 
and II are capable of being operated for at most 12 hours whereas machine III must 
be operated for atleast 5 hours a day. She produces only two items M and N each 
requiring the use of all the three machines. 

The number of hours required for producing 1 unit of each of M and N on the three 
machines are given in the following table: 


Items Number of hours required on machines 





She makes a profit of Rs 600 and Rs 400 on items M and N respectively. How many 
of each item should she produce so as to maximise her profit assuming that she can 
sell all the items that she produced? What will be the maximum profit? 

12. There are two factories located one at place P and the other at place Q. From these 
locations, a certain commodity is to be delivered to each of the three depots situated 
at A, B and C. The weekly requirements of the depots are respectively 5, 5 and 4 
units of the commodity while the production capacity of the factories at P and Q 
are respectively 8 and 6 units. The cost of transportation per unit is given below: 


Cost (in Rs) 





How many units should be transported from each factory to each depot in order 
that the transportation cost is minimum. What will be the minimum transportation 
cost? 

13. A farmer mixes two brands P and Q of cattle feed. Brand P, costing Rs 250 per bag, 
contains 3 units of nutritional element A, 2.5 units of element B and 2 units of element 
C. Brand Q costing Rs 200 per bag contains 1.5 units of nutritional element A, 11.25 
units of element B, and 3 units of element C. The minimum requirements of nutrients 
A, B and C are 18 units, 45 units and 24 units respectively. Determine the number 
of bags of each brand which should be mixed in order to produce a mixture having 
a minimum cost per bag? What is the minimum cost of the mixture per bag? 

14. Adietician wishes to mix together two kinds of food X and Y in sucha way that the 
mixture contains at least 10 units of vitamin A, 12 units of vitamin B and 8 units of 
vitamin C. The vitamin contents of one kg food is given below: 


SS ee a 
aan PT? 90 oa | ty a 
One kg of food X costs Rs 16 and one kg of food Y costs Rs 20. Find the least cost of 
the mixture which will produce the required diet? 
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15. A manufacturer makes two types of toys A and B. Three machines are needed for 


16. 


17. 


18. 





this purpose and the time (in minutes) required for each toy on the machines is given 
below: 





; 


Types of Toys Machines 


A 12 18 | 6 
B ' 6 0 S) 


Each machine is available for a maximum fo 6 hours per day. If the profit on each 
toy of type A is Rs 7.50 and that on each toy of type B is Rs 5, show that 15 toys of 
type A and 30 of type B should be manufactured in a day to get maximum profit. 
An aeroplane can carry a maximum of 200 passengers. A profit of Rs 1000 is made 
on each executive class ticket and a profit of Rs 600 is made on each economy class 
ticket. The airline reserves at least 20 seats for executive class. However, at least 4 
times as many passengers prefer to travel by economy class than by the executive 
class. Determine how many tickets of each type must be sold in order to maximise 
the profit for the airline. What is the maximum profit? 

A fruit grower can use two types of fertilizer in his garden, brand P and Q. The 
amounts (in kg) of nitrogen, phosphoric acid, potash, and chlorine in a bag of each 
brand are given in the table. Tests indicate that the garden needs at least 240 kg of 
phosphoric acid, at least 270 kg of potash and at most 310 kg of chlorine. 


kg per bag 
| Brand P Brand Q 


Phosphoric acid 


Chlorine 






i) tt toe? da) gles Wy ae | 









If the grower wants to minimise the amount of nitrogen added to the garden, how 
many bags of each brand should be used? What is the minimum amount of nitrogen 
added in the garden? 

A toy company manufactures two types of dolls, A and B. Market tests and available 
resources have indicated that the combined production level should not exceed 1200 
dolls per week and the demand for dolls of type B is at most half of that for dolls of 
type A. Further, the production level of dolls of type A can exceed three times the 
production of dolls of other type by at most 600 units. If the company makes profit 
of Rs 12 and Rs 16 per doll respectively on dolls A and B, how many of each should 
be produced weekly in order to maximise the profit? 


ANSWERS 


1. (i) Max Z = 120 atx =30, y=0 (ii) Min Z =2300 atx =4, y=3 


(iii) Max Z= 180 at x= 15, y=15 and x =0, y=20 


Min z=60atx=5,y=5 


(iv) No feasible solution 


(v) Min Z =6 at all the points on the line segment joining the points (6, 0) and (0, 3) 


pew 
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(vi) Min Z=300 atx =60, y=0 


2. 
<i 


ce 


“Ia Ui 


10. 


11. 
12. 


13. 
14. 


15. 
17 
18. 


Max Z = 600 at all the points on the line segment joining (120, 0) and (60, 30). 
30 hectares for crop X, 20 hectares for crop Y, Total profit = Rs 4, 95,000. 
12 pieces of Model A, 6 pieces of Model B, Profit = Rs 1,68,000 


- Rs 160 at all points on the like segment joining points E ; 0 and [2 | 


. 30 cakes of one kind and 10 cakes of second kind. 
. (i) Tennis rackets = 4; Cricket bats = 12; Max. Profit = Rs 200 
- 200 units of desktop model and 50 units of portable model. 


Max. Profit = Rs 1150000. 


. Minimize Z = 4x + 6y. 


Subject to 3x + 6y 2 80, 4x + 3y 2 100, x 20, y2=0. 
Minimum cost = Rs 104. 


. Fertiliser F;} = 100 kg, Fertiliser F, = 80 kg. 


Minimum cost = Rs 1000. 

Food P = 15 packets, Food Q = 20 packets. 
Minimum amount of vitamin A = 150 units. 
Item M =4, ‘Item N =4, Profit = Rs 4000. 





Cost = Rs 1550. 

Bags of brand P=3, Bags of brand Q = 15, Max. amount of vitamin = 285 units. 
Food X =2 kg, Food Y =4 kg, Least cost = Rs 112. 

400 tickets of executive class, 160 tickets of economy class, Profit = Rs 136000. 
Brand P = 40 bags, Brand Q = 50 bags, Minimum amount of Nitrogen = 470 kg. 
800 dolls of type A, 400 dolls of type B, Max. Profit = Rs 16000. 


SUMMARY 


. Ageneral linear programming problem can be stated as follows: 


Given a set of m linear inequalities or equations in n variables, we wish to find 
non-negative values of these variables which will satisfy these inequalities or 
equations and maximize or minimize some linear function of the variables. 

The inequalities or equations are called the constraints and the function to be 
maximized or minimized is called the objective function which can be of maximiza- 
tion type or minimization type. 

The general form of linear programming problem is maximize (minimize) 


Z=Cy X14 + CQ XQt+... tly Xp, .-.(i) 
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Subjected to 
Ay, Xp + AyaXgt .. HM, yX, {[S,=,2} Dy 
91 X1+ Ag7Xo+ «6 +AnynX, (S,=,2]} bo (id 
Am 1X4 Fy QXQ+ 2 FA Xy (S,=,2]) by, 
ANG; Xap. Xap Kae ses G Apia ...(iii) 
where, 


(i) xX), Xo, ..., X,, are the variables whose values we wish to determine and are called 
the decision variables. 

(ii) the linear function Z which is to be maximized or minimized is called the 
objective function. 


(iii) the inequalities or equations in (ii) are called the constraints. 
(iv) the set of inequalities in (iii) is known as the set of non-negativity restrictions. 


(v) b;(i=1,2,...,m) represents the requirement or availability of the 7‘ constraint 
by 
by 


and the column matrix B = is called the requirement vector. 


: 


m 


(vi) ¢;(/=1, 2, ..., m) represents the profit or cost to the objective function of the ie 


variable x; and the row matrix C = [¢1, Cp, ...,C, ] is called the profit (cost) matrix 
(vector). 


(vii) the coefficients aij ({=1,2,...,m;]=1,2,...,m) are known as the technological 


or substitution coefficients. 


(viii) the expression (<, =, 2) means that one and only one of the signs <, =, 2 holds 


2. 


3. 


for a particular constraint but the sign may vary from constraint to constraint. 
A set of values of the decision variables which satisfy the constraints of a linear 
programming problem (LPP) is called a solution of the LPP. 
A solution of a LPP which also satisfies the non-negativity restrictions of the 
problem is called its feasible solution. 
The set of all feasible solutions of a LPP is called the feasible region. 


. A feasible solution which optimizes (maximize or minimize) the objective function 


of a LPP is called an optimal solution of the LPP. 
A linear programming problem may have many optimal solutions. In fact, if a LPP 
has two optimal solution, then there are an infinite number of optimal solutions. 


. Let X; =(X11,%12) and Xz _=(X21, X22) be any two points in R? (two dimensional 


plane). Then, 

X = XX, +(1—-A) X2,A€ Ris any point on the line joining points X, and Xp. 

If0 <A <1, then X is any point on the line segment joining Xj and X>. 

Thus, the set of points given by 

E={X | X=A X,+(1-A) Xz,A€ R} is the line joining point X, and X, and the set 
E,=(X | X=A X,+(1-—A) X2,0<5A S11] is the line segment joining X; and X>. 
Aset Ein R’ is said to be convex set if for any two points X;, X2 in E, the linesegment 
joining X,, X> is contained in the set i.e. X =A X; +(1—A) X2€ E for0<AS1. 

The set of all feasible solutions of a linear programming problem is a convex set. 


. The graphical method for solving linear programming problems is applicable to those 


problems which involve only two variables. This method is based upon a theorem, 
called extreme point theorem, which is stated as follows: 
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If a LPP admits an optimal solution, then at least one of the extreme (or comer) points 
of the feasible region gives the optimal solution. 

8. There are two methods to solved a linear programming problem graphically. 
(i) Corner-point method (ii) Iso-profit or Iso-cost method. 


9. To solve a linear programming problem by corner point method, we follow the 
following steps: 


(i) 
(ii) 


(iii) 


(iv) 


(v) 


(vi) 


Formulate the given LPP in mathematical form if it is not given in mathemati- 
cal form. 

Convert all inequations into equations and draw their graphs. To draw the 
graph of a linear equation, put y = Oinitand obtaina point on X-axis. Similarly, 
by putting x =0 obtain a point on y-axis. Join these two points to obtain the 
graph of the equation. 

Determine the region represented by each inequation. To determiine the 
region represented by an inequation replace x and y both by zero, if the 
inequation reduces to a valid statement, then the region containing the origin 
is the region represented by the given inequation. Otherwise, the region not 
containing the origin is the region represented by the given inequation. 
Obtain the region in xy-plane containing all points that simultaneously satisfy 
all constraints including non-negativity restrictions. The polygonal region so 
obtained is the feasible region and is known as the convex polygon of the set 
of all feasible solutions of the LPP. 

Determine the coordinates of the vertices (corner points) of the convex 
polygon obtained in step (ii). These vertices are known as the extreme points 
of the set of all feasible solutions of the LPP. 


Obtain the values of the objective function at each of the vertices of the convex 
polygon. The point where the objective function attains its optimum (maxi- 
mum or minimum) value is the optimal solution of the given LPP. 


10. Tosolvea linear programming problem by Iso-profit or Iso-cost method, we follow 
the following steps: 


(i) 
(ii) 


(iii) 


(iv) 
(v) 


(vi) 


Formulate the given LPP in mathematical form, if it is not given so. 

Obtain the region in xy-plane containing all points that simultaneously satisfy 
all constraints including non-negativity restrictions. The polygonal region so 
obtained is the convex set of all feasible solutions of the given LPP and itis 
also known as the feasible region. 

Determine the coordinates of the vertices (Corner points) of the feasible region 
obtained in step (ii). 

Give some convenient value to Z and draw the line so obtained in xy-plane. 
If the objective function is of maximization type, then draw lines parallel to 
the line in step (iv) and obtain a line which is farthest from the origin and has 
at least one point common to the feasible region. 

If the objective function is of minimization type, then draw lines parallel to 
the line in step (iv) and obtain a line which is nearest to the origin and has at 
least one point common to the feasible region. 

Find the coordinates of the common point (s) obtained in step (v). The point 
(s) so obtained determine the optimal solution (s) and the value (s) of the 
objective function at these point (s) give the optimal solution. 


PROBABILITY 


30.1 INTRODUCTION 


There are three aproaches to theory of probability, namely Experimental or Empirical 
approach, Classical approach and Axiomatic approach. In class IX, we have learnt about 
experimental approach. The classical approach has been discussed in class X. The 
axiomatic approach, formulated by Russian Mathematician A.N. Kolmogorov (1903- 
1987), has been discussed in class XI. We have also established the equivalence between 
the axiomatic theory of probability and the classical theory of probability in case of 
equally likely outcomes. On the basis of this relationship we obtained probabilities of 
events associated with discrete sample spaces. We have also studied addition theorem 
of probability. In continuation of these, we will introduce the concept of conditional 
probability which will be useful in obtaining multiplication rule of probability. The same 
will be used to derive a formula for the conditional probability. All these results will be 
helpful in understanding total probability theorem and Baye’s theorem which will be 
introduced in the end of the chapter. 


30.2 RECAPITULATION 
Let us recall important terms and concepts which we have studied in earlier classes. 


RANDOM EXPERIMENT If an experiment, when repeated under identical conditions, do 
not produce the same outcome everytime but the outcome in a trial is one of the several 
possible outcomes, then such an experiment is called a random experiment or a prob- 
abilistic experiment. 

ELEMENTARY EVENT [fa random experiment is performed, then each of its outcomes is known 
as an elementary event. 


SAMPLE SPACE Thie set of all possible outcomes of arandom experiment called the sample space 
associated with it. 


EVENT A subset of the sample space associated with a random experiment is called an event. 


OCCURRENCE OF ANEVENT An event associated to a random experiment is said to occur if 

any one of the elenentary events belonging to it is an outcome. 

Corresponding to every event A, associated to a random experiment, we define an event 
“not A denoted by A" which is said to occur when and only when A does not occur. 


CERTAIN (OR SURE) EVENT An event associated with a random experiment is called a certain 
event if it always occurs whenever the experiment is performed. 


IMPOSSIBLE EVENT An event associated with a random experiment is called an impossible 
event if it never occurs whenever the experiment is performed. 


COMPOUND EVENT An event associated with a random experiment is a compound event, if it 
is the disjoint union of two or more elementary events. 
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MUTUALLY EXCLUSIVE EVENTS Two or more events associated with a random experiment aré 
said to be mutually exclusive or impossible events if the occurrence of any one of them prevents 
the occurrence of all others, i.e. if no two or more of them can occur simultaneously in the same 
trial. 


EXHAUSTIVE EVENTS Two or more events associated with a random experiment are exhaustive 
if their union is the sample space. 


FAVOURABLE ELEMENTARY EVENTS Let S be the sample space associated with a random 
experiment and A bean event associated with the experiment. Then, elementary events belonging 
to A are knwon as favourble elementary events to the event A. 


Thus, an elementary event E is favourable to an event A, if the occurrence of E ensures 
the happening or occurrence of event A. 


Events associated to a random experiment are generally described verbally and itis very 
important to have the ability of conversion of verbal description to equivalent set 
theoretic notations. Following table provides verbal description of some events and 
their equivalent set theoretic notations for ready reference. 


Verbal description of the event Equivalent'set theoretic notation 
Not A A 
Aor B(atleastoneofAorB) AUB 
A and B ANB 
A but not B ANB 
Neither A nor B ANB 
At least one of A, B or C AUBUC 
Exactly one of A and B (ANB) U(ANB) 
All three of A, B and C ANBAC 
Exactly two of A, B and C (ANBAC) V(ANBNO)VU(ANBNO) 


PROBABILITY OF AN EVENT [If there are n elementary events associated with a random experi- 
ment and m of them are favourable to an event A, then the probability of happening or occurrence 


of A is denoted by P (A) and is defined as the ratio a 
Thus, P(A)=" 


If P (A) =1, then A is called the certain event and A is called an impossible event if 
P (A) =0. 


Also, P(A)+P(A)=1 
The odds in favour of occurrence of the event A are defined by m:(n-—m) ie, 


P (A) : P(A) and the odds against the occurrence of A are defined by (1 —m):m ie. 
P (A): P(A). 


ILLUSTRATION 1 Twelve balls are distributed among three boxes, find the probability that the 
first box will contain three balls. 

SOLUTION Since each ball can be put into any one of the three boxes. So, the total 
number of ways in which 12 balls can be put into three boxes it 3h 


} 
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Out of 12 balls, 3 balls can be chosen in ~G; ways. Put these three balls in the first box. 
Now, remaining 9 balls are to be put in the remaining two boxes. This can be done in 
jE ways. 

So, the total number of ways in 3 balls can be put in the first box and the remaining 9 in 
other two boxes is “Ga x 2”. 


12C, x 29 
312 


ILLUSTRATION 2 Find the probability that the birth days of six different persons will fall in 
exactly two calender months. 


SOLUTION Since each person can have his birth day in any one of the 12 calender 
months. So, there are 12 options for each person. 


Hence, required probability = 


Total number of ways in which 6 persons can have their birth days 
= 12x12x12x12x12x12 = 12°. 


Out of 12 months, 2 months can be chosen in !*C, ways. 


Now, birth days of six persons can fall in these two months in ja ways. Out of these 2° 
ways, there are two ways when all six birth days fall in one month. So, there are 


(2° - 2) ways in which six birth days fall in the chosen 2 months. 
Number of ways in which six birth days fall in exactly two calender months 
= 2c, x(2°—2) 


ox (2°—2) 344 
Hence, required probability = —————-—_ = —= 
: 'Y 12° ive 
ILLUSTRATION 3 If each element of a second order determinant is either zero or one, what ts 
the probability that the value the determinant is non-negative? 
SOLUTION In a 2x2 determinant there are 4 elements and each element can take 2 


values. So, total number of 2 x 2 determinants with elements 0 and 1 is 2* = 16. Out of 
these determinants the values of the following determinants are negative: 


ierd hid tats ta 


1 olla 1/8411 


, 

















Hence, required probability = = 


ILLUSTRATION 4 Each coefficient in the equation ax* + bx + c = 0 is determined by throwing 
an ordinary six faced die. Find the probability that the equation will have real roots. 


SOLUTION Since each of the coefficients a, b, and c can take the values from 1 to 6. 
Therefore, 


Total number of equations = 6 x 6 x 6 = 216. 
The roots of the equation ax* + bx + c = 0 will be real ifb*-4ac 20 => U*24ac. 


The favourable number of elementary events can be enumerated as follows: 


. 
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ee eel SSS 





ac a c 4ac b(so that b*>4ac) No. of ways 
1 1 1 wad 2,3, 4, 5,6 1x5=5 
2 1 2 E 
5 1 8 3,4, 5,6 2x4=8 
3 1 3 . 
3 1 12 4,5,6 2x3=6 
1 4 
4 4 1 16 4,5,6 3x3=9 
2 2 
5 1 5 = 
5 1 20 5,6 2x2=4 
1 6 
6 6 1 = 
5 3 24 5,6 4x2=8 
3 2 
If ac is not possible 0 
8 2 4 x 
2 : 32 6 ox1=2 
9 3 3 36 6 1 
Total = 43. 


Since b* > 4 ac and since the maximum value of b? is 36, therefore ac = 10, 11, 12... etc. is 
not possible. 


Total number of favourable elementary events = 43. 

, 43 

216 

ILLUSTRATION 5 Two numbers bandc are chosen at random with replacement from tie 
numbers 1, 2, 3, 4, 5, 6, 7, 8 and 9. Find the probability that x7 +bx+c>0 forallxeé R. 


SOLUTION Since b and c both can assume values from 1 to 9. So, total number of ways 
of choosing b and c is9 x9 = 81. 


Now, x*+bx+c>Oforallxe R 
— Disc <0 i.e. b*—4c<0 
The following table shows the possible values of b and c for which b? — 4c <0 


Hence, required probability = 





’ 
' 


NS... ew 


CE = 
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So, favourable number of favourable elementary events = 32. 
Hence, required probability =32/81. 
ILLUSTRATION 6 A die is rolled thrice, find the probability of getting a larger number each 
time than the previous number. 
SOLUTION We have, 

Total number of elementary events = 6 x 6x 6=216. 
Clearly, the second number has to be greater than unity. If the second number is 
i(i>1), then the first can be chosen in (i- 1) ways and the third (6 — 7) ways. So, three 
numbers can be chosen in (i — 1) x 1 (6 — i) ways. But, the second number can vary from 
2 to 5. Therefore, 


Favourable number of elementary events 
5 


= >) i-1) (6-1) = 1x44+2x34+3x24+4x1= 20. 
i=2 


Hence, required probability = a= = 


ILLUSTRATION 7 In how many ways, can three girls and nine boys be seated in two vans, each 
having numbered seats, 3 in the front and 4 at the back? How many seating arrangements are 
possible if 3 girls should sit together in a back row on adjacent seats? Nov, if all the seating 
arrangements are equally likely, what is the probability of 3 girls sitting together in a back row 
on adjacent seats? 
SOLUTION Each van has 7 seats. So, there are 14 numbered seats in two vans. 
The total number of ways in which 3 girls and 9 boys can sit on these seats is 
Cy x 12! 

eet 


So, total number of seating arrangements = Gen x 12! 


Ina van3 girls can choose adjacent seats in the back row in two ways (1, 2, 3, or 2, 3, 4). 
So, the number of ways in which 3 girls can sit in the back row on adjacent seats is 2 (3!) 
ways. The number of ways in which 9 boys can sit on the remaining 11 seats is 


"Cy x 9! ways. 
So, the number of ways in which 3 girls and 9 boys can sit in two vans 
= 2(3!) x "Cg x 9! +2 (3!) x "Cg x 9! 
4x3!x "Cy x9! 


Hence, required probability = —4;—~——_— Cis X12! = i 
12 * 12: 


ILLUSTRATION 8 If the letters of the word ‘ATTRACTION are written down at random, find 
the probability that 
(i) all the T’s occur together, (ii) no two T’s occur together. 


SOLUTION The total number ofarrangements of the letters of the word ‘ATTRACTION’ 
, 20! 

° 3121" 
(i) Considering three T’s as one letter there are 8 letters consisting of two identical A’s. 


These 8 letters can be arranged in = 2 a1 Ways. 


Hence, required probability = —~- = —— = = 
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8! 
Hence, required probability = > = » _ 
3! 2! 


(ii) Other than 3 T’s there are 7 letters which can be arranged in = ue 51 Ways. There are 8 


places, 6 between the 7 letters and one on extreme left and the sige on extreme right. 


To separate three T’s, we arrange them in these 8 places. This can be done in °C ways. 
Therefore, 


Number of ways in which no two T’s are together = cA Jer 





2! 
I 
Ze x [G 7 
Hence, required probability = — fol = 15 
3! 2! 


ILLUSTRATION 9 Whiat is the probability that for S’s come consecutively in the word — 


‘MISSISSIPPI’? 


SOLUTION The total number of arrangements of the letters of the word ‘MISSISSIPPI’ 
is 
11! 
4! 4! 2! 
Considering 4 S’s as one letter, there are 8 letters which can be arranged in arrow in 


_8! 
Aran Ways: 


So, the number of ways in which 4 S’s come together = or 
1/4! 21 1x A! 
Hence, required probability = TPT WTET = axe = ate 
ADDITION THEO It Aand B are two events associated with a random experiment, then 
P (AU B) =P (A) +P(B)-—P (ANB) 
If A and B are mutually exclusive events, then 
P(A UB) =P (A) +P(B) 
If A, B, C are three events associated with a random experiment, then 
P(AUBUC)=P(A)+P(B)+P(C)—-P(ANB)-—P(BNC)—P(ANC)+P(ANBNO 
If A, B, C are mutually exclusive events, then 
P(AUBUC) =P (A)+P(B)+P(C) 
For any two events A and B 
(i) Probability of occurrence of A only = P(A AB)=P(A)-P(ANB) 
(ii) Probability of occurrence of B only = P(A B)=P(B)—P(AAB) 
(iii) Probability of occurrence of exactly one of A and B 


= P(ANB)+P(AMB) = P(A) +P.(B)—2P (A MB)= P(AUB)-P(ANB). 


ILLUSTRATION 10 A basket contains 20 apples and 10 oranges out of which 5 apples and 3 
oranges are defective. If a person takes out 2 at random what is the probability that either both 
are apples or both are good? 
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SOLUTION Out of 30 items, two can be selected in 30C, ways. 
So, total number of elementary events = 30C3 . 


Consider the following events: 
A = Getting two apples ; B = Getting two good items 


Required probability = P (AUB) = P(A) +P(B)—P(AMB) (i) 
There are 20 apples, out of which 2 can be drawn in 20C, ways. 
20 
. C> 


There are 8 defective pieces and the remaining 22 are good. Out of 22 good pieces, two 
can be selected in 22C2 ways. 


wa 
P(B) = 35 
2 


Since there are 15 pieces which are good apples out of which 2 can be selected in 15C> 


ways. Therefore, 
15 


Cc 
P(AMB) = Probability of getting 2 pieces which are good apples = ae 
2 


Now, 
Required probability = P(A) + P(B)-—P(AMB) [From (i)] 
20c, 22c 150 
agi eee ye 
=> Required probability = 306, + 30¢,  30C, = 435 


ILLUSTRATION 11 The probability that a person will get an electric contract is - and the 


probability that he will not get plumbing contract ts =. If the probability of getting at least one 


contract is > what is the probability that he will get both? 
SOLUTION Consider the following events : 
A = Person gets an electric contract, B = Person gets plumbing contract 
We have, 
2) 5k ee 2 
P(A) = 5 P(B) = 7 and P(A UB) = 3 


Now, P(AUB) = P(A)+P(B)-—P (ANB) 


Qe 92 4 
=> p= §t(1-3]-Panw 
2. ieee: 17 
=> P(ANB) = F+5-3 = 105 


ILLUSTRATION 12 Let A, B,C be three events. If the probability of occuring exactly one event 
out of Aand B is 1 —x, out of Band C is 1 — 2x, out of Cand A is 1 — x, and that of occuring 
three events simultaneously is x, then prove that the probability that atleast one out of A, B, C 
will occur is greater than 1/2. 


SOLUTION We have, 
P(A)+P(B)—2P(ANB) = 1-x, ...(i) 
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P(B) +P (C)-2P (BAC) = 1-2x, Ai) 

P(C)+P(A)-2P (CNA) = 1-x .as( iii) 
and, P(ANBNC) = x* .»(iV) 
Adding (i), (ii) and (iii), we get 

P (A) + P(B) +P (C)—-P (AN B)-P (BAC) -P(COA) = oa Av) 
Now, 

Probability that atleast one out of A, B, C will occur 

= P(AUBUC) 

= P(A)+P(B)+P(C)—P(ANB)—P(BNC) —P(ANC)+P(ANBNG 

= +x? [Using (iv) and (v)] 

Blain oe yey A st 

=X 2x +5 = (x-1) +5 >> 


ILLUSTRATION 13 For the three events A,BandC,P ( exactly one of the events 
Aor B occurs) = P (exactly one of the events Bor C occurs) = P (exactly one of the events 


Cand A occurs) = p and P (all the three events occur simultaneously) = p*, where 0<p<1/2 
Then, find the probability of occurrence of at least one of the three events A, B, and C. 
SOLUTION We have, 


P (exactly one of the events A or B occurs) = p, 
P (exactly one of the events B or C occurs) = p, 


P (exactly one of the events C or A occurs) = p, 


and, P (all the three events occur simultaneously) = p* 

i.e., P (A) + P(B)-2P (ANB) = p, .»(i) 
P(B)+P(C)-2P (BNC) = p, .»{ii) 
P(C)+P(A)-2P (ANB) = p (iii) 

and, P(ANBNO) = p? ww(iV) 

Adding (i), (ii) and (iii), we get 
P(A) +P(B)+P(C)-P(ANB)-P(BAC)-P(AAQ) = =P lv) 

Now, 

Required probability 
=P(AUBUC) 


= P(A)+P(B)+P(C)—P(ANB)-P(BAC) —P(ANC)+P(ANBNO 


_ 3p, .2_ Sp+2p" 

Tal 2 
ILLUSTRATION 14 The probabilities that a student pass in Mathematics, Physics and 
Chemistry are m, p and c respectively. Of these subjects, the student has a 75% chance of passing 


in at least one, a 50% chance of passing in at least two and a 40% chance of passing in exactly 
two. Find the value of p +m +c. 


MATHEMATICS-XI 


— i - fe oe 
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SOLUTION Let A, B and C be three events given by 
A = The student passes in Mathematics, 
B = The student passes in Physics, 


C = The student passes in Chemistry, 
Itis given that 
P(A) = p,P(B) = mand P(C) =c 


75. 
P(AUBUC) = 100 »-(i) 
P(AQNB)+P(BHC)+P(CQNA)—2P(AQNBAC) = ~~ ...(ii) 
P(ANB)+P(BNAC)+P(CNA)-3P(ANBOC) = a ».(iil) 
From (ii) and (iii), we get 
1 
P(ANBNC) = 10 ...(iV) 
Adding (ii) and (iii), we get 
9 
2\P(ANB)+P(BNC)+P(COA)j-S5P(ANBOC) = 0 
9: 5 
= 2{;P(AMB)+P(BAC)+P(COA); = 10 * 10 
= P (ANB) +P(BAC)+P(COA) = tv) 


From (i), we have 


P (A) + P (B) +P (C)—P (ANB) -P (BNC)-P(CNA)+P(ANBNO = > 


7 eee eye 
=> ptm+c-so+59 =F [Using (iv) and (v)] 
=> Lene ee 
P ~ 20 


30.3 CONDITIONAL PROBABILITY 
Let A and B be two events associated with a random experiment. Then, the probability 
of occurrence of event A under the condition that B has already occurred and 
P (B) #0, is called the conditional probability and it is denoted by P (A/B). Thus, we 
have 

P (A/B) = Probability of occurrence of A given that B has already occurred. 
Similarly, P (B/A) when P (A) #0 is defined as the probability of occurrence of event B 
when A has already occurred. 
In fact, the meanings of symbols P (A/B) and P (B/A) depend on the nature of the events 
Aand B and also on the nature of the random experiment. These two symbols have the 
following meaning also. 

P (A/B) = Probability of occurrence of A when B occurs 

OR 
Probability of occurrence of A when B is taken as the sample space 
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OR 
Probability of occurrence of A with respect to B. 
and, P (B/A) = Probability of occurrence of B when A occurs 
OR 
Probability of occurrence of B when A is taken as the sample space 
OR 
Probability of occurrence of B with respect to A. 


In order to understand the meaning of conditional probability let us consider the 
following illustrations. 

ILLUSTRATION 1 Let there be a bag containing 5 white and 4 red balls. Two balls are drawn 
from the bag one after the other without replacement. Consider the following events: 

A = Drawinga white ball in the first draw, B = Drawing a red ballin the second draw. 
Now, 


P(B/A) = Probability of drawing a red ball in second draw given thata 
white ball has already been drawn in the first draw 


= P(B/A) = Probability of drawing a red ball from a bag containing 4 white 
and 4 red balls 
4 1 


For this random experiment P (A/B) is not meaningful because A cannot occur after 
the occurrence of event B. 


In the above illustration events A and B were subsets of two different sample spaces as 
they are outcomes of two different trials which are performed one after the other. 


ILLUSTRATION 2 Consider the random experiment of throwing a pair of dice and two events 
associated with it given by 


A = Thesum of the numbers on two dice is 8 = {(2, 6), (6, 2), (3, 5), (5, 3), (4, 4) 
B = There is an even number on first die. 
{(2, 1), ..., (2, 6), (4, 1), «+, (4, 6), (6, 1), «--, (6, 6)} 


In this case, events A and B are the subsets of the same sample space. So, we have the 
following meanings for P (A/B). 


We have, 
P(A/B) = Probability of occurrence of A when B occurs 
or 
Probability of occurrence A when B is taken as the sample space. 
= P(A/B) = Number of elementary events in B which are favourable toA 
ra Number of elementary events in B 
ies P(A/B) = Number of elementary events favourable to A 4B ° 
Number of elementary events favourable to B 
=: P(A/B) = = 
P (B/A) = Probability of occurrence of B when A occurs. 
or 


Probability of occurrence of Bwhen A is taken as the sample space 


ane Number of elementary events in A which are favourable to B 
P (B/A) = Number of elementary events in A 
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Number of elementary events favourable to A 1 B 


Number of elementary events favourable to A 





=> P (B/A)= 


>»  P(B/A)=2 
5 

ILLUSTRATION 3. A die is thrown twice and the sum of the numbers appearing is observed to 
be 6. What is the conditional probability that the number 4 has appeared at least once? 
SOLUTION Consider the following events : 

A = Number 4 appears at least once, B = The sum of the numbers appearing is 6. 

Required probability 

P (A/B) 


Probability of occurrence of A when B is taken as the sample space 


Number of elementary events favourable to A which are favourable to B 


Number of elementary events favourable to B 


_ Number of elementary events favourable to (A 4 B) 


Number of elementary events favourable to B 


2 


2 


It follows from illustrations 2 and 3 that if A and B are two events associated with the 
same sample space 5 of a random experiment, then 


P(A/B) = Number of elementary events favourable A B 


Number of elementary events favourable to B 


n (AB) 
n(AMB) _ mS) Dividing numerator and 
7(B) ae 11 (B) denominator by 1 (S) 


n (S) 


= P (A/B) = 


=» Pare = PAOD 


Similarly, we have 


P(B/A) = ea 


These results are derived in the next section by using multiplication theorem on 
probability. 


ILLUSTRATIVE EXAMPLES 
Type I EXAMPLES BASED ON P(A/B) = a P(B/A) = ae 
EXAMPLE 1 A fair dice is rolled. Consider the following events: 
A = {1,3,5},B = {2,3}, and C = {2,3, 4,5}. Find (NCERT] 
(i) P(A/B) and P(B/A) (ii) P(A/C) and P(C/A) 


(iii) P(A UU B/C) and P(ANB/C) 
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SOLUTION We have, (A) = 3,n (B) = 2,n(c) = 4 
Clearly, 

ANB = {3],A NC = {3,5}, AUBNC = (2,3,5)andANBONC = (3} 
= n(AQNB) = 1,n(ANC) = 2,n(AUBNC) = 3andn(ANBONC) =1 
Now, 

Gj er (Aye) = sO) (A/B) = 2 
n (B) 2 
_ n(ANB) aye 
P (B/A) = ~~ (ay = P(B/A) = 5 
se _ n(AnC) ee eA oe 
_ n(AnC) Pe 
P(C/A) = a P(C/A) = 3 


(iii) P(AUB/C) = a os = P(AUB/C) = 


(iv) P(ANB/C) = eae = P(A B/C) = 


3 Sa 


EXAMPLE Us coin is tossed three times. Find P (E/F) in each of the following: 
(i) E = Head on the third toss, F = Heads on first two tosses 
(ii) E = At least two heads, F = At most two heads- 
(iii) E = At most two tails, F = At least one tail [NCERT] 
SOLUTION The sample space associated to the given random experiment is given by 
S = (HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} 
(i) We have, 


E = {HHH, HTH, THH, TTH},; F = {HHH, HHT} 


EOF = {HHH} 
Clearly, 1 (EOF) = 1 and n(F) = 2 
n(EQNF) _1 
sf (ep) = n(F) 2 
(ii) We have, 
= {HHH, HHT, HTH, THH}, F = {TTT, THT, TTH, HTT, THH, HTH, HHT] 


EOF = {HHT, HTH, THH} 
Clearly, n (E NF) = 3 and n(F) = 7 
P(E/F) = See es 7 
(iii) Sree 
= {HHH, HHT, HTH, THH, HTT, THT, TTH} 
= {HHT, HTH, THH, HTT, THT, TTH, TTT} 
ee {HHT, HTH, THH, HTT, THT, TTH) 
Clearly, n (EAP) = 6 and n(F) = 7 


RE/Fi= 
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EXAMPLE 3 Two coins are tossed once. Find P (E/F) in each of the following: 
(i) E = Tail appears on one coin, F = One coin shows head 
(ii) E = No tail appears, F = No head appears. ([NCERT] 
SOLUTION Thesample space associated to the random experiment of tossing two coins 
is given by 

S = (HH, HT, TH, TT} 
(i) We have, 

E = (HT, TH, TT), F = (HT, TH} 
EOF = {HT, TH} 
Clearly, n (EQ F) = 2 and n (F) 


= 2 
n(EQF 2 

P (E/E) = aa =5=1 
(ii) We have, 

E = {HH}, F = {TT} 

ENF={()=6 
Clearly,n (EOF) = 0 and n(F) = 1 

Required probability = ee = . = 0 


EXAMPLE f Mother, father and son line up at random for a family picture. Find P (A/B), if 
Aand B are defined as follows: 


A = Sonon oneend, B = Father in the middle [NCERT] 


SOLUTION ‘Total number of ways in which Mother (M), Father (F) and Son (S) can be 
lined up at random in one of the following ways: 


MFS, MSF, FMS, FSM, SFM, SMF 
We have, 

A = {|SMF, SFM, MFS, FMS} and B = {MEFS, SFM} 
A ACB = {MFS, SFM} 
Clearly, (AB) = 2 and n(B) = 2 


Required probability = P(A/B) = oe é =1 


n (B) 
EXAMPLE 5 Aand B are two events such that P (A) #0. Find P (B/A), if 
(i) A isa subset of B (ii) ANB =6 


SOLUTION (i) If A is a subset of B, then 
AQNB=A => n(AQB) = n(A) 
_ N(AQB) _ 
P (B/A) "Ane 1 
(ii) IFANB = 0, thenn (ANB) =0 
. n(A.@B)ee eee 
PRIA) = (Ayn = Glee 
erRMELE A couple has two children. Find the probability that 
(i) both the children are boys, if it is known that the older childisa boys. . [NCERT] 
(ii) both the children are girls, if it is known that the older child is a girl. 
(iii) both the children are boys, if it is known that at least one of the children is a boy. 
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SOLUTION Let B; and G; (i= 1,2) stand for the event that i child be a boy and a girl 
respectively. Then, the sample space associated to the random experiment is 

A = (By Bp, By G2, Gy, Bz, Gy G9} 
(i) Consider the following events: 

A = Both the children are boys = [(B, Bp} 

B = The older child is a boy = {B, Bz, By G2} 

A OB = {B, Bp}. Clearly, 1(A OB) = landn(B) = 2 


Required probability = P (A/B) = eee = EC 
(ii) Consider the following events: 
A = Both the children are girls = {G; Gp} 
B = The older child is a girl = [G,, Go, Gy Bp} 
AMB = {G, Go} 
Clearly, n (AM B) = land n(B) = 2 


Required probability = Sta 


mee 
2 
(iii) Consider the following events: 
A = Both the children are boys = [{B; Bp} 
B = At least one of the children is a boy = (B, Bz, By G2, G; Bp} 
AQB = {B, Bp} 
Clearly, (A MB) = 1 and n(B) = 3 


Required probability = See = 


EXAMPLE 7 A pair of dice is thrown. If the two numbers appearing on them are different, find 
the probability (i) the sum of the numbers is 6 (ii) the sum of the numbers is at least 4 (iti) the 
sum of the numbers is 4 or less. 


SOLUTION Consider the following events: 
A = Numbers appearing on two dice are different 
B = The sum of the numbers on two dice is 6 
C = The sum of the numbers on two dice is 4 or less 
D = Thesum of the numbers on two dice is 4. 


Clearly, 
A = {(1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 1), (2, 3), (2, 4), (2, 5), (2, 6), (3, 1), (3,2), 
(3, 4), (3, 5), (3, 6), (4, 1), (4, 2)(4, 3), (4, 5), (4, 6), (5, 1), (5, 2) (5, 3), (S, 4), 
(5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5)} 
B = {(1,5), (S, 1), (2, 4) (4, 2), (3, 3)} 


C = {(1, 1), (1, 2), (2, 1), (1, 3), (3, 1), (2, 2)} 
D = {(1, 3), (3, 1), (2, 2)} 
Clearly, AB = {(1,5), 6, 1), (2, 4), (4, 2)} 
AAC = ({(1, 2), 2, 1), G, 3), G, D} 
AND = ((1,3),(3, 1} 


n(AQB) = 4,n(ANQC) = 4,n(AND) = 2 and n(A) = 30 
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; ; vitae FE _ nN(AIGB) ~~ (4a 
(i) Required probability = P(B/A) = n(A) =~ 30 15 


om tes Fe ~n(Aac)_ 4 _ 2 
(ii) Required probability = P (C/A) n (A) of) = 1s 


aT ob. eB « NADL) 22s 
(iii) Required probability = P (D/A) = n(A) ~ 307 15 


EXAMPLE(S° A die is thrown twice and the sum of the numbers appearing is observed to be 6. 
What is the probability that the number 4 has appeared at least once? [NCERT] 
SOLUTION Consider the following events: 
A = Sum of the numbers appearing on two dice is 6 
= {(1, 5), (5, 1), (2, 4), (4, 2), (, 3)} 
B = Number 4 has appeared at least once 
= ((1, 4), (4, 1), (2, 4), (4, 2), (3, 4), (4, 3), (4, 4), (4, 5), (5, 4), (4, 6), (6, 4)} 


“een nett (ACB) pe 
Required probability = P (B/A) = ~ CANE Bae 
EXAMPLE 9 A die is thrown three times. Events A and B are defined as below: 


A = 40n third die 
B = 60n the first and 5 on the second throw 
Find the probability of A given that B has already occurred. ([NCERT] 


SOLUTION The sample space S associated to the random experiment of throwing three 
dice has 6x 6x6 = 216 elements. 


We have, 
A = {(1, 1, 4), (1, 2, 4), (1, 3, 4), (1, 4, 4), (1, 5, 4), (1, 6, 4), (2, 1, 4), 
(2,1, 4), (2, 2, 4), (2, 3, 4), (2, 4, 4), (2, 5, 4), (2, 6, 4) 


(6, 1, 4), (6, 2, 4), (6, 3, 4), (6, 4, 4), (6, 5, 4), (6, 6, 4) 
B = {(6,5,1), (6, 5, 2), (6, 5, 3), (6, 5, 4), (6, 5, 5), (6, 5, 6)} 
ANB = {6,5, 4)} 


P(A/B) = ae 


EXAMPLE 10 A black and a red dice are rolled in order. Find the conditional probability of 


obtaining 
(i) a sum grater than 9, given that the black die resulted in a 5. 


(ii) asum 8, given that the red die resulted in a number less than 4. [NCERT] 
SOLUTION (i) Consider the following events: 
A = Getting a sum greater than9, B = Black die resulted ina5 
Clearly, A = {(5,5), (6,4), (4, 6), (6,5), (5, 6), (6, 6)} 
B = {(5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6)} 
AB = {(5,5), (5, 6)} 
We have, (A © B) = 2,n (A) = 6andn(B) = 6 


ii 
mG 


Required probability = P(A/B) = nA) ; = 


1 
n (B) 3 


(qieming vate en oReaertiethink a ims = 


 sd2 Tl (i ie ieee Soo eer 


~~ where 4 + 


» WR 
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(ii) Consider the following events: 
A = Getting 8 as the sum 
B = Red die resulted in a number less than 4 
Clearly, A = {(2, 6), (6, 2)(3, 5), (5, 3), (4, 4)} 
B = {(6, 1), (6, 2) ,(6, 3), (5, 1), (5, 2), (5, 3), (4, 1), (4, 2), (4, 3), (3, 1), 
(3, 2), (3, 3), (2, 1), (2, 2), (2, 3), (1, 1), (1, 2), (1, 3)} 
i AOB = {(6, 2), (5, 3)} 
We have, 1 (A © B) = 2,n(B) = 18 


Required probability = P (A/B) = aac iaas: = -9 


EXAMPLE 11 Consider the experiment of throwing a die, if a multiple of 3 comes up, throw the 
die again and if any other number comes, toss a coin. Find the conditional probability of the event 
‘the coin shows a tail’ given that ‘at least one die shows a three’. ([NCERT] 


SOLUTION The sample space S associated to the given random experiment is given by 
S = {(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6), 
(1, H), (1, T), (2, H), (2, T), (4, H), (4, T), (5, H), (5, T)) 
Consider the following events: 
A = Thecoin shows a tail, B = At least one die shows a three 


Clearly, A = {(1, 7), (2,7), (4,1, (5, T)} 
B = {(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6), (6, 3)} 
ANB= 0 
We have, 1 (AB) = 0,n(A) = 4 and n(B) = 7 
: see _n(ANB) _ 0 _ 
Required probability =P (A/B) = =— hae a 0 


EXAMPLE 12 Ina school, there are 1000 students, out of which 430 are girls. It is known that 
out of 430, 10% of the girls study in class XII. What is the probability that a student chosen 
randomly studies in class XII given that the chosen student is a girl? [NCERT] 
SOLUTION Let A be the event that a student chosen randomly studies in class XII and 
B be the event that the randomly chosen student is a girl. 

We have to find P (A/B). 


Clearly, n (AB) = 10% of 430 = 430x20 = 43 and, n (B) = 430 


Required probability = P(A/B) = eerie ise = = = = 


EXAMPLE 13 Ant instructor has a question bank consisting of 300 easy True/false questions, 
200 difficult True/False questions, 500 easy multiple choice questions and 400 difficult multiple 
choice questions. Ifa question is selected at random from the question bank, what is the probability 
that it will be any easy question given that it ts a multiple choice question? [NCERT] 


SOLUTION Let A be the event that selected question is an easy question and B be the 
event that the question selected is a multiple choice question. 


We have, 
n (A) = 300+500 = 800, (B) = 500+400 = 900 
AB = Selected question is an easy multiple choice question 


,UWT MITC 
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n(AMB) = 500 


7 _ n(AQB) _ 500 _ 5 

Required probability = P (A/B) = n(B) 7 900 9 

Type II EXAMPLES BASED ON P(A/B) = Savane AND P(BV/A) = aoe 

EXAMPLE 14 Given that Aand B are two events such that P(A) = 0.6, P (B)=0.3 and 
P(AMB) = 0.2, find P (A/B) and P (B/A). [NCERT] 


SOLUTION We have, 
P(A/B) = PAB) and P(B/A) = ~40% 


P (B) P(A) 
0.2 _2 _92 _1 
= P(A/B) = 0373 and P(B/A) = 0673 
EXAMPLE 15 If P(A)=~, P(B) = > and P(AUB) = <, find 
(i) P(ANB) (ii) P(A/B) (iii) P (B/A) ([NCERT] 
SOLUTION (i) We have, 
P(AUB) = P(A)+P(B)-—P(ANB) 
as i 1 Ogi pleretes Se. 
= P(A QB) = P(A) +P (B) P(AUB) = 57777 17 
(ii) We have, 
ide 
_ P(AQB) _ il _4 
P (A/B) = P(B) P (A/B) = Ca 
11 
(iii) We have, 
ms 
iL 
_ P(AQB) - Oe 
EXAMPLE 16 Evaluate P(A U B), if 2P (A) = P(B) = =. and P(A/B) = ([NCERT] 
SOLUTION We have, 
2 P(A) = P(B) == = P(A) = & g and P(B) = 2 
 RICAIGNS) 
Now, P (A/B) = P(B) 
sp 2 . RAO) Spee 
5 5° 1 
13 
Diigioe 11 


P(AUB) = P(A)+P(B)- P(ANB) ==+ 2-5 = 
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Type III PROBLEMS BASED UPON THE MEANING OF CONDITIONAL PROBABILITY 


EXAMPLE 17 Tivo integers are selected at random from integers 1 to 11. If the sum ts even, find 
the probability that both the numbers are odd. 


SOLUTION Out of integers from 1 to 11, there are 5 even integers and 6 odd integers. 
Consider the following events: 
A 


Both the numbers chosen are odd, 

B = The sum of the numbers chosen is even, 
Required probability 

P (A/B) 


Probability that the two numbers chosen are odd if it is given that the sum 
of the numbers chosen is even. 


-- The number of ways of getting the sum 
°c as an even number = °C> + Gr) 
Sedo) The number of ways of selecting 
two odd numbers = °C, 


u1lG 


EXAMPLE 18 A die is thrown three times, if the first throw is a four, find the chance of getting 
15 as the sum. | 


SOLUTION Consider the folliwing events : 


TS 


A = Getting 15 as the sum in a throw of three dice, B = Getting 4 on the first ¢: 


Required probability 

= P (A/B) 

= Probability of getting 15 as the sum of the numbers if there is 4 on the 
first die. 
9 -- Total number of ways = 1 x6x6 = 36 

ae There are two favourable elementary 

events viz. (4,6,5), (4,5,6). 
- 1 
~ 18 


EXERCISE 30.1 


1. Ten cards numbered 1 through 10 are placed in a box, mixed up thoroughly and 
then one card is drawn randomly. If it is known that the number on the drawn card 
is more than 3, what is the probability that it is an even number? 


2. Assume that each child born is equally likely to be a boy or a girl. If a family has 
two children, what is the conditional probability that both are girls given that 
(i) the youngest is a girl, (ii) at least one is a girl? [NCERT] 

3. Given that the two numbers appearing on throwing two dice are different. Find the 
probability of the event ‘the sum of numbers on the dice is 4’. 


4. Acoin is tossed three times, if head occurs on first two tosses, find the probability 
of getting head on third toss. ; 
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5. A die is thrown three times, find the probability that 4 appears on the third toss if 
itis given that 6 and 5 appear respectively on first two tosses. 
6. Compute P (A/B), if P (B) = 0.5and P(A OB) = 0.32 
7. If P(A) = 0.4, P(B) = 0.3 and P (B/A) = 0.5, find es ™ B) and P (A/B). 


8. If A and B are two events such that P (A) = =P (B) = = and P(AUB) = =~- find 


i 
P (A/B) and P (B/A). 
9. Acouple has two children. Find the probability that both the children are (i) males, 
if itis known that at least one of the children is male. (ii) females, if it is known 


that the elder child is a female. (CBSE 2010] 
ANSWERS 
4 1 Cath 1 1 1 16 
1. ~ 2. (i) 5 (ii) 3 3: 5 4, 5 5. 6 6. a5 
2 a 1 ge) pegs t 
1e 0.2, 5 8. 62 9. (i) 3 (ii) 5 


HINTS TO SELECTED PROBLEMS 
1. The sample space associated to the given random experiment is given by 
= {1,2, 3, 4,5, 6, 7, 8, 9, 10} 
Consider the following events: 
A = Number on the card drawn is even = {2, 4, 6, 8, 10} 
B = Number on the card drawn is greater than 3 = {4, 5, 6, 7, 8, 9, 10} 


Required probability = P (A/B)= ee = = 


30.4 MULTIPLICATION THEOREMS ON PROBABILITY 
In this section, we shall discuss some theorems which are helpful in computing the 
probabilities of simultaneous occurrences of two or more events associated with a 
random experiment. 
THEOREM 1 If A and B are two events associated with a random experiment, then 

P(AMB) = P(A) P(B/A), if P(A) #0 
or, P(A B) = P(B)P(A/B), if P(B) #0. 


PROOF Let S be the sample space associated with the given random experiment. 
Suppose S contains 1 elementary events. Let 111, m2 and m be the number of elementary 


events favourable to A, B and A OB respectively. Then, 
n m 
P(A) = —1, P(B) = — and P(ANB) =~. 


Since m1, ein events are favourable to A out of which m are favourable to B. 


Therefore, P (B/A) = a, 


Bilge te 
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Similarly, we have 
m 
P (A/B) = arms 
m A B 5 
Now, P (AN B)=— 
= P(A B)= mm, P(B/A)-P(A) ...(i) 
and, § P(ANB)= = 
a 
= RAD B= = =P (A/B) P(B) _ ...(ii) 
Q.E.D. Fig. 30.1 


NOTE1 From (i) and (ii) in the above theorem, we find that 


P(B/A) = ate and P(A/B) = oar 


REMARK If A and B are independent events, then P(A/B) = P (A) and P (B/A) = P(B). 
Therefore, 


P(AMB) = P(A) P (B) 
Also, P(AUB) = P(A)+P(B)—-P(ANB) 
P (A) + P (B) — P (A) P (B) 
1—[1-—P (A) —P(B)+P (A) P (B)] 
1—[(1 — P (A)) 1 — P (B))] 

= 1—P(A) P(B) 

THEOREM 2 (Extension of multiplication theorem) if A,, Ao, ..., Ay are n events associated 
with a random experiment, then 


P (Ay M Ao NN A3 coo f A,) 
= P (A,) P (Ap/Aj}) P (A3/A, NM Ad) Saaacee P (A,,/A, tr A> my rt) Ay, - v, 





where P (A;/A; 1 Ag ... A A; 1) represents the conditional probability of the occurrence 
of event A;, given that the events Aj, A> ..., Aj_; have already occurred. 


PROOF This theorem can be proved by using the principle of mathematical induction. 


PARTICULAR CASE If A, B,C are three events associated with a random experiment, 
then 


P(ANBAC) = P(A) P(B/A) P(C/ANB). 


ILLUSTRATIVE EXAMPLES 


TypeI FIND THE PROBABILITY OF SIMULTANEOUS OCCURRENCE OF TWO OR MORE 
EVENTS BY USING MULTIPLICATION THEOREM 


EXAMPL A bag contains 10 white and 15 black balls. Two balls are drawn in succession without 
replacement. What is the probability that first is white and second is black? 


SOLUTION Consider the following events : 
A = getting a white ball in first draw, B = getting a black ball in second draw. 
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Required probability 


= Probability of getting a white ball in first draw and a black ball in second draw 


= P(Aand B) 
= P(AMB) 
= P(A) P(B/A) [By Multiplication Theorem] ...(i) 


Now, P(A) = —— 2 ee 
1 


and, P (B/A) = Probability of getting a black ball in second draw when a white 
ball has already been in first draw 


nn P(B/A) = Cy eye - 24 balls are left after drawing a white 
GCS SOARES ball in first-draw out of which 15 are black 
Substituting these values in (i), we have 
Required probability =P (AB) = P(A) P(B/A) = : ae =e. 


EXAMPLE2 Find the probability of drawing a diamond card in each of a two consecutive draws 
from a well shuffled pack of cards, if the card drawn is not replaced after the first draw. 
[CBSE 2002C] 
SOLUTION Let A be the event of drawing a diamond card in the first draw and B be the 
even of drawing a diamond card in the second draw. Then, 
13 
Cc 


After drawing a diamond card in first cra 51 cards are left out of which 12 cards are 
diamond cards. 


P (B/A) = Probability of drawing a diamod card in second draw when a 
diamond card has already been drawn in first draw 


120 
zs P(B/A)= = = = = =. 
1 


okt 1 
* 17 et 7 


EXAMPLES 1 A bag contains 5 white, 7 red and.8 black balls. If four balls are drawn one by one 
without replacement, find the.probability of getting all white balls. 


SOLUTION Let A, B, C, D denote events of getting a white ball in first, second, third and 
fourth draw respectively. Then, 


Required probability 
= P(ANBNCND) 
= P(A) P(B/A) P(C/ ANB) P(D/ANBONC) »--(i) 


Now, Required probability = P(AMB) = P(A) P(B/A) = 


1 
20 4 
When a white ball is drawn in the first draw there are 19 balls left in the bag, out of which 
4 are white. 


Now, P (A) = Probability of drawing a white ball in first draw= he 


P(B/A) = & 
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Since the ball drawn is not replaced, therefore after drawing a white ball in seco 
there are 18 balls Jeft in the bag, out of which 3 are white. Nd dray 
2h ae 
P(C/ANMB) = Th 


After drawing a white ball in third draw there are 17 balls left in the bag, out of wh: 
2 are white. Nich 


P(D/ANBNO) = = 


Hence, Required probability 
= P(ANBNCOND) 


15 A Tie 
= P(C/ANB)P(D/ANBNC) = =x—=»y4 i 2s 
P(A) P (B/A) P (C/A B) P (D/ = 4X 59% gXay = 
EXAMPLE C: A bag contains 19 tickets, numbered from 1 to 19. A ticket is drawn and then Another 
licket is drawn without replacement. Find the probability that both tickets will show even 
numbers. 


SOLUTION Let A be the event of drawing an even numbered ticket in first draw and R 
be the event of drawing an even numbered ticket in the second draw. Then, 


Required probability = P(A MB) = P(A) P (B/A) (i) 
Since there are 19 tickets, numbered 1 to 19, in the bag out of which 9 are even numbered 
viz. 2, 4, 6, 8, 10, 12, 14, 16, 18. Therefore, 
9 
P(A) = 19 


Since the ticket drawn in the first draw is not replaced, therefore second ticket drawn 
is from the remaining 18 tickets, out of which 8 are even numbered. 


P(B/A) = = = = 
Hence, Required probability = P(A 7B) 
= P(A) P(B/A) [From (i)] 
cae 


199 ~ 19 
ean) An urn contains 5 white and 8 black balls. Two successive drawings of three ot E 
ata time\t¥é made such that the balls are not replaced before the'second dravw. Find the probability 
that the first draw gives 3 white balls and second draw gives 3 black balls. 
SOLUTION Consider the following events : 
A = drawing 3 white balls in first draw, 
B = drawing 3 black balls in the second draw. : 
Required Probabilty = P(An B)= P(A) P(B/A) Ss 


5 
Now, P(4)=—3_10 _ 5 


After drawing 3 white balls in first draw 10 balls are left in the bag, out of which 82% 
black balls. 
8c 
ies > 120 = is 
Hence, Required Probability = P(A jn B) 


P (B/A) = 





ired probabili aaa 

3 Required probability = P(A) P(B/A) ee 
Required probability = 2,7 _ Te 
a 1 1s = os 


balls are drawn fro By 
exAMP 6) ru ‘Om an urn contai . 
by one wv! out replacement. What is the probability that ponent is vat? black balls one 


LUTION Let A be the event of not gett F scat 
‘rot getting a red ball in second dee Then, rec ball in first draw and B be the event 


Required probability 

= Probability that at least one ball is red 
= 1 — Probability that none is req 

= 1-P (Aand B) = 1-P(AnB) 


= 1-P (A) P(B/A) »-(i) 
Now, 
P(A) = Probability of not getting a red ball in first draw 
EN P(A) = Probability of getting an other colour (white or black) ball 
in first draw 
yee 2 
= P(A) = 973 


When another colour ball is drawn in first draw there are 5 other colour (white or black) 
balls and 3 red balls, out of which one other colour ball can be drawn in °C, ways. 


P(B/A) = 2 


Substituting these values in (i), we have 
2.0: uk 
Required probability = 1-P (A) P(B/A) = 1-3%@ = 45 


EXAMPLE 7 A bag contains n white and n red balls. Pairs of balls are drawn without 
replacement until the bag is empty. Show that the probability that each pair consists of one white 


git 
and one red ball is eee 
Cc 


SOLUTION Let A; (i=1,2,.- 
th draw. Then, 
Required probability 

= P (A, MA, NAgA ese NA,) 


= P (Ay) P (Ap/Ay) P (43/4104 


n) be the event of getting one white and one red ball in 


9) -P (An/A1 NA OV. OAn-1) wes(i) 


AC ue n 
Now, P = Gx ttn So seen 


n-1C, x" 1Cy ? (n- 17 
P(A,/A,}) =—az-.—t—<“ité‘« 7 


2n-2C, 
n-2C, x" 2Cy (n= 2) and so on. 


P (A3/A, PA) = —-FG, AG, 





ee 


“oe # 7 se 


a fo Br & f= ge — pes 


Pe Ore Ce OS eee ese ap 


en He Onna ee ae re Belay. ae 
ed eh ee es ed 
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C,:x7C; 2? 
Finally, P (A, -1/Ay] a A2 N...OAAy-2) = a 
Co Cy 
and, P (A, /A1O Az ..» NA, —1) = a~ 
C2 
Substituting these values in (i), we have 
Required ead 
Gs le (Clas ees 
= ae 2n-27-_ ac 2n GC “gee 1G; Er, 
ee ly (nl)? 2" Ok 
~ (2n) (2n—1) | (2n —2) (2n 3) 4x3 2x1 (2m)! 2c 
5 x 5 X wee XS KH n 


EXAMP £8) To test the quality of electric bulbs produced in a factory, two bulbs are randomly 
selected from a large sample without replacement. If either bulb is defective, the entire lot is 
rejected. Suppose a sample of 200 bulbs contains 5 defective bulbs. Find the probability that the 
sample will be rejected. 

SOLUTION Clearly, thesample will be rejected if at least one of the two bulbs is defective. 
Consider the following events: 


A = First bulb is defective, B = Second bulb is defective. 


Required probability 

= P(AUB) 

= 1-P(AWUB) 

= 1—P(ANB) 

1p pie 1195 194 __ , _ 3783 _ 197 
= 1—P (A) P(B/A)= 1-509 * 499 = 1- 3080 = 3980" 


EXERCISE 30.2 


1. From a pack of 52 cards, two are drawn one by one without replacement. Find the 
probability that both of them are kings. 


2. From a pack of 52 cards, 4 are drawn one by one without replacement. Find the 
probability that all are aces. 


3. Find the chance of drawing 2 white balls in succession from a bag containing 5 red 
and 7 white balls, the ball first drawn not being replaced. 


4. ‘Abag contains 25 tickets, numbered from 1 to 25. A ticket is drawn and then another 
ticket is drawn without replacement. Find the probability that both tickets will show 
even numbers. 


5. From a deck of cards, three cards are drawn on by one without replacement. Find 
the probability that each time it is a card of spade. 


6. Two cards are drawn without replacement from a pack of 52 cards. Find the 
probability that 


(i) both are kings (ii) the first is a king and the second is an ace 
(iii) the first is a heart and second is red. 


PROBABILITY 30.25 


10. 


11. 


12. 


13. 


7. A bag contains 20 tickets, numbered from 1 to 20. Two tickets are drawn without 


replacement. What is the probability that the first ticket has an even number and 
the second an odd number. 


. (i) Anurn contains 3 white, 4 red and 5 black balls. Two balls are drawn one by one 


without replacement. What is the probability that at least one ball is black? 


(ii) A bag contains 4 white, 7 black and 5 red balls. Three balls are drawn one after 
the other without replacement. Find the probability that the balls drawn are white, 
black and red respectively. 


. Abag contains 5 white, 7 red and 3 black balls. If three balls are drawn one by one 


without replacement, find the probability that none is red. [CBSE 2002C] 


A card is drawn from a well-shuffled deck of 52 cards and then a second card is 
drawn. Find the probability that the first card is a heart and the second card is a 
diamond if the first card is not replaced. 


An urn contains 10 black and 5 white balls. Two balls are drawn from the urn one 
after the other without replacement. What is the probability that both drawn balls 
are black? [NCERT] 


Three cards are drawn successively, without replacement from a pack of 52 well 
skuffled cards. What is the probability that first two cards are kings and third cards 
drawn is an ace? [NCERT] 


A box of oranges is inspected by examining three randomly selected oranges drawn 
without replacement. If all the three oranges are good, the box is approved for sale 
otherwise it is rejected. Find the probability that a box containing 15 oranges out of 
which 12 are good and 3 are bad ones will be approved for sale. 


ANSWERS 
1 1 7 11 ate 
» O01 2. 970725 42 «22 * 50 > 850 
A 2 aN eo 5 SAS Gs ral! 
| 6. (i) 5] (ii) 663 (iii) 704 7. 19 8. (i) 9 (ii) ow 
8 13° 3 BZie 44 
re 10H ik = EM seers iG 33 
| HINTS TO SELECTED PROBLEMS 
| 10. Consider the following events: 


11. 


12. 


A = Getting heart card in first draw 

B =Getting a diamond card in second draw 

| ert i 5413 213.18. 
Required probability = P (AM B)= P(A) P(B/A) = 50 *51 = 204 
Let B; (i= 1, 2) denote the event of getting a black ball in the ith draw. 

ae 102 9a 
Required probability = P (B; A By) = P (B;) P (B2/B,) = 15 Xia 77 


Consider the following events: 

K, = Getting a king in first draw 

K, = Getting a king in second draw 
A, = Getting an ace in third draw. 
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Since the ball drawn is not replaced, therefore after drawing a white ball in second draw 
there are 18 balls left in the bag, out of which 3 are white. 
Oh es) 
? oe 
P(C/AQNB) ia 
After drawing a white ball in third draw there are 17 balls left in the bag, out of which 
2 are white. 


2 

P(D/AQNBQC) = 7 
Hence, Required probability 
= P(ANBNCND) 


A 1p, 20 

P (A) P (B/A) P (C/A NB) P(D/ANBOC) = 4 iy 19 *6* 17 = 969 
EXAMPLE C1 A bag contains 19 tickets, numbered from 1 to 19. A ticket is drawn and then another 
ticket is drawn without replacement. Find the probability that both tickets will show even 
numbers. 
SOLUTION Let A be the event of drawing an even numbered ticket in first draw and B 
be the event of drawing an even numbered ticket in the second draw. Then, 

Required probability = P(AMB) = P(A) P(B/A) .«(i) 
Since there are 19 tickets, numbered 1 to 19, in the bag out of which 9 are even numbered 
viz. 2, 4, 6, 8, 10, 12, 14, 16, 18. Therefore, 


P(A) = = 


Since the ticket drawn in the first draw is not replaced, therefore second ticket drawn 
is from the es 18 tickets, out of which 8 are even numbered. 


P(B/A) = = = 5. 
Hence, Required Saiebllip = P(ANB) 
= P(A) P(B/A) [From (i)] 
Se 2. 
197 95819 
EXAMP An urn contains 5 white and 8 black balls. Two successive drawings of three balls 


at a time\wré made such that the balls are not replaced before the second draw. Find the probability 
that the first draw gives 3 white balls and second draw gives 3 black balls. 


SOLUTION Consider the following events : 
A = drawing 3 white balls in first draw, 
B = drawing 3 black balls in the second draw. 


Required probabilty = P(AMB)= P(A) P(B/A) (i) 
5 
Crea LOS 
Now: PUA) = a9 556, a5 


After drawing 3 white balls in first draw 10 balls are left in the bag, out of which 8 are 
black balls. 


Hence, Required Re = P(ANB) 


eee eeeeeeeeeerereeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeEeEeEeEeEeEeEeEeEee—e—EeEeEeEeEeEeEeeEeEeEerrer 


PROBABILITY 30.23 


= Required probability = P (A) P (B/A) [From (i)] 
=> Required probability = eK = on 


exam (9 io balls are drawn from an urn containing 2 white, 3.red and 4 black balls one 
by one wiftfout replacement. What is the probability that at least one ball ts red? 


SOLUTION Let A be the event of not getting a red ball in first draw and B be the event 
of not getting a red ball in second draw. Then, 
Required probability 
Probability that at least one ball is red 
1 — Probability that none is red 
1-P(Aand B) = 1—P (ANB) 


= 1-P(A)P(B/A) (i) 
Now, 
P (A) = Probability of not getting a red ball in first draw 
— P (A) = Probability of getting an other colour (white or black) ball 
in first draw 
6,282 
= P(A) = 9 = 3 


When another colour ball is drawn in first draw there are 5 other colour (white or black) 
balls and 3 red balls, out of which one other colour ball can be drawn in "Gs ways. 


P (B/A) = 2 


Substituting these values in (i), we have 
Required probability = 1- P(A) P(B/A) = 1 -2x2 = 


EXAMPLE 7 A bag contains n white and n red balls. Pairs of balls are drawn without 
replacement until the bag is empty. Show that the probability that each pair consists of one white 
n 
and one red ball ts ge 
I 

n 
SOLUTION Let A; (i=1,2,..., 71) be the event of getting one white and one red ball in 
ith draw. Then, 
Required probability 

= P(AyNAZNA3ZN... NAy) 


= P (A}) PB (A>/Aj) P (A3/A, 7 Ad) «eP (A,,/ Ay - A> OY wee OA, — 7) ««-(1) 





N P(A;) "Cy x"Cy n2 
ow, d= a> FE 
ane 2G; 
n-1¢0 x2-1¢ (n- 1/2 
P (Ap/A,) = —z—5>— = 
2n 2q 2n 2c, 
RAG Gy (n —2)7 
P (A3/A, CyA2) = —>-——— = = ———_ andsoon 


SE nA 
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2 2 
C1 x°C 2 
Finally, P(Ay—1/A;0AQ0... VAy-2) = I = © 
Co C2 
and, P(Ay/Ay AQ... VAy-1) = 5 
C2 
Substituting these values in (i), we have 
Required aga 
Wilh. (Oe?) ar aa 
=e 2n- 2n-20, 2n Gs {on 2G, 
n 1)? (nl)* 20 2h 
~ = = a a 
2n ae 1 ° (2n as 3) Si one 4 x 3 s 2% 1 (2n) ! fer 


EXAMP £8) To test the quality of electric bulbs produced in a factory, two bulbs are randomly 
selected ftom a large sample without replacement. If either bulb is defective, the entire lot ts 
rejected. Suppose a sample of 200 bulbs contains 5 defective bulbs. Find the probability that the 
sample will be rejected. 

SOLUTION Clearly, thesample will be rejected if at least one of the two bulbs is defective. 
Consider the following events: 


A = First bulb is defective, B = Second bulb is defective. 


Required probability 

= P(AUB) 

= 1-P(AUB) 

= 1-P(ANB) 

= 1—P(A\P(B/A) = 1-2 ye te 1 3783 _ 197 
= 1~ P(A) P(B/A)= 1-509 * 199 = 1— 3980 = 3980 


EXERCISE 30.2 


1. From a pack of 52 cards, two are drawn one by one without replacement. Find the 
probability that both of them are kings. 


2. From a pack of 52 cards, 4 are drawn one by one without replacement. Find the 
probability that all are aces. 


3. Find the chance of drawing 2 white balls in succession from a bag containing 5 red 
and 7 white balls, the ball first drawn not being replaced. 


4. ‘Abag contains 25 tickets, numbered from 1 to 25. A ticket is drawn and then another 
ticket is drawn without replacement. Find the probability that both tickets will show 
even numbers. 


5. From a deck of cards, three cards are drawn on by one without replacement. Find 
the probability that each time it is a card of spade. 
6. Two cards are drawn without replacement from a pack of 52 cards. Find the 
probability that 
(i) both are kings (ii) the first is a king and the second is an ace 
(iii) the first is a heart and second is red. 


PROBABILITY 30.25 


7. A bag contains 20 tickets, numbered from 1 to 20. Two tickets are drawn without 
replacement. What is the probability that the first ticket has an even number and 
the second an odd number. 


8. (i) An urn contains 3 white, 4 red and 5 black balls. Two balls are drawn one by one 
without replacement. What is the probability that at least one ball is black? 


(ii) A bag contains 4 white, 7 black and 5 red balls. Three balls are drawn one after 
the other without replacement. Find the probability that the balls drawn are white, 
black and red respectively. 


9. A bag contains 5 white, 7 red and 3 black balls. If three balls are drawn one by one 
without replacement, find the probability that none is red. (CBSE 2002C] 


10. Acard is drawn from a well-shuffled deck of 52 cards and then a second card is 
drawn. Find the probability that the first card is a heart and the second card is a 
diamond if the first card is not replaced. 


11. An urn contains 10 black and 5 white balls. Two balls are drawn from the urn one 
after the other without replacement. What is the probability that both drawn balls 
are black? [NCERT] 


12. Three cards are drawn successively, without replacement from a pack of 52 well 
skuffled cards. What is the probability that first two cards are kings and third cards 
drawn is an ace? [NCERT] 


13. Abox of oranges is inspected by examining three randomly selected oranges drawn 
without replacement. If all the three oranges are good, the box is approved for sale 
otherwise it is rejected. Find the probability that a box containing 15 oranges out of 
which 12 are good and 3 are bad ones will be approved for sale. 


ANSWERS 
Sal) ii (ii) as (iii) = 7. = 8. (i) 7 (ii) on 
9, 10. a 11. 2 Ve =e 13. at 


HINTS TO SELECTED PROBLEMS 
10. Consider the following events: 
A = Getting heart card in first draw 
B =Getting a diamond card in second draw 


13, ake el EP 
Required probability = P (AMB)= P(A) P(B/A) = 52 *5] ~ 204 
11. Let B; (i= 1, 2) denote the event of getting a black ball in the ith draw. 
10;. 9: . 13 


Required probability = P (B; Bz) = P (By) P (B2/B,) = 15*4 77 
12. Consider the following events: 

K, = Getting a king in first draw 

K, = Getting a king in second draw 

A3 = Getting an ace in third draw. 


<—e. 


MON, ee A 
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Required probability = P (Kj 0 Kz A3) 

Won, 22 

52; 61° 50°" 5525 

13. Let G; (i= 1, 2, 3) denote the event of getting a good orange in ith draw. 
Required probability = P (Gy A Gz G3) 

a2 11 y 29 ae 
wie a3 ~ Ol 


= P (Kj) P (K2/K,) P (A3/K, 1 Ka) = 


= P (G}) P (Go/G}) P (G3/G, CY’ Go) = 


30.5 MORE ON CONDITIONAL PROBABILITY 


In section 30.3, we have introduced the concept of conditional probability which has 
been used in multiplication theorem of probability. 


In this section, we will obtain a formula for finding the conditional probability. 
If A and B are two events associated with a random experiment, then 


P (A MB) =P (A) P (B/A), if P (A) #0 [Multiplication theorem] 
Or, P(AQMB) = P(B)P(A/B), if P (B)#0 


P (A/B) Se and P (B/A) oe 


30.5.1 PROPERTIES OF CONDITIONAL PROBABILITY 


Following are some properties of conditional probability which are stated and proved 
as theorems. 


THEOREM1 Let A and B be two events associated with sample space S, then 
0<P(A/B)s1 

SOLUTION We know that 
ANBcCB 

= P(AMB) SP (B) 


= an oe if P (B) +0 [-.- P(B)> 0] 


Also, P(AMB)20 and P(B) > 0 


P(ANB), 9 
P (B) 


Thus, we have 


P(AMB) 
Os P(B) <1 


Hence, OSP(A/B)S1 
THEOREM 2 If A is an event associated with the sample space S of a random experiment, then 
P(S/A)=P(A/A)=1 


PROOF Wehave, 
P (S/A) _P(SNA) _ P(A) =] 


P(A) ~ P(A) 
Also, p(A/A) =? OO = oye 


Hence, P(S/A)=P(A/A)=1 


PROBABILITY 30.27 


THEOREM3 Let Aand B be two events associated with a random experiment and S be the 
sample space. If C is an event such that P (C) #0, then 


P ((AUB)/C) =P (A/C) + P (B/C) - P((An B)/C) 
In particular, if A and B are mutually exclusive events, then 
P((AMB)/C)=P (A/C) + P (B/C) 
PROOF We have, 


P\(AUB)OC} 
P((AUB)/C) = ene 
= P((AUB)/C) = wee 
P(ANC)+ (BNC)-P{ANC)A(BAC)} 
(AUC) 
_~ P(ANC)+P(BAGC-PAABAYG) 
a P((AuB)/C) = =O +P eae P(ANBNC 
_ P(AQG) , P(BANC) P(ANBOC) 
= P((AUB)/C) =~ eo aG 


= P((AvB)/C) = P (A/C) +P (B/C)—P((AMB)/C) 

If Aand B are mutually exclusive events, then 
P((AmB)/C)=0 
P (A B)/C) =P (A/C) + P (B/C) 

THEOREM 4 If A and B are two events associated with a random experiment, then 
P (A/B) =1-P (A/B) 

PROOF We know that 


P (S/B)=1 [See Theorem 2] 
= P ((A U A)/B) =1 
=) P (A/B) +P (A/B)=1 [-.. Aand A are mutually exclusive] 


=> P (A/B) =1-P (A/B) 
Following examples will illustrate the applications of the formulas and properties for 
conditional probability. 

ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 If A and B are two events such that P (A) =0.5, P (B) = 0.6 and P (AU B) =0.8, 
find P (A/B) and P (B/A). 


SOLUTION We have, 
P(AUB) = P(A)+P(B)—P(ANB) 
P(AMB) = P(A)+P(B)—-P(AUB) = 05+06-08 = 03 


Now, P(A/B) = ~ CPE) cass) = 95 = 5 


~ 
ee eeeeEeEeEeEeEeEeEeEeeee—vxee—— ee ee 
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and, P (B/A) = ine => P(B/A) = ne = = 


EXAMPLE2 If Aand Bare two events such that P(A) = 0.3, P(B) = 0.6 and P (B/A) =0.5, find 
P (A/B) and P(A UB). 


SOLUTION We have, 
P (AQ B)= P(A) P (B/A)=0.3 x 0.5 = 0.15 


_ P(AQB) 0.15 _1 
P(A/B) = nay > P(A/B) = "06 = 4 
Now, P(AUB)=P(A 
—> P(AU B) = 0.3 
EXAMPLE3 J‘ = 0.5, then find P(A/B) and 
P(A UB). 
We have, 
9.3 [-.. P(A) +P(A)=1] 
Now, 
= 0.5 = P(A MB) = 0.15 
U.d 
P(ANB) _015 3 


and, P(AUB) = P(A)+P(B)- _P(ANB) = 03+07- 0.15 = 0.85 


EXAMPLE4 If A and B are two events associated with a random experiment such that 
P (A) =0.8, P (B) =0.5, P (B/A) = 0.4, find 

(i) P(ANB) (ii) P(A/B) (iti) P(AUB) 

SOLUTION (i) Wehave, 


P (B/A) =0.4 
P(BNA) _ 
=> P(A) = 0.4 


= 260°) =0.4 [-.. P(A) =0.8 (given)} 


=> P (AQ B)=0.32 
(ii) We have, 


P(A/B)=~ Som = P (A/B) => =0.64 


(iii) We have, 
P(AUB)=P(A)+P(B)—-P (ANB) 
=> P(AUB)=0.8 + 0.5 — 0.32 = 0.98 


EXAMPLES A ffir die is rolled. Consider the events A=(1,3,5},B= {2,3} and 
C= (2,3, 4,5}. Find 

(i) P (A/B) and P (B/A) (ii) P (A/C) and P (C/A) 
(iii) P(A U B/C) and P (AN B/C) 


Birt 


rrar' ne 


EE eR) ES eee See ee EER 


se. 


PROBABILITY 
SOLUTION We have, 
={1,2,3,4,5, 6], A = {1,3,5},B = {2,3} and C={2, 3, 4, 5} 


= n(S) = 6,n (A) = 3,n(B) = 2 and n(C) = 4 
od ys ars _4_2 ~ ih 
P(A)=e=5-P B)=E=5-PO=E=35-P(ANB)=—, 
ment ey a =k Ses es 
P(ANC)=¢=5-P (BAC) =F =5,P(ANBOC)=— and P (AU B)=— = 
i 1 
_P(AQB)_6_1 _~P(BAA)_6_1 
(i) P (A/B) = P(B) ~1>2 and, P(B/A)= P(A) 7173 
3 2 
1 1 
, _P(AnG)_3_1 _P(ANC)_3_2 
(ii) P (A/C) = P(C) ~2>2 and, P(C/A)= Pi(Aya Le 
3 2 
(iii) We have, 
_P(AUB)ACG) 
P(AUB/C) = P(C) 
PANG) YV(BAG) 
=> P(AU B/C) = P(©) 
erage 
_P(ANO+P(BAQGQ-P(ANBAC 3 3 6 3 
= P(AUB/C) = P(C) = 2 =i 
3 
P((ANB)AC) E 
si “, P(ANBOC)_6_1 
and, P(A NB/C)= PO) = P(C) 274 
3 


EXAMPLE6 If P(A) = , P (B) = 5 and P(A B)= ri find P (A/B) and P (B/A). 


SOLUTION We have, 
P (ACB) = P(AUB) 


= P(AQB) = 1-P(AUB) 

=> P(A‘ B) = 1-{P(A)+P(B)-P(ANB)} 
RH) es A ee ee 

=> P(ANB) = 1 3+3 rer 


P(A) = 1-P(A) = 2 and P(B) = 1-P(B) = 5 


P(AQB) _ 3/8 _ 3 P(ANB) _ 3/8 
P(A/B) = ae Up and P(B/A) = a ns 
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EXAMPLE7 A div is rolled twice and the sum of the numbers appearing on them is observed to 
be 7. What is the conditional probability that the number 2 has appeared at least once? 
SOLUTION Consider the following events : 


A = Getting number 2 at least once; 
B = Getting 7 as the sum of the numbers on two dice. 


We have, 
= {(2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6), (1, 2), (3, 2), (4, 2), (5, 2) (6, 2)} 
and, 


B = {(2,5), (5, 2), (6, 1), (1, 6), (3, 4), (4 3)} 


P(A) = 32, P(B) = ek = and P(A MB) = = 


So, Required probability = P (A/B) = Pane = es = 


EXAMPLES A black and a red dic are rolled. 


(i) Find the conditional probablity of obtaining a sum greater than 9, given that the black die 
resulted ina 5. 


(ii) Find the conditional probability of obtaining the sum 8, given that the red die resulted ina 
number less than 4, 


SOLUTION Consider the following events: 
A = Getting a sum greater than 9 
B = Getting 5 on black die 
C = Getting 8 as the sum 
D = Getting a number less than 4 on red die. 
We have, 
= ((4, 6), (6, 4), (5, 5), (6, 5), (5, 6), (6, 6)} 
= ((5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6)} 
= {(2, 6), (6, 2), (4, 4), (3, 5), (5, 3)} 
and, D = {(1, 1), (2, 1), (3, 1), (4, 1), (5, 1), (6, 1), (1, 2), (2, 2), (3, 2) 
(4, BA ee 2), (6, 2), Ss 3), i 3), (3, 2 (4, 3), (5, 3), (6, 3)} 


PA)=e=s, a 5 P(Q==,P(D)=32=5 


P(ANB)=—= ae 


a 


1 
P(CAD)===— 


los 
T 


Wi 


(i) Required probability = P (A/B)= ia: 


Il 
\O|- 


Nie |ole Ale 


(ii) Required probability = P(C/D) = Sa 
{ 


EXAMPLE9 Two integers are selected at random frum integers 1 through 11. If the sum is even, 
find the probability that both the numbers are odd. 





a es ee 


PROBABILITY 30.31 
SOLUTION Out of integers from 1 to 11, there are 5 even integers and 6 odd integers. 
Consider the following events : 

A = Both the numbers chosen are odd 

B = The sum of the numbers chosen is even. 


Since the sum of two integers is even if either both are even or both are odd. 


P(A) me , P(B) Ca Cr nd PAA 
= = ——————— AN -\ B) = -=— 
Now, 
Required probability = P (A/B) 
6c il 6 
) np = LAR) el See ees einer 
=> Required probabilit = P(B) 5G, + 5C, = 6C, + 5C, - 454+10 5 





11 CG 
EXAMPLE10 A couple has 2 children. Find the probability that both are boys, if it is known that 
(i) one of the children is a boy; (ii) the older child is a boy. (CBSE 2010] 


SOLUTION Let B; and G; stand for ith child be a boy and girl respectively. Then the 


sample space can be expressed as 
S = (B, Bo, By Go, Gy Bz, Gy Go} 


Consider the following events : 
A = Both the children are boys; B = One of the children is a boy; 
C = The older child is a boy. 

Then, A=B, By, B=B, Go, By Bo, G; By andC = B, Bz, B, Go 

SO, AMB = {B, By} and ANC = {B, B3} 


ll 
Uv 
“~~ 
p= 
™ 
Ss 
~— 

il 


(i) Required probability 


‘: aoe AGUS aL eat 
(ii) Required probability = P (A/C) P(© 2/4 = 2 
EXAMPLE11 Consider a random experiment in which a coin ts tossed and if the coin shows head 
it is tossed again but if it shows a tail then a die is tossed. If 8 possible outcomes are equally likely, 


find the probability that the die shows a number greater than 4 if it is Known that the first throw 


of the coin results ina tail. 
SOLUTION The sample space S associated with the given random experiment is 

S= ((H, H), (H, T), (T, 1), (T, 2), (T, 3) (T, 4), (i Y 5), (T, 6)}. 
Let A be the event that the die shows a number greater than 4 and B be the event that 
the first Sa of the coin results in a tail. Then, 

= ((T, 5) (T, 6)} and B = {{(T, 1), (T, 2), (T, 3), (T, 4), (T, 5), (T, 6)} 
_ P(AQB) _ n(ANB)_2_1 
Required probability = P (A/B) P(B) ~  n(B) 6-3 


EXAMPLE 12 A coin is tossed twice and the four possible outcomes are assumed to be equally 
likely. If A is the event, ‘both head and tail have appeared’, and B be the event, ‘at most one tail 
is observed’, find P (A), P (B), P (A/B) and P (B/A). 


et 


_ 3 


: 
— 


OR) eS et 


30.32 MATHEMATICS-XII 


SOLUTION Here, S = {HH, HT, TH, TT}, A = (HT, TH} and B = (HH, HT, TH}. 
AOB = {HT, TH). 





(Aye 20 in) _ 3 
en es (S) 4 2 EAs (S) 4 
and, BOGE a = s= 5 
P (A/B) = SS = a = 5 and P(B/A) = Sant s “ =; 


EXAMPLE13 A bag contains 3 red and 4 black balls and another bag has 4 red and 2 black balls. 
One bag is selected aF random and from the selected bag a ball is drawn. Let A_be the event that 


the first bag i is selected, B be the event that the second bag is selected and C be the event that the 
ball drawn is red. Find P(A), P(B), P (C/A) ¢ and P(C/B). 


SOLUTION There are two bags. Therefore, 
P (A) =3 and P(B)=5 


Now,  P(C/A) = Probability of drawing a red ball when first is selected 


= P (C/A) = Probability of drawing a red ball from first bag = : 


and, P(C/ B) = Probability of drawing a red ball from second bag = - = 5 


EXAMPLE14 A coin is tossed, then a die is thrown. Find the probability of obtaining a ‘6’ given 
that head came up. 


SOLUTION The sample space S associated to the given random experiment is given by 
= {(H, 1), (H, 2), (H73),(H, 4), (H, 5), (H, 6), (T, 1), (T, 2), (T, 3), (T, 4), (T, 5), (T,6) } 

Consider the following events : 

A =Getting head on the coin, B =Getting 6 on the dice. 

We have, - 2 
A = { (H, 1), (H, 2), (H, 3), (H, 4), (H, 5), (H, 6)) and B = {(H, 6), (T, 6)} 
Required probability = P (B/A) 

= Required probability = =e ie =e 

EXAMPLE 15 Pwo-oins.are tossed. What is the probability of coming up two heads if it is known 

that at least one head comes tp. ores _ Shae a 

SOLUTION Consider the following events : 


A = Getting at least one head, B = Getting two heads. 


We have, 
A = {HT, TH, HH} and B = {HH} 


Wil 


Required probability = P(B/A) = ~4OB) _ 1/4 _ 
P (A) 3/4 
EXAMPLE 16 An instructor has a test bank consisting of 300 easy True/False questions, 200 
difficult True/False questions, 500 easy multiple choice questions (MCQ) and 400 difficult 
multiple choice questions. If a questions is selected at random from the test bank, what is the 
probability that it will be an easy question given that it is a multiple choice question. 
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SOLUTION Consider the following events: 

E = The question selected is an easy question 

D = The question selected is a difficult question 

T = The question selected is a True/ False question 


M = The question selected is a multiple choice question. 


We have, 
Total number of questions = 300 + 200 + 500 + 400 = 1400 
_ 800 _4 600 3 500 _ 5 
PE) = F490 ~ 77" P)= 3400-77? = q400 = 14’ 
900" 2: : s2000R sa" 
PM) = 7400 “14. ono fF COM aod ae 
te 5 
; ae afes - _P(EQM) _ 14_5 
Required probability = P (E/M) P(M) 99 
i4 


EXAMPLE17 Consider the experiment of tossing a coin. If the coin shows head toss it again but 


if it shows tail then throw a die. Find the conditional probability of the event ‘the die shows a 


number greater than 4, given that ‘there is at least one tail’. , [NCERT] 
SOLUTION The outcomes of the experiment can be represented in the following tree 

| diagram. 

The sample space S of the experiment is given as 


(H, H) 


Rica) <a ee (H, T) 
(T, 1) 
(T, 2) 
(T, 3) 
Tail (1) 


(T, 4) 
(T, 5) 
(T, 6) 


Fig. 30.2 


= {(H, H), (H, 7), (T, 1), (T, 2), (T, 3), (T, 4), (T, 5), (T, 6)} 
The ee of ae elementary events are 


P(E =5%5=4 PH, Dl=5x5=4- PAT Dg Goa: 
satebabed renai-dadad P ((T,4)=5x2=12, 
PUT, 5)=5%Z=75 and, PUT, )=5x2=55: 


Consider the following events: 
A=The die shows a number greater than 4 
a eee ee 
B= There is at least one tail. 


- ate ee 


a - 


30.34 
We have, 
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A= {(T, 5), (T, 6)}, B= {(H, T), (T, 1), (T, 2), (T, 3), (T, 4), (T, 5), (T, 6)} 
and, A > B= {(T, 5) (T, 6)} 
P(B)=P ((H, T)} + P {T, 1)) + P ((T, 2)} + P {(T, 3)} + P ((T, 4)) +P {(T,5)) +P (7, 6)} 
Peed 1. 1. 3 


=> P(B)= 4*12t10tht 12+ Pot 1274 [See Fig. 30.3] 
/4 (H, H) 
Head iS =e 
2 4 ed 


1/2 
Tail (T) 





Fig. 30.3 


and, = P(AMB) =P ((T, 5)} + PT, 6) = + 


REMARK Here, the elementary events are not equally likely. So, we cannot say that 


P(B)=4,P(AnB)=2 


8 
2 
prasey=PAoD8 


8 


EXAMPLE 18 Consider the experiment of throwing a die, if a multiple of 3 comes up throw the 
die again and if any other number comes tossa coin. Find the conditional probability of the event 
‘the coin shows a tail’, given that ‘at least one die shows a 2’. 


SOLUTION The sample space of the experiment is given by 
S={(, 1), (G, 2) , 3), (3, 4), (3, 5), (3, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6) 
(1, #1), (1, T), (2, H), (2, T), (4, H), (4, T), (5, H), (5, T)} 


The probabilities of the elementary events are: 
1 


1 
PIG WG G36 P IGM =ExE=3¢/P IG =ExaL, 
| ey We | 
PIG Mm Gx G~ 3g P IG DN=ExE=3¢,P(B,6)=2x2=2, 
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ge diids Bo ee apn ah al Ls 
ahh od ele uM splvees be Le elem sls 
PUG N= Ex 6 = 3g / PG N= Exe=se, PIG Ol=ex2=a-, 
plod. plug ~igiinsids poe tAt ye eye. Yds. 
=ixses, niente edie Aen, de 
asi atte, 
Clearly, the elementary events are not Bec likely. 
Consider the following events: 
A = The coin shows a tail 
B= At least one die shows a2. 
We have, 
= {(1, Dy 2; T), (4, T), (5, T)} ,B= {(3, 2), (6, 2), (2, H), (2, T)} 
and, AN B= {(2, T)} 
sy eked de ds 2 
P(B)=P (3,2) +P (6,2) +P (2 +P (2,1) = se+aetp+=2 
1 
and, P(ANB)=P {(2, T)} = = 2 


1 
Required probability = P (A/B) = aire = ca = a = 2 
9 
EXAMPLE19 A die is thrown three times. Events A and B are defined as follows: 
A:4on the third throw 
B:60n the first and 5 on the second throw. 
Find the probability of A given that B has already occurred. 


SOLUTION There are 6x6x6=216 elementary events associated with the random 
experiment. 


We have, 
= {(1, 1, 4), (1, 2, 4), (1, 3, 4), (1, 4, 4), (1, 5, 4), (1, 6, 4),(2, 1, 4), (2, 2, 4), (2, 3, 4), 
(2, 4, 4), (2, 5, 4), (2, 6, 4), (3, 1, 4), (3, 2, 4), (3, 3, 4), (3, 4, 4), (3, 5, 4), (3, 6, 4) 
(4, 1, 4), (4, 2, 4), (4, 3, 4), (4, 4, 4), (4, 5, 4), (4, 6, 4), (5, 1, 4), (5, 2, 4), (5, 3, 4), 
(5, 4, 4), (5, 5, 4), (5, 6, 4), (6, 1, 4), (6, 2, 4), (6, 3, 4), (6, 4, 4), (6, 5, 4), (6,6,4)} 


B = (6,5, 1), (6, 5, 2), (6, 5, 3), (6, 5, 4), (6, 5, 5), (6, 5, 6)| 
and, AN B= {(6, 5, as 


P(ANB)=~—> and P(B)=—2 


He 


Now, P(A/B) = rane 


a 


|- 


N 
ON 


=> P (A/B)= ! 


a 
ON| 


N 


16 


wr ore 


A. SOL ae ae 
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EXAMPLE 20 In a hostel 60% of the students read Hindi newspaper, 40% read English 
newspaper and 20 % read both Hindi and English newspapers. A student is selected at random. 


(i) Find the probability that she reads neither Hindi nor English news papers. 
(ii) If she reads Hindi newspaper, find the probability that she reads English newspaper. 
(iii) If she reads English newspaper, find the probability that she reads Hindi newspaper. 
SOLUTION Consider the following events : 

H = Student reads Hindi newspaper. 

E = Student reads English newspaper. 


We have, 
60) Pb) = 20-2 20a 
P(H) =; 55 = =P (E)=_7= cand P(HNE)=- =e 
(i) Required probability = P (HAE) 
= P(HUE) 
= 1-P(HUVE) 
= 1-(P(H)+P(E)-P (Hn E)} 
re) ee a 
ie (342 sf as 
i 
ii i lity = _ PHONE) _5_1 
(ii) Required probability = P (E/H) P() 7373 
5 
1 
(iii) Required probability = P(H/E) = Ete Oe) eae 
(AE) -2 2 
5 


EXAMPLE 21 An electronic assembly consists of two sub-systems say A and B. From previous 
testing procedures, the following probabilities are assumed to be known. 
P(A fails) = oF fag alone)~ 0.15, P (A and B fail) =0.15. 
Evaluate the following pro 
(i) P(A fails/B has failed) (A fails ‘taney ) 
SOLUTION Consider the a, eve ae 
E=A fails, F=B fails. 


We have, 
P (A fails) =0.2 => P(E)=02 
P (A and B fails) =0.15 = P(EMF)=0.15 : 
P (B fails alone) = 0.15 
= P (EF) =0.15 
= P (F)-P (EQ F)=0.15 
= P (F)=P (EN F)+0.15 
= P (F) =0.15 + 0.15 =0.30 
(i) P(A fails/B has failed) = P(E/F) = hae = 015.1 
(ii) P (A fails alone) = P(EMF) = P(E)—P(ENE) = 0.2-0.15=0.05 
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EXAMPLE 22 Tliree distinguishable balls are distributed in three cells. Find the conditional 
probability that all the three occupy the same cell, given that at least two of them are in the same 
cell. 


SOLUTION Since each ball can be place in a cell in three ways. Therefore, three distinct 
balls can be placed in three cells in 3 x 3 x3 = 27 ways. 


Consider the following events: 

E=All balls are in the same cell. 

F= At least two balls are in the same cell. 
All balls can be placed in the same cell in three ways. 


3 
PE) = 57 
P(F) = 1-P (Balls are placed in distinct cells) 
BE ng 2 Ot 2); 
7 gt) = hm 'o7 = 457 97 


Clearly, ECF 
@ EQNF=E 


5 P(ENF)=P(E)= = 





3 
veut PEO E) 22h 
Required probability = P (E/F) = P(E) 21-7 
7 
EXERCISE 30.3 
7 9 4 
1. If P(A) = 13 P (B)= 13 and P(A B)= 13’ find P (A/B). 


2. If Aand B are events such that P(A) =0.6, P(B)=0.3 and P(AQB)=0.2, find 
P (A/B) and P (B/A). 
3. If Aand B are two events such that P (A 4 B) = 0.32 and P (B) = 0.5, find P (A/B). 
4. If P(A) =0.4, P (B) =0.8, P(B/A) = 0.6. Find P (A/B) and P (A U B). 
5. If Aand B are two events such that 
(i) P(A) =1/3, P (B) =1/4 and P (A UB) =5/12, find P (A/B) and P (B/A). 


(ii) P(A)= 2, P(B) = 2 and P(A UB)= z, find P (AB), P(A/B), P(B/A) 


et Bre) ihe, ; 
(iii) P(A) = 13’ P (B)= 13 and P(A MB) = 13’ find P (A’/B). 
6. If Aand B are two events such that 2 P(A) =P (B) => and P (A/B) == , find 


P(AUB). | 
WEP (A) =~, P'(B)=—>- andi P (AW Bye ane 
11’ 11 11’ 


(i) P(ANB) (ii) P(A/B) (iii) P (B/A) 
8. Acoin is tossed three times. Find P (A/B) in each of the following: 
(i) A= Heads on third toss, B = Heads on first two tosses 
(ii) A= At least two heads, B = At most two heads 
(iii) A= At most two tails, B = At least one tail. 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


24. 


Two coins are tossed once. Find P (A/B) in each of the following: 
(i) A= Tail appears on one coin, B = One coin shows head. 
(ii) A =No tail appears, B = No head appears. 
A die is thrown three times. Find P (A/B) and P (B/A), if 
A =4 appears on the third toss 
B=6 and 5 appear respectively on first two tosses. 


Mother, father and son line up at random for a family picture. If A and B are two 
events given by 


A =Son on one end, B = Father in the middle, find P (A/B) and P (B/A). 


A dice is thrown twice and the sum of the numbers appearing is observed to be 6. 
What is the conditional probability that the number 4 has appeared at least once? 


Two dice are thrown. Find the probability that the numbers appeared has the sum 
8, if it is known that the second die always exhibits 4. 


A pair of dice is thrown. Find the probability of getting 7 as the sum, if it is known 
that the second die always exhibits an odd number. 


A pair of dice is thrown. Find the probability of getting 7 as the sum if itis known 
that the second die always exhibits a prime number. 


A die is rolled. If the outcome is an odd number, what is the probability that it is 
prime? 

A pair of dice is thrown. Find the probability of getting the sum 8 or more, if 4 
appears on the first die. 


Find the probability that the sum of the numbers showing on two dice is 8, given 
that at least one die does not show five. 


Two numbers are selected at random from integers 1 through 9. If the sum is even, 
find the probability that both the numbers are odd. 


A die is thrown twice and the sum of the numbers appearing is observed to be 8. 
What is the conditional probability that the number 5 has appeared at least once? 
[CBSE 2003] 


Two dice are thrown and it is known that the first die shows a 6. Find the probability 
that the sum of the numbers showing on the dice is 7. 


A pair of dice is thrown. Let E be the event that the sum is greater than or equal to 
10 and F be the event “5 appears on the first-die”. Find P (E/F). If F is the event “5 
appears on at least one die”, find P (E/F). 


. The probability that a student selected at random from a class will pass in Mathe- 


matics is =, and the probability that he/she passes in Mathematics and Computer 


1 
2 
is known that he/she has passed in Mathematics? 


The probability that a certain person will buy a shirt is 0.2, the probability that he 
wili buy a trouser is 0.3, and the probability that he will buy a shirt given that he 
buys a trouser is 0.4. Find the probability that he will buy both a shirt and a trouser. 
Find also the probability that he will buy a trouser given that he buys a shirt. 


Science is =. What is the probability that he/she will pass in Computer Science if it 
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25. Inaschool there are 1000 students, out of which 430 are girls. It is known that out 
of 430, 10% of the girls study in class XII. What is the probability that a student 
chosen randomly studies in class XII given that the chosen student is a girl? 


26. Ten cards numbered 1 through 10 are placed in a box, mixed up thoroughly and 
then one card is drawn randomly. If it is known that the number on the drawn card 
is more than 3, what is the probability that it is an even number? 


ANSWERS 
Lo 2. 5 3. 0.64 4. 0.3, 0.96 
5. (i) =. (ii) 42,5 (iii) 2 6. 7 
7. (i = (ii) : (iii) 5 
s, () 5 (ii) = (iii) 9. (i) 1 (ii) 0 
10. a 11> 12. 13. ; 14. ; 15. : 16. s 17. > 
18, = 19.2 20. = Oh ge 1 23. 2 24. 0.12, 0.6 
26, 2 


HINTS TO SELECTED PROBLEMS 
6. Wehave, P(A 7 B) = P(B) P(A/B) =2 x= “4 


] 
P(AUB)=P(A)+P(B)-P(ANB)=2 +3-— => 


13 13 26 
6... So ee 
7. (i) P(ANB)=P(A)+P(B)-P(AUB)=77 +7, -37=7, 
4 
“¢ » BA GiB) a lla 
(ii) P(A/B) = mayo 7 8S 
11 
ia: 
- P(A GB ieee 
(iii) P(B/A) = Vn Ge 
11 


8. (i) We have, 
A={HHH, HTH, THH, TTH} ; B= {HHH, HHT} 


P(A/B) =4 


(ii) We have, 
A={HHH, HTH, THH, HHT}, 
B=(TTT, TTH, HTT, THT, HHT, THH, HTH} 
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P(A/B) =3 


(iii) A= {HHH, HTH, THH, HHT, THT, HTT, TTH} 
B = (THH, HTH, HHT, TTH, THT, HTT, TTT} 


P (A/B) =§ 


9. (i) We have, 

A=(TH,HT),B=(HT,TH} .». P(A/B)=1 

(ii) We have, 
A={HH),B={TT) .«. P(A/B)=0 

10. We have, 

A= {(1, 1,4), (1, 2, 4), (1, 3, 4), (1, 4, 4), (1, 5, 4), (1, 6, 4),(2, 1, 4), (2, 2, 4), (2, 3, 4), 
(2, 4, 4), (2, 5, 4), (2, 6, 4), (3, 1, 4), (3, 2, 4), (3, 3, 4), (3, 4, 4), (3, 5, 4), (3, 6, 4), 
(4, 1, 4), (4, 2, 4), (4, 3, 4), (4, 4, 4), (4, 5, 4), (4, 6, 4), (5, 1, 4), (5, 2, 4), (9, 3, 4), 
(5, 4, 4), (5, 5, 4), (5, 6, 4), (6, 1, 4), (6, 2, 4), (6, 3, 4), (6, 4, 4), (6, 5, 4), (6,6,4)) 
B = {(6,5, 1), (6, 5, 2), (6, 5, 3), (6, 5, 4), (6, 5, 5), (6, 5, 6)} 


P (A/B) ==, P(B/A)=3-. 


11. The sample space S is given by 
S = {MFS, MSF, FSM, FMS, SMF, SFM} 


We have, 
A ={MFS, FMS SMF, SFM} , B= {MES, SFM} 
2 2 
ee CAIGB) = 6" pete(AL GB)! = 65 1 
P (A/B) = P(B) 2 =1 P(B/A)= P(A) = 472 
6 6 
19. Let A = Getting two odd numbers, B = Getting the sum as an even number. 
Required probability 
5 9 5 
C 
yy ey SIC PCa 10 


P(B) = (Ae) +5C2)/9C, 4C,4+5C, 16 
25. A=Student chosen randomly studies in class XII 
B = Randomly chosen student is a girl. 





_ 430 __ 43 
P (B)=;255 and P (An B)== 
_P(AMB)_ 


30.6 INDEPENDENT EVENTS 
4 DEFINITION Events are said to be independent, if the occurrence or non-occurrence of one does 
i not affect the probability of the occurrence or non-occurrence of the other. 


Suppose a bag contains 6 white and 3 red balls. Two balls are drawn from the bag one 
after the other. Consider the events 


A = drawing a white ball in first draw; 
B = drawing a red ball in second draw, 
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If the ball drawn in the first draw is not replaced back in the bag, then events A and B 
are dependent events because P (B) is increased or decreased according as the first draw 
results as a white or a red ball. If the ball drawn in first draw is replaced back in the bag, 
then Aand Bare independent events because P (B) remains same whether we geta white 


ball or a red ball in first draw i.e. P (B) = P (B/A) and P (B) = P (B/A). 
It is evident from the above discussion that if A and B are two independent events 
associated with a random experiment, then 
P(A/B) = P(A) and P(B/A) =P (B) 
and vice-versa. 
THEOREM 1 Jf A and B are independent events associated with a random experiment, then 
P(A MB) = P(A) P (B) 
ie., the probability of simultaneous occurrence of two independent events is equal to the product 
of their probabilities. 
PROOF By multiplication theorem, we have 
P(AQNB) = P(A) P(B/A). 
Since A andB are independent events, therefore P (B/A) = P (B). 
Hence, P(AMB) = P(A) P(B). 
Q.E.D. 
THEOREM 2 If Aj, A>, ...,A,, are independent events associated with a random experiment, 
then 
P (Ay NAN A3... NA,) = P (A,) P (Ap) .-. P (An) 
PROOF By multiplication theorem, we have 
P (A, NA2 NA3ZN... A Ax) = P (A) P (A2/A)) P (A3/A1 2 Az) -- 
P (A, /A1 ANA20... A An-1) 
Since Aj, Ay, ..., Ay — 1, A, are independent events. Therefore, 
P (A>/A}) = P (A), P (A3/A1 OA?) = P (A3), «+ P (An/ Ay VA22A «-» A An-1) = P (An) 
Hence, P(AyQA2q...QA,) = P (Aj) P (Az) -.. P (An)- 
Q.E.D. 
PAIRWISE INDEPENDENT EVENTS Let Aj, A>, ...,A, be n events associated to a random 
experiment. These events are said to be pairwise independent if 


P(A; A)) = P (Aj) P (Aj) fori#j; Uj = 1,2,..,0 


MUTUALLY INDEPENDENT EVENTS Let A,,A>,...,A, be n events associated to a random 


experiment. These events are said to be mutually independent if the probability of the simul- 
faneous occurrence of any finite number of them is equal to the product of their separate 
probabilities i.e. 


P(A; A)) = P (Aj) P (Aj), for 1#j;1,j=1,2,..,n 
P(A; N Aj N Ay) = P (Aj) P (Aj) P (Ap, 
: : : : fori#j#k;i,j,k = 1,2,....,n 


P (A, O A> eee O Ay) = P (A) P (A>) ese P (A,) 
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REMARK1_ If Aj, Ap ... A,, are pairwise independent events, then the total number of condi- 
tions for their pairwise independence is "C, whereas for their mutual independences there must 
be "Co + "C34... +"C, = 2” —n—-1 condition. 

REMARK 2 It follows from the above definitions that mutually independent events are always 
pairwise independent but the converse need not be true as illustrated below: 


ILLUSTRATION 1 Alot contains 50 defective and 50 non-defective bulbs. Two bulbs are drawn 
at random, one at a time, with replacement. The events A, B, C are defined as 

A: “the first bulb is defective”, 

B : “the second bulb is non-defective”, 

C; “the two bulbs are both defective or both non-defective.” 

Determine whether (i) A, B, C are pairwise independent, (ii) A, B, C are mutually independent. 
SOLUTION We have, 


1 1 Lise lie ks deel 
P(A)=5-P(B)=5, P(C)=a x5 +5 %5 75 
P(AMB) = Probability that the first is defective and the second is non-defective 
1b ers Yr | 
= P(ANB) = 5 x 5 = 4 = P(A): PE) 
P (BAC) = Probability that both the bulbs are non-defective 
1h 3 
= P(BNC)=5 x5 = 4 = PBPO 
and, P (ANC) = Probability that both the bulbs are defective 
els oe) 
= P(ANC) = 5 x 5 = 4 = P(A)PO) 


Hence, A, B, C are pairwise independent. 


Now, P(ANBQC) = Probability that the first bulb is defective and the second 
is non-defective and the first and second are both 
defective or both non-defective 


=> P(ANBNC) = 0 
and, P(A) P(B)- P(C) = 


Clearly, P(AMBQC) # P(A) P(B)P(C) 
Thus, A, B, C are not mutually independent. 


REMARK3 In case of two events only associated to a random experiment, there is no distinction 
between their mutual independence and pairwise independence. 


THEOREM 3 If Aand Bare independent events associated with a random experiment, then prove 
that 


(i) A and B are independent events 
(ii) A and B are independent events 
(iii) A and B are also independent events. [NCERT] 
SOLUTION Since A and B are independent events. Therefore, 
P(AMB) = P(A) P (B) .»(i) 


PROBABILITY 30.43 
(i) Itis evident from the Venn-diagram that A 4 B and ANBare mutually exclusive 
events such that 
(ANB)U(AMB) = B 
Therefore, by addition theorem on probability, we have 
P(AMB)+P(AQB) = P(B) 
P(AQB) = P(B)—-P(ANB) 
P(AQB) = P(B)—P (A) P (B) [Using (i)] 
P(AQB) = P(B){1-P(A)] 
P(AQB) = P(B)P (A) 
P(AQB) = P(A) P(B) 
Thus, P(AQB) = P(A) P(B). 


Hence, A and B are independent events. 


YoeudvtveT g 


(ii) Itis clear from the Venn-diagram that AM Band 
AN Bare mutually exclusive events such that 


(ANB) U(ANB) =A 


; S 

So, by addition theorem on probability, we have - : 

P(ANB)+P(AQB) = P(A) 
= P(AQNB) = P(A)-—P(ANB) 
= P(AMB) = P(A)—P (A) P(B) [Using (i)] 
= P(AQB) = P(A)[1-P(B)] = P(A) P(B) 
Thus, P(AB) = P(A) P(B). 

Fig. 30.4 


Hence, A and B are independent events. 


(iii) We have to show that A and B are independent events if A and B are independent 
events. For this it is sufficient to show that 


P (ACB) = P(A) P(B) 
We have, 
P(AQB) = P(AUB) 
P(AQNB) = 1-P(AUB) 


= 
= P(AQMB) = 1-[P(A)+P(B)-P(ANB)] [By Add. Theorem] 
= P(AMB) = 1—[P(A)+P(B)- P(A) P(B)] [Using (i)] 
=> 


P(AQB) = (1—P(A))—P(B)(1-P(A)) 
P(AMB) = (1—P(A)) (1—P(B)) = P(A) P(B) 
Hence, A and B are independent events. 


REMARK 4 In what follows the term independent events will mean mutually independent 
events, — 


REMARK5 If A and Bare independent events associated to a random experiment, then 
Probability of occurrence of at leastone = P(A UB) 


sl 
> 
v< 
a ee eee 6 ee ee et ee | ee 
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P (A) + P(B)—-P(A QB) 

P (A) + P (B) — P (A) P (B) 

1-—[1-P (A) -P(B) +P (A) + P (B)] 

1-(1-P (A)) (1- P(B)) = 1-P(A) P(B) 

REMARK6 If Aj, Ap, ... A,, are independent events associated with a random experiment, then 


Probability of occurrence of at least one 
= P (Ay UA2U...UA,) 


1-P(A, UAV... VA,) 
1-P (A, NAQA... NA,) = 1-P (Aj) P (Ad) -.. P (Ay) 


INDEPENDENT EXPERIMENTS Two random experiments are independent if for every pair of 
events A and Bwhtere A is associated with the first experiment and B with the second experiment, 
we have 


P(AMB) = P(A) P (B) 
ILLUSTRATIVE EXAMPLES 


TypeI PROBLEMS ON PROVING THE INDEPENDENCE OR DEPENDENCE OF EVENTS 
EXAMPLE1 A coin is tossed thrice and all eight outcomes are equally likely. 

E: “The first throw results in head” F : “The last throw results in tail” 

Prove that Events E and F are independent. 

ee Let S be the sample space associated with the given experiment. Then, 


= (HHH, HHT, THH, HTH, TTH, HTT, THT, TTT} 
= {HHT, HTH, HTT, HHH}, F = (HHT, HTT, THT, TTT} 


: OF = {HHT, HTT} 


SE) ek cee ps Blt 
“ee | OGL alii 7 and P(ENF) = 6 rt 


Clearly, P(EMF) = — = P(E) P(F). 


Hence, E and F are chee events. 


EXAMPLE2 An unbiased die is thrown twice. Let the event A be ‘odd number on the first throw’ 
and B the event ‘odd number on the second throw’. Check the independence of events A and B. 
[NCERT] 
SOLUTION We have, 
Total number of elementary events = 36 
An odd number on the first throw means an odd number on first throw and any number 


on second throw. Therefore, favourable number of elementary events to event A is 
3x6= 18. 


18 _1 
CSTs 36 2 
_18_1 
Similarly, P (B) = 3672 
Now, 
P(AQB) = P Re sae an odd number on both throws) 
ee See 
= P(AMB) =e =4= 5x5=P (APB) 


Hence, A and B are independent events. 


PROBABILITY 30.45 


EXAMPLE3 Three coins are tossed. Consider the event E ‘three heads or three tails’, F ‘at least 
twoheads’ and G ‘at most two heads’. Of the pairs (E, F), (E, G) and (F, G) which are independent? 
Which are dependent? [NCERT] 
SOLUTION The sample space of the experiment is given by 

= (HHH, HHT, HTH, THH, TTH, THT, HTT, TTT} 
Clearly, E={HHH, TTT}, F = {HHH, HHT, HTH, THH} 
and, G = (HHT, HTH, THH, HTT, THT, TTH, TTT} 
Alsn EOF= aries EN 4 5 pe FG ={HHT, HTH, THH} 
2 
37 2, ,PAH=a-=— =P (G)=4 


P(ENF)=5, P(ENG)== and P(FOG)=% 


P (E)= 


Clearly, P (E 7 F) = P (E) P (F), but P (E \ G) # P(E) P (G) and P (F NG) # P (F) P(G) 
So, E and F are independents, E and G are dependent events and F and G are also 
dependent events. 
EXAMPLE 4 A fair coin and an unbiased die are tossed. Let A be the event ‘head appears on the 
coin’ and B be the event ‘3 on the die.’. Check whether A and B are independent event or not. 
[NCERT] 
SOLUTION The sample space related to the experiment is given by 
= {(H, 1), (H, 2), (H, 3), (H, 4), (H, 5), (H, 6), (T, 1), (T, 2), (T, 3), (T, 4), (T, 5) (T, 6)} 
We have, 
= {(H, 1), (H, 2), (H, 3), (H, 4), (H, 5), (H, 6)} 
B = {(H, 3), (T, 3)} 
AM B)= AGS re 


2, Pal 1 | 

P(A)=2 = >, P (B)=75 =G and P(ANB)=35,5 

Clearly, P (A 7 B) = P (A) P (B). 

Hence, A and B are independent events. 
EXAMPLE5 A die is marked 1, 2, 3, in red and 4, 5, 6 in green is toosed. Let A be the event 

‘number is even’ and B be the event ‘number ts red’. Are A and B independent? ([NCERT] 

SOLUTION We have, ; 

Nolita ti "ee a : 

P(A)===5, P(B)=>= 5 and P(AMB)=4 


Clearly, P(A B) # P (A) P (B). 
So, A and B are not independent events. 


ts 


alles 


EXAMPLE6 Events A and B are such that P (A) =F ,P(B)= = and P (not A or not B) 


State whether A and B are independent? [NCERT] 
SOLUTION We have, 


P (not A or not B) =5 


> |G2 


=> P(AUB)=4 => P(ANB)=4 = 1-P(AMB)=4 = P(ANB)= 


Clearly, P(A 1B) # P(A) P (B). 
So, A and B are not independent events. 
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EXAMPLE 7 An urn contains four tickets with numbers 112, 121, 211, 222 and one ticket is 
drawn. Let A; (i = 1, 2, 3) be the event that thei!" digit of the number on ticket drawn ts 1. Discuss 
the independence of the events Aj, Ao, Az, 
SOLUTION We have, 

P (A,) = Probability that the first digit of the number on the drawn ticket is 1. 


iets el 
P(A) = Probability that the second digit of the number on the drawn ticket is 
Ded 
P (A3) = Probability that the third digit of the number on the drawn ticket is 1 
ve 
=> I. (A3) = 4 = 9 


P (A, N Az) = Probability that first and second digits of the number on the 
drawn ticket are each equal to 1. 


=> P(A, AN Ap) = + 
P (A> a) A3) = 
1 
P (A, NA3) = 4 
and, P (Ay XN A2QA3) = Probability that all the digits of the number on the drawn 
ticket are unity 
=> P (Ay NA2NA3) = 0 


We observe that 
P (Ay N Az) = P (A}) P (A), 


P (Az NA3) = P (Ap) P (A3), P (A3 1 Aj) = P (Ag) P (A) 
But, P (Ay N Az N A3) # P (A) P (Az) P (Az). 
Hence, Aj, Az and A3 are pairwise independent but not mutually independent. 


EXAMPLE 8 A die is thrown once. If A is the event “the number appearing is a multiple of 3” 
and B is the event “the number appearing is even”. Are the events A and B independent? 


[NCERT] 
SOLUTION We have, 
5B aig, ech ae 
and, 
P (A MB) =P (Number appearing is even and a multiple of 3) 
=> P(AMB) = P (Number appearing is 6) = - 


Clearly, P(AMB) = P(A)xP(B) 
Hence, A and B are independent events. 


EXAMPLE9 In the two dice experiment, if A is the event of getting the sum of the numbers on 
dice as 11 and B is the event of getting a number other than 5 on the first die, find P (A and B). 
Are A and B independent events? 


PROBABILITY 30.47 


SOLUTION We have, 

Total number of elementary events = 36 

Number of elementary events favourable to A =2 
Number of elementary events favourable to B = 30 


Bb oxy Sh, _ 30) 3 
pd 36 18°" S°) = Beene 
Now, 
P(AMB) = P (Getting the sum of the numbers on dice as 11 when 5 does not 


occur on first die) 


ei 
~ 36 
1 L435 
Clearly P(AQMB) = 36 # 18 *6 = P(A) P (B) 


So, A and B are not independent events. 


Nie 


EXAMPLE 10 Given that the events A and B are such that P(A)== , P(A UB) == and 


P (B) =p. Find p, if they are (i) mutually exclusive, (11) independent. [NCERT] 
SOLUTION (i) If A and B are mutually exclusive events, then 
P (AU B)=P (A) + P(B) 


cee 1, 
bao. t 
= wal 2 
ban 3 AG 
(ii) If A, B are independent events, then 
P(AMB)=P(A)P(B)=5 p 
3 
P(AUB)==— 
= P (A) +P (B)-P (AN B)== 
Ly ee) 
y DRS Oe 5 
pos i 
= 1° 5 2 
1 
=> US 


EXAMPLE 11 If A and B are two events such that P (A) = r » P(B) =5 and P(A NM B)= ae r 


find P (not A and not B). [NCERT] 
SOLUTION We have, 


P(AMB)=5=4%5 =P (A) P(B) 
So, A and B are independent events. 
Now, 
P (not A and not B) = P(AQB) 
= P (not A and not B) = P(A) P(B) [-.. A and B are indepenent events] 


(poh) |p ake se hes 
=> P (not A and not B) = [1 a} 5} x3 = 3 


a ee CONOR eT ee 


LMUUEE 2 
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Type II BASED UPON THE FORMULA P (Aq B) = P (A) P(B) FOR INDEPENDENT EVENTS 
EXAMPLE12 Events E and F are independent. Find P (F), if P (E) = 0.35 and P (EU F)=0.6 
SOLUTION We have, 

P(E UF) = P(E)+P(F)-P (EOF) 


P(EUF) = P(E) +P (F)-P (E) P (F) 


P(E UF) = P(E)+P(F)(1-P (E)) 
0.6 = 0.35 + P (F) (1 — 0.35) [Substituting the values] 
0.25 = (0.65) P (F) 

0255 jo) 
PO) = 065 = 13 
EXAMPLE 13 IfP (A) =0.4, P (B) =p, P (A U B)=0.6and Aand Bare given to be independent 
events, find the value of p. 
SOLUTION Since A and B are independent events. Therefore, 

P(A QB) =P (A) P (B). 

Now, P(AUB) = P(A)+P(B)-—P (ANB) 


+ E and F are independent 
». P(EQF)=P (E) P(F) 


fo UY ies 


= P (AU B)=P (A) + P(B)—P (A) P (B) 
= P(AUB) = P(A) +P(B) (1-P(A)) 
=> 0.6 = 0.4+p (1 —0.4) 

= 0.2 = 0.6p => p = 173. 


EXAMPLE 14 Let A and B be two independent events. The probability of their simultaneous 
occurrence is 1/8 and the probability that neither occurs is 3/8. Find P (A) and P (B). 
SOLUTION Let P (A) =x and P (B)=y. 
We have, 

P(AMB)=1/8and P (AM B)=3/8. 
Now, P(ANB) = 1/8 = P(A) P(B) = 1/8 => xy = 1/8 (i) 
Since A and B are independent events. Therefore, so are A and B. 


Thus, P(AnB) == 


= P(A) P(B) =3 

= (-x(-y) == 

= 1—-x-yt+xy =: 

=> x+y —xy =2 

ar xty-3 =2 [Using (i)] 
=>  xty=4 Ai) 
Now,  (x—-y)* = (x+y)*—-4xy 


BF x—y?? = 24x == [Using (i) and (ii)] 
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=> x-y=t 


i | 


CASE | When x-y =<: 


In this case, we have 


mah ye mes ith _i _i 
x-y= 4 and xty = 7 = x => and y = 7= P(A) = 5 and P(B) = 5. 
CASE II Whenx-y = -4: 
In this case, we have 
yoy. == and i: ca and y= =NP (A) = Sandi (Bye 
4 ; en 4 4 2 


mle ane 


Hence, P(A)= 5 and P (B)= 7 or, P(A) =— ; and P (B)= 


Type IIT FINDING THE PROBABILITY OF SIMULTANEOUS OCCURRENCE FOR 
INDEPENDENT EVENTS 


EXAMPLE15 A bag contains 5 white, 7 red and 4 black balls. If four balls are drawn one by one 
with replacement, what is the probability that none is white? 


SOLUTION LetA, B, Cand D denote the events of not getting a white ball in first, second, 
third and fourth draw respectively. Since the balls are drawn with replacement. There- 
fore, A, B, C and D are independent events such that 


P(A) = P(B) = P(C) = P(D) 

There are 16 balls out of which 11 are not white. Therefore, P Os 11/16. 

Now, Required probability 
= P(ANBNCND) 


16 


EXAMPLE 16 A class consists of 80 students; 25 of them are girls and 55 boys; 10 of them are 
richand the remaining poor; 20 of them are fair complexioned. What is the probability of selecting 
a fair complexioned rich girl? 


SOLUTION Consider the following events : 
A = Selecting a fair complexioned student; 
B = Selecting a rich student; 
C = Selecting a girl. 


We have, P(A) = a 


= P(A) P(B) P(C) P(D) = (7) ) 


et 7 = 1 # <— 
= — P(B) = = 3 and P(C) 16 


Since A, B, C are ee events. ee . 
Required probability = P(AN BAC) . 


25 
80 


= Required probability = P (A) P (B) P (C) 
=> Required probability = x 4% ; x =. = = 


EXAMPLE17 A bag contains 3 red and 5 black balls and a second bag contains 6 red and 4 black 
balls. A ball is draw from each bag. find the probability that both are (i) red (ii) black. 


———Eo— SS: SS 2 “7 > oo” 


Ld ? ° 
oe oe ee = - = 


‘* . 
ome ett me Oe Shee eS OO 


eee 
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Type II BASED UPON THE FORMULA P (Aq B) = P (A) P(B) FOR INDEPENDENT EVENTS 
EXAMPLE12 Events E and F are independent. Find P (F), if P (E) =0.35 and P (EU F)=0.6 
SOLUTION We have, 

P(EUF) = P(E)+P(F)-—P(EN F) 


+ PEUA=P@+PH-POPm —[* EME 
= P(EUF) = P(E)+P(F)(1-P (E)) 

= 0.6 = 0.35 + P (F) (1 —0.35) [Substituting the values] 
= 0.25 = (0.65) P(F) 

=> 


025. 5 
PE) = 065 = 13 


EXAMPLE 13 IfP (A) =0.4, P (B)=p, P(AU B)= 0.6and Aand Bare given to be independent 
events, find the value of p. 
SOLUTION Since A and B are independent events. Therefore, 
P(A QB) =P (A) P (B). 
Now, P(AUB) = P(A)+P(B)-P (ANB) 


= P (AU B)=P (A) +P (B) —P (A) P (B) 
= P (AUB) = P(A)+P(B) (1-P (A)) 
— 0.6 = 0.4+p (1 -0.4) 

=> 0.2 = 0.6p => p = 1/3. 


EXAMPLE 14 Let A and B be two independent events. The probability of their simultaneous 
occurrence is 1/8 and the probability that neither occurs is 3/8. Find P (A) and P (B). 


SOLUTION Let P (A) =x and P (B)=y. 
We have, 
P(AMB)=1/8 and P (ANB) =3/8. 
Now, P(AQB) = 1/8 = P(A) P(B) = 1/8 => xy = 1/8 »»(i) 
Since A and B are independent events. Therefore, so are A and B. 


Thus, P (A AB) = 5 


= P (A) PB) = 3 

= (-x)-y) =5 

= 1-x-ytxy = 

= x+y —xy 2 

= xty-5 =3 [Using (i)] 
— xty=3 »++(1i) 


Now,  (x-y)? = (x+y)? —4xy 


— (x- y)* = 3 —4~x ; = + [Using (i) and (ii)] 
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CASEI When x -—y =- 


In this case, we have 


1 3 1 1 1 1 
t-y = and x+y = 7 = x= 5 and y = 7= P(A) => and P(B) = 7. 
CASE II Whenx-y = - >: 
In this case, we have 
Xx-y = = and x+y = E =x = a and y = iE = P(A) = 1 and P(B)=+ 
4 : A Sas 2 4 2 
Hence, P(A)=2 5 and P (B) =+ or, P (A) =4 and P (B) =5. 


Type III FINDING THE PROBABILITY OF SIMULTANEOUS OCCURRENCE FOR 
INDEPENDENT EVENTS 


EXAMPLE15 A bag contains 5 white, 7 red and 4 black balls. If four balls are drawn one by one 
with replacement, what is the probability that none is white? 


SOLUTION LetA, B, C and D denote the events of not getting a white ball in first, second, 
third and fourth draw respectively. Since the balls are drawn with replacement. There- 
fore, A, B, C and D are independent events such that 


P(A) = P(B) = P(C) = P(D) 


There are 16 balls out of which 11 are not white. Therefore, P > = 11/16. 
Now, Required probability 


= P(ANBNCNOD) 


1) 
= P(A) P(B) P(C)P(D) = ie 


EXAMPLE 16 A class consists of 80 students; 25 of them are girls and 55 boys; 10 of them are 
rich and the remaining poor; 20 of them are fair complexioned. What is the probability of selecting 
a fair complexioned rich girl? 
SOLUTION Consider the following events: 
A = Selecting a fair complexioned student; 
B = Selecting a rich student; 
C = Selecting a me 
Wehave, P(A) = 2° = 7 P(B) = © = = and P(C) = 
Since A, B, C are aes, events. Therefore., 
Required probability = P(A MN BOC) 


25 _ 5 


80 16 


=> Required probability = P (A) P (B) P(C) 
=> Required probability = J ax ; x 2. = 6 = 


EXAMPLE17 A bag contains 3 red = 5 black balls and a second bag contains 6 red and 4 black 
balls. A ball is draw from each bag. find the probability that both are (i) red (ii) black. 
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SOLUTION (i) Let A be the event that a red ball is drawn from first bag and B be the 
event that a red ball is drawn from the second bag. Then, A and B are independent 
events such that 


P (A)=" and p (B) =o. 


Required probability = P(AMB) = P(A) P(B) = 3x2 = a 
(ii) Let A and B be the events of drawing a black ball from first and second bag 
respectively. Then, A and B are independent events such that P(A)=5/8 and 


P (B) = 4/10. 


Required probability = P(AMB) = P(A) P(B) = a ae 


8% 19 = 4 
EXAMPLE 18 A police-man fires four bullets on a dacoit. The probability that the dacoit will be 
killed by one bullet is 0.6. What is the probability that the dacoit is still alive? 
SOLUTION Let A;;i=1,2,3,4 be the event that the dacoit is not killed by the i” bullet. 
Then, P (A;) = 1 —0.6 = 0.4. 
Now, Probability that the dacoit is still alive 
= P (Ay M Ag ON A3 A Ag) 
= P (A)) P (Ap) P (A3) P (A) [Since all 4 shots are independent] 
= (0.4)* = 0.0256. 
EXAMPLE 19 Two dice are thrown. Find the probability of getting an odd number on the first 
die and a multiple of 3 on the other. 
SOLUTION Consider the following events : 
A = getting an odd number on first die, 
B = getting a multiple of 3 on the second die. 
We have, A = {1,3,5} and B = (3, 6} 


aw eae 
P(A) = § = 5 and P(B) =F =3 
Now, Required probability = P (AM B) 
= P(A) P (B) 
= 5X5 = : [A and B are independent events] 
Type IV FINDING THE PROBABILITY OF OCCURRENCE OF AT LEAST ONE EVENT FOR 
INDEPENDENT EVENTS 


EXAMPLE 20 A bag contains 5 white, 7 red and 8 black balls. Four balls are drawn one by one 
with replacement, what is the probability that at least one is white? 


SOLUTION Let A; be the event that ball drawn in ith draw is white 1 <i <4. 


Since the balls are drawn with replacement. Therefore, A;, Ap, A3, Aq are independent 
events such that 


P(A) = = = 415 =1,2,3,4. 


Now, Required probability 
= P (Aj U A> U A3U Ay,) 


PROBABILITY 30.51 
= 1-P(A,) P (Ap) P (A3) P (A4) [-.- Ay, Az, A3, Ay are independent] 


4 
(3 
4 
ao 21 A problem in mathematics is given to 3 students whose chances of solving it are 


5 7 z What is the probability that the problem is solved? 


aero Let . B,C be Be respective events of solving the problem. Then, 
P(A)= , P (B) = 5 and P(C)=— 
Clearly fA B, Care scaieaated event and the problem is solved if at least one student 
solves it. 

Required probability 

= P(AUBUC) 
1-P(A) P(B) P(C) 


1 1 i Lip ak 
te Ge) Goa 
EXAMPLE 22 A can solve 90% of the problems given in a book and B can solve 70%. What is 


the probability that at least one of them will solve the problem, selected at random from the book? 
SOLUTION Let E and F be the events defined as follows : 


E = Asolves the problem, F = Bsolves the problem. 


Clearly, E and F are independent events such that 


Dies gAU ee Sy 
ES) ="T00 ~ 10 38S Gato eet 
Now, 
Required probability = P (EU F) 
=> Required probability = 1 — P(E) P(F) [-.- E and F independent events] 
, ddtcs ed eee le eee 
= Required probability = 1 [3 ale mile 1 10~ 10 0.97 


EXAMPLE 23 The odds against A solving a certain problem are 4 to 3 and the odds in favour of 
B solving the same problem are 7 to 5. Find the probability that the problem will be solved. 


SOLUTION Weare cis that 


=30 
P (A)= es +377 [-.- odds against are 4 to 3] 
and P(B) = ae eee pe [-.- odds in favour are 7 to 5] 
7+5 12 ; 


The problem will be solved if at least one of them solves the problem, that is, we are 
interested to find P (Au B). Since A and B are independent events. 


a Teas G 
P(AUB) = 1—P(A) P(B) = (9 | age = 31 


EXAMPLE 24 The probability that a teacher will give an unannounced test during any class 
meeting is 1/5. If a student is absent twice, what is the probability that he will miss at least one 
test? 


| 
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SOLUTION Let E; be the event that the student misses i” test (i = 1, 2). Then E, and E, 
are independent events such that 


1 
P(E}) = & = P(E). 
Required probability = P(E, UE,) 
= Required probability = 1-— P(E) P (E>) [-,: E,, Ez are independent] 


ala)-8 


EXAMPLE 25 A machine operates if all of its three components function. The probability that 
the first component fails during the year is 0.14, the second component fails is 0.10 and the third 
component fails is 0.05. What is the probability that the machine will fail during the year? 


SOLUTION Consider the following events: 


=> Required probability 


A = First component of the machine fails during the year 

B = Second component of the machine fails during the year 

C = Third component of the machine fails during the year 
We have, 


P(A) = 0.14, P(B) = 0.10 and P(C) = 0.05 
Clearly, the machine will fail if at least one of its three components fails during the 
year. 


Required probability = P(AUBUC) 
Required probability = 1—P(AUBUC) 
Required probability = 1—P (AN BNC) 


. eqge A D Ta! er 4 B, 
Required probability = 1- P(A) P (B) P(C) decemiatt | 


Required probability = 1 —(1-—0.14) (1 — 0.10) (1 — 0.05) 
Required probability = 1 — (0.86) (0.90) (0.95) = 0.2647 
EXAMPLE 26 If two switches S; and S5 have respectively 90% and 80% chances of working. 


$uy vd 


Find the probabilities that each of the following circuits will work. 





Fig. 30.6 
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SOLUTION Consider the following events : 
A = Switch S, works, B = Switch Sj works. 


We have, 


90 9 80. 8 
100 ~ 19 2°48) = Fog = 40 


(i) The circuit will work if the current flows in the circuit. This is possible only when 
both the switches work together. Therefore, 


Required probability = P (A MB) 


P(A) = 


= Required probability = P (A) P (B) | [-.. A and B are independent events] 
=> Required probability = 2 x = 
=> Required probability = = = = 


(ii) The circuit will work if the current flows in the circuit. This is possible only when 
at least one of the two switches S, , Sp works. Therefore, 


Required Probability = P (AU B) 
= Required Probability = 1 —P (A) P (B) [-. A, Bare independent events] 


bd «ye — = 9 a 8 
= Required Probability = 1 - -(? 70 7 [1 70 i 

, or 1 32s 49 
=> Required Probability = 1—- 10 ~*10 7 50 


EXAMPLE 27 Whiat is the probability that series circuit in Fig. 30.7 with three switches 


S; , 52 and S3 with probabilities - : and rh respectively, of functioning will work? 


SOLUTION Consider the following events : 
A = Switch S, works, B = Switch Sy works and C = Switch S3 works 


Fig. 30.7 
We have, 


P(A) =3 , P(B) = Sand P(C) = 


idles 
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Clearly, current flows through the circuit if switches $;, $2 and S3 work together. 


Required probability = P (AM BOC) 


=> Required probability = P (A) P (B) P (C) [-.- A, B, C are independent events] 
badd 
=> Required probability = xo a 9 


EXAMPLE 28 A coin is tossed and a die is thrown. Find the probability that the outcome will be 
a head or a number greater than 4, or both. 


SOLUTION Let A be the event of getting head in a single toss of a coin and B be the 
event of getting a number greater than 4 in a throw of a die. Then, 


Din vid 
P(A) = > and P(B) ea a 
Required probability = P(A U B) 
> Required probability = 1—P (A) P (B) [-. A and B are independent events] 
= Required probability = 1—- : = | [3 - 3| 
=> Required probability = 5 


EXAMPLE 29 In two successive throws of a pair of dice, determine the probability of getting a 
total of 8 each time. 


SOLUTION Let A denote the event of getting a total of 8 in first throw and B be the event 
of getting a total of 8 in second throw. Then, 


P(A) = 2 and P(B) = 2 


a a = P(AMB) 


= Required probability = P (A) P (B) [-» A, Bare independent events] 
= Required probability = 2 x 2. = so 


EXAMPLE 30 Probabilities of solving a specific problem independently by A and B are and 


; respectively. If both try to solve the problem independently, find the probability that 


(i) the problem is solved (ii) exactly one of them solves the problem. [NCERT] 


SOLUTION Let E be the event that the problem is solved by A and F be the event that 
the problem is solved by B. eae we have 


P(E) = 5 and P (F) = ; 


(i) The problem is solved if at least one of A and B solves the problem. Therefore, 
Required probability = P(E U F) 


=> Required probability = 1-—P (F) P (F) [:.. A, B are independent events] 
= Required probability = 1—|1 -5 1 -3] = é 
(ii) Required probability = P(E) + P (F)—2 P(E F) 


= Required probability = P(E)+P(F)-—2P (E) P (F) 
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=> Required probability = 5 + ; —%) x3 ee 
ers a 
= Required probability = a aigaag 


EXAMPLE 31 A scientist has to make a decision on each of the two independent events I and II. 
Suppose the probability of error in making decision on event I is 0.02 and that on event IT is 0.05. 
Find the probability that the scientist will make the correct decision on 

(i) both the events (ii) only one event 


SOLUTION Consider the following events : 
A = Scientist will make the correct decision on event / 


= Scientist will make the correct decision on event I] 


We have, 
P(A) = 1-0.02 = 0.98 and P(B) = 1-0.05 = 0.95 
(i) Required probability = P (AN B) 
= Required probability = P (A) P (B) [-.. A and B are independent events] 
= Required probability = 0.98 x 0.95 = 0.931 


(ii) Required probability 
= Probability of occurrence of exactly one of A and B 
= P(A)+P(B)-—2P (ANB) 
= P (A) + P (B) —2P (A) P (B) [-.. A and B are independent events] 
= 0.98 + 0.95 —2 x 0.98 x 0.95 = 0.068 
EXAMPLE 32 A town has two fire extinguishing engines functioning independently. The 
probability of availability of each engine, when needed, is 0.95. What is the probability that 
(i) neither of them is available when needed? 


(ii) an engine is available when needed? 
(iii) exactly one engine ts available when needed? 


SOLUTION Let A denote the event that first engine is available when needed and B, the 
event that second engine is available when needed. Then, 


P(A) = P(B) = 0.95 


(i) Required probability = P (A a. B) 

= Required probability = P (A) P (B) [-.. A, B are independent] 
=> Required probability = (0.05) x (0.05) = 0.0025 

(ii) Required probability = P(A UB) 

=> Required probability = 1—P (A) P(B) 

= Required probability = 1 — (0.05) (0.05) [-.- A, B are independent] 
=> Required probability = 0.9975 


(ii) Required probability = P(A)+P(B)-2P (ANB) 
= Required probability = P (A) + P(B)—2 P(A) xP (B) 
3 Required probability = 0.95 +0.95-2 0.95 x 0.95 = 0.095 
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EXAMPLE 33 A company eh estimated that the probabilities of success for three products 


introduced in the market are = 3 Ree and 5 respectively. Assuming independence, find 


(i) the probability that the three products are successful. 
(ii) the probability that none of the products is successful. 


SOLUTION Consider the following events : 


A = First product is successful, and B = Second product is successful, 
C = Third product is successful 
We have, 


P(A) = 57 P(B) = = and P(C) = = 


(i) Required probability = P(AMNBNC) 

=> Required probability = P (A) P (B) P (C) [-.. A, B, C are independent events] 
=> Required probability = oe = — = ‘fs 

(ii) Required probability = P(A NBC) 

= Required probability = P (A) P (B) P(C)|-.. A, B, Care independent events] 
=> Required probability = > =x 5 ae = = 


EXAMPLE34 Acanhita target 4 times in 5 shots, B 3 times in 4 shots, and C 2 times in 3 shots. 
Calculate the probability that 

(i) A,B,Call mayhit (ii) B,C may hit and A may lose . 
(iii) any two of A, Band C will hit the target [CBSE 2005] 
(iv) non of them will hit the target. [CBSE 2005] 


SOLUTION Consider the following events: 
E = Ahits the target, F = B hits the target and G = C hits the target 


We have, P(E) = = = /P() = and P(G) = = 


(i) We have, 
Required probability = P (EMF AG) 


= Required probability = ‘ (E) P(F) P(G) [-. A, B, C are independent events] 
- 4,3,2_2 
=> Required probability = =x5 4°37 5 


(ii) We have, 
Required probability = P(E AF AG) 


=> Required probability = P (E) P(F) P(G) [-.. A, B, C are independent events] 
= Required probability = (3 5). ri x 2 = 0 


(iii) We have, 
Required probability = P(EQFOG)UENFNG)UENFnrG)) 
=> Required probability = P(EQFAG)+P (ENF OG)+P(ENFAG) 
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= Required probability = P(E) P (F) P(G) + P (E) P (F) P(G) P (G) + P (E) P (F) P(G) 


4.3.1 1, 352 see 
5 4 3 5 8 ee eee) 


= Required probability 


(iv) Required probability = P (E NER G) = P (E) P (F) P (G) = = x 


1 
4 
EXAMPLE 35 A combination lock on a suitcase has 3 wheels each labelled with nine digits from 
1 to 9. Ifan opening combination is a particular sequence of three digits with no repeats, what is 
the probability of a person guessing the right combination? 

SOLUTION Let A;;i=1, 2,3 be the event that the digit on ith wheel occupies the correct 


position. Then, > 
Required probability = P (Aj VN A2NA3) 
= Required probability = P (Aj) P (Az /A}) P (A3/A, NA?) = x 3 xo = =r : 
EXERCISE 30.4 


1, A coin is tossed thrice and all the eight outcomes are assumed equally likely. In 
which of the following cases are the following events A and B are independent? 
(i) A = the first throw results in head, B = the last throw results in tail 
(ii) A = the number of heads is odd, B= the number of tails is odd 
(iii) A = the number of heads is two, B = the last throw results in head 


~ 


Prove that in throwing a pair of dice, the occurrence of the number 4 on the first die 
is independent of the occurrence of 5 on the second die. 
3. Acard is drawn from a pack of 52 cards so that each card is equally likely to be 
selected. In which of the following cases are the events A and B independent? 
(i) A =the card drawn is a king or queen 
B = the card drawn is a queen or jack 
(ii) A = the card drawn is black, B = the card drawn is a king 
(iii) B= the card drawnisa spade, B= the card drawn in an ace 


4. Acoin is tossed three times. Let the events A, B and C be defined as follows : 
A = first toss is head, B = second toss is head, and 
C=exactly two heads are tossed in a row. 
Check the independence of (i) A and B (ii) Band C and (iii) Cand A 


5. If Aand B be two events such that P(A) =1/4, P(B)=1/3 and P (AU B)=1/2, 
show that A and B are independent events. 
6. Given two independent events A_and B such that P (A) = 0.3 and P (B) = 0.6. Find 
(i) P(ANB) (ii) P(AQNB) (iii) P(ANB) (iv) P(ANB) 
(v) P(AUB) (vi) P(A/B) (vii) P(B/A) 
7. If P(not B) = 0.65, P (A U B)=0.85, and A and B are independent events, then find 
P (A). 
8 If A and B are two independent events such that P (AB) = 2/15 and 
P(AMB)=1/6, then find P (B). 
A and B are two independent events. The probability that A and B occur is 1/6 and 
the probability that neither of them occurs is 1/3. Find the probability of occurrence 
of two events. 
10. If Aand B are two independent events such that P (A U B) =0.60 and P (A) =0.2 
find P (B). 


9 
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11. Adie is tossed twice. Find the probability of getting a number greater than 3 on each 
toss. 


12. Given the probability that A can solve a problem is 2/3 and the probability that B 


can solve the same problem is 3/5. Find the probability that none of the two will be 
able to solve the problem. 


13. An unbiased die is tossed twice. Find the probability of getting 4, 5, or 6 on the first 
toss and 1,2, 3 or 4 on the second toss. 


14. Abag contains 3 red and 2 black balls. One ball is drawn from it at random. Its colour 
is noted and then it is put back in the bag. A second draw is made and the same 
procedure is repeated. Find the probability of drawing (i) two red balls, 

(ii) two black balls, (iii) first red and second black ball. 


15. Three cards are drawn with replacement from a well shuffled pack of cards. Find 
the probability that the cards drawn are king, queen and jack. 


16. Anarticle manufactured by a company consists of two partsX and Y. In the process 
of manufacture of the part X, 9 out of 100 parts may be defective. Similarly, 5 out of 
100 are likely to be defective in the manufacture of part Y. Calculate the probability 
that the assembled product will not be defective. 


17. The probability that A hits a target is 1/3 and the probability that B hits it, is 2/5. 
What is the probability that the target will be hit, if each one of A and B shoots at 
the target? 


18. Ananti-aircraft gun can take a maximum of 4shots at an enemy plane moving away 
from it. The probabilities of hitting the plane at the first, second, third and fourth 
shot are 0.4, 0.3, 0.2 and 0.1 respectively. What is the probability that the gun hits 
the plane? 

19. The odds against a certain event are 5 to 2 and the odds in favour of another event, 
independent to the former are 6 to 5. Find the probability that (a) at least one of the 
events will occur, and (b) none of the events will occur. 

20. One card is drawn at random froma pack of well-shuffled deck of 52 cards. In which 
of the following cases are the events A and B are independent: 

(i) A= The card drawn is a spade, B = The card drawn is an ace 
(ii) A= The card drawn is black, B = The card drawn is a king [NCERT] 
(iii) A= The card drawn is a king or a queen, B = The card drawn is a queen or 
a jack. 

21. A coin is tossed thrice. In which of the following cases are the events A and B 
independent? 

(i) A= The first throw results in head, B = The last throw results in tail. 
(ii) A =The number of heads is two, B = The last throw results in head 
(iii) A = The number of heads is odd, B = The number of tails is odd. 

22. Adie is thrown thrice. Find the probability of getting an odd number at least once. 

23. Two balls are drawn at random with replacement from a box containing 10 black 
and 8 red balls. Find the probability that 

(i) both balls are red 
(ii) first ball is black and second is red. 
(iii) one of them is black and other is red. [NCERT] 

24. An urn contains 4 red and 7 black balls. Two balls are drawn at random with 


replacement. Find the probability of getting (i) 2red balls (ii) 2 blue balls 
(iii) one red and one blue ball. [CBSE 2007] 
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ANSWERS 
1. (i) (ii) 3. (ii) and (iii) 
4. (i) independent (ii) dependent (iii) independent 
6. (i) 0.18 (ii) 0.12 (iii) 0.42 
(iv) 0.28 (v) 0.72 (vi) 0.3 (vii) 0.6 
07? 8. ors 9. P(A)==, P(B)=orP(A) =a 
7a 3’ 2 2! 3 
1 2 ea age: te a ree 
10.05 11. 4 12. 15 13. 3 14. (i) 2 (ii) as (iii) 55 
15, se 16. 0.8645 17. 5 18. 0.696 19. (a) 25 2 0) = 20. (i), (ii) 21. (i) 
22 923, 2 (ii) 2 Gi) 2 | oa Gy) 22a Gy 
3 a ai os 121 


HINTS TO SELECTED PROBLEMS 


2. Here, n(S) = 36, A = {(4,1), (4,2), (4,3), (4, 4), (4,5), (4, 6)} 
and B = {(1, 5), (2, 5), (3, 5), (4, 5), (5, 5), (6, 5)}. 
So, A A B = {(4, 5)}. Now, show that P (A 4 B) =P (A) P (B) 
12. Required probability = P (A a B) =P (A) P (B) 
16. Let, A= Part X is not defective, B= Part Y is seeing 


Required probability = P (A 7 B) = P (A) P (B) =~ ante x 


17. Required probability = P (AU B)=1-P (A) P (B) 
18. The gun hits the plane, if it hits the plane in at least one shot. 
. Required probability = 1 — (1 — 0.4) (1 — 0.3) (1 — 0.2) (1 - 0.1) 
= and P (B)=~2 
(a) So, required probability = P(A U B)=1-—P (A) P (B) 
(b) Required probability = P(A 4 B)=P (A) P (B). 


22. Let A; denote the event of getting an odd number in i™ throw, i=1, 2, 3. Then, 





19. Let A and B be the events. Then, P (A) = 


P(A) = : =5; i=1,2,3. 


= Required probability = P(A; U Az U As) 


=» Required probability = 1—P (Aj) P (A) P (A3) 
= Required probability = 1 “| - | = | 3 =) at 


30.7 MORE ON THEOREMS OF PROBABILITY 


In the previous sections, we have discussed those problems based on addition and 
multiplication on theorems which require the use of only one of the two theorems. In 
this section, we will discuss problems based upon the use of both the theorems. 
Following examples will illustrate the same. 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 A bag contains 4 white and 2 black balls. Another contains 3 white and 5 black 
balls. If one ball is drawn from each bag, find the probability that 

(i) both are white; (ii) both are black 
(iii) one is white and one is black. 


SOLUTION Consider the following events : 
W, = Drawing a white ball from first bag. 


W.2 = Drawing a white ball from second bag. 

B, = Drawing a black ball from first bag. 

By = Drawing a black ball from second bag. 
Clearly, P(W;)=4/6, P(B,)=2/6, P (W2)=3/8 and P (B2)=5/8. 
(i) P (both balls are white) 


= P [(white ball from 1st bag) and (white ball from 2nd bag)] 
=P (W, GN W>) 


P (W,) P (W2) [-.. W, and W) are independent events)] 
(es ames | 


ae, Cornel | — tree 


6 8 4 
(ii) P (both balls are black) 
= P [(black ball from 1st bag) and (black ball from 2nd bag)] 
= P(B, NB) 


P (B,) P (Bo) [-.. B, and B, are independent events] 
24-5) 175 


a6. 8i- 24 
(iii) P (one white ball and one black ball) 
= P [(black from 1st and white from 2nd) 
or ( white from 1st and black from 2nd)] 


= P[(B} NW) U (W, 7 B,)] 
= By add. theorem for 
= P(B, 0 W) + P (Wy Ba) mutually exclusive aed 
-,» By, and W>; By and W 
= P(B ° 24 2 2 ] 
SE V2) BW) P (Bo) ae pairs of independent peel 


EXAMPLE2 A box contains 3 red.and.5 blue balls. Two balls are drawn one by one at a time at 
random without replacement. Find the probability of getting 1 red and 1 blue ball. 


SOLUTION Consider the following events : 
R, = Getting a red ball in first draw, R, = Getting a red ball in second draw, 
B, = Getting a blue ball in first draw, B, = Getting a blue ball in second draw. 
Now, P (one red and one blue ball) 
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=P [(red ball in first draw and blue ball in second draw) or 
(blue ball in first draw and red ball in second draw)] 


= P [(R, a) Bo) U (B, a) R>)j 
= P(Ry NO Bz)+P (By QR) [by add. Theo. for mutually exclusive events] 
P (R) P (B>/R,) + P (B,) P (R>/By) 


gg Bee Pog 


EXAMPLE3 Two cards are drawn from a well shuffled pack of 52 cards without replacement. 
What is the probability that one is a red queen and the other is a king of black colour ? 


SOLUTION Consider the following events 
R; = getting a red queen in ith draw ;1 = 1,2. 
K; = getting a black king in ith draw ;i = 1,2 
Now, Required probability 
= P (Ri A K5) U(K, 0 Ro) 
= P (Ry 0 Ka) + P (Ky 0 Rp) 
P (Ry) P (K2/ Ry) + P (Ky) P (Ro/ Ky) 


BO) 2) "Crea een 
Bc,“ Sic, * 52¢, 51C, 


2 2) eo 

oz OL 52°°51} 663 
EXAMPLE 4 Two cards are drawn without replacement from a well shuffled pack of 52 cards. 
Find the probability that one is a spade and other is a queen of red colour. 


SOLUTION Consider the following events : . 


S; = getting a spade card in ith draw; 1=1,2 
Q; = getting a red queen in ith draw; i= 1,2 
Now, Required probability 
=P (S1 NVQ) Y(Q9 S2)) 
= P(S11Q2) +P (Qi). 59) 
P (Sj) P (Q2/5S,) + P (Q)) P (S2/Q)) [By add. Theorem] 


ISG, 2a, 2G; ea 


— OS eeemenecal> » < — 
seen 1G, Oe, “Wow 





EXAMPLE 5 A bag contains 5 white and 3 black balls. Four balls are successively drawn out 
without replacement. What is the probability that they are alternately of different colours? 


SOLUTION Let W; denote the event of drawing a white ball in ith drawn and B; denote 
the event of drawing a black ball in ith draw, where i = 1, 2, 3, 4. Then, 

Required probability 

= P [(W, Bon W3 2 Bg) U (B, MN W229 B3 A W4)] 


ee ee 


———— oe |}! _ 
—_— ee. 





pana 
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= P (W; 1 By 0 W329 By) + P (By AQ W229 Ba Wy) [By add. Theorem] 
= P (W)) P (B,/W)) P (W3/W, mM B>) P (By/W, Cr’ Bo Cr’ W3) 


+ P (By) P (W2/B)) P (B3/B, A Wa) P (W4/B, A W220 Bs) 
[By Multiplication Theorem] 


EXAMPLE 6 Cards are numbered 1 to 25. Two cards are drawn one after the other. Find the 
probability that the number on one card is multiple of 7 on the other it is a multiple of 71. 


SOLUTION Two cards can be drawn in the following mutually exclusive ways : 
(i) First card bears a multiple of 7 and second bears a multiple of 11 
(ii) First card bears a multiple of 11 and second bears a multiple of 7. 


Thus, if we define the following events : 
A, = First card drawn bears a multiple of 7, 


Az =Second card drawn bears a multiple of 7, 
B, = First card drawn bears a multiple of 11, 
By = Second card drawn bears a multiple of 11. 


Then, Required probability 
= P [(Ay 1B) U (B, 9 Ap) 
= P(A, Bp) + P (By N Az) [By add. Theorem] 


= P(A) P (B2/A}) + P (By) P (A2/B}) .--(i) 


There are three multiples of 7 viz. 7, 14, 21 and 2 multiples of 11 viz. 11, 22 between 1. 
and 25. 


P (By) = Se, P (A2/B1) = 3 


las edhe Nes 


2, P (B2/A,) = x, 
Substituting these values in (i), we have 
Required probability = ee es 
25 24 25° 24 50 
EXAMPLE7 Bag A contains 4 red and 5 black balls and bag B contains 3 red and 7 black balls. 
One ball is drawn from bag A and two from bag B. eal re probability righ oul ofS Balls graay, 


two are blackand one is red. 
SOLUTION Two black and one red ball can be drawn in two mutually exclusive ways: 
(I) Drawing one black ball from bag A and two balls from bag B out of which one is 
black and other is red 
(II) Drawing one red ball from bag A two black balls from bag B. 


Thus, if we define the following events : 


P (A) = 





E, = Drawing a black ball from bag A 

E> = Drawing one red-and one black ball from bag B 
E3 = Drawing one red ball from bag A 

E, = Drawing two black balls from bag B. 


37. 7 
ae _ C1 X Cy | 21 AO ats 
Then, P (E}) ~ Qf P (E2) a 10C, 45° P (E3) = = =,P (Ex) = = 0G, = 15 
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Now, P (Two black balls and one red ball) 


= P [(1 black from bag A and one red and one black from bag B) or 
(one red from bag A and 2 black from bag B)] 


= P (lor ID) 

= P(LUII) 

= P[(Ey N Eg) UV (E39 Ey)] 

= P(E; VN E2)+ P (E30 £4) [By add. Theorem] 
= P(E) P (E>) + P (E3) P (Eq) {By mult. Theorem] 


5 21 A ir ibe 


—s — —-- ———s - 22e st —— = — -_— == 


9° 45 9° 15 “135° 45 


EXAMPLE8 Three groups of children contain 3 girls and 1 boy; 2 girls and 2 boys; 1 girland 3 
boys respectively. One child is selected at random from each group. Find the chance that the three 
selected comprise one girl and 2 boys. 


SOLUTION One girl and 2 boys can be selected in the following mutually exclusive ways: 


group 1 group 2 group 3 
(I) girl boy boy 
(II) boy girl boy 
(Ili) boy boy girl 


Thus, if we define G,, Gz, G3 as the events of selecting a girl from first, second and third 
group respectively and By, B>, Bz as the events of selecting a boy from first, second and 
third group ine Then B,, Bo, B3, Gj, = G3 are independent events such that 


P(G}) = =» P(G>) = ‘, P(G3) = =, P(B)) = i, P(B>) = :, P (Bs) = 3 


Now, 
P (1 girl and 2 boys) 
= (lor If or II) 
=P(IUTvUID) 
= P [(G,; 0 B21 B3) U (By A G2 N B3) U (By A Bx ON G3)] 
= P (G,] 0 B20 B3) + P (By A G2 0 B3) + P (By A Ba AN G3) 
= P (G1) P (Bp) P (B3) + P (By) P (Go) P (B3) + P (By) P (Bo) P(G3) 
Siu 2~ 3 180 oii g2e eae Oe Oe are 


A 4 44 a ae BaD on aoe 


EXAMPLE9 The probabilities of A, B, C solving a problem are 1/3, 2/7 and 3/8 respectively. If 
all the three try to solve the problem simultaneously, find the provepiity that exactly one of them 
can solve it. _ 

SOLUTION Let E,, Ez, Ez be the events that the problem is solved by A, B, C respectively. 
Then, 


P(E;) = 3, P(E9) = 5 = and P (E3) = 


Exactly one of A, B al C can solve the mie st in the following mutually exclusive 
ways : 

(1) Asolves and B and C do not solve i.e. E) 0 Ena E3 

(il) Bsolves and A and C donot solve i.e. E, NE, E3 


' , . 3 a2) 
nn ee ee 





ihe ' 


‘ 
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(III) Csolvesand A and B donot solve i.e. FE, 0 Ex E3 
Required probabilty 
P (1 or II or III) 


Pp [(E, E> VE) U (Ey r) E> A E3) U (E AEA E3] 


P (Ey A E> 7) E5) +P (Ey a E> 0 E3) +P (E, NEA E3) 
P (E,) P (Ez) P (E3) + P (Ey) P (Ep) P (E3) + P (Ey) P (Ep) P (Es) 


CAMELOT 


olen G7 86°78 168° 42°28 56 


EXAMPLE 10 Tliree critics review a book. Odds in favour of the book are 5: 2,4: 3 and 3:4 
respectively for three critics. Find the probability that the majority are in favour of the book. 


SOLUTION Let A, B, C denote the events that the book will be reviewed favourably by 
the first, the second and the third critic respectively. Then A, B, C are independent events 
and we are given that 


Die 5. i Tat See ll) ae: 
Bao 7 BH Gag = 7 and PO) = 3a 7 


The book will be it, reviewed by the majority of the reviewers if at least two 
(out of three) review it favourably. This happens in any one of the following mutually 
exclusive ways : 

(I) 1st favours, 2nd favours and third does not favour i.e. AM BAC 


(II) 1st favours, 2nd does not favour and third favours i.e. AN BAC 


(11) 4st does not favour, 2nd favours and third favours i.e. ANBNC 
(IV) 1st favours, 2nd favours and third also favours i.e. AN BOC 


So, required probabilty 
=P(IUNIUITIUIV) 
= P(ANBNC)U(ANBNOC)V(ANBAQU(ANBNYG 
= P(ANBAC)+P(ANBNO+P(ANBNOC+P(ANBNC) 
[..- four events are mutually exclusive] 
P (A) P(B) P(C) + P(A) P(B) P(C)+ P(A) P(B) P(C) +P (A) P (B) P(C) 
[-.. A, Band C are independent] 


P(A) = 


3 i 
DF OG OD EIST ARTES aS LST ea aa 
_ 804+45+244+60 209 
343 — 343 


EXAMPLE 11 A, B and C shot to hit a target. If A hits the target 4 times in 5 trials; B hits it 3 
times in 4 trials and C hits 2 times in 3 trials; what is the probability that the farget is hit by a 
least 2 persons? 

SOLUTION Let E1, Ez, E3 be the events that A hits the target, B hits the target and C hits the 
target se ae Then, Ej, E>, . are Bir aot events such that 


P(E,) = =, P(E) == q and P(E3) = =. 


PROBABILITY 30.65 


The target is hit by at least two persons in the following mutually exclusive ways : 
(I) A hits, B hits and C does not hit i.e. Ey N Ey Ez 


(Il) A hits, B does not hit and C hits i.e. Ey NE, E3 
(III) A does not hit, B hits and C hits i.e. E; NE, 0 E3 
(IV) A hits, B hits and C hits i.e. E} N Eg Eg 
So, required probability 
=P(IUI UII UIV) 
= P [(Ey Q Ey NE3) U (Ey 9 Ez E3) U (Ey 0 En 1 E3) U (Ey A En 0 E3)] 
= P (Ey NE2 AM E3) + P (Ey N Ep A Es) + P (Ey 0 Ex 0 Ex) + P (Ey Q E29 Es) 
[-.. Four events are mutually exclusive] 
= P (E;) P (Ep) P (E3) + P (Ey) P (Ep) P (Es) 
+ P (E,) P (Ea) P (E3) + P (E) P(E>) P (Es) [-.- Ey, Ez and E3 are indep.] 


Deer Meee eee | 
5 4°3°5 4°35 5 4° Gnomes 
el 2 A 2 aD 
5°15°10 5° 6 
EXAMPLE 12 A speaks truth in 60% of the cases and B in 90% of the cases. In what percentage 
of cases are they likely to contradict each other in stating the same fact? [CBSE 2003] 


SOLUTION Let E be the event that A speaks truth and F be the event that B speaks truth. 
Then, E and F are independent events such that 


=O = 2 soi Oe eee 
BEY 790 5 8Nt E NE) Selo 
A and B will contradict each other in narrating the same fact in the following mutually 


exclusive ways : 
(I) Aspeaks truth and B tells a lie i.e. EM F 
(I} A tells a lie and B speaks truth i.e. EA F 


P (Aand B contradict each other) 
= P(lorll) = Pu) 


= P[ENF)U(ENP)] 
= P(EQF)+P (ENF) [En Fand EF are mutually exclusive] 
= P(E) P(F)+ P(E) P (EF) [-.. Eand F are in dep.] 


5 10 Oe LOSS O10 10 = 100 


Hence, in 42% cases A and B are likely to contradict each other. 


EXAMPLE 13 The odds against a husband who is 45 years old, living till he is 70 are 7 : 5 and 
the odds against his wife who is now 36, living till she is 61 are 5 : 3. Find the probability that 
(i) the couple will be alive 25 years hence, 
(ii) exactly one of them will be alive 25 years hence, 
(iii) none of them will be alive 25 years hence, 
(iv) at least one of them will be alive 25 years hence. 


SOLUTION Let A be the event that the husband will be alive 25 years hence and B be the 
event that the wife will be alive 25 years hence. Then, A and B are independent events 
such that 


P(A) = 725 = 


= 3*(1-yo}+{1- ace = oxox ——— 


5 


2 OLS 
qo One EE) = Pea 


00/09 


NE ee ee ee et: ee 


————I-, 
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(i) P (couple will be alive 25 years hence) 

= P(Aand B) = P(ANB) 
P (A) P (B) [-. A and B are independent events] 
Ba Op. .D 


= — == oo 


Soi ae 3O 


(ii) Exactly one of them will be alive 25 years hence in two mutually exclusive ways: 
(I) Husband will be alive 25 years hence and wife will not i.e. A. B 
(II) Wife will be alive 25 years hence and husband will not i.e. AN B 


P (Exactly one will be alive 25 years hence) 


= P(lorIl) 

= P(ANB)U(ANB) 

= P(AN B) +P (A 7 B) [AN Band AN Bare mutually exclusive] 
= P(A) P(B)+P (A) P (B) [-.- A, B are independent events] 


5 3 5) 3 
(1-3)? 1-5)» 8 
5507.3 46 _ 23 
Soest 19° 8 96 48 


(iii) P (None of them will be alive 25 years hence) 


= P(ANB) 
= P (A) P (B) [-.. A, B are independent events] 
12 ='8}|, 0 12 “18> 196 
(iv) P (At least one of them will be alive 25 years hence) 
= 1—P(A) P(B) [-.. A, B, are independent events] 


) 3 85. 61 
a ple aa|t qm 96 ~ 96 
EXAMPLE14 A bag contains 3 white, 3 black and 2 red balls. One by one, three balls are drawn 
without replacing them. Find the probability that the third ball is red, 
SOLUTION Let O;be the event of drawing a ball other thana red ball in ith draw and Ri 
be the event of drawing a red ball in ith draw (1 <i <3). 
A red ball can be drawn in third draw in the following mutually exclusive ways : 


(I) First draw gives an other colour ball, second draw gives an other colour ball and 
the third draw gives a red ball i.e. O; N O27 R3. 


(II) First draw gives a red ball, second draw gives other colour ball and the third 
draw gives a red ball i.e. R; NO2N Rg 


(III) First draw gives an other colour ball, second draw gives a red ball and the third 
draw gives a red ball i.e.O; A Ry R3 


P (Third ball is red) 
= P(lorII or II) 
= PQUTVUIT ; 


= P[(01 VO2N Kz) V (Ry N020 Rg) UV (O71 ARAN Rz)] 


= P (0; X02 R3) +P (Ry NO20 R3) + P (01; A Ro ARs) 
[-.. Events are mutually exclusive] 


PROBABILITY 30.67 


= Pp (O;) P (O2/0}) P (R3/O, MY O2) +P (Rj) P (O2/R}) P (R3/ Ry oa) O>) 
+ P(O;)P (Ro/O}) P (R3/O, M Ro) 


EXAMPLE 15 The probability of student A passing an examination is 3/7 and of student B 
passing is 5/7. Assuming the two events “A passes”, “B passes”, as independent, find the 
probability of : 


(i) Only A passing the examination 
(ii) Only one of them passing the examination 
SOLUTION Consider the following events : 


E, =A passes the examination, E; = B passes the examination. 
eee =o 
We have, P(E,) = 4 and P(E>) = 5 


(i) Required probability. 
= P(E, N Ep) 


= P (E;) P (E>) 


ox 1-2 2508 
27 7) 49 


(ii) Required probability 
= P[(E, VN Ey) U (E, 9 Ep)] 


- E, and E> are independent 
.. E, and E, are also independent 


= P (E; TN E>) +P (E, a E>) fs E, M E> and E, -Y E> el 


mutually exclusive events 


= P(E,) P (E>) + P (E;) P (Ep) 


3/,_9 Bs a 25 
at 7)+(2 ee 


EXAMPLE16 There are three urns A, B and C. Urn A contains 4 white balls and 5 blue balls. Urn 
B contains 4 white balls and 3 blue balls. Urn C contains 2 white balls and 4 blue balls. One ball is 
drawn from ea eacirof these tins. What is the probability that out of these three balls drawn, two are 
white balls and one is a blue ball? 


SOLUTION Consider the following events: 
E, = Ball drawn from urn A is white, 


.- E, and Ep; E, and E> are 
are independent events 


- E, = Ball drawn from urn B is white, 


E3 = Ball drawn from urn C is white 


Then, P(E\) = 5 P(E,) = 5 and P(Es) = 2 = 5 


P (E,) = Ball drawn from umn A is blue = 1-P(E})=1-2= 


Olu 
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P (E>) = Ball drawn from urn B is blue = 1 — P (E2) =1- 


coin NI) 
Ae NJ [G9 


and, P (E3) = Ball drawn from urn C is blue = 1 — P (E3) = 1—- 
Now, two white balls and one blue ball can be drawniin the Piling mutually exclusive 
ways: 
(I) White from urn, white from urn B and blue from urn C i.e. Ey A Ey N E3 
(Il) White from urn A, blue from urn B and white from urn C ie. E; NE, 0 E3 
(Ill) Blue from urn A, white from urn B and white from urn C i.e. E, N Ey N E3 
Required probability 
= P (I) +P (Il) + P (Ill) 
= P(E, NE, E3) + P (Ey N Ep 0 Es) + P (Ey NE2 Es) 
= P(E}) P(E) P(E3) + P (Ey) P(E>) P(E3) + P (Ey) P(E2) P(E3) 
[-.. E,, Eo, E3 are independent events] 
es 2 AIL 541 A 
Soe? 3 °9 7° 3°97" 3 189" 
EXAMPLE 17 A certain team wins with probability 0.7, loses with probability 0.2 and ties with 


—— 


probability 0.1 the team plays three games. Find the probability that the team wins at least two 
of the games, but not lose. 


SOLUTION Let W;,L; and D;;i = 1,2,3 denote respectively the events that the team 
wins, loses and ties the ith game. Then, 


P (W;) = 0.7, P(L;) = 0.2 and P (Dj) = 0.1;7 = 1,2,3 
Now, Required probability 
= P (Team wins at least two games and does not lose any game) 
= [(W1 A W209 D3) U (Wy N D2 1 W3) VU (D1, A Wa 2 W3) U (Wy 9 Wo 1 W3)] 
= P (Wy A Wo 9 D3) + B (Wy AND 2A W3) + P (Dy NW 2 W3) + P (W, A W227 Ws) 
= P(W)) P (Wa) P(D3) + P (Wy) P(D2) P (W3) + P (D,) P (W2) P (W3) 
+ P(W,) P(W2) P (W3) 
= (0.7) (0.7) x 0.1 + (0.7) x (0.1) x (0.7) + (0.1) x (0.7) x (0.7) + (0.7) (0.7) (0.7) 
= (0.049) x3+0.343 = 0.49 


EXAMPLE18 A clerk was asked to mail three report cards to three students. He addresses three 
envelopes but unfortunately paid no attention to which report card be put in which envelope. 
What is the probability that exactly one of the students received his or her own card? 


SOLUTION Consider the following events : 
A = First report card is put in the correct envelope. 
B = Second report card is put in the correct envelope. 


C = Third report card is put in the correct envelope. 
We have, 


P(A) = P(B) = PQ) = 5. 


PROBABILITY 30.69 
Required probability 

= P [Exactly one of the report cards is put in the correct envelope] 

= P(A)+P(B)+P(C)-2[P(ANB)+P(BNC)+P(CONA)]+3P(ANBAC) 

= 3P(A)-2[P (A) P (B/A) + P (B) P (C/B) + P(A) P(C/A)] 


+3 P(A) P(B/A)P(C/ANB) 
= 3x3 2/53 +53 +53 | +3 GBD XI 
it Se 
=1-2x5+5 me: 


ALITER Required probability 

=P[(ANBAC)UV(ANBNC)VU(ANBNC)] 

= P(ANBNC)+(ANBONC)+P(ANBNC) 

=P(A)P(B/A) P(C /A NB) + P(B) P(A /B)P (C /BNA)+P(C)P(A/C)P (B/ANC) 
1 1 al Loa 


gXltgxaxl+3x5x!l 


EXAMPLE19 Neelam is taking up subjects Mathematics, Physics and Chemistry. She estimates 
_ that her probabilities of receiving grade A in these courses are 0.2, 0.3 and 0.9 respectively. If the 
grades can be regarded as independent events, find the probabilities that she receives. 
(i) All A’s (ii) No A’s (iii) Exactly two A’s 
SOLUTION Consider the following events : 





E = Neelam receives grade A in Mathematics 


F = Neelam receives grade A in Physics 


G= Neelam receives grade A in Chemistry. 
Then, P(E) = 0.2, P(F) = 0.3and P(G) = 0.9 
(i) Required probability 
= P(ENFNG) 
= P(E) P(F) P(G) [-.. E, F, G, are independent events] 
= 0.2x0.3x0.9 = 0.054 | 
(ii) Required probability 
= P(ENF NG) 
= P (E) P (F) P (G) [-.. E, F, G, are independent events] 
= 0.8x 0.70.1 = 0.056 
(iii) Required probability 
= P[(EN FENG) U(ENENG) U(ENENG)] 
= P(ENFNG)+P(EQFAG)+P(ENFOG) Fi 


—_— 


———————EeEewe 


ae 8 et eee ae a eS ee yn Pr 4 eo 
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= P(E) P (F) P(G)+ P(E) P (F) P(G) +P (E) P (F) P(G) 
= 0.20.3 x 0.1 +0.8 x 0.3 x 0.9 + 0.2 x 0.70.9 
= 0.006 + 0.216 +0.126 = 0.348. 


EXAMPLE 20 A doctor claims that 60% of the patients he examines are allergic to some type of 
weed. What is the probability that (i) exactly 3 of his next 4 patients are allergic to weeds? 
(ii) none of his next.4 patients is allergic to weeds? 


SOLUTION Consider the following events : 
A = First patient is allergic to weeds 
B =Second patient is allergic to weeds 
C= Third patient is allergic to weeds 
D = Fourth patient is allergic to weeds 


Clearly, A, B, C, D are independent events such that 


P(A) = P(B) = P(C) = P(D) = =~ - : 

(i) Required probability 
= P[(ANBACND)|VU(ANBACND)U(ANBACAD)U(ANBACOHD 
= P(ANBACND)+RKARABACND)+RQAABACND)+P(ANBACNA 


= P(A) P(B) P(C) P(D)+P (A) P (B) P(C) P(D) +P (A) P (B) P (C) P(D) 


+ P(A) P(B) P(C) P(D) 
= 5%5%5%515%5%5%5 1 5%5%5%5 15% 5%E%S ~ 625 
(ii) Required probability 
= P(ANBNCND) 
= P(A) P(B) P(C) P(D) = 2) - ee 
(5 625 


EXAMPLE 21 If each element of a second order determinant is either zero or one, what is the 
probability that the value of the determinant is positive? (Assuming that the individual entries 


of the determinant are chosen independently, each value being assumed with probability *) 


My, 442 


SOLUTION Let the given determinant be A = eae ape where aj, = Oor1;1,j = 1,2 
PAL aisPaf 








We observe that A <0, if a,; = 0 oraz, = 0. Therefore, 
neither a3; = Onoraz, = 0 = ay, = Ao = 1 
Also, when a, = 49 = 1, we observe thatA = 0, if aj) = a>, = 1. 
Thus. we must have . 
M31 = 422 = 1 and ayo # 1,43; #1 
- So, we have the following possibilities: 
Qj = 422 = 1, a2 = 1, ao, = O 


PROBABILITY 30.71 


My, = 422 = 1, a2 = 0, ag, = 1 
M1 = 422 = 1, 442 = O, ay = O 


Required probability = P (ay; = a@22 = 1,a;2 = 1,@2; = 0) 


+ P (ayy = @22 = 1,442 = 0,42, = 1) 


+P (aq, = 422 = 1,442 = 421 = 0) 
_ 1,1, re arene 
2.. 222) FD Dea eee ee. 
oe 
16 


EXAMPLE 22 An electric system has open-closed switches $1, Sp and S3,as shown in Fig. 30.8. 
The switches operate independently of one another and the current will flow from A to B either 


if S, is closed or if both S> and S3 are closed. If P (S;) = P(S3) = P (S3) = > find the 
probability that the circuit will work. 
SOLUTION Required probability 


= P(S; U(S2 9 $3)) 

: P ($1) + P (S29 $3) - P(S A(S2.S3)) 
= P(S,)+ P (S21 S3) — P (83 N$20 $3) 

P (S1) + P (S9) P (S3) — P ($3) P (S2) P (S3) 


| Sah it shes 
mee. 9: 9 "92-30 
eae! 
B.A 8 
_2 
8 


— NS _ 





Fig. 30.8 


| EXAMPLE 23 Two persons A and B throw a die alternately till one of them gets a ‘three’ and 
wins the yame. Find their respectively probabilities of winning, if A begins. 


SOLUTION We define the following events. 
E = Person A gets a three, F = Person B gets a three. Clearly, 





a a 
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P(E)=4, P(F)=2, P(E)=1-2=2 and P(F)=1-2=2 
6 6 6 
A wins if he throws a ‘three’ in 1st or 3rd or 5th... throws. 
His probability of throwing a ‘three’ in first throw = P (E) =2 
A will get third throw if he fails in first and B fails in second throw. 
Probability of winning of A in third throw 
2 
ERAERE)=P(E) P(E OD yt (O) 
= P(ENFOE)=P(E) P(F) P(E)=— x <e-[6) X= 
Similarly, we have 
Probability of winning of A in fifth throw 
=P(EAFAENFNE) 
= P (E) P (F) P(E) P (F) P(E) 
= 2 pF 5) 1 
= (P (E))° (P (F))* P(E) = fe) xe 
and so on. 
Hence, probability of winning of A 
= P[EU(ENFNE)U(ENENEN ENE) v...] 
= P(E)+P(EQNENE)+P(ENENENENE) +... 
2 4 
leone ole (5:)) 1 
= 44(5f 24(8 2+. 
=- 4.4 E a+ar+ar +... “ise 
1-(6/6) 
Thus, probability of winning of B = 1 — Probability of winning of A = 1- 2 2. 


EXAMPLE 24 A and B throw alternately a pair of aice. A wins if he throws 6 before B throws 7 
and B wins if the throws 7 before A throws 6. Find their respective chance of winning, if A begins. 


SOLUTION 6can be thrown with a pair of dice in the following ways: (1, 5), (5, 1), (4, 2), 
(2, 4), (3, 3). 


So, probability of throwing a ’6’ == 


and, probability of not throwing a ‘6’ = 1 -~> =>. 


Now, 7 can be thrown with a pair of dice in 6 ways, viz. (1, 6), (6, 1), (2, 5), (5, 2), (4, 3), 
(3, 4). 


So, probability of throwing a ‘7’ = 


probability of not throwing a “7’ = 


Let E and F be two events defined as: 
E = throwing a ‘6’ ina single throw of a pair of dice, and 
F = throwing a ‘7’ ina single throw of a pair of dice 


PROBABILITY aoe 
9 a al 1 = 5 

Then, P(E)= 3, P(E)= 3, PP) =e and P(F)=% 

A wins if he throws ‘6’ in 1st or 3rd or 5th ... throws. 

Probability of A throwing a ‘6’ in first throw = P (E) = 2 


A will get third if he fails in first and B fails in second throw. 


Probability of A throwing a ‘6’ in third throw 


P(EQFEQE)=P(E) P(F) P(E)=Sex2 xe 
Similarly, probability of A throwing a ‘6’ in fifth throw 
=P(ENENENENE) 
= P(E) P(F) P(E) P (F) P(E) 


aft Re 2 ee and so on 
| 36 6} 36 
Hence, probability of winning of A 


= P(EU(ENENE)U(ENENENEONE)v...) 
= P(E)+P(ENEFQNE)+P(ENEQEQENE) +... 


2 
5 (31,5) 5 (315) 5 
i 36 *(36*6)* 36" (36% 6) S36 05 
¥ 5/36 00 
~ 1-(31/36) x (5/6) 61° 
Thus, probability of winning of B=1-20= 2. 


EXAMPLE 25 Three persons A, B, C throw a die in succession till one gets a ‘six’ and wins the 
game. Find their respective probabilities of winning, if A begins. 


SOLUTION Let E be the event of ‘getting a six’ ina single throw of an unbiased die. Then, 


P(E) =4 and P(E)=1-7=2. 


A wins if he gets a ‘six’ in 1st or 4th or 7th ... throw. His probability of getting a ‘six’ in 
first throw = P(E) = S. 


A will get fourth throw if he fails in first, B fails in second and C fails in third throw. 
Probability of winning of A in fourth throw 
Tie a et 5) 1 
= P(ENENENE) = P@PHPHPO-(§) X= 
Similarly, the probability of winning of A in 7th throw 


6 
5 1 
-(5) X= and so on. 
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Hence, probability of winning of A 


nO Iv (6\) J me 21/6)» 96 
CEG) 1G (6) 6° 4576s 91 


B wins if he gets a ‘six’ in 2nd or 5th or 8th or ... throw. 


eel 


3) 
6)6 39 


—_— -—- — ee 


¥ 5yY 91 
iat) 


WE ian (20,30). 25 
Hence, probability of winning of C=1 & +a) 





Probability of winning of B 


EXERCISE 30.7 
1. Abag contains 6 black and 3 white balls. Another bag contains 5 black and 4 white 


balls. If one ball is drawn from each bag, find the probability that these two balls 
are of the same colour. 


2. Abag contains 3 red and 5 black balls and a second bag contains 6 red and 4 black 
balls. A ball is drawn from each bag. Find the probability that one is red and the 
other is black. 


3. A bag contains 4 white and 5 black balls and another bag contains 3 white and 4 
black balls. A ball is taken out from the first bag and without seeing its colour is put 
in the second bag. A ball is taken out from the latter. Find the probability that the 
ball drawn is white. 


4. One bag contains 4 white and 5 black balls. Another bag contains 6 white and 7 
black balls. A ball is transferred from first bag to the second bag and then a ball is 
drawn from the second bag. Find the probability that the ball drawn is white. 


5. A speaks truth in 75% and B in 80% of the cases. In what percentage of cases are 
they likely to contradict each other in narrating the same incident? 


6. Kamal and Monica appeared for an interview for two vacancies. The probability of 
Kamal’s selection is 1/3 and that of Monika’s selection is 1/5. Find the probability 
that 

(i) both of them will be selected (ii) none of them will be selected 
(iii) at least one of them will be selected (iv) only one of them will be selected. 


7. A bag contains 3 white, 4 red and 5 black balls. Two balls are drawn cne after the 


other, without replacement. What is the probability that one is white and the other 
is black? 


8. A bag contains 8 red and 6 green balls. Three balls are drawn one after another 
without replacement. Find the probability that at least two balls drawn are green. 


9. Arun and Tarun appeared for an interview for two vacancies. The probability of 
Arun’s selection is 1/4 and that of Tarun’s rejection is 2/3. Find the probability that 
at least and of them will be selected. 


10. Anurncontains 10 white and 3 black balls. Another urn contains 3 white and 5 black 
balls. Two are drawn from first urn and put into the second urn and then a ball is 
drawn from the latter. Find the probability that it is a white ball. 
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11. 


12, 


13. 


14. 


15. 


16. 


17. 


18, 


19. 


20. 


21. 


24. 


Two cards are drawn froma well shuffled pack of 52 cards, one after another without 
replacement. Find the probability that one of these is red card and the other a black 
card? 


Tickets are numbered from 1 to 10. Two tickets are drawn one after the other at 
random. Find the probability that the number on one of the tickets is a multiple of 
5 and on the other a multiple of 4. 


In a family, the husband tells a lie in 30% cases and the wife in 35% cases. Find the 
probability that both contradict each other on the same fact. 


A husband and wife appear in an interview for two vacancies in the same post. The 
probability of husband’s selection is 1/7 and that of wife’s selection is 1/5. What is 
the probability that 

(a) both of them will be selected? 

(b) only one of them will be selected? 

(c) none of them will be selected? 


A bag contains 7 white, 5 black and 4 red balls. Four balls are drawn without 
replacement. Find the probability that at least three balls are black. 


A,B, and Care independent witness of an event which is known to have occurred. A 
speaks the truth three times out of four, 5 four times out of five and C five times out of 
six. What is the probability that the occurrence will be reported truthfully by majority 
of three witnesses? 


A bag contains 4 white balls and 2 black balls. Another contains 3 white balls and 
5 black balls. If one ball is drawn from each bag, find the probability that 
(i) both are white 
(ii) both are black 
(iii) one is white and one is black 


A bag contains 4 white, 7 black and 5 red balls. 4 balls are drawn with replacement. 
What is the probability that at least two are white? 


Three cards are drawn with replacement from a well shuffled pack of cards. Find 
the probability that the cards are a king, a queen and a jack. 


Abag contains 4 red and 5 black balls, a second bag contains 3 red and 7 black balls. 
One ball is drawn at random from each bag; find the probability that the (i) balls 
are of different colours (ii) balls are of the same colour. 


Acan hit a target 3 times in 6 shots, 5 : 2 times in 6 shots and C: 4 times in 4 shots. 
They fix a volley. What is the probability that at least 2 shots hit? 


The probability of student A passing an examination is 2/9 and of student B passing 
is 5/9. Assuming the two events : ‘A passes’, ‘B passes as independent, find the 
probability of : (i) only A passing the examination (ii) only one of them passing the 
examination. 


. There are three urns A, B, and C. Urn A contains 4 red balls and 3 black balls. Um 


Bcontains 5 red balls and 4 black balls. Urn C contains 4 red and 4 black balls. One 
balls is drawn from each of these urns. What i is the probability that 3 balls drawn 
consist of 2 red balls and a black ball? 


A bag contains 6 red and 8 black balls and another bag contains 8 red and 6 black 
balls. A ball is drawn from the first bag and without noticing its colour is put in the 
second bag. A ball is drawn from the second bag. Find the probability that the ball 
drawn is red in colour. 


ee ee eee dl 
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25. A and B take turns in throwing two dice, the first to throw 9 being awarded the 
prize. Show that their chance of winning are in the ratio 9 : 8. 


26. A,BandC in order toss a coin. The one to throw a head wins. What are their 
respective chances of winning assuming that the game may continue indefinitely? 


27. Three persons A, B, C throw a die in succession till one gets a ‘six’ and wins the 
game. Find their respective probabilities of winning. 


28. Aand B take turns in throwing two dice, the first to throw 10 being awarded 
the prize, show that if A has the first throw, their chance of winning are in the ratio 
yeah 

29. There are 3 red and 5 black balls in bag ‘A’; and 2 red and 3 black balls in bag ‘B’. 
One ball is drawn from bag ‘A’ and two from bag ‘B’. Find the probability that out 
of the 3 balls drawn one is red and 2 are black. 

30. Fatima and John appear in an interview for two vacancies in the same post. The 


probability of Fatima’s selection is , and that of John’s selection is = What is the 

probability that 

(i) both of them will be selected? 

(ii) only one of them will be selected? 
(iii) none of them will be selected? 

31. Abag contains 8 marbles of which 3 are blue and 5 are red. One marble is drawn at 
random, its colour is noted and the marble is replaced in the bag. A marble is again 
drawn from the bag and its colour is noted. Find the probability that the marble will 
be 

(i) blue followed by red. 
(ii) blue and red in any order. 
(iii) of the same colour. 


32. An um contains 7 red and 4 blue balls. Two balls are drawn at random with 
replacement. Find the probability of getting . 
(i) 2 red balls 
(ii) 2 blue balls 
(iii) One red and one blue ball. 


33. Acard is drawn from a well-shuffled deck of 52 cards. The outcome is noted, the 
card is replaced and the deck reshuffled. Another card is then drawn from the deck. 
(i) What is the probability that both the cards are of the same suit? 


(ii) What is the probability that the first card is an ace and the second card is a 
red queen? 


VA,” Two balls are drawn at random with replacment from a box containing 10 black and 


~4 


8 red balls. find the probability that (i) both the balls are red. (ii) first ball is black 
and second is red. (iii) one of them is black and other is red. (CBSE 2005] 


35.>Two cards are drawn successively without replacement from a well-shuffled deck 
of cards. Find the probability of exactly one ace. 


36. A and B toss a coin alternately till one of them gets a head and wins the game. If 
A starts the game, find the probability that B will win the game. 

37. X is taking up subjects —- Mathematics, Physics and Chemistry in the examination. 
His probabilities of getting grade A in these subjects are 0.2, 0.3 and 0.5 respectively. 
Find the probability that he gets ee ae 

(i) Grade A in all subjects (ii) Grade A in no subject 
(iii) Grade A in twosubjects. mass [CBSE 2005] 
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38. Out of 100 students, two sections of 40 and 60 are formed. If you and your friend 
are among 100 students, what is the probability that: (i) you both enter the same 


section? (ii) you both enter the different section? (CBSE 2008] 
ANSWERS 
4 21 31 29 ; 
1, 47 pk: 40 3. 32 4, 63 5. 35% 
| ea Reet 7 wea. 5 
6. (i) 5 (ii) 5 (iii) 5 (iv) : 7: 9 
5 1 59 26 4 
8. 3 9. 7 10. 130 11. 51 12. 45 
res | cue: sci es 23 
13. 0.44 14. (i) 32 (ii) 5 (iii) Fe 15. se 
107 = Teg a 18 67 
16. 120 17. (i) 4 (ii) >A (iii) 74 18. 256 
6 .. 43 Pete Y/ 2 
19, 7197 20. (i) 90 (ii) 90 21 3 
3 ’ 17 59 42, 
22. (i) 8/81 _—-: (ii) ~+43/81 23. 7) 24. 105 26. 7'7 
36 30 25 39 res] ete way 24 
27. 9191 77" 80 B08 Gi) 5 (i) 35 
be 5 vy 15 eres Wf 
hall) Ga (i) 39 (iil) 39 Ba) To aot Gi) py GH) Oy a 
33. (i) 4 (ie a 34. (i) 81 (ii) 31 (iii) 81 
a5 36. 4 37. (i) 0.03 — (ii) :0.28 (iii) 0.22 
221 3 
38. (i) 25 (ii) 25 


1. Let consider the following events : 


B; = getting a black ball from i bag aT, 
= getting a white ball from ia bag “i 
So, required probability = P (Fi a B2)) U (1 la W>)) Big ee 


gy J 


HINTS TO SELECTED PROBLEMS 


Bs «ee 


= P (By O Ba) + P (Wy MO W)) 
= P(B,) P (B2) + P (W4) P (W2) 


6. Consider the following events : K= Kamal is selected M = Monica is selected. Then, 
P(K) = 1/3, P (M) =1/5. n? 
(i) Required probability = P (K A M) = P (K) P (M) 96 X07 xoe 
(ii) Required probability = P (KM M) = P (K) P (M) Uo ¥7 
(iii) Required probability = 1—P (K) P(M) 
(iv) Required probability = P (K MM) +P (K AM) =P (K) P (M) +P (K) P(M) 
9. Required probability =1-— P(A) P(T)=1 -( = i) 3) 


e — me 
aieméemincuten. ccanse ste eas ou vs 
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11. Required probability = P [(R and B) or (B and R)] = P (RQ B) +P (BOR) 
26. 26 26.26 26 
= P(R) P (B/R) + P (B) P (R/B) = 59 5, + 59% 5175] 
12. Let, Aj= getting a multiple of 5 inith draw, B;= getting a multiple of 4 in i® draw; 
i= 1, 2. 
Required probability = P [(A; A Bz) U P (By N Apd)) 
= P(A, Cr" Bo) + P (B, M Ap) 
=P (A}) P (B>/A}) + P (B,) P (A>/B,) 


| oe 
10 9 10 9 


20. (i) Required probability P (Ri A Bg) U (By A R2)) 
= P (Ry) 0 P(B2) + P (Ro) 0 P (By) = P (Ry) P (Bz) + P (Ro) P (By) 
ye AC 
9*10*9~ 10 
(ii) Required probability = P(Ri A Ro) U (BL A B2)) 
= P (Ry A Ro) + P (By A Bo)= P (R;) P (Ro) + P (By) P (Bo) 


a3 57 
9* 10" 910 


21. Required probability 

= P[(AN BANC) V(ANBNOQV(ANBNAOYV (ANBNO)] 

= P(ANBNC)+P(ANBONC)+P(ANBNC)+P(ANBNC) 

= P(A) P(B) P(C) + P(A) P(B) P (C) + P(A) P (B) P(C) + P(A) P (B) P (C) 
30.8 THE LAW OF TOTAL PROBABILITY 


THEOREM (Law of Total Probability) Let S be the sample space and let E, E>, ..., E,, ben 


mutually exclusive and exhaustive events associated with a random experiment. If Ais any event 
which occurs with E, or Es or... or E,, then 


P(A) = P(E) P(A/E,) + P (Ep) P (A/Ep) +... + P (Ey) P (A/Ey). 


PROOF Since Ej, E>, ..., E, are nm mutually exclusive and exhaustive events. Therefore, 
S = E; U E,U E3...UE,, where E; 0 E;= 9 for i#j. 
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We have, 
A=(ANE,)U(AN Ez) U(ANE3) VU... V(ANE,) 
P(A) = P(ANE})+P(AQNE2)+P(ANE3)...+ P(ANE,) 


[By addition theorem] 
But, 
P(ANE,;) = P(E;)P(A/E;) fori=1,2,...,n 
Hence, 
P (A) = P (E;) P (A/E,) + P (Ez) P(A/E2) +... + P (Ey) P (A/E,) 
P(E,) O.E.D. 
E, Ss 
P(E) Dd CFS 
E 
2 te 7) 
P(E 
E, ( 3) Aye) 
>A 
“ee 
P(E m) 
E. 4 n=) “OY, 
P(E,,) 
E. 
Fig. 30.10 


The law of total probability as stated and proved above say that if an event A can occur | 
inn mutually exclusive ways, then the probability of occurrence of A is the sum of the 
probabilities of various ways as shown in the following tree diagram. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 A bag contains 4 red and 3 black balls. A second bag contains 2 red and 4 black 
balls. One bag is selected at random. From the selected bag, one ball is drawn. Find the probability 
that the ball drawn is red. 


SOLUTION A red ball can be drawn in two mutually exclusive ways. 
(I) Selecting bag I and then drawing a red ball from it. 
(II) Selecting bag II and then drawing a red ball from it. 


Let E,, E> and A denote the events defined as follows: 


E, = Selecting bag I, 


E, = Selecting bag II, 


A = Drawing a red ball MEV Ste 

Bog I 

Since one of the two bags is selected randomly. (4R, 3B) 
: — 1 = 1 
P(E;) = 5 and P(E) = 5. 


Now, P(A/E;) = Probability ofdrawingared (2,48) 
ball when the first bag has Boel 
been chosen. P(E,)=% 

_4 E First bag contains 
me, 4 red and 3 black balls 







P(A/E,) =4/7 


Fig. 30.11 


e646. as +e 
~ + 
_ ‘* os 
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and, P (A/E2) = Probability of drawing a red ball when the second bag has been selected 


= 3 [-.. Second bag contains 2 red and 4 black balls] 


Using the law of total probability, we have 
P (red ball) = P(A) = P (E,) P (A/E,) + P (Ep) P (A/E) 


io Ay Di 52 = 19 
OD eID: 6 a5 AZ 


EXAMPLE2 Find the probability of drawing a one-rupee coin from a purse with two compart- 
ments one of which contains 3 fifty-paise coins and 2 one-rupee coins and other contains 2 
fifty-paise coins and 3 one-rupee coins. 


SOLUTION Aone rupee coin can be drawn in two mutually exclusive ways : 
(I) Selecting compartment I and then drawing a rupee coin from it. 
(II) Selecting compartment II and then drawing a rupee coin from it. 


Let E,, E, and A be the events defined as follows: 
E; = the first compartment of the purse is chosen, 
E> = the second compartment of the purse is chosen, 
A = arupee coin is drawn from the purse. 

Since one of the two compartments is chosen randomly, we have 


P(E,) = 5 = P(E) 


Also, 


P (A/E,) = Probability drawing a rupee coin given that the first 


compartment of the purse is chosen 
2 iz First compartment contains 3 | 







5 paise coins and 2 one rupee coins 
Comp-I =2/ 
3(50P), 2(1 Re) 
A 
: Comp-Il 
2(50P), 3(1 Re) P(A/E,) = 3/5 
P(E,) =%4 
Fig. 30.12 


and, P (A/E,) = Probability of drawing a rupee coin given that the second 
compartment of the purse is chosen 


_3 -- Second compartment contains 2 fifth 
5 paise coins and 3 one rupee coins 


By the law of total probability, we have 
P (Drawing a one rupee coin) 


un}o 
Rie 


= P(A) = P(E,) P(A/E;) + P (Ex) P (A/E2) = $x 545 x 


NS ee 
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EXAMPLE 3 One bag contains 4 white and 5 black balls. Another bag contains 6 white and 7 
black balls. A ball is transferred form first bag to the second bag and then a ball is drawn from 
the second bag. Find the probability that the ball drawn is white. 


SOLUTION A white ball canbe drawn from the second bag in two mutually exclusive ways: 

(I) By transferring a white ball from first bag to the second bag and then drawing a 
white ball from it. 

(Il) By transferring a black ball from first bag to the second bag and then drawing a 
white ball from it. 


Let E, Ep and A be the events defined as follows : 
E,; = a white ball is transferred from the first bag to the second bag 
E, = a black ball is transferred from the first bag to the second bag 
A =a white ball is drawn from the second bag 

Since the first bag contains 4 white and 5 black balls, we have 


P(E;) = & and P(E) = 2 


If E, has already occurred, that is a white ball has already been transferred from first 
bag to the second bag, then the second bag contains 7 white and 7 black balls. 


Sy ~—SCP(A/E;,) = a 


If E, has already occurred, that is a black ball has been transferred from first bag to the 
second bag, then the second bag contains 6 white and 8 black balls. So, 
P(A/E5) = 
By the law of total probability, we have 
P (Getting a white ball) 
5.4.6 ae} 1 PAE, 


= P(A) = P(E;) P(A/E,) + P (E>) P(A/E2) = ext +3xe = = Aare 


EXAMPLE4 There are two bags. The first bag contains 5 white and 3 black balls and the second 
bag contains 3 white and 5 black balls. Tino bale ereviranon treed te fae ie ae ae and are 
put into the second bag without noticing their colours. Then two balls are drawn from the second 
bag. Find the probability that the balls are white and black. 
SOLUTION A white and a black ball can be drawn from the second bag in the following 
mutually exclusive ways : 
(I) By transferring 2 black balls from first bag to the second bag and then drawing 
a white and a black ball from it. 
(Il) By transferring 2 white balls from first bag to the second bag and then drawing 
a white and a black ball from it. 
(lI) By transferring one white and one black ball from first bag to the second bag and 
then drawing a white and a black ball from it. 


Let E}, E5, Ez and A be the events as defined below : 
E, = two black balls are drawn from the first bag, 
E. = two white balls are drawn from the first bag, 
E3 = one white and one black ball is drawn from the first bag, 
A = two balls drawn from the second bag are white and black. 
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3 5 3 5 
Cr 3 CGC. 5 Cyx"C, 15 
We have, P(E;) = =—, P (E9) =;— ==>, and P (E3) = rs reer meer, — Nora 
(er: 28 BC, 14 8c, 28 


P(E,)=328 E, 







P(E3) = 5/14 





P(E) = 15/28 
Fig. 30.13 


If E, has already occurred, that is, if two black balls have been transferred from the first 


bag to the second bag, then the second bag will contain 3 white and 7 black balls, 
therefore the probability of drawing a white and a black ball from the second bag is 


eG: x 1G; 


tes 
3 7 
Ci x Ci 7 
PIAIED) = “9. = 75 
Similarly, we have 
Bester eB bape) o At. 8 
( 2) os 10¢, = 9 an ( 3) = 10C, = 15 


By the law of total probability, we have 
P(A) = P(E,) P (A/E,) + P (Ex) P (A/Ez) + P (E3) P (A/E3) 


Bie, tO) Oo: 8 673 
~ 28%15°14%9" 28% 15 ~ 1260 
EXAMPLE 5 A bag contains 6 red and 5 blue balls and another bag contains 5 red and 8 blue 
balls. A ball is drawn from the first bag and without noticing its colour is put in the second bag. 
A ball is then drawn from the second bag. Find the probability that the ball drawn is blue in 
colour. 
SOLUTION A blue colour ball can be drawn from the second bag in the following 
mutually exclusive ways: 
(I) By transferring a blue ball from first bag to the second bag and then drawing a 
blue ball from the second bag. 
(II) By transferring a red ball from first bag to the second bag and then drawing a 
blue ball from the second bag. 


Let E;, E> and A be the events defined as follows: 
E, = ball drawn from first bag is blue 


E> = ball drawn from first bag is red 
A = ball drawn from the second bag is blue 
Since first bag contains 6 red and 5 blue balls, we have 


5 
P(E) = 3] and P(E) = 2 
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If E, has already occurred, that is, if a blue ball 
is transferred from the first bag to the second 
bag, then the second bag contains 5 red and 9 
blue balls, therefore the probability of drawing 


P(E)) = 5/11 


P(A/E,) = 9/14 






a blue ball from the second bag is == 14° 


9 
P(A/E,) = 14 P(A/E,) = 8/14 


Similarly, we have P (A/E 2) = = P(E) = 6/11 


By the law of total probability, we have Fig. 30.14 


P(A) = P (Ey) P(A/E,) +P (E>) P(A/E) = = 2 F 4 2 x =. 2 2. 


EXAMPLE 6 There are two bags, one of which contains 3 at and 4 white, balls, while the 
other contains 4 black and 3 white balls. A fair die is cast, if the face 1 or 3 turns up, a ball is 
taken from the first bag, and if any other face turns up a ball is chosen from the second bag. Find 
the probability of choosing a black ball. 


SOLUTION Let E), E, and A be the events defined as follows : 
E, = The die shows 1 or 3, 


E> = The die shows 2, 4, 5 or 6, 
and, A = The ball drawn is black. 


Ze eh 4 2 
' /, —_— —_ — —_ _ —_ — _ 
We have, P (E;) = 6 = 3 P (E>) = ae 
If E, occurs, then the first bag is chosen and the probability of drawing a black ball 


from itis >. ba ei 

7 : P(A/E;) = 3/7 

P(A/E}) = 2 

A 
If E, occurs, then the second bag is chosen 
and the probability of drawing a black 
ball £ ti 4 P(A/E,) = 4/7 
all from it is. P(E) = 23 

P(A/Ep) = 3 Fig. 30.15 

By the law of total probability, we have 
Sp eee 


P(A) = P(E;) P(A/E;) + P (E>) P(A/Ep) = AXE teks = oT 


EXAMPLE 7 Two thirds of the students in a class are boys and the rest girls. It is known that 
the probability of a girl getting a first class is 0.25 and that of a boy getting a first class is 0.28. 
Find the probability that a student chosen at random will get first class marks in the subject. 


SOLUTION Let E,, E> and A be the events defined as follows : 
E, =a boy is chosen from the class, 
E> = a girl is chosen from the class, 

and, A = the students gets first class marks. 





30.84 MATHEMATICS-XII 
Then, P(E;)=2/3, P (E2)=1/3, P (A/E,) = 0.28 and P (A/E) = 0.25 
Using the law of total probability, we have 


P(A) = P (E}) P(A/E,) +P (E>) P(A/E>) = © x 0.28 +3 x 0.25 = 0.27 


EXAMPLE 8 Ina bolt factory, machines A, B and C manufacture respectively 25%, 35% and 
40% of the total bolts. Of their output 5, 4 and 2 percent are respectively defective bolts. A bolt 
is drawn at random from the product. What is the probability that the bolt drawn is defective? 


SOLUTION Let Ej, E>, E; and A be the events defined as follows : 
E, = the bolts is manufactured by machine A; 
E> = the bolt is manufactured by machine B; 


E; = the bolt is manufactured by machine C, 


and, A= the bolt is defective. Then, 
25 _ 40 


P (A/E,) = Probability that the bolt drawn is defective given the condition 
that itis manufactured by machine A 


5/100 


Similarly, we have 


P (A/E,) = = and P(A/E3) = 


Using the law of total probability, we have 
P (A) = P(E,) P (A/E,) + P (Ez) P (A/E>) + P (E3) P (A/E3) 


mon eon pOon Se 20. 2 
100 * 100 * 100 * 100 * 100 * 100 ~ 9-949 


EXAMPLE 9 A person has undertaken a construction job. The probabilities are 0.65 that there 
will be strike, 0.80 that the construction job will be completed on time if there is no strike, and 
0.32 that the construction job will be completed on time if there is a strike. Determine the 
probability that the construction job will be completed on time. 


SOLUTION Let A be the event that the construction job will be completed on time, E; 
be the event that there will be a strike and E, be the event that there will be no strike. 


We have, 
P (E,) = 0.65, P (E>) =1 — P (E}) = 1 — 0.65 = 0.35 
P (A/E,) =0.32 and P(A/ E>) = 0.80 


_2_ 
100 


By total probability theorem, we have 
Required probability = P (A) 


=> Required probability = P (E,) P (A/E;) + P (Ep) P (A/Ep) 
= Required probability = 0.65 x 0.32 + 0.35 x 0.80 
=> Required probability = 0.208 + 0.28 = 0.488 
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EXERCISE 30.8 


1, Abag A contains 5 white and 6 black balls. Another bag B contains 4 white and 3 
black balls. A ball is transferred from bag A to the bag B and thena ball is taken out 
of the second bag. Find the probability of this ball being black. 


2. A purse contains 2 silver and 4 copper coins. A second purse contains 4 silver and 
3 copper coins. If a coin is pulled at random from one of the two purses, what is the 
probability that it is a silver coin? 


ne bag contains 4 yellow and 5 red balls. Another bag contains 6 yellow and 3 red 
alls. A ball is transferred from the first bag to the second bag and then a ball is 

drawn from the second bag. Find the probability that ball drawn is yellow. 
(CBSE 2002] 


4. A bag contains 3 white and 2 black balls and another bag contains 2 white and 4 
black balls. One bag is chosen at random. From the selected bag, one ball is drawn. 
Find the probability that the ball drawn is white. 


5. The contents of three bags I, II and III are as follows : 
Bag 1:1 white, 2 black and 3 red balls, 
Bag II: 2 white, 1 black and 1 red ball, and- 
Bag Ill : 4 white, 5 black and 3 red balls. 
A bag is chosen at random and two balls are drawn. What is the probability that the 
balls are white and red? 


6. An unbiased coin is tossed. If the result is a head, a pair of unbiased dice is rolled 
and the sum of the numbers obtained is noted. If the result is a tail, a card froma 
well shuffled pack of eleven cards numbered 2, 3, 4, ..., 12 is picked and the number 
on the card is noted. What is the probability that the noted number is either 7 or 8? 


7. Afactory has two machines A and B. Past records show that the machine A produced 
60% of the items of output and machine B produced 40% of the items. Further 2% 
of the items produced by machine A were defective and 1% produced by machine 
B were defective. If an.item is drawn at random, what is the probability that it is 
defective? 

8.) The bag A contains 8 white and 7 black balls while the bag B contains 5 white and 
4 black balls. One ball is randomly picked up from the bag A and mixed up with 
the balls in bag B. Then a ball is randomly drawn out from it. Find the probability 


that ball drawn is white. {CBSE 2007] 
ANSWERS 

39 19 29 7 118 193 83 
1. 88 2: 42 3. 45 4. 15 5. 495 6. 792 7. 0.016 8. 150 


HINTS TO SELECTED PROBLEMS 

2. Consider the following events : 

E, = Selecting first purse, 

E, = selecting second purse, 

A= coin drawn is silver coin. 

Wehave, P(E;) = P(E,) = P(A/E)) = 2, P (A/E>) = .. 

Required probability = P (A) =P (E) P (A/E,) + P (E>) P (A/Ep). 
4. Let E; =selecting first bag, 

E, = selecting second bag, 

A=ball drawn is white. f 
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Then, P (E;) = P (E2) = 1/2, P (A/E,) =3/5, P (A/E2) =2/6. 
Required probability = P (A) = P (E;) P (A/E,) + P (E2) P (A/E) 

5. Let E, = bag] is selected, E, = bag II is selected, E, = bag III is selected 
and, A = two balls drawn from the chosen bag are white and red. 
Then, P (E}) =P (Ey) =P (Es) = 3" 

SCisGy- 2c, x'C, 4c, x°c, 
P(A/E}) = Se aguetar 7 P(A/Ep) lay aaa and P(A/E3) momma [> TERT aL. 

Co C3 C> 
-. Required probbability 
= P(A) = P (Ey) P(A/E;) + P(E) P (A/E>2) + P (E3) P(A/E3) 
6. Let E; = the coin shows a head, E, = the coin shows a tail, 
A = the noted number is 7 or 8. 

Then, P (E,) = 1/2, P (E>) = 1/2, P(A/E}) = 11/36 and P(A/E) =2/11. 
Required probability = P(A) = P (E,) P (A/E,) + P (Ex) P(A/Ed) 


THEOREM (Baye’s Theorem) Let S be the sample space and let Ej, Ez ..., E, be n mutually 


exclusive and exhaustive events associated with a random experiment. If A is any event which 


30.9 BAYE’S THEOREM 
occurs with E, or E> or... or E,, then 


P(E;) P (A/E; 


x P(E;) P(A/E;) 
i=1 


PROOF Since Ej, E>, ..., E,, are 1 mutually exclusive and exhaustive events, we have 


S = E, VE2U... VE,, where E;O E;=@ fori #7 


= A=ANS 
= A = (ANE) U(AN Ep) VU... U(ANE,) 
— P(A) = P(ANE,)+P(A NE) +...+P(ANE,) [By add. theorem] 
= P(A) = 5 P(ANE,) 
i=1 
| 
= P(A) BED P (A/E;) [-.- P(A ME,;) = P(E; P (A/E;)] (i) 
i= 





Fig. 30.16 


Now, using multiplication theorem of probability, we have 
P(AME;) = P(A) P(E;/A) fori=1,2,...,n 
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P(A NE; 
=  PIE,/A) = a 
P(E;) P (A/E; 
= P(E;/A) = a [-.- P(A E;) =P (E,) P (A/E))] 
= P(E;/A) = eee [Using (i)] 
2 P(E;) P (A/E;) 
i=] 
Hence,P (E;/A) = See i mi D2 eu it 
x P(E;) P (A/E;) 
i=1 Q.E.D. 


NOTE1 The events E,, Ep, ..., E,, are usually referred to as ‘hypothesis’ and the probabilities 
P(E), P(E), ..., P(E,,) are known as the ‘priori’ probabilities as they exist before we obtain any 
information from the experiment. 

NOTE2 The probabilities P (A/E;) ; =1, 2, ..., n are called the ‘likelyhood probabilities’ as they 
tellus how likely the event A under consideration occurs, given each and every priori probabilities. 
NOTE3 The probabilities P (E;/A); i= 1, 2, ...,n are called the ‘posterior probabilities’ as they 
are determined after the results of the experiment are known. 

The significance of Baye’s theorem may be understood in the following manner : 

An experiment can be performed in m mutually exclusive and exhaustive ways Ej, E2, 
.. Ey. The probability P (E;) of the occurrence of event Ej 1=1, 2, ..., 2 is known. The 


experiment is performed and we are told that the event A has occurred. With this 
information the probability P (E;) is changed to P (E;/A). Baye’s theorem enables us to 


evaluate P (E;/A) if all the P(E;) (priori probabilities) and P (A/E;) (likelyhood prob- 
abilities) are known as explained in the following examples. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 In a bolt factory, machines A, B and C manufacture respectively 25%, 35% and 
40% of the total bolts. Of their output 5, 4 and 2 percent are respectively defective bolts. A bolt 
is drawn at random from the product. If the bolt drawn is found to be defective, what is the 
probability that it is manufactured by the machine B? [NCERT, CBSE 2008] 


SOLUTION Let E,, E>, E; and A be the events defined as follows : 
E, = the bolt is manufactured by machine A, 
E> = the bolt is manufactured by machine B, 


E3 = the bolt is manufactured by machine C. 
A = the bolt is defective. 
Then, P(E,) = Probability that the bolt drawn is manufactured by machine A 
= 25/100, 
P(E>) = Probability that the bolt drawn is manufactured by machine B 
= 35/100, 


P(E3) = Probability that the bolt drawn is manufactured by machine C 
= 40/100. 
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P(A/E,) = Probability that the bolt drawn is defective given thatitis 
manufactured by machine A 
= 5/100 


Similarly, we have P (A/E2) = = and P(A/E3) = a 


0 
Now, 
Required probability 
= Probability that the bolt is manufactured by machine 
B given that the bolt drawn is defective 


= P(E2/A) 
a P (Eg) P (A/Ep) 
~ P(E) P (A/E;) + P(E2) P (A/E2) + P(E3) P (A/Es3) 
ee 
E 100 * 100 ir lis ILM Oiath sae, VAO? BR 
25 5 35 4 40 2 125+140+80 345 69 


EXAMPLE Three urns contain 6 red, 4 black; 4 red, 6 black, and 5 red, 5 black balls respectively. 
One of the urns is selected at random and a ball is drawn from it. If the ball drawn is red, find 
the probability that it is drawn from the first urn. i 


SOLUTION Let E}, E>, Ez and A be the events defined as follows : 
E, = um firstis chosen, E27 = urn second is chosen, 
E3 = urnthird ischosen, and A = ball drawn is red. 


Since there are three urns and one of the three urns is chosen at random, therefore 
1 
P(E;) = P(E) = P(E3) = 3" 


If E, has already occurred, then urn first has been chosen which contains 6 red and 4 
black balls. The probability of drawing a red ball from it is 6/10. 


So, P(A/E;) = -. 


Similarly, we have P(A/E) = =~ and P(A/E3) = =. 


We are required to find P (E,/A), ie. given that the ball drawn is red, what is the 
probability that it is drawn from the first urn. 
By Baye’s theorem, we have 
P(E}) P (A/E}) 
P (E,) P (A/E,) + P(E>) P (A/E) + P(E3) P (A/E3) 


P (E,/ A) = 


rm ee 


EXAMPLES A company has two plants to manufacture scooters. Plant I manufactures 70% of 
the scooters and Plant II manufactures 30%. At Plant I, 80% of the scooters are rated as of 
standard quality and at Plant II, 90% of the scooters are rated as of standard quality. A scooter 


is at random and 1s found to be of standard quality. What is the probability that tt tus 
come from Plant Il? [CBSE 2000, 2004, 2005] 


PROBABILITY 30.89 


SOLUTION Let Ej, Ej and A be the following events. 
E, = Plant I is chosen, 
E> = eee ty is chosen, a A = Scooter is of standard quality. 
* -90_ 
Then, P(E;) = a , P(E) = a P (A/E}) = 00 2nd P(A/E>) = 


100° 
We are required to find P (E2/A). 
By Baye’s theorem, we have 





P(E,/A) = P(E,) P (A/E,) + P(E2) P (A/Ep) 
30 90 
Se pt fA) « ——10_ 100 ee 


70, 80 , 30,90  56+27 83 
100 100 100 ~ 100 


EXAMPLE # An insurance company insured 2000 scooter drivers, 4000 car drivers and 6000 
truck drivers. The probability of an accident involving a scooter driver, car driver and a truck is 
0.01, 0.03 and 0.15 respectively. One of the insured person meets with an accident. What is the 
probability that he is a scooter driver? [CBSE 2000, 2002, 2008] 


SOLUTION Let Ej, E>, E3 and A be the events defined as follows : 
E, = person chosen is a scooter driver, 
E,= person chosen is a car driver, 
E, = person chosen is a truck driver, and 
A = person meets with an accident. 


since there are 12000 persons, therefore 


_ 2000 _1 = A007 6000 _1 
PLE) = q2000 = 6 884 PED = Fon00 — 3 2S BED) = s5000 = 2 


It is given that P (A/E,) = Probability that a person meets with an accident 
given that he is a scooter driver = 0.01. 


Similarly, we have P(A/E>) = 0.03 and P(A/E3) = 0.15. 


We are required to find P (E,/A), i.e. given that the person meets with an accident, what 
is the probability that he was a scooter driver. 


By Baye’s rule, we have 
2/4) = a 
1 © P(E) P (A/E}) + P(Ep) P (A/E2) + P(E3) P (A/E3) 
; x 0.01 1 1 
= P(E,/A) = 7 pe aa 
ExO01+5x003+2x015 Fee 9 


EXAMPLE 5 Urn A contains 2 white, 1 black and 3 red balls, urn B contains 3 white, 2 black 
and 4 red balls and urn C contains 4 white, 3 black and 2 red balls. One urn is chosen at random 
and 2 balls are drawn at random from the urn. If the chosen balls happen to be red and black, 
what is the probability that both balls come from urn B?_ 
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SOLUTION Let Ej, E>, E, and A denote the following events. 
E,=umA is chosen, E,=urnB is chosen, E3=urnC is chosen, and A = two balls 


drawn at random are red and black. Since one of the urns is chosen at random, therefore 


P(E;) = 5 = PCEx) = P(Es) 


If E, has already occurred, then urn A has been chosen. The urn A contains 2 white, 1 
black and 3 red balls. Therefore, the probability of drawing a red and a black ball is 
3 1 

Cyx Cy 


5G. 
3 1 
Gx 3 +1 
i.e. P (A/E}) = ec, =p =e 
4 2 2 
C,x“C C) x as 
Similarly, we have P (A/E2) = ——— = 2 —~,and P (A/E3) = Ts ol = = 
C5 9 °C 6 
We are required to find P (E,/A). By Baye’s theorem, we have 
P(E>) P (A/E>) 
P(E>/A) = SS OOOO oe 
(E2/A) = BCE;) P(A/E,) + P(E) P (A/E2) + P(E3) P (A/Es) 
ne 2 
3:9 a 9 _,20 
See hat 21” 1.21” 8 
Bi Draco. 98) 62 he 9. 6 


EXAMPLE6 There are 3 bags, each containing 5 white balls and 3 black balls. Also there are 2 
bags, each containing 2 white balls and 4 black balls. A white ballis drawn-at-random. Find the 
probability that this white ball is from a bag of the first group. * 
a 

SOLUTION Let E,, E, and A be the events defined as follows: 

E; = selecting a bag from-the-first group, 

E, = selecting a bag from the second group, and 

A = ball drawn is white 


Since there are 5 bags out of which 3 bags belong to first group and 2 bags to second 
group. Therefore, 


P(E) = 3+ P(E) = 2 


If E; has already occurred, then a bag from the first group is chosen. The bag chosen 


contains 5 white balls and 3 black balls. Therefore the probability of drawing a white 
Lt from itis 5/8. 


P (A/E;) = 5/8 
Similarly, we have P (A/E>)=2/6=1/3. 


We have to find P (E;/A), i.e. given that the ball drawn is white, what is the probability 
that it is drawn from a bag of the first group. By Baye’s theorem, we have 


ge, 
P(E;) P (A/E}) 


P (ELIA) = BE) P(A/Ey) +P (EDP (ATED ~ 3 
5 


PROBABILITY 30.91 


EXAMPLE7 A man is known to speak truth 3 out of 4 times. He throws a die and reports that 
itisa six. Find thé probability that it is actually a six. [NCERT, CBSE 2005] 
SOLUTION Let E,, E> and A be the events defined as follows: 

E, = six occurs, E> = six does not occur, and A = the man reports that it is a six. 


We have, P(E,) = ms P(E») = 2. 


Now, P (A/E,) = Probability that the man reports that there is a six on the die 
given that six has occurred on the die 

Probability the man speaks truth = 3/4 

Probability that the man reports that there is a six on the 
die given that six has not occurred on the die 


and, § P (A/Ep) 


Probability that the man does not speak truth = 1 -= = r 


We have to find P (E,/A) i.e., the probability that there is six on the die given that the 
man has reported that there is six. 
By Baye’s theorem, we have 


iey 
P(E) P (A/E}) 6° 4 3 


EXAMPLE 8 Ir.a test, an examinee either guesses or copies or knows the answer to a multiple 
choice question with four choices. The probability that he makes a guess is 1/3 and the probability 
that he copies the answer is 1/6. The probability that his answer is correct, gtven that he copied 
it, is 1/8. Find the probability that he knew the answer to the question, given that he correctly 
answered it. [NCERT] 


SOLUTION Let E, , E>, E3and A be the events defined as follows : 


E, = the examinee guesses the answer, E, = the examinee copies the answer, E; = the 
examinee knows the answer, and A = the examinee answers correctly. 


We have, P(E) = > P(E) = 7 


Since E; , E> , E; are mutually exclusive and exhaustive events. 











P(E) + P(E) + P(E3) = 1 => P(E3) = 1-(P(E;) + P(Ex) = 1-5-% = 5 


If E, has already occurred, then the examinee guesses. Since there are four choices out 


of which only one is correct, therefore the probability that he answers correctly given 
that he has made a guess is 1/4 i.e. P(A/E,) =1/4. It is given that P (A/E>) =1/8, and 


P(A/E3) = Probability that he answers correctly given that he knew the answer 
= P(A/E3) = 1 
By Baye’s Theorem, we have 


Required probability 
= P(E3/A) 
si P(Es) P (A/Es) 
~ P(E,) P (A/E}) + P(E2) P (A/E2) + P(E3) P (A/E3) 
u x1 
ein te eee 
EXGtEXG TSX 1 ee 


a 
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wx aa from a pack of 52 cards is lost. From the remaining cards of the pack, two 
cards ate draton and are found to be hearts. Find the probability of the missing card to be a heart. 


[CBSE 2000, 2010] 
SOLUTION Let E;, E>, Ez, E, and Abe the events as defined below : 
E, = the missing card is a heart card, 
E, = the missing card is a spade card, 
E3 =.the missing card is a club card, 
E, = the missing card is a diamond card, and 
A = Drawing two heart cards from the remaining cards. 
Then, 
P(E) = = = p PE) = S = % PE) = = PPE) = =F 
P (A/E,) = Probability of drawing two heart cards given that one heart 
card is missing ( 2 
20, wD 62 7 ft 2s 
= P(A/E,) = 5 Jl 
2 
P (A/E>) = Probability of drawing two heart cards given that one spade 
card is missing ° 
Gs 
=> P(A/E)) = Sic 
2 


13 eG, 


C 
Similarly, we have P(A/E3) = sie and P (A/E,) = Figs 
2 2 


By Baye’s Theorem, we have 


Required probability 
= P(E;/A) 
P(E) P (A/E}) + P(E2) P (A/E>) + P(E3) P (A/E3) + P(E4) P (A/E,) 
1 C2 
iden tme Te Onc "Cp 
eee Guo Gy MC, FC, + Bey4 MC, 
4 ME 4 4G. 4 CS 4 Us 
66 11 


~ 664+78+78+78 ~ 50 


EXAMPLE10 A letter is known to have come either from TATANAGAR or CALCUTTA. On 
the envelope just two consecutive letters TA are visible. WhaF is the probability that the letter has 
come from (i) Calcutta (1) Tatanagar? 

SOLUTION Let E; be the event that the letter came from Calcutta and E> be the event 
that the letter came from Tatanagar. Let A denote the event that two consecutive letters 
visible on the envelope are TA. 


PROBABILITY 30.93 
Since the letters po come either from Calcutta or Tatanagar. Therefore, 
P(E}) = 5 = P(E2) 


If E, has me. then it means that the letter came from Calcutta. In the word 


CALCUTTA there are 8 letters in which TA occurs in the end. Considering TA as one 
letter there are seven letters out of which one can be in 7 ways. Therefore, 


P(A/E}) = , 


If E, has occurred, then the letter came from Tatanagar. In the word TATANAGAR there 


are9 letters in which TA occurs twice. Considering one of the two TA’s as one letter there 
are § letters. Therefore, 


_2 
P(A/E2) = % 
By Baye’s theorem, we have 
Teak 
a P (Ey) P (A/E;) gncn ia owed reel 
FEV!) = BE) P/E) +P EDPAVED  iygieo2 | i 
7 liga Ge ke 
: 1,2 
e P (E2) P (A/Ed) Siepien I QEUBES o. 67 
W)C) = BE) PA/ED TP EDP OE) 11 2 © i 
DOT Og 


EXAMPLE 11 A doctor is to visit a patient. From the past experience, it is known that the 
probabilities as he will come by train, bus, scooter or by other means of transport are respectively 
hal 


11 
10 5’ 10 and = 5 The probability that he will be late are — 43 5 and = > if he comes by train, bus 


and scooter respectively, but if he comes by other means of ‘aan then he will not be late. 
When he arrives, he is late. What is the probability that he comes by train ? [NCERT] 


SOLUTION Let Ej, E>, E3, Eg be the events that the doctor comes by train, bus, scooter 
and other means of ee a fea sec 


P (Ey) = +P (Ey) = ’P(Es) = ap and (P(E,)== [Given] 


Let A be the event és the doctor visits the ae late. Then, 
P (A/E;) = Probability that the doctor will be late if he comes by train 


= P(A/E}) = 4 [Given] 
P(A/E,) = Probability that the doctor will be late if he comes by bus 
= P(A/E>) = 7 [Given] 
P (A/E3) = Probability that the doctor will be late if he comes by scootor 
3 — P(A/Es) = = [Given] 
P(A/E,4) = Probability that the doctor will be late if he comes by other 
| means of transport 


=> - P(A/E,4) =0 [Given} 


30.94 MATHEMATICS-XII 
We have to find P (E,/A). 


By Baye’s theorem, we have 





P(E,/A) = peepee ciel Sets cn a) (AE) Si ae 
~ P(E,) P(A/E}) + P (Ep) P (A/E>) + P (E3) P (A/E3) + P (Eq) P (A/Es) | 
8 xsl 
; ee 
= Ao eee 1 1. 4 2, 40°18 2 


10%415*%3+t10*% 1015 *9 


Hence, the required probability is > 


EXAMPLE 12 Suppose a girl throws a die. If she gets a 5 or 6, she tosses a coin three times and 
notes the number of heads. If she gets a 1, 2, 3, or 4, she tosses a coin once and notes whether a 
head or tail is obtained. If she obtained exactly one head; what is the probability that she threw a 
1, 2, 3, or 4 with the die? [NCERT] 


SOLUTION Consider the following events: 
E, = Getting 5 or 6 in a single throw of a die. 
E, = Getting 1, 2,3, or 4 ina single throw of a die. 


A = Getting exactly one head. 
We have, 


+ P (E>) = = 


P (E}) = : = 


ON | 
Win 


1 
3 
P (A/E,) = Probability of getting exactly one head when a coin is tossed three times 


1 2 
= P(A/E;)=%C, G3) 3) =3 


P (A/E>) = Probability of getting exactly one head when a coin is tossed once only 
= P(A/E))=> 


Now, Required probability 
= P(E,/A) 


2 
P (Ep) P (A/E2) 2) 8 
~ P(E) P(A/E,)+P(E,)P(A/E.) 1,3,1.2 Ul 
By 8 23 

EXAMPLE 13 Let dy , dp, dg be three mutually exclusive diseases. Let S = {s1, 5, S3..., S¢} be 
the set of observable symptoms of these diseases. For example, s, is the shortness of breath, so is 
loss of weight, Sz is fatigue etc. Suppose a random sample of 10,000 patients contains 3200 
patients with disease d,, 3500 with disease dy and 3300 with disease d3. Also, 3100 patients with 
disease dy, 3300 with disease dz and 3000 with disease dz show the symptom_S. Knowing that 


the patient has symptom S, the doctor wishes to determine the patient's illness. On the basis of 
this information, what should the doctor conclude? é 


® 


| 
> 


- a 


PROBABILITY 30.95 


SOLUTION Let E; denote the event that the patient has disease d;;i = 1,2,3 and A be 
the event that the patient has symptom S. Then, 


P(E,) = 2200. = 32, pie.) = 3G = G99? ED = 0 = 
A XE) aa ‘. fog AOE) = rT m ra 
and, P (AN E3) = =o 
31 
P(A/E;) = Ee = P(A/E;) = > = st 
100 
33 
P(A/E») = ED => P(A/E,) = > = ss 
100 
30 
P(A/E3) = Ey = P(A/Es) = i = = 
100 


Using Baye’s theorem, we have 













e/) - —  e 
(E,/A) = P (Ey) P (A/E}) + P (Ez) P(A/E2) + P (E3) P (A/Es) “. 
32/31 
___100 782s 
= P(E,/A) = 3 32315 35 33, 33 30 (94 
100 * 32 100" 35 100° 33 
P P (Eo) P (A/Ex) 
P(E2/A) = BE) P(A/E,) + P (Ep) P (A/Ep) + P (Eg) P(A/ 
35 | 33 
1 Sy 002 SS 328 
2 a * Col A) = “oo. oip soouaai seal cue tod 
100* 32 100° 35 100° 33 
and, 
ot? 2 et REA) ee, 
P (E3/A) = P(E;) P(A/E}) + P(E2) P(A/E2) + P(E3) P(A/Es) 
33 30 
: Ai fy 100 ~ 33 _ 30 


32 31 35 33, 3330 94 

100 * 32 * 100 “35 * 100 * 33 

Clearly, P.(E3/A) <P (E,/A) <P (E>/A) i.e. P (E>/A) is largest. Thus, the doctor should 
conclude that the patient is most likely to have disease dp. 


ee ee ee eee ee aot. w= -- 





=) See 


|. - PERS SIIB Lee hs 


Hbobabe 
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EXAMPLE 14 Given three identical boxes I, II and III, each containing two coins. In box I both 
coins are gold coins, in box II both are silver coins and in box III there is one gold and one sliver 
coin. A person chooses a box at random and takes out a coin. If the coin is of gold, what is the 
probability that the other coin in the box is also of gold? [NCERT] 


SOLUTION Consider the following events: 


E, = Box Lis choosen, E> = Box II is choosen, E3 = Box III is choosen. 


A = The coin drawn is of gold. 
We have, 


1 
P (Ey) = P(E) =P (E3)=3 
P (A/E}) = Probability of drawing a gold coin from box I 
2 
= P (A/E,) = >= 


P (A/E>) = Probability of drawing a gold coin from box II 
=> P (A/E>) =0 
P (A/E3) = Probability of drawing a gold coin from box II 


= P (A/Es) =3 


Now, 
Probability that the other coin in the box is of gold 
= Probability that gold coin is drawn from the box I 


= P (E,/A) 

= P(E) P (A7E3) + P(E) P (A/Ez) + P (E3) P (A/Es) 
; 

ee 

"eal 1 i s3 


1 
3 X1l+,x0+ 2x, 


EXAMPLE15 Suppose that the reliability of a HIV test is specifed as follows: 


Of people having HIV, 90% of the test detect the disease but 10% go undetected. Of people free 
of HIV, 99% of the test are judged HIV-ive but 1% are diagnosed as showning HIV +ive. From 
a large population of which only 0.1% have HIV, one person is selected at random, given the HIV 
test, and the pathologist reports him/her as HIV +ive. What is the probability that the person 
actually has HIV? [NCERT] 


SOLUTION Consider the following events: . 
E; = The person selected is actually having HIV 
E> = The person selected is not having HIV 
A= The person’s HIV test is diagnosed as + ive. 
We have, 
0.1 _ 


P (E}) =0.1% = 100 


Gp = 0.001, P (Ex) = 1—P (Ey) = 1 - 0.001 = 0.999 


PROBABILITY 30.97 


P (A/E,) = Probability that the person tested as HIV +ive given that 
he/she is actually having HIV. 


gael 

= P (A/E, 100 0.9 
and, 

P (A/E2) = Probability that the person tested as HIV +ive given that 

at! she is actually not having HIV 

=) P(A/E 2) = ann = 0.01 
Now, 

Required probability 

= P (E;/A) 

P(E) P (A/E)) 0.001 x 0.9 590) 


~ P(E) P(A/E;) +P (E>) P(A/E>) 0.001 x 0.9+ 0.999 x 0.01 1089 


EXAMPLE 16 Bag I contains 3 red and 4 black balls and Bag II contains 4 red and 5 black balls. 
One ball is transferred from Bag I to Bag II and then a ball is drawn from Bag II. The ball so 
drawn in found to be red in colour. Find the probability that the transferred ball is black. 


SOLUTION Consider the following events: 
E, = Ball transferred from Bag I to Bag II is red 
E, = Ball transferred from Bag I to Bag II is black 
A = Ball drawn from Bag II is red in colour. 


We have, 


uilN 


3 4 5-1 4 
P(E,)=7, P (Eg) =7, P (A/E\) = 75 =5 and P (A/E) =75 = 


Required probability . 
P (E,/A) 
> P (Ep) P (A/Ep) | 
~ P(E;) P(A/E}) + P (E>) P (A/Ep) 
4,2 
75 _ 16 
Sid 4 Daeel 
Di hOB | 
EXAMPLE17 Suppose that 5% of men and 0.25% of women have grey hair. A greysaired person 


is selected at random. What is the probability of this person being male? Assume that there are 
equal number of males and femals.: [NCERT] 


SOLUTION Consider the following events: 


E, = Person selected is male, E, = Person selected is female. 
A = Person selected is grey haired. 
We have, 


” 


P(E,)=P(E)=5, P (A/E,) =—~ and P (A/E;)= 75> 


ft 


N 
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Required probability = P (E,/A) 





1 

ai _P (Ey) P(A/E}) id 2100" _ _ 20 

~ P(E;) P(A/E,)+P (E>) P(A/E2) ~~ 1 Le aes Los 
2100 2 400 

EXAMPLE 18 A bag contains 4 balls. Two balls are drawn at random and are found to be white. 

What is the probability that all balls are white? [CBSE 2010] 

SOLUTION | Since two balls drawn are white. So, we have the following prossibilities: 

(i) The bag contains two white balls and 2 balls of other colour. 

(ii) The bag contains 3 white balls and one ball of other colour. 

(iii) The bag contains all white balls. 


Consider the following events: 
E, = There are two white and two other colour balls in the bag 


E> = There are three white and one other colour ball in the bag 
E3 = There are all white balls in the bag 
A = Drawing 2 white balls from the bag 

Clearly, 


P (Ey) = P(E) = P(Es) = 5 
2 <, a 


(Ci Cc 
P(A/E)) = 3 a elias a 
: 2 


2 


Required probability =P (E3/A) = ae asi 
3 P (Ej) P (A/E;) 


1 
r a aid 
© ees ae Cee 
3%6t3%ot3%*! 
EXERCISE 30.11 
1. The contents of urns I, II, Ill are as follows : ene 


Urn I: 1 white, 2 black and 3 red balls 

Um II: 2 white, 1 black and 1 red balls 

Urn Ill: 4 white, 5 black and 3 red balls. 

One uw urn is ch sen om and two balls are drawn. They happen to be white 
and red. 1. What is the probability that they come from Umns |, II, III? ~ [CBSE 2003] 


2. A bag A contains 2 white and 3 red balls and a bag B contains ains 4 white and 5 red 
balls. One ball is drawn at random from one of the bags and is found to be red. Find 
the probability that it was drawn from bag B. [CBSE 2007, 2010] 
3. Three urns contain 2 white and 3 black balls; 3 white and 2 black balls and 4 white =< 
and 1 black ball respectively. One ball is drawn from an urn chosen at random and 
it was found to be white. Find the probability that it was drawn from the first urn. 
4. The contents of three urns are as follows : 
Urn 1 : 7 white, 3 black balls, 
Urn 2 : 4 white, 6 black balls, and ° 
Urn 3 : 2 white, 8 black balls. fr. i 
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One of these urns is chosen at random with probabilities 0.20, 0.60 and 0.20 
respectively. From the chosen urn two balls are drawn at random without replace- 
ment. If both these balls are white, what is the probability that these came from 
urn 3? 


. By examining the chest X-ray, probability that T.B is detected when a person is 


actually suffering is 0.99. The probability that the doctor diagnoses incorrectly that 
a person has T.B. on the basis of X-ray is 0.001. In a certain city 1 in 1000 persons 
suffers from T.B. A person is selected at random is diagnosed to have T.B. What is 
the chance that he actually has T.B.? 


. Two groups are competing for the positions of the Board of Directors of a Corpora- 


tion. The probabilities that the first and the secor second groups will win are 0.6 and 0.4 
respectively. Further, if the first group wins, the probability of introducing a new_ 
product is 3 0.7 and the corresponding probability is 0.3 if the second group wins. 
Find the probability that the new product introduced was by the second group. 
[NCERT, CBSE 2009] 


. Suppose 5 men out of 100 and 25 women out of 1000 are good orators. An orator is 


chosen at random. Find the probability that a male person is selected. Assume that 
there are equal number of men and women. 


. Aletter is known to have come either from LONDON or CLIFTON. On the envelope 


just two consecutive letters ON are visible. What is the probability that the letter 
has come from (i) LONDON (ii) CLIFTON ? 


. Inaclass, 5% of the boys and 10% of the girls have an IQ of more than 150. In this 


class, 60% of the students are boys. If a student is selected at random and found to 
have an IQ of more than 150, find the probability that the student is a boy. 


A factory has three machines X, Y and Z producing 1000, 2000 and 3000 bolts per 
day respectively. The machine X produces 1% defective bolts, Y produces 1.5% and 
Z produces 2% defective bolts. At the end of a day, a bolt is drawn at random and 
is found to be defective. What is the probability that this defective bolt has been 
produced by machine X? [CBSE 2002] 


. An insurance company issued 3000 scooters, 4000 cars and 5000 trucks. The prob- 


abilities of the accident involving a scooter, a car and a truck are 0.02, 0.03 and 0.04 
respectively. One of the insured vehicles meet with an accident. Find the probability 
thatitis a (a) scooter (ii) car (iii) truck. [NCERT, CBSE 2001C] 
Suppose we have four boxes A, B, C, D containing coloured marbles as given below: 





One of the boxes has been selected at random and a single marble drawn from it. If the 
marble is red, what is the probability that it was drawn from box A ? box B ? box C? 
[NCERT] 
A manufacturer has three machine operators A, B and C. The first operator A 
produces 1% defective items, whereas the other two operators B and C produce 5% 
and 7% defective items respectively. A is on the job for 50% of the time, B on the job 
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for 30% of the time and C on the job for 20% of the time. A defective item is produced. 
What is the probability that it was produced by A ? [NCERT] 
A test for detection of a particular disease is not fool proof. The test will correctly 
detect the disease 90% of the time, but will incorrectly detect the disease 1% of the 
time. For a large population of which an estimated 0.2% have the disease, a person 
is selected at random, given the test, and told that he has the disease. What are the 
chances that the person actually have the disease? 

Let d, , dp , d3 be three mutually exclusive diseases. Let S be the set of observable 
symptoms of these diseases. A doctor has the following information froma random 
sample of 5000 patients: | 

1800 had disease d,, 2100 has disease dz and the others had disease d3. 


1500 patients with disease d), 1200 patients with disease dy and 900 patients with 
disease dz showed the symptom. 
Which of the diseases is the patient most likely to have? 


In a factory, machine A produces 30% of the total output, machine B produces 25% 
and the machine C produces the remaining output. If defective items produced by 
machines A, B and C are 1%, 1.2%, 2% respectively. Three machines working 
together produce 10000 items in a day. An item is drawn at random from a day’s 
output and found to be defective. Find the probability that it was produced by 
machine B ? 


A company has two plants to manufacture bicycles. The first plant manufactures 
60% of the bicycles and the second plant 40%. Out of that 80% of the bicycles are 
rated of standard quality at the first plant and 90% of standard quality at the second 
plant. A bicycle is picked up at random and found to be standard quality. Find the 
probability that it comes from the second plant. [CBSE 2003] 


Three urns A, B and C contain 6 red and 4 white; 2 red and 6 white; and 1 red and 
5 white balls respectively. An urn is chosen at random and a ball is drawn. If the 
ball drawn is found to be red, find the probability that the ball was drawn from 


urn A. [CBSE 2004] 
A is known to speak truth 3 times out of 5 times. He throws a die and reports that 
it is 1. Find the probability that it is actually 1. [CBSE 2004] 


A factory has three machines A, B and C, which produce 100, 200 and 300 items of 
a particular type daily. The machines produce 2%, 3% and 5% defective items 
respectively. One day when the production was over, an item was picked up 
randomly and it was found to be defective. Find the probability that it was produced 
by machine A. [CBSE 2004] 
A bag contains 1 white and 6 red balls, and a second bag contains 4 white and 3 red 
balls. One of the bags is picked up at random and a ball is randomly drawn from 
it, and is found to be white in colour. Find the probability that the drawn ball was 


from the first bag [CBSE 2005] 
A speaks the truth 8 times out of 10 times. A die is tossed. He reports that it was 5. 
Whatis the probability that it was actually 5? TRE [CBSE 2005] 


For A, B and C the chances of being selected as the manager of a firm are in the ratio 
4:1:2 respectively. The respective probabilities for them to introduce a radical change 
in marketing startegy are 0.3, 0.8 and 0.5. If the change does take place, find the 
probability that it is due to the appointment of B or C. [CBSE 2005] 


Aninsurance company insured 2000 scooters and 3000 motorcycles. The probability 
ofan accident involving a scooter is 0.01 and that of a motorcycle is 0.02. An insured 
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vehicle met with an accident. Find the probability that the accidented vehicle was 
a motorcycle. [CBSE 2005] 


In answering a question ona multiple choice test a student either knows the answer 
or guesses. Let r be the probability that he knows the answer and ri be the 
probability that he guesses. Assuming that a student who guesses at the answer will 
be correct with probability i What is the probability that a student knows the 
answer given that he answered it correctly? 


There are three coins. One is two headed coin, another is a biased coin that comes 
up heads 75% of the time and third is an unbiased coin. One of the three coins is 
choosen at random and tossed, it shows heads, what is the probability that it was 
the two headed coin? [NCERT, CBSE 2009] 


A laboratory blood test is 99% effective in detecting a certain disease when it is, 
infact, present. However, the test also yields a false positive result for 0.5% of the 
healthy person tested (i.e. if a healthy person is tested, then, with probability 0.005, 
the test will imply he has the disease). If 0.1% of the population actually has the 
disease, what is the probability that a person has the disease given that his test result 
is positive? [NCERT] 


Coloured balls are distributed in four boxes as shown in the following table: 





A box is selected at random and then a ball is randomly drawn from the selected 
box. The colour of the ball is black, what is the probability that ball drawn is from 
the box III. 

If a machine is correctly set up it produces 90% acceptable items. If it is incorrectly 
set up it produces only 40% acceptable items. Past experience shows that 80% of the 
setups are correctly done. If after a certain set up, the machine produces 2 acceptable 
items, find the probability that the machine is correctly set up. [NCERT] 
Suppose we have four boxes A, B, C and D containing coloured marbles as given 
below: 
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One of the boxes has been selected at random and a single marble is drawn from it. 
If the marble is red, what is the probability that it was drawn from the box A? box 
B? Box C? 


Assume that the chances of a patient having a heart attack is 40%. It is also assumed 
that meditation and yoga course reduces the risk of heart attack by 30% and 
prescription of certain drug reduces its chances by 25%. At a time a patient can 
choose any one of the two options with equal probabilities. It is given that after 
going through one of the two options and patient selected at random suffers a heart 
attack. Find the probability that the patient followed a course of meditation and 


yoga? [NCERT] 
ANSWERS 

cS ee 

5 8. (i) (ii) 2 9. e 10. 0.1 tT. GO) z (ii) £ (ili) 7 

a Sas 13. 2. 14.015 15d, 16.02 17. : 18. " 

= 20 ra 21, A 22. 5 23. z 24. = 25. is 26. : 

ay 28. 0.165 29. 0.95 30. 2 25 31. 32 


HINTS TO SELECTED PROBLEMS 


. Let E; = Urn I is chosen, E> = Urn II is chosen, E3 = Urn III is chosen, and 


A = two balls drawn are white and red. Then, 
1 3 2 1 
Ga5e"G Cix: CG 
P(E,)=1/3 = P(E) = P(E3), P (A/E}) = a P (A/E) = dae 
2 2 


aGax 3C 
P(A/E3) =—1,— 
2c 


Let E; = bag A is chosen, E> = bag B is chosen, and A = ball drawn is red. Then, 
P(E;) = P(E>) = 1/2, P (A/E;) =3/5 and P (A/E>) =5/9. 


- Let E; = The person selected is suffering from T.B 


E> = The person selected is not suffering from T.B 

A = the doctor diagnoses correctly. 

Then, P(E;) =1/1000, P(E,) = 999/1000, P (A/E;) = 0.99 and P (A/E>) = 0.001 
P (E,) P (A/E}) 


Required prob. = P(E,/A) = P (E) P (A/E) + P (Ex) P (A/E>) 


. Let E, =Person chosen is a man, E> = Person chosen is a woman, and A = Person 
is a good orator. yar 
P (Ey) =P (Ex)=5, P(A/Ey)= 755 and P (A/Ey) = aa 


Now, find P (E, F A) by using ae s theorem. 

Let E; = The person selected has disease 
E> = The person selected does not have disease 
A = Test is positive. 
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= Required probability = 


We have, 
P(E;) = 0.002, P (E>) = 0.998, P (A/E,) = 0.90, P(A/E>) = 0.01. 
P (E,) P (A/E}) 
P (E;) P (A/E,) + P (E>) P (A/E>) 


Let E; denote the event that the patient has disease d;; i = 1,2,3 and A be the event 
that the patient showed the symptom S. Then, 


Required probability = P (E,/A) = 


_ 1800 2100 _ 1100 
P(E) 5000. pA Nba) 5000 cE XE) 5000 
1500 
P(ANE,) 5000 meey 
5000 


Compute P (E;/A), P (E,/A) and P (E3/A) and find the greatest of these. 


Let E;, E>, Ez be the events; 

E, = Item is produced by machine A 

E, = Item is produced by machine B 

E; = Item is produced by machine C 

and, A be the event bi the item is ot ee 


We eres = 20 P (Ey) = <= P (Es) = >. P(A/E)) = a 
P(A/E) = +" and pale: = aoe 
Required probability 
P (E>) P(A/E 
= P(Ey/A) = (Ez) P (A/E>) 


P (E,) P (A/E,) + P (E) P (A/Ez) + P (E3) P(A/E3) 
Consider the following events: 
= Student knows the answer 
E,= Student guesses the answer 
A= Student answers correctly. 
We have, 


P(E) = = P(E) =4, P(A/E)=4, P(A/E,)=1 


P (Ey) P (A/E}) 


Required probability = P(E,/A) = P (E;) P(A/E}) + P (Ep) P(A/E>) 


> pets rag 
Sy1¢ixl 8 
Consider the following evenets: 
= Selecting two headed coin 
E> = Selecting biased coin 
E3 = Selecting unbiased coin 
A= Getting head on the coin. 


We have, P (E;) =P (Ez) =P (E3)== 
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P(A/E})=1, P(A/Ep) = a S, 


Required probability = P (E;/A) 


P (A/Es) =5 


Consider the following events: 
E, = Person selected has the disease 


E> = Person selected does not have the disease 


A = Test result is positive 
We have, 


P (E,)= P (E))=—— P (A/E;) =~ and P (A/E2)= 7509 


P (Ey) P (A/E}) 
P (Ey) P (A/E}) + P (Ep) P (A/Ej) 


Ta ‘ ia ‘ 


Required probability = P (E,/A) = 


Let A be the event that the machine produces 2 acceptable items. Let E; represent 
the event of correct setup and E> represent the event of incorrect setup. 
We have, 
P(E) = 0.8, P (Ez) = 0.2, P (A/E;) =0.9 x 0.9, P (A/E2) = 0.4 x 0.4 
P (E;) P (A/E}) 


Required probability = P (E,/A) = P (E;) P(A/E}) + P (Ep) P (A/Ep) 


Consider the following events: 
E, = The patient follows a course of meditation and yoga 


E, = The patient takes a certain drug 
A = The patient suffers a heart attack. 


We have, 
40 40 
P(E))=5, P(E)=3, P (A/E}) =O x and P (A/E>) a2 x 
Required probability = P (E,/A) 
2 P (Ej) P (A/E}) 
~ P(E) P(A/E,) + P (Ez) P (A/E2) 
170 |. 40 
2 100 100 14 


ie sieeZnee40m nie 75 Ne r40) 29 
2* 100 * 100 * 2 * 100 * 100 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 


ib. 


A four digit number is formed using the digits 1, 2, 3, 5 with no repetitions. Write 
the probability that the number is divisible by 5. 


2. When three dice are thrown, write the aan of getting 4 or 5 on each of the 


3. 


4, 


dice simultaneously. 


Three digit numbers are formed with the digits 0, 2, 4, 6 and 8. Write the probability 
of forming a three digit number with the same digits. 


A ordinary cube has four plane faces, one face marked 2 and another face marked 
3, find the probability of getting a total of 7 in 5 throws. 
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Three numbers are chosen from 1 to 20. Find the probability that they are 
consecutive. 


. 6boys and 6 girls sit in a row at random. Find the probability that all the girls sit 


together. 


. If Aand B are two independent events such that P(A)=0.3 and P(A U B)=0.8. 


Find P (B). 


. An unbiased die with face marked 1, 2, 3, 4, 5, 6 is rolled four times. Out of 4 face 


values obtained, find the probability that the minimum face value is not less than 
2 and the maximum face value is not greater than 5. 


. If Aand B are two events write the expression for the probability of occurrence of 


exactly one of two events. 
Write the probability that a number selected at random from the set of first 100 
natural numbers is a cube. 


In a competition A, B and C are participating. The probability that A wins is twice 
that of B, the probability that B wins is twice that of C. Find the probability that A 
losses. 

If A, B,C are mutually exclusive and exhaustive events associated to a random 
experiment, then write the value of P (A) + P (B) + P (C). 

If two events A and B are such that P (A) = 0.3, P (B) =0.4 and P (Af B) =05, find 
P(B/ACMB). 

If AandB are two independent events, then write P(AN B) in terms of 
P(A) and P (B). 


If P(A) = 0.3, P (B) =0.6, P(B/A) =0.5, find P(A UB). 
ANSWERS 

1 1 1 5 18 

= 2. = 3. Me. i 

4 20 

4 27 25 6 C 

1 2 16 1 
Bee 8. = 9. P(A)+P(B)—2P(ANB) 10. 52 

3 1 : 
Gee 121 13. 4 15. 0.75 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


If one ball is drawn at random from each of three boxes containing 3 white and 1 
black, 2 white and 2 black, 1 white and 3 black balls, then the probability that 2 white 
and 1 black balls will be drawn is 


o O4 Oe (la 


2, Aand B draw two cards each, one after another, from a pack of well-shuffled pack 


of 52 cards. The probability that all the four cards drawn are of the same suit is 


44 ra 
(@) 35x49 (>) 35x49 


() 13 x 24 
17 x 25 x 49 








(d) none of these 
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A and B are two events such that P (A) = 0.25 and P (B) = 0.50. The probability of 
both happening together is 0.14. The probability of both A and B not happening is 


(a) 0.39 (b) 0.25. (c) 0.11 (d) none of these. 


. The probabilities of a student getting I, II and III division in an examination are 


* , 5 and : respectively. The probability that the student fails in the examination 


1S 


197 27 83. ; 
(a) 300 (b) 100 (c) 100 (d) none of these 


. India play two matches each with West Indies and Australia. In any match the 


probabilities of India getting 0,1 and 2 points are 0.45, 0.05 and 0.50 respectively. 
Assuming that the outcomes are independent, the probability of India getting at 
least 7 points is 


(a) 0.0875 (b) 1/16 (c) 0.1125  (d) none of these 


. Three faces of an ordinary dice are yellow, two faces are red and one face is blue. 


The dice is rolled 3 times. The probability that yellow red and blue face appear in 
the first second and third throws respectively, is 


(a) = (b) ; (c) a (d) none of these 


- The probability that a leap year will have 53 Fridays or 53 Saturdays is 


(a) = b) () = (a) 3 


. Aperson write 4 letters and addresses 4 envelopes. If the letters are placed in the 


envelopes at random, then the probability that all letters are not placed in the right 
envelopes, is 


1 


(a) 4 b) > OF 


23 
24 (d) 24. 


- Aspeaks truth in 75% cases and B speaks truth in 80% cases. Probability that they 


contradict each other in a statement, is 
7 13 3 2 
Osa Wiss () = (d) = 


Three integers are chosen at random from the first 20 integers. The probability that 
their product is even is 


a+ ws of @= 


Out of 30 consecutive integers, 2 are chosen at random. The probability that their 
sum is odd, is 


os OF oF az 


A bag contains 5 black balls, 4 white balls and 3 red balls. If a ball is selected 
randomwise, the probability that it is black or red ball is 


(a) 5 (b) 5 (ics (a) 2 
Two dice are thrown simultaneously. The probability of getting a pair of aces is 


(a) = (b) : (c) ; (d) none of these 
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An urn contains 9 balls two of which are red, three blue and four black. Three balls 
are drawn at random. The probability that they are of the same colour is 


Q@2 3 (©) 3 (a) S 


. Acoin is tossed three times. If events A and B are defined as A = Two heads come, 


B= Last should be head. Then, A and B are 


(a) independent (b) dependent 
(c) both (d) none of these 
Five persons entered the lift cabin on the ground floor of an 8 floor house. Suppose 


that each of them independently and with equal probability can leave the cabin at 
any floor beginning with the first, then the probability of all 5 persons leaving at 
different floor is 
7 
Ps 7 6 
= (b) =— (c) F— (d) — 
? ”Ps °Ps 5° 
A box contains 10 good articles and 6 with defects. One item is drawn at random. 
The probability that it is either good or has a defect is 
64 49 40 24 

@) oa (b) <a (c) Ga (d) 
A box contains 6 nails and 10 nuts. Half of the nails and half of the nuts are rusted. 
If one item is chosen at random, the probability that it is rusted or is a nail is 


a) = () 2 © = (d) 


A bag contains 5 brown and 4 white socks. A man pulls out two socks. The 
probability that these are of the same colour is 


(a) 


a bv) = ort @s 


If S is the sample space and P (A) = : P (B) and S=A UB, where A and B are two 
mutually exclusive events, then P (A) = 

(a) 1/4 (b) 1/2 (c) 3/4 (d) 3/8 

If A and B are two events, then P (A OB) = 

(a) P(A) P(B) (b) 1-P(A)-P(B) 

(c) P(A) +P (B)—P(AMB) (d) P(B)—P(ANB 

If P(AU B) =0.8 and P(A 7 B)=0.3, then P(A )+P(B) = 

(a) 0.3 -(b) 0.5 (c) 0.7 (d) 0.9 


. Abag X contains 2 white and 3 black balls and another bag Y contains 4 white and 


2 black balls. One bag is selected at random and a ball is drawn from it. Then, the 
probabil hosen to be white is 

(a) 2/15 (b) 7/15 (c) 8/15 (d) 14/15 

Two persons A and B take turns in throwing a pair of dice. The first person to throw 
9 from both dice will be awarded the prize. If A throws first, then the probability 
that B wins the game is 


(a) 9/17 (b) 8/17 (c) 8/9 (d) 1/9 
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7: 
25. 


2. 


The probability that in a year of 22nd century chosen at random, there will be 53 
Sundays is 


(a) 3/28 (b) 2/28 (c) 7/28 (d) 5/28 

From a set of 100 cards numbered 1 to 100, one card is drawn at random. The 
probability that the number obtained on the card is divisible by 6 or 8 but not by 24 
is 


(a) 6/25 (b) 1/4 (c) 1/6 (d) 2/5 (e) 4/5 
ANSWERS 


- (a) 2. (a) 3. (a) 4. (b) 5. (a) 6. (a) 7. (b) 8. (d) 
- (a) 10. (c) 11. (c) 12. (d) 13. (a) 14. (a) 15. (b) 16. (a) 


(a) 18. (c) 19. (d) 20. (a) 21. (d) 22. (d) 23. (c) 24. (b) 
(d) 26. (a) 


SUMMARY 


. If a random experiment is performed, then each of its outcomes is known as an 


elementary event. 


The set of all possible outcomes of a random experiment is called the sample space 
assoicated with it and it is generally denoted by S. 

In other words, the set of all elementary events assoicated to a random experiment 
is called its sample space. 


. Asubset of the sample space associated to a random experiment is said to define a 


compound event if it is disjoint union of single element subsets of the sample space. 


. An event A associated to a random experiment is said to occur if any one of the 


elementary events associated to it is an outcome. 
Thus, if an elementary event E is an outcome of a random experiment and A is an 
event such that E € A, then we say that the event A has occurred. 


. Corresponding to every event A associated with a random experiment we define 


an event “not A” which occurs when and only when A does not occur. 


. Let S be the sample space associated with a random experiment and A be an event 


associated to the experiment. Then elementary events belonging to A are known as 
favourable elementary events to the event A. 

In order words, an elementary event E is said to be favourable to an event A if the 
occurrence of E ensures the happening or occurrence of event. 


- If there are n elementary events associated with a random experiment and m of 


them are favourable to an event A, then the probability of happening or occurrence 

of A is denoted by P (A) and is defined as the ratio = 

If P (A) =1, then A is called certain event and A is called an impossible event, if 

P (A) =0. 

The number of elementary events which will ensure the non-occurrence of A i.e. 
which ensure the occurrence of A is (n — m). : 


P(A) = Sa = P(A) = le => P(A)=1-P(A) => P(A)+P(A)=1 





The odds in favour of occurrence of the event A are defined by m: (nm) ie; 
P(A): P(A) and the odds against the occurrence of A are defined by n—m:m 
ie; P(A): P (A). 


\ 


. 
~ 
~ 
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8. Two or more events associated to a random experiment are mutually exclusive if 


10, 


11. 


the occurrence of one of them prevents or denies the occurrence all others. 
It follows from the above definition that two or more events associated to a random 
experiment are mutually exclusive, if there is no elementary event which is 
favourable to all the events. 
Thus, if two events A and B are mutually exclusive, then. 

P(AMB) = 0. 
Similarly, if A, B and C are mutually exclusive events, then P(A MN BOC) = 0. 
Clearly, all elementary events associated to a random experiment are mutually 
exclusive as no two or more of them can occur together. 


. Two or more events associated to a random experiment are exhaustive if their union 


isthe sample space. i.e. events A}, Ag, ..., A, associated toa random experiment with 
sample space S are exhaustive if Aj U A>... VA, =S. 

Allelementary events associated to a random experiment forma system of mutually 
exclusive and exhaustive events. aa 

For any event A associated to a random experiment A and A form a pair of 
exhaustive and mutually exclusive events. 

Two events A and B associated to a random experiment are independent if the 
probability of occurrence or non occurrence of A is not affected by the occurrence 
or non-occurrence of B. 

Three or more events are independent if the probability of occurrence or non-occur- 
rence of any one of them is not affected by the occurrence or non-occurrence of 
others. 

Events associated to independent random experiments are always independent. 

If Aand B are two mutually exclusive events associated to a random experiment, 
then the occurrence of any one of these two prevents the occurrence of the other i.e. 
If A occurs , then P(B) = 0. 

If B occurs, then P (A) = 0. 

It follows from this that mutually exclusive events associated to a random experi- 
ment are not independent and vice-versa. 


(i) If A and B are two events associated with a random experiment, then 
P (AU B)=P(A) + P(B) -P (ANB) 

(ii) If A and B are mutually exclusive events, then 
P(ANB) = 0 
P(AUB) = P(A) + P(B) 


12. (i) If A, B, C are three events associated with a random experiment, then 


P(AUB UC) = P(A) +P(B)+P(Q)— P(A NB)—-P(BAC) 
-P(ANC)+P(ANBNOC) 
(ii) If A, B, C are mutually exclusive events, then 
P(ANB) = P(BNC) = P(ANQ) = P(ANBONQ) = 0. 


P(AUBUC)=P(A) + P(B) + P(C) 


13. Let A and B be two events associated to a random experiment. Then, 


P(AQB) = P(B)—P(ANB) 
P(ANMB) = P(A)-—P(ANB) 
P((AQNB)U(ANB)) = P(A) +P (B)—2P(ANB) 
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14. 


15. 


16 


17. 


18. 


P(AN B) is known as the probability of occurrence of B only. 
P (AB) is known as the probability of occurrence of A only. 
P ((A AN B) U(AQN B)) is knownas the probability of occurrence of excatly one of two 


events A and B. 
For any two events A and B the probability that exactly one of A, B occurs is given 
by 
P(A) + P(B) -2P(A U B)=P(AUB)-—P(ANB). 
If A, B, C are three events, then 
(i) P (Atleast two of A, B, C occur) 
=P(ANMB)+P(BNC) +P(CNA)-2P(ANBNC) 
(ii) P (Exactly two of A, B, C occur) 
=P(ANB)+P(BNC) +P(ANC)-3P(ANBNC) 
(iii) P (Exactly one of A, B, C occurs) 
= P(A) +P(B)+P(C)-2P(ANB)-2P(BNC) 
-2P(ANC)+3P(ANBNC). 
(i) Let A and B be two events associated with a random experiment. Then, the 
probability of occurrence of event A under the condition that B has already occurred 
and P (B) #0, is called the conditional probability and it is denoted by P (A/B). 
Thus, we have 
P (A/B) = Probability of occurrence of A given that B has already occurred. 
Similarly, P (B/A) when P (A) # Ois defined as the probability of occurrence of event 
B when A has already occurred. 
In fact, the meanings of symbols P (A/B) and P (B/A) depend on the nature of the 
events A and Band also on the nature of the random experiment. These twosymbols 
have the following meaning also. 
P (A/B) = Probability of occurrence of A when B occurs 
OR 
P (A/B) = Probability of occurrence of A when B is taken as the sample space 
OR 
P (A/B) = Probability of occurrence of A with respect to B. 
and, 
P (B/A) = Probability of occurrence of B when A occurs 
OR 
P (A/B) = Probability of occurence of B when A is taken as the sample space. 
OR 
P (A/B) = Probability of occurrence of B with respect to A. 
If Aand B are independent events associated with a random experiment, then 
P (A/B) = P(A) and P(B/A) = P(B). 
If A and B are two events associated with a random experiment, then 
P(AC\B) = P(A) P(B/A), if P(A) #0 
or, P(AMB) = P(B)P(A/B), if P(B) #0 
If A and B are independent events, then P (A/B) = P(A) and P (B/A) = P (B). 
P(AMB) = P(A) P(B)._ 
Also, P(AU B) = 1-—P(A) P (B) 
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19. If Ay, Ap, .... Ay are n events associated with a random experiment, then 
P (Ay ON A2 0 Aj... O An) 


= P (Aj) P (Az/Aj}) P (A3/Ay, —”’ Ap) eoncetanecodescoseat P (A,,/ Ay -" A> GN cece) Ay - ee 


where P (A;/A, A Az ... ©. A;~_ 4) represents the conditional probability of the occur- 
rence of event A; , given that the events Ay, Az ..., Aj_1 have already occurred. 


20, If A and B are independent events associated with a random experiment, then 
(i) Aand B are independent events 


(ii) Aand B are independent events 


(iii) A and B are also independent events. 
21. (i) If Aand B are independent events associated to a random experiment, then 
Probability of occurrence of at least one is given by 
P (AUB) = 1-P(A) P(B) 
(ii) If A,, A>, ... A, are independent events associated with a random experiment, 


then 
Probability of occurrence of at least one is given by 


P(A, UA, U...UA,) = 1—P(A}) P (Ap) ... P (Ay) 


22. Let S be the sample space and let Ej, Ep, ..., E,, be n mutually exclusive and exhaus- 


tive events associated with a random experiment. If A is any event which occurs 
with E, or E> or... or E,,, then 


P(A) = P(E) P(A/E) + P (Ep) P (A/Ep) + «02 + esse + P (En) P (A/En) 


" 
or, P(A) = >, P(E,) P(A/E,) 
r=1 
23. Let S be the sample space and let Ej, E> ..., E,, bem mutually exclusive and exhaus- 


tive events associated with a random experiment. If A is any event which occurs 
with E, or E, or... or E,,, then 


p¢e,/A) = PED PIALED 


x P(E;) P(A/E;) 
i=1 


=p LS 2o esp tt 


The events FE, E>, ..., E,, are usually referred to as ‘hypothesis’ and the probabilities 
P(E,), P(E>), -.-, P(E,,) are known as the ‘priori’ probabilities as they exist before we 
obtain any information from the experiment. 

The probabilities P (A/E;) ;i=1, 2, ..., are called the ‘likelyhood probabilities’ as they 
tell us how likely the event A under consideration occurs, given each and every priori 
probabilities. ; 

The probabilities P (E;/A); i= 1, 2, ..., are called the ‘posterior probabilities’ as they 
are determined after the results of the experiment are known.’ 
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31.1 INTRODUCTION 


Corresponding to every outcome of a random experiment, we can associate a real 
number. This correspondence between the elements of the sample space associated toa 
random experiment and the set of real numbers is defined as a random variable. If a 
random variable assumes countable number of values, it is called a discrete random 
variable. Otherwise, it is known as continuous random variable. We shall study these 
two types of random variables in the following sections. 


31.2 DISCRETE RANDOM VARIABLE 


DEFINITION Let S be the sample space associated with a given random experiment. Then, a real 
valued function X which assigns to each event w € S toa unique real number X (w) is called a 
random variable. 


In other words, a random variable is a real valued function having domain as the sample space 
associated with a random experiment. 


Thus, a random variable associated with a given random experiment associates every 
event to a unique real number as discussed below. 


Consider a random experiment of tossing three coins. The sample space of eight possible 
outcomes of this experiment is given by 


S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} 
Let X be a real valued function on S, defined by 
X (w) = number of heads inwe S. 
Then, X is a random variable such that : 
X (HHH) = 3, X (HHT) = 2, X (HTH) =2, X (THA) =2 
X (HTT) = 1, X (THT) = 1, X (TTH) = 1,and X (TTT) = 0 
Also, if w denotes the event “getting two heads", then 
w = {HTH, THH, HHT} 
and, X (w) = 2 
Similarly, X associates every other compound event to a unique real number. 


For the random variable X, we have range (X) = {0, 1, 2,3} and we say that X is a random 
yariable such that it assumes values 0, 1, 2,3. This random variable can also be described 
as the number of heads in a single throw of three coins. 


Now, consider the random experiment of throwing an unbiased die. Let Y be a real 
valued function defined on the sample space S = {1, 2, 3,4, 5, 6} associated with the 
random experiment, defined by 
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— 1, if the outcome is an odd number 
Clearly, Y is a random variable such that : 
Y (1) = -1,Y (2) = 1, Y (3)=—-1, Y (4)=1, Y (5)=—1and Y (6)=1. 


Here, range (Y) = {[— 1,1}. Therefore, we say that Y is a random variable such that it 
assumes values — 1 and 1. 


ILLUSTRATION1 Consider a random experiment of tossing three coins. Let X bea real valued 
function defined on the sample space 


S = {HHH, HHT, HTH, THH, HTT, TTH, THT, TTT}such that 
X (w) = Number of tails in we S. 
Then, X is a random variable such that 
X (HHH) = 0, X (HHT) = 1, X (HTH) = 1, X(THH) = 1, X (HTT) = 2, 
X (THT) = 2,X(TTH) = 2 and X (TTT) =3 
Clearly, range of X is (0, 1, 2, 3} 


ILLUSTRATION 2 Consider a random experiment of throwing a six faced die. Let X denote the 
number on the upper face of the die. Then, 


X (1) = 1,X (2) = 2,X (3) = 3, X (4) = 4, X (5) = 5and X (6) = 6 
Clearly, X is a random variable which assumes values 1, 2, 3, 4, 5, 6 i.e. range of 
X = (1, 2, 3, 4, 5, 6}. 


ILLUSTRATION 3 Let there be a bag containing 5 white, 4 red and 3 green balls. Three balls 
are drawn. If X denotes the number of green balls in the draw. Then, X can assume values 0, 1, 
2,3. Clearly, X is a random variable with its range = {0, 1, 2, 3} 


ILLUSTRATION 4 A pair of dice is thrown. If X denotes the sum of the numbers on two dice, 
then X assumes values 2, 3, 4,..., 12. Clearly, X is a random variable with its range 
{2, 3,4, ....., 12}. 


Y (w) = 1, if the outcome is an even number 


31.3 PROBABILITY DISTRIBUTION 


In the previous section, we have defined random variable. Now, consider a random 
experiment in which three coins are tossed simultaneously (or a coin is tossed three 
times). Let X be a random variable defined on the sample space 

S = (HHH, HTH, THH, HHT, THT, TTH, HTT, TTT} such that 


X (w) = number of heads inwe S. 
Clearly, X assumes value 0, 1, 2, 3. 


Now, P(X = 0) = Probability of getting no head = P(TIT) = 


Co|— 


P(X = 1) = Probability of getting one head 
= P(HTT or THT or TTH) = 2 
P(X = 2) = Probability of getting two heads 
= P(HHT or THH or HTH) = : 
and, P(X = 3) = Probability of getting 3 heads 
= P (HHH) = . 
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These values of X and the corresponding probabilities can be exhibited as under : 


xX: 0 1 2 3 

1 3 3 1 

P(X): = = = = 
“) 8 8 8 8 


This tabular representation of the values of a random variable X and the corresponding 
probabilities is known as its probability distribution. 


The formal definition of the probability distribution of a random variable is as given 
below. 

PROBABILITY DISTRIBUTION If a random variable X takes values X41, Xo, -.-,Xy With 
respective probabilities p, po ..., Py, then 


Xx: X1 x2 X34) -)- 2 Wee Xn 
P (X): P1 p2 |< ee AD Pn 


is known as the probability distribution of X. 
Thus, a tabular description giving the values of the random variable along with the 
corresponding probabilities is called its probability distribution. 
REMARK1 The probability distribution of a random variable X is defined only when we have 
the various values of the random variable e.g. x1, X2, ....., X» together with respective probabilities 
n 

Py Py +++ 1 Py satisfying » p; = 1. 

t=1 


REMARK 2 If X is a random variable with the probability distribution 


X: x1 X29 OO ease Xn 
P(X): pi 7 a pn 
Then, 
P(XS xj) = P(X = x1) + P(X = x) +....+ P(X = ‘) 
= P1 F Pa F eas. + pj 
P(X< xj) = P(X = x1) + P(X = x9) +....+P(X = x;_}) 


= Py t pot Diy 
P(X2x) = P(X = x) +P(X = x43) +..+P(X = x,) 
= Pit Pi+1 t+ + Py 
P(X>xXj) = P(X=Xj 434) +P (X=xj42) +... +P (X=X,) 
= Pit1t Pi+2 t - t+Py 
Also, P(X2x;)) = 1—-P(X<x)),P(X>x) = 1-P(X<x), 
P(Xsx;) = 1—P(X>x) and P(X<x) = 1-P(X2x,) 
P(x;SX Sx) = P(X=x)) + P(X=x;41) +... + P(X =x) 
P(xj<X<xj) = P(X = x34) + P(X=x;,.9) +... + P(X = j-v 
The graphical representation of a probability distribution is as follows : 
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P(X) 





Fig. 31.1 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Determine which of the following can be probability distributions of a random 
variable X : 


(i) xX: 0 1 2 (ii) xX: 0 1 2 
P(X): 04 04 0.2 P(X): 0.6 0.1 0.2 
(iii) x: 0 1 2 3 4 


P(X): 0.1 0.5 0.2 Ca 0.3 
=~ 

SOLUTION We have, 
(i) P(X=0)+P(X=1)+P (X=2)=0.4+04+0.2=1. 
Hence, the given distribution of probabilities is a probability distribution of random 
variable X. 
(ii) P(X=0)+P(X=1)+P(X=2)=0.6+0.1+0.2=09#1. ~ 
Hence, the given distribution of probabilities is not a probability ditribution. 
(iii) We have, 

P(X = 0)+P(X = 1)+P(X = 2)+P(X = 3) +P (X = 4) 

= 0.1+054+02-0.1+03 = 1 
But, P(X =3) = 0.1<0 
So, the given distribution of probabilities is not a probability distribution. 
EXAMPLE2 An unbiased die is rolled. If the random variable X is defined as 


X (w) = 1, if the outcome w is an even number 
0, if the outcome w is an odd number. 


Find the probability distribution of X. 
SOLUTION Ina single throw of a die either we get an even number or we get an odd 


number. Thus, the possible values of the random variable X are 0 and 1. 
Now, 


P (X=0) = Probability of getting an odd number 


ie ole 


ek 
me”. 
P(X=1) = Probability of getting an even number = : 
Thus, the probability distribution of the random variable X is given by 


Xe 0 1 
P(X): 


Ni 
N | 


x 
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EXAMPLE 3 The random variable X has a probability distribution P (x) of the following form, 
where k is some number: 


kK ifx=0 
P= m=) 34 ite n2 
0 ,otherwise 
(i) Determine the value of k (ii) Find P(X <2), P (X82), P(X 22). 
SOLUTION (i) The probability distribution of X is 
A 10 1 2 
P(X): k 2k 3k 


The given distribution of probabilities will be a probability distribution, if 
P(X = 0)+P(X = 1)+P(X = 2) = 1 


e k+2k+3k = 1 => 6k=1 k= 


(ii) P(X<2) = P(X = 0)+P(X = 1) = k+2 = 3k = 3 =+ 
(iii) P(XS2) = P(X = 0)+ P(X = 1)+ P(X = 2) = k+2k+3k = 6k = 1 
(ii) P(X22) = 1-P(X<2) = 1-3 e ; 


EXAMPLE 4 Let X denote the number of hours you study during a randomly selected school 
day. The probability that X can take the value x has the following form, where k is some unknown 
constant. 


0.1 ,ifx=0 
Bi gevese | AL 7,1 or2 
P(X=2)= k(5-—x),ifx=3o0r4 
| 0 , otherwise 
(i) Find tke value of k (ii) What is the probability that you study at least two hours? 
(iii) Exactly two hours? (iv) At most two hours? [NCERT] 
SOLUTION The probability distribution of X is 
Xe 40 1 2 3 4 
P(X): 0.1 k 2k 2k k 


(i) The given distribution is a probability distribution. 
P(X = 0)+P(X = 1)+P(X = 2)+P(X = 3)+ P(X = 4) = 1 

=> O.1+k+2k+2k+k =1 

=> 6k = 0.9 > k=0.15 

(yRequired probability = P (X22) 
= P(X = 2)+P(X = 3)+P(X = 4) 
= 2k+2k+k = 5k = 5x0.15 = 0.75 

(iii) Required probability = P(X = 2) = 2k = 2x0.15 = 03 

(iv) Required probability = P(X<2) = P(X = 0)+P(X = 1)+P(X = 2) 
= 0.1+k+2k = 0.14+3k = 0.1+3x0.15 = 0.55 


—— eae ee 
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EXAMPLES A random variable X has the following probability distribution values of X, 


X: 0 (ieee eoe ar. ACS 16 7 
P(X): 0 k 2k 2k 3k Kk? 2k* 72 +k 
Find each of the following: 
(i) k (ii) P(X <6) (iii) P (X 26) (iv) P(O<X<5) 


SOLUTION (i) Since the sum of all the probabilities in a probability distribution is 
always unity. Therefore, 


P (X=0)+P(X=1)+.....+ P(X =7) 1 


= O+k+2k4+2k+3k+K+2F+7F +k = 1 
= 10K +9k-1 =0 
= (10k-1) (k+1) = 0 
=> 10k-1=0 [--kK20 ..k+1#0] 
ar ag A. 

10 
(ii) P(X <6) = P(X=0)+P(X=1)+P(X=2)+P(X=3)+P(X=4)+P(X=5) 
= P(X <6) = 0+k+2k+2k+3k+h 
=> P(X <6) = K+8k 

awe: 

= P(X <6) = Fs) +76 [-.-k = 1/10] 
= P(X <6) = 
(iii) P (X26) = P(X = 6)+ P(X = 7) 
= P (X26) = 2e +7 +k 
= P (X26) = 9 +k 
= P(X>6) = ote [--k = 1/10] 
= P (X26) “= 
ALITER p(X2>6) = 1-P(X<6) = 1-3. E: = 


(v) P(0<X<5) = P(X = 1)+P(X = 2)+ P(X = 3)+ P(X = 4) 
— P(0<X<5) = k+2k+2k+3k 
=> P(0<X<5) = & 


= P(0<X<5) = 7 [-- k = 1/10] 


=> P(0<X<5) == 


f4zs 4 #2 #2 P: ~— 


MEANS AND VARIANCE OF A RANDOM VARIABLE 31.7 


EXAMPLE 6 A random variable X can take all non-negative integral values and the probability 


that X takes the value r is proportional to a’ (0<a <1). Find P(X=0). 
SOLUTION We have, 


P(X =rn<a’ => P(X=r)=Ac',r=0,1, 2..... 
Since sum of all the probabilities in a probability distribution is 1. 

P(X = 0)+P(X = 1)+P(X = 2)+.... = 1 

Ao? + Aa! + Aut +... = 1 [-.. P(X =r) =A a! (given)] 
= A(1+a+a*+o°+....) = 

1 

=> d ( = aI 
=> A=1-a. 

P(X = r) = (1-a)a’, r = 0,1,2..... 
Hence, P(X = 0) = (1-@) o = (1 -—«q). 
EXAMPLE 7 Find the probability distribution of X, the number of heads in two tosses of a coin 
(or a simultaneous toss of two coins). 
SOLUTION When two coins are tossed, there may be 1 head, 2 heads or no head at all. 


Thus, the possible values of X are 0, 1, 2. 
Now, 


1 


P(X=0) = P (getting no head) = P(TT) = r 


P(X=1) = P (getting one head) 


2a. 
= P (HT or TH) = 5 =m 
P(X = 2) = P (getting two heads) = P(H. = 


Thus, the required probability distribution of X is given by 


X: 0 1 2 
: 1 1 1 
P(X): 4 5 r 


EXAMPLE 8 Three cards are drawn from a pack of 52 playing cardg. Find the probabili 
; 001] 


distribution of the number of aces. 

SOLUTION Let X denote the number of aces ina mammals of 3 cards drawn from a well 
shuffled pack of 52 playing cards. Since there are four aces in the pack, therefore in the 
sample of 3 cards drawn either there can be no ace or there can be one ace or two aces 
or three aces. Thus, X can take values 0, 1, 2, and 3. 

Now, P(X=0) = Probability of getting no ace 


48 
C3 4324 
=> P(X=0) = Probability of gettin 3 other cards = 5 — = 
( ) ty or g & 520, 5525 
P(X=1) = Probability of getting one ace and two other cards 
4 48 
Gix =C 
= P (X = 1) = a) he 1128 


=) ~ 5525 
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P (X = 2) = Probability of getting two aces and one other card 
"C.x®C, 72 


= P (X = 2) = 52C, = 5525 
and, P(X =3) = Probability of getting 3 aces 
= ee a 
(X=9) = 530, = 5525 
Thus, the probability distribution of random variable X is given by 
X: 0 1 2 3 
P(X): 4324 1128 72 1 


9525 5525 9525 5525 


It is to note here that the sum of the probabilities is 1 which is the condition for a distribution to 
be a probability distribution. 

EXAMPLE 9 An urn contains 4 white and 6 red balls. Four balls are drawn at random from the 
urn. Find the probability distribution of the number of white balls. 

SOLUTION Let X denote the number of white balls drawn from the urn. Since there are 
4 white balls, therefore X can take values 0, 1, 2, 3 and 4. 


Now, P(X=0) = Probability of getting no white ball 


6 
c 
=> P (X=0) = Probability that 4 balls drawn are red = 0c. = =, 
4 
Pe : *C,x°C3 8 
P(X =1) = Probability of getting one white ball = 10¢ = O7° 
4 
Aer *Cax°Co _ 6 
P (X =2) = Probability of getting two white balls = 10- = 74’ 
4 
4 6 
C3 x °C 
P (X=3)= Probability of getting three white balls = = = = 
. é 4 \ 
and, | P(X=4) = Probability of getting 4 white balls= * = =. 
Cc, 210 
Thus, the probability distribution of X is given by 
X: 0 1 2 3 4 
1 8 6 4A 1 


EO 14 21 14 35 210 

EXAMPLE 10 Four bad oranges are mixed accidently with 16 good oranges. Find the probability 
distribution of the number of bad oranges in a draw of two oranges. [CBSE 2002C] 
SOLUTION Let X denote the number of bad oranges in a draw of 4 oranges drawn from 
group of 16 good oranges and 4 bad oranges. Since there are 4 bad oranges in the group, 
therefore X can take values 0, 1 and 2. 

Now, P (X=0) = Probability of getting no bad orange 


16 
Cc 
=> P (X=0) = Probability of getting 2 good oranges = Hc. = + , 
2 


ae 
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P(X=1) = Probability of getting one bad orange = 


2c, 95’ 
4 
GO 3 
and, P(X=2) = 2c, = 95 
Thus, the probability distribution of X is given by 
Per 0 1 2 
| 12 32 3 
“ey 19 95 95 


EXAMPLE 11 An unbiased die is thrown twice. Find the probability distribution of the number 
of sixes. 
SOLUTION Let X denote the number of times six occurs i.e. the number of sixes. Since 
the die is thrown twice, X can take values 0, 1 and 2. 
Let S; denote the event that a six occurs on the die in i th throw and F; denote the event 
that the six does not occur in the i th throw. Then, 

P(X=0) = Probability of not getting six in both the throws 


= P(F, and Fy) = P(F, A Fp) 


= P(F,) P(F>) [-.- F,, Fp are independent events] 
-~ 2,22 
166 4186; 


P(X=1) = Probability of getting one six in two throws 
= P[(F,; and S,) or (S; and F5)] 


= P [((F, a) So) WU (S; a) F,)] 

=P (Fy ‘| S>) +P (S; NM" F>) [By add. Theo.] 
ltiplication th 

= P(F;) P(S2) + PCS) PCF2) heegegs eres | 


Sei aie SOs 
- 6 6 6 6 36° 18’ 


and, P(X=2) = Probability of getting sixes in both the throws 
= P (S; ‘a S>) 
= P(S,) P(S>) [By Multiplication Theorem] 
1: #1. ele 
“6 6186 


Thus, the probability distribution of X is 


xX: 0 1 2 
25 5 at 
BO 36 18 36 


EXAMPLE 12 Two cards are drawn successively with replacement from a well-shuffled pack of 
52 cards. Find the probability distribution of the number of kings. 
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SOLUTION Let X denote the number of kings. Then, X can take values 0, 1 or 2. 


Let S; denote the event of getting a king in the i th draw and F; denote the event of not 
getting a king in the i th draw. Then, 


P(X=0) = Probability of not getting a king in the two draws 


P (not a king in 1st draw and nota king in second draw) 


= P(F, OF) = P(F;) P (F) [-.. F, and F, are independent] 
_ 48 48 _ 144, 
~ 52°52 °° +169 


P(X=1) 


Probability of getting one king in the two draws 

P (Sy NF) or (Fy NS2)) = P (Sy 0 Fo) + P (Fy F Sp) 

P(S,) P(F2) + P(F3) P (So) [By multiplication theorem] 
ener 405 48 oo 24 


ee ae —— —_—_—_— = 


52°52 52°52 169. 


and, P(X =2) 


Probability of getting kings in both the draws 


= P(S,;M Sp) = P(S)) P (S92) [By multiplication theorem] 
Ava | 21 
~ 52°52 169 
Thus, the probability distribution of X is 
X: 0 1 2 
POO: sc a 


EXAMPLE Eo? A coin is tossed until a head appears or the tail appears 4 times in succession. 
Find the probability distribution of the number of tosses. 


SOLUTION ‘Let S be the sample space associated with the given random experiment. 
Then, 


S = {H, TH, TTH; TTTH, 


Let X denote the number eatiisvalieaneSienda 
Now, 





P (X= eee P(X=2) = P(TH) = PCT) PM) = 3x5 = 4, 


ihe 
P(X= TE) P(T) P(T) PH) = $x5X5 = 5° 


and, P (X=4) = P(TITH or TITT) = P(TITH) +P (TTTT) 


= P(X=4) = P(T}P(T) P(T) PH) + PCT) PCT) P(T) PODS tae = & 
Thus, the probability distribution of X is given by, 


xX: 1 2 3 4 
1 
8 


Nie 


f P(X) : 


Yl La 
Co | 
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EXAMPLE 14 An urn contains 4 white and 3 red balls. Find the probability distribution of the 
number of red balls in a random draw of three balls. 
SOLUTION When three balls are drawn, there may be all red, 2 red, 1 red or no red ball 
atall. Thus, if X denotes the number of red balls ina random draw of three balls. Then, 
X can take values 0, 1, 2, 3. 
Now, 

P(X=0) = P (Getting no red ball) 
> P(X=0) = P (Getting three white balls) 


4 
S 
3 


°C:x*C, _ 18 
P(X=1) = P (Getting one red and two white balls) = 7c mae 
3 
4 
6 
P(X =2) = P (Getting two red and one white ball) = a ! = = 
3 
P(X =3) = P (Getting th ed ball 2 Gace 
(X=3) = P (Getting three r ale) 7S 


Thus, the probability distribution of the number of red balls is given by 


X: 0 1 2 3 
| 4, Seon 
Bee 35 35 35 35 


EXAMPLE 15 Two cards are drawn without replacement from a well-shuffled deck of 52 cards. 
Determine the probability distribution of the number of face cards (i.e. Jack, Queen, King and 
Ace). 

SOLUTION Let X denote the number of face cards in two draws. Then, X can take values 
0,1, 2. 


Let F; denote the event of getting a face card in i™ draw. 


Then, 
P(X=0) = Probability of getting no face card 
= P(X=0) = P(F, A Fo) 
=> P(X=0) =P (F;) P (F>/F;) [By multiplication theorem] 
9) = 36,32 — 105 
z AOS 0) 59 Sel ao 
P(X=1) = Probability of getting one face card and one other card 
= P(X=1) = P(A OF) U (Fy A Fo) 
= P(X=1) = P(F, NF) +P (Fy AF>) [By addition theorem] 
= P(X=1) = P (Fy) P (Fo/Fi) + P (Fy) P (F2/F)) 
Be P(X a1) OO 


~~ 52 Si 52 eoien 24 
P(X = 2) = Probability of getting both face cards 
=> P(X = 2) = P(Fy 2 Fy) 


—_T ewer mere we -— oe - 


lh Si — — 
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= P(X = 2) = P(F;) P(F2/F)) 
nd 16 15 _ 20 
peer 2) 59 8 Br "207 
Hence, the required probability distribution is 
X: 0 1 2 
) 105 96 20 
Se 221 221 221 


EXAMPLE 16 Find the probability distribution of the number of green balls drawn when 3 balls 
are drawn, one by one, without replacement from a bag containing 3 green and 5 white balls. 

SOLUTION Let X denote the total number of green balls drawn in three draws without 
replacement. Clearly, there may be all green, 2 green, 1 green or no green at all. Thus, 


X can assume values 0, 1, 2, and 3. Let G; denote the event of getting a green ball in it 


draw. 
Now, 
P (X=0) = Probability of getting no green ball in three draws 
=> P(X=0) = P(G; AN G2NG3) 
= P (X=0) = P(G,) P (G2/G;) P (G3/G, 0 G2) 
=> P(X=0) = 2xox3 = 2. 
P(X=1) = Probability of getting one green ball in three draws 
= P(X=1) = P(G, AG NGs) U (G0 Gp NG) GO Ga G3)) 
= P(X=1) = P (Gy NGgN G3) + P (Gy AN G2 N G3) + P (Gy MN G2 N G3) 
= P (X=1) =P (G,) P(Ga/Gy) P (G3/G, 7 Gp) + P (Gy) P (Ga/G}) P (G3/G, NG,) 
+ P (G,) P (Gp/G,) P (G3/G, 0 G2) 
= P(X= 1) = Sx2xF42xFxF42x =x = x 
P(X=2) = P(G AN GN G3) A(G] NG2zNG3) U(G, 0 G2. G3)) 
= P(X=2) = P (G,) P (Gp/G,) P (G3/G, 7 Gp) + P (Gy) P (G2/Gy) P (G3/G, 0G) 
+ P (Gy) P (G2/G,) P (G3/G; 9 G2) 
= P(K=2) = Sxox24oxSxS+3x2xe = 2 
and, 
P(X =3) = P(G,AG2NG3) = P (Gj) P (G2/G,) P (G3/G.A Go) 
= P(X=3) = Sx2x5 =o 


Thus, the probability distribution of the number of green balls is given by 


>, & 0 1 2 3 


; 2 15 15 a. 
EOD: 28 28 56 56 


—— 
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EXAMPLE 17 From a lot of 10 items containing 3 defectives, a sample of 4 items is drawn at 
random. Let the random variable X denote the number of defective items in the sample. If the 
sample is drawn randomly, find 


(i) the probability distribution of X {CBSE 2010] (ii) P(X<1) 
(iii) P(X <1) (iv) P(O<X <2). 
SOLUTION (i) Clearly, X can assume values 0, 1, 2,3 such that 
1G whi 
P(X = 0) = Probabilty of getting no defective item = Nc. ar; 
4 
3 7 
C, x*C 
P(X = 1) =Probability of getting one defective item = Smog = = ; 
4 
3 7 
Cy x “C 
P(X = 2) = Probability of getting two defective items = ee = 3 
4 
3 7 
C3x“C 
and, P(X = 3) = Probability of getting three defective items = ee = an 
4 


Hence, the probability distribution of X is 


Xi 0 1 2 3 
1 1 3 Bi 
(ii) P(X$1) = P(X = 04+P(C= eee 
3 Paly 
(iii) P(X<1) = P(X =0) =2 
(iv) P(0<X<2) = P(X =1) => 


EXAMPLE18 We take 8 identical slips of paper, write the number 0 on one of them, the number 
1 on three of the slips, the number 2 on three of the slips and the number 3 on one of the ships. 
These slips are folded, put in a box and thoroughly mixed. One slip is drawn at random from the 
box. If X is the random variable denoting the number written on the drawn slip, find the 
probability distribution of X 

SOLUTION Clearly, X takes values 0, 1, 2, 3 such that 


P (X = 0) = Probability of getting a slip marked 0 = 
P (X = 1) = Probability of getting a slip marked 1 = 


P (X = 2) = Probability of getting a slip marked 2 = 


Co} Co]Go colW cole 


and, P (X =3) = Probability of getting a slip marked 3 = 
Hence, the probability distribution of X is 
xX: 0 1 2 3 

1 S- ysis ak 

P (x): 8 8 8 8 
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EXAMPLE 19 A coin is biased so that the head is 3 times as likely to occur as tail. If coin is tossed 
twice, find the probability distribution for the number of tails. [NCERT] 
SOLUTION Let p be the probability of getting a tail in a single toss of a coin. Then, 
probability of getting a head = 3p. 


Since “getting head” and “getting tail” are mutually exclusive and exhaustive events in 
a single toss of a coin. 


P(H)+P(T) = 1 
= p+3p=l1l>p=- 
= P(H) = 2andP(T) = + 

4 4 

Let X denote the number of tails in two tosses of a coin. Then, X can take values 0, 1, 2. 
Now, 

P (X =0) = Probability of getting no tail 
= P (X= 0) = Probability of getting both heads 
— P(X=0) =P (HH) 
=> P(X=0) =P (H)xP(RA) [-.. two trials are independent] 
=> 


P (X= 1) = Probability of getting one tail and one head. 


=> P (X=1)=P (HT) +P (TH) 
= P (X= 1) =P (A) P(T) + P (T) P (A) 
Soe. 8 
= P(X=1)= a%4ta*a> 3 
P (X = 2) = Probability of getting both tails 
= P (X = 2) =P (TT) 
1 xi 1 
Hence, the probability distribution of X is 
xX: 0 1 2 
2 3 A 
P(X): 16 8 16 


EXAMPLE(A) A die is loaded in such a way that an even number is twice likely to occur as an 
odd number. If the die is tossed twice, find. the probability distribution of the random variable 
X representing the perfect squares'in t the two, gages 


SOLUTION Letp be the probability of getti er in a single throw of a die. 
Then, probability of getting on even number is 2p. 





We have, 
P (1) +P (2)+P (8)+P (4)+P(5)+P (6) = 1 
=> pt+2p+p+2p+p+2p = 1 [-.. Sum of the probability = 1] 
3 
Now, 


Probability of getting a perfect square i.e. 1 or 4 in a single throw of a die 


ene & 
Osage. oe 9 ae 
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Since X denotes the number of perfect squares in two tosses. Then, X can take values 0, 
1,2 such that 
P (X = 0) = Probability of not getting perfect squares in both the tosses 
2,2_4 
> BED) 3 9-24 
P (X = 1) = Probability of getting perfect squares in one of the two tosses 


=  P(X=1) = 5x48 14 


3° Sica 
P (X = 2) = Probability of getting perfect squares in both two tosses 
5 pes Ces | 
=> P(X=2)= 3%3 = 9 
Hence, the probability distribution of X is 
xX: 0 1 2 
4 4 1 
P(X) : 9 9 9 
EXERCISE 31.1 


1. Which of the following distributions of probabilities of a random variable X are the 
probability distributions ? 
(i) ), Cae 2 1 0 -1 (ii) X: 0 1 2 


P(X): 03 02 04 O41 0.05 P(X): 06 O04 0.2 
(iii) x 3 eaniO 1 2 3 4 (iv) Xsr eee iO 1 2 3 
P(X): 0:1 05 0:2) S080 P(X): 03 O02 O04 O71 
2, Arandom variable X has the following probability distribution 
ValuesofX: -2> -1 0 1 2 3 
P(X) : 0.1 k 025-5) 2k 0.3 
Find the value of k. 


3, Arandom variable X has the following probability distribution 
ValuesofX: O 1 2 3 4 5 6 7 8 


P(X): a 3a 5a Za 9a Mla 13a 15a 17a 


Determine : 

(i) The value of a 

(ii) P(X <3), P(X 23),P (0<X<5). 
4. The probability distribution function of a random variable X is given by 
é Xj° 0 1 ti” 
Y Pi 3c° 4c —10c* Se-1 


where c > 0 


Find: (i) ¢ (ii) P (X <2) (iii) P(1<X 32) 
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5. Let X be a random variable which assumes values X1,%X2,X3,X%q such that 
2P (X = x}) =3P (X =X) = P (X = x3) =5 P (X =x,). Find the probability distribution 
of X. 

6. Arandom variable X takes the values 0, 1, 2 and 3 such that: 
P(X =0)=P (X>0) =P (X <0); P(X =—-3) =P (X =—-2) =P (X=- 1); 
P (X=1) =P (X=2) =P (X =3). Obtain the probability distribution of X. 

7. Two cards are drawn from a well shuffled pack of 52 cards. Find the probability 
distribution of the number of aces. 


8. Find the probability distribution of the number of heads, when three coins are 
tossed. 


9. Four cards are drawn simultaneously from a well shuffled pack of 52 playing cards. 
Find the probability distribution of the number of aces. 


10. A bag contains 4 red.and 6 black balls. Three balls are drawn at random. Find the 
probability distribution of the number of red balls. 


11. Five defective mangoes are accidently mixed with 15 good ones. Four mangoes are 
drawn at random from this lot. Find the probability distribution of the number of 
defective mangoes. 


12. Two dice are thrown together and the number appearing on them noted. X denotes 
the sum of the two numbers. Assuming that all the 36 outcomes are equally likely, 
what is the probability distribution of X? 


13. Aclass has 15 students whose ages are 14, 17, 15, 14, 21, 19, 20, 16, 18, 17, 20, 17, 16, 
19 and 20 years respectively. One student is selected in such a manner that each has 
the same chance of being selected and the age X of the selected student is recorded. 
What is the probability distribution of the random variable X ? [NCERT] 


14. Five defective bolts are accidently mixed with twenty good ones. If four bolts are 
drawn at random from this lot, find the probability ohielesetete of the number of 
defective bolts. 


15. Two cards are drawn successively with replacement from well shuffled pack of 52 
cards. Find the probability distribution of the number of aces. 


16. Two cards are drawn successively with replacement from a well shuffled pack of 
52 cards. Find the probability distribution of the number of kings. 


17. Two cards are drawn successively without replacement from a well shuffled pack 
of 52 cards. Find the probability distribution of the number ofaces. [CBSE2001] 


18. Find the probability distribution of the number of white balls drawn in a random 
draw of 3 balls without replacement, from a bag containing 4 white and 6 red balls. 


19. Find the probability distribution of Y in two throws of two dice, where Y represents 
the number of times a total of 9 appears. 


20. Froma lot containing 25 items, 5 of which are defective, 4 are chosen at random. Let 
X be the number of defectives found. Obtain the probability distribution of X if the 
items are chosen without replacement. 

21. Three cards are drawn successively with replacement from a well-shuffled deck of 
52 cards. A random variable X denotes the number of hearts in the three cards 
drawn. Determine the probability distribution of X. 

22. From a lot of 30 bulbs which include 6 defectives, a sample of 4 bulbs is drawn at 
random with replacement. Find the probability distribution of the number of 
defective bulbs. [NCERT, CBSE 2004] 

23. An urn contains 4 red and 3 blue balls. Find the probability distribution of the 
number of blue balls in a random draw of 3 balls with replacement. 
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24, Two cards are drawn simultaneously from a well-shuffled deck of 52 cards. Find 
the probability distribution of the number of successes, when getting a spade is 
considered 4 success. 

25. A fair die is tossed twice. If the number appearing on the top is less than 3, it is a 
success. Find the probability distribution of number of successes. § [CBSE 2004] 

26. An urn contains 5 red and 2 black balls. Two balls are randomly selected. Let X 
represent the number of black balls. What are the possible values of X. Is Xa random 
variable? 

27. Let X represent the difference between the number of heads and the number of tails 
when a coin is tossed 6 times. What are possible values of X? * 

28, From a lot of 10 bulbs, which includes 3 defectives, a sample of 2 bulbs is drawn at 
random. Find the probability distribution of the number of defective bulbs. 


[NCERT, CBSE 2010] 
ANSWERS 
1. (iii) and (iv) 2. k=01 2 @Qa=2 (i) oe 


45 @> Gis 


5, xX: x4 x5 x3 x4 
15 10 30 6 
Be: 61 61 61 61 
6 xX —3 =! —] Ont 2 3 
5 15 9 S41 1 i 
NA) 30 30 30 30 9 9 9 
7. X: 0 1 
188 32 mals. 
Aen: 221 221 221 
8. X: 0 1 2 3 
; 1 3 3 1 
BO: 8 8 8 8 
9. Xs 0 1 2 3 4 
P(X): oq, *Gix Se, 2G xe Guce. en Cee, 
S2c, 2c, 2c, 2c, oaG 
10. x: 0 1 2 3 
i i 3 at 
Be: 6 2 10 30 
11. X: 0 1 2 3 4 
P(X): 31 455 70 10 ele 
323 969 323 323 969 
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PIR as A 6 Bib woiecii0;) “Tiee2 
P(X): eee A Dn 6, 5 48 A 
36 36 36 36 36 36 36 36 36 36 36 
13. X: 14 15 16 17 18 19 20 21 
ee aly 2 3 1 sas x JA. 
OR 5 1S 15 15 15 15 15 5 
14. X: 0 2 3 
P(X): 969) 114i 
2530 253 253 253 2530 
15, X: 0 1 2 
144 24 1 
BO): 169 169 169 
16. XX: 0 1 2 
144 24 1 
HOO 169 169 169 
1 Acme, € 0 1 2 
188 32. eee 
BUDE 221 221 921 
18. X: 0 1 2 3 
P(X) 5 3 2 23 
30 30 30 30 
19. Y: xy Xp = -X3 
peOase Gy. 1. 
PX): 87 81881 
5 
ae Nee RG, tO bo. 
20. P(X = 1r) = = ,r=0,1,2,3,4. 
C, 
21. X: 0 1 2 3 
27 27 a9: 1 
P (x): 64 64 64 64 
22. X= 0 1 2 3 4 
256 256 96 16 ally 
P (X): 625 625 625. 625 


—— 


a 


id 


' Seg 256 a 
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22. X- 0 1 2 3 4 
ee Mme it 
(X): 625 625 625 625 625 
23. X* 0 1 2 3 
64 144 108 27 
P(X): 343 343 343 343 
24, X° 0 2 se 0 1 2 
19: \ 1B onpeng) ay: ak 
P(X): 34 34 34 POO Gn OH . «d 
26. 0,1, 2. Yes. 27. —6,—-4,—-2,0,2,4,6 
28. X: 0 1 2 
7 he. ab 
P (X);: 15 15 15 


HINTS TO SELECTED PROBLEMS 
5. Let P(X =x3) = k. Then, 


P(X = x1) = t+ P(X =e 5 P(X Lr 


I Glas 


P(X=x1)+P(X = x)+P(X=x3)+P(X = x4) = 1 
kk sate _ 30 
= atgtkt+e=1 —k= 5 


6. Let P (X =0) =k. Then, 
P(X=0)=P (X>0)=P(X<0) = P(X>0)=kKand P(X <0) =k. 


P(X=0)+P(X<0)+P(X>0) =1=> 3k=1=>k a 


P(X <0) =k 
=> P(X = -1)+P(X = -2)+P(X =-3) =k 
=> 3P(X=-1l)=k 


= P(X = -1) = P(X=-2) =P(K=-3)=$=2 
Similarly, P (X>0)=k=> P(X=1)=P(X=2)=P(X=3)=4 
31.4 MEAN OF A DISCRETE RANDOM VARIABLE 


DEFINITION If X is a discrete random variable which assumes values x1, X2, X3, -... Xp, With 
respective probabilities p1, Po, P3 --- 1 Py, then the mean X of X is defined as 


= er eet 
X = pyXytpoXgt.ntpnX, Or, X = Lp;%;j 
i=] 


REMARK 1 The mean of a random variable X is also known as its mathematical expectation or 
expected value and is denoted by E (X). a2 
REMARK 2 In case of a frequency distribution x; /f;; i=1,2,...., the mean X is given by 


se 
X = whi xy + fy XQ FH weave +f, Xn) 


Pen ~~ ae 


ee se a wrsEwe eee 


MATHEMATICS-XII 
att | So Sn 
=> X= — Sik ob asasss a 
N xX, + N Xo + “+ N Xn 
= fj 
=> X = Py Xz + pPoxg tne + Py X,, Where p;=— 


N 


Thus, if we replace fi by p; in the definition of mean, we obtain the mean of a discrete 
n 
random variable, Consequently, the term ‘mean’ is appropriate for the sum = Py Xje 
i=1 
NOTE The mean ofa random variable means the mean of its probabilitiy distribution. 


ILLUSTRATION 1 Ina single throw of a die, if X denotes the number on its upper face. Find the 
mean of X. 


SOLUTION Clearly, X can take the values 1, 2, 3, 4, 5, 6 each with probabilities - 
So, the probability distribution of X is as given below : 
Xe A 2 3 4 5 6 
1 1 1 1 1 1 
P(X): = = a ~ ™ 
mY 6 6 6 6 6 6 
= i 1 1 1 1 1 
X = GRIT EX2t EXSt Ee KatEXS +E x6 
=> X= $x(1424+34+44546) = 1,864). 7 
6 6 2 2 
ILLUSTRATION 2 If a pair of dice is thrown and X denotes the sum of the numbers on them. 
Find the probability distribution of X. Also, find the expectation of X. [NCERT] 


SOLUTION Ina single throw of a pair of dice the sum of the numbers on them can be 2, 
3, 4, ...., 12. So, X can assume values 2, 3, 4, ..., 12. The probability distribution of X is as 
given below : - 

igen 3 4 5 6 7 8 9 10 il 12 
P(X): lie 22 3 4 5 6 5 4 3 2 1 


36 36 36 36 36 36 36 36 36 36 © 36 


1 2 3 at fo) 6 
E(X) = 36 <2 +36 X38 496 X44 96 XS t 36 x6 +55 x7 
ie 4 3 22. 1 
+736 X8 +36 %9 tae x 10+ 2x11 +36 x12 
= E(X) = 35 [2+6+12+20430+42+50+36 +30 +22-+12] 


2 
= E(X) = 22 = 7, 


ILLUSTRATION 3 A dealer in refrigerators estimates from his past experience the prob- 
abilities of his selling refrigerators in a day. These are as follows : 


No. of refrigerators 0 1 2 3 4 5 6 
sold in a day : 
Probability : 0.03 0.20 0.23 0.25 0.12 0.10 0.07 


Find the mean number of refrigerators sold in a day. 


SOLUTION Let X denots the number of refrigerators sold ina day. Then, the probability 
distribution of X is 
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Xj: 0 1 2 3 4 5 6 
pj: 0.03 0.20 0.23 0.25 0.12 0.10 0.07 


X = 0.03x0+0.20x1+4+0.23x2+0.25x3+0.12x4+0.10 x5+0.07 x6 
= X = 0.20 + 0.46 + 0.75 + 0.48 + 0.50 + 0.42 = 2.81. 


ILLUSTRATION 4 A salesman wants to know the average number of units he sells per sales call. 
He checks his past sales records and comes up with the following probabilities: 
Sales (in units) : 0 1 2 3 4 5 


Probability : 0.15 0.20 0.10 0.05 0.30 0.20 


What is the average number of units he sells per sale call ? 
SOLUTION Let X denote the number of units. Then, X is a random variable with the 
following probability distribution 


x 0 1 2 3 4 5 
D;: 0.15 0.20 0.10 0.05 0.30 0.20 
X = 0.15x0+0.20x1+0.10x2+0.05x3+0.30x4+0.20x5 
= X = 0.20+0.20+0.15 +1.20+1.00 = 2.75 


Thus, the average number of units he would sell per sale call is 2.75. 


31.5 VARIANCE OF A DISCRETE RANDOM VARIABLE 
DEFINITION If X isa discrete random variable which assumes values Xj, Xz, X3, »... , Xp, With the 
respective probabilities p1, Po, ..--, Py then variance of X is defined as 


Var (X) = p3 (%4 —X)* + po (xo - X)* + oes + Dn (Xn — xj 


n oi seat 
a Var (X) = 2p; (xj- xy, where X = = p; x; is the mean of X. 
i=1 i=1 


n ta 
Now, Var (X) = 2p; (x%j- x) 
i=1 


n SAG ‘Soe 
= Var (X) = Ep; (x;2-2.x; X + X?) 
i=1 
n Py (Pei. — n 
= Var (X) = Ep; x;7- 2X 2 pix; PORE 2 Dp; 
i=1 i=] i=] 
n SS : n 
= Var (X) = Dp;x;2-2X.X+X? -Dpj=l 
i=l i= 
n — —_ 
=> Var (X) = ED pj xj;2— 2X7 + X? 
i=1 
i oss 
= Var (X) = =p; x;7- X” 
i=1 


2 
n n 

= Var (X) = Epix?-| Epis) 
i=l t=1 
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n nN 2 
Thus, Var (X) = Zp; x;? —| Zp; si : 
i=l i=1 


or, Var (X) = E (X*) - {E (X)}? 


REMARK1 The variance of a discrete random variable X is also known as its second 
central moment [. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the mean and variance of the number of heads in the two tosses of a coin. 
SOLUTION Let X denote the number of heads in the two tosses of a coin. Then, X can 
take values 0, 1 or 2 such that 


P(X = 0) = Probability of getting no head = P(TT) = r 
P(X =1) = Probability of getting one head 
= P(X=1) = P(HT or TH) =2=3 


and, P(X =2) = Probability of getting bothheads = P(HH) = 


| 


Thus, the probability distribution of X is as given below : 
X: 0 1 


2 
P(X): 3 


‘St 
Nie 


Computation of mean and variance 











Pie Nie -l|- 





1 


2 





2 
We have, 


x pixi = 1 and Ep x;7= 


N | 


X = Mean = =p; x; = 1 


and, Var (X) = = p;x;2 = (2 p; x;)” = 3-4 = 


NIP 


Hence, Mean=1 and Variance =5 
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EXAMPLE 2 Find the mean, variance and standard deviation of the number of heads in a 
simultaneous toss of three coins. [CBSE 2007] 


SOLUTION Let X denote the number of heads in a simultaneous toss of three coins. 
Then, X can take values 0, 1, 2, 3. 


Now, P(X=0) = P(TIT) == 


P(X=1) = P(HTT or TTH or THT) =3 


P (X=2) = P(HHT or THH or HTH) = 5 
and, P(X=3) = P(HHH)=-3 
Thus, the probability distribution of X is given by 
X: 0 1 ? 3 
, sgh 3 3 i! 
ot! ao 8 8 8 





We have, 
Epixi= > and > pi x;7 =3 


X = Mean = 2p;x; = 5 


3° 3 
and, Var (X) = 2p; x;2- (2p; x)" = 3-(3) " & 


0.87 


Standard deviation = VVar (X) =\3 - a 


Hence, Mean= . , Variance = = q and Standard deviation = 0.87 


te o8 «wr Ff — 
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EXAMPLE 3 Two dice are thrown simultaneously. If X denotes the number of sixes, find the 


expectation of X. ([NCERT] 
SOLUTION Clearly, X can take values 0, 1 and 2. 
We have, 
P (X = 0) = Probability of not getting six on any dice = = 
P (X=1) = Probability of getting one six = a 
P (X = 2) = Probability of getting two sixes = = 
Thus, the probability distribution of X is given by 
X: 0 1 2 
| 25 10 at 
a 36 36 36 


Computation of mean and variance 





We have, 


yal 7 
2 PiXi= a6 = 5 and 2 pj x; — 18 
1 
E(X)=2pj%1=3 
Ve 1+ tO 
and, Var (X) = pix;°- © pix)" =75-5 = Gg 


1 5 
Hence, E(X)= 3 and Var (X)= 18° 
EXAMPLE4 Two numbers are selected at random (with replacement) from the first six positive 
integers. Let X denote the larger of the two numbers obtained. Find E (X) and Var ( X). [NCERT] 
SOLUTION We observe that X can take values 2, 3, 4, 5, 6 such that 


P (X = 2) = Probability that the larger of two numbers is 2 
= P (X =2) = Probability of getting 1 in first selection and 2 in second 
selection or getting 2 in first selection and 1 in second selection 


fil pili Diyos 
= 55 6 5 a0 15 
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P (X = 3) = Probability that the larger of two numbers is 3 


=> P (X = 3) = Probability of getting a number less than 3 in first selection 
and 3 in second selection or getting 3 in first selection and a 
number less than 3 in second selection. 
L Aig 2p ane 


2 
ca en) XS 5 soos 


P (X = 4) = Probability that the larger of two numbers is 4 


< Hoes Coad Wess eo 1 
= P(X=4)= CXet+eXe=30 745 


4 1 1.4 5:88 4 
= Uns OSE 5 F'G 580 ane 
bie, lacie Deel 


Ks . 2 3 4 5 6 
apie 2 1 4 i 
eS Cee is 3 
1 2 1 4 1 
E(X)=7Ex2+7ExStexat TE xstZxe 
70 14 
= EA) IEE ig 


EXAMPLE 5 In a meeting 70% of the members favour a certain proposal, 30% being opposed. 
A member is selected at random and let X =0 if he opposed, and X = 1 if he is in favour. Find 
E (X)and Var (X). [NCERT] 


SOLUTION The probability distribution of X is 


».CE 0 1 
30. 70 
Bs 100 100 
30 70 7 


E(X)= 709 %9 +499 *1 =49 


100 100 10 


il 2 2-7. AD) Sa 
Var (X) = E (X°)—[E (X)I" =49 - 799 = 100 


and, E (X?) = 


Hence, E()=— and Var == 


EXAMPLE 6 A class has 15 students whose ages are 14, 17,15, 14, 21, 17, 19, 20, 16, 18, 20, 
17, 16, 19 and 20 years. One student is selected in such a manner that each has the same chance 
of being choosen and the age X of the selected student ts recorded. What is the probability 
distribution of random variable X? Find mean, variance and standard deviation of X. [NCERT] 
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SOLUTION We observe that X takes values 14, 15, 16, 17, 18, 19, 20 and 21 such that 


P(X=14) = 


is POI is 


15 ’ 
P(X = 18) = c } 
So, the probability distribution of X is as given below: 

Xe 14 15 16 17 18 19 20 


1 2 igre “a. 2 3 


2 
ENS 46 15 15 15 15 15 15 


1200 
15 


= 


We have, 
263 4683 
aldol Ti aera 
Mean = E pixie = 17.53 


Variance = © p;x;7 -—(=p;x)* 


4683 2) - 70245 — 69169 _ 1076 
15 


= Variance = (s m5 225 


-. Spindatel Deviation =e variarien= VL022 S208. __ 32.80 


225 15 15 


P(X= 19) == ,P(X= 20) = P (X= 21) =. 





P(X= 16) ==, P(X=17)=75 
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EXAMPLE 7 Find the probability distribution of the number of successes in two tosses of a die, 
where a success is defined as ‘getting a number greater than 4’. Also, find the mean and variance 
of the distribution. ([NCERT] 
SOLUTION Let X denote the number of successes in two tosses of a die. Then, X can 
take values 0, 1, 2. 


Let S; = Getting a success ini th toss and, F;= Getting a failure in i th toss. 


Then, P(S;) = Probability of getting a number greater than 4 in first toss 
7! 
=> no) == 
Also, P (S>) — - 
2 
P(Fi) = PF) = 3 
Now, P(X=0) = Probability of getting no success in two tosses of a die 
> P(X=0) = P (Fy Fp) 
= P(X=0) = P(F,) x P (Fo) [By multiplication theorem] 
2. 2h ah 
> P(X=0) = 3x3 = 9 
P (X=1) = Probability of getting one success in two tosses of a die. 
= P(X=1) = P{(Sy Fp) UV (Fy NS2)} 
=> P(X=1) = P(S, NF) + P (Fy 0 Sp) 
1. 2) 2 al ee 
= P(X=1) = 3x3+35%3 = 9: 
and, P (X=2) = Probability of getting two successes in two tosses of a die 
= /P(X=2) = P(S, 0S) = P(S:) P(S:) = 3X5 = 5 
Thus, the probability distribution of X is given by 
X: 0 1 2 
4 4 1 
Sy 9 9 9 


Computation of mean and variance 





0 
4 
9 
2 
9 
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We have, 


M 
= 
R 

i 

i 


2 2_ 8 
9 3 and z pj Xx; a5 


X = Mean = =p;x; = 


2 
2 4 
and, Var (X) = 2p; x;7- (2p; x)” = ag 59 


Hence, Mean = 5 and Variance = =. 


EXAMPLE 8 Find the probability distribution of the number of sixes in three tosses of a die. 
Find also the mean and variance of the distribution. 


SOLUTION Let X denote the number of sixes in three tosses of a die. Then, X can take 
values 0, 1, 2,3. 


Let S; denote the event of getting a six ini th toss, i = 1, 2, 3. 
Then, 


P(S) = ; and P(S) = 2 i = 1,23) 
Now, P(X=0) = P(S; Nn S22 $3) 


= P(X=0) = P(S}) P(S) P (S53) [-.- S], So, Sz are independent events] 
=0) = 2x2 ye = 12 
= Be) = 66" 216 
P(X=1) = P ($1.9 $2.9 $5) U ($1. 9 $2.9 $3) U (8, 952.9 S3)) 
= P(X=1) = P(S,;AS,0S3)+ P(S; NS.0S3) + P (§; NS. $3) 
= P (X=1) = P(S;) P (S9) P (S3) + P (S}) P (Sp) P (S3) + P (S) P (S) P (S3) 
BN ae shee Se Seg ie lees -2- 
7 UES IGCIG ENG 6 6. 6° 6 6 216 
P(X=2) = P ($1.9 $29 $3) 0 G1 982.9 $3) 0 ($1.9 $2.9 Sa) 
= P(X=2) = P(S,;NS$,AS3)+ P(S; A $20 $3) + P (Sy VN S229 S3) 
=> P(X=2) = P(S;) P (Sp) P (S3) + P (S}) P (S>) P (S3) + P (S1) P (Sp) P (S3) 


i 7 LEE S a2 ! G CoD 
EEE TEN 656666 216 


and, - P(X=3) = P(S; 1S2Sq) = P(S;) P (Sz) P (Ss) = 2% 
Thus, the probability distribution of X is given by 


X: 0 1 2 3 


: 125 75 AS. oli 
POO: 216: 216 216 216 


| 
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Computation of mean and variance 











a Wl MPT: Mees ak SS 
x; Ei (X= Xj) = Pj PX; : PiX;" | 
a rae Sue e Sts 
| 2 0 : 0 | 
| 0 ) 216. ‘tm | | 

| &. bape TB | 75 
| | 216 216 | 216 | 

oe oe le 30. hae 
| | 216 216 | 216 | 
ig |) 2 eee is | 
| 2 216 Sag 216 | 216 | 
es ae es 
: . - 108 _1 a) 
el 2 Hog ag ee Hee 3G I 

We have, 
10 : 144 
= PiXi = 516 = 9 and z pj X; = 516 
Mean = X = =p; x; = ; 
2 
= 12 (Sap ae ees ee ee ee 
and, Var (X) = 2p; x;" — (2p; 5; 16 E 167 12 


j Rubio’ 
Hence, Mean = 5 and Variance = 12 
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EXAMPLE 9 A die is tossed twice. A “success” is “getting an odd number” on a random toss. 


Find the variance of the number of successes. 


SOLUTION Let X denote the number of successes in two tosses of a die. Then, X can 


take values 0, 1, 2. 
Let S; and F; denote the success and failure respectively in? th toss. Then, 


Nie 


P (S;) = Probability of getting an odd number ini th toss = , = 


and, P (F;) = Probability of not getting an odd number in i th toss 


P (X=1) = Probability of getting one success in two tosses of a die 
= P(X=1) = P(GinF)Y FO S2)) 


= P (X=1) = P(S;OF9)+P (Fy So) 


] 1 
=> pay = [1-5] = 5 
Now, P(X=0) = Probability of getting no success in two tosses of a die 
> P(X=0) = P (Fy AF>) 
= P(X=0) = P(F,) P (F>) [By Multiplication Theorem] 
yt ee Z wel) 
=> P(X=0)= 5X5 =] [PD = PiF = 3| 
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= P(X=1) = P(S,) P(F)+P(F,) P (So) = txt++xi =} 
ia beeen Qn Ze~ 2 DF 
and, P(X =2) = Probability of getting two successes in two tosses of a die 
= P(X=2) = P(S, 7 S,) = P(S;) P(S:) = 5x5 = 5 


Thus, the probability distribution of X i.e. the number of successes in two tosses of a die, 
is given by 


0 1 2 
1 1 1 
P(X) 4 5 4 


Computation of variance 





Var (X) = Ep; x;2- (2 p;x)* = 3-1 = 5 


EXAMPLE 10 Two cards are drawn successively with replacement from a well-shuffled deck of 
52 cards. Find the mean and standard deviation of the numbet of aces. 

SOLUTION LetA; (i= 1,2) denote the event of getting an ace ini th draw. Since the cards 
are drawn with replacement, therefore, 


P (A;) = Probability of getting an ace ini th draw 


4 
Cia 4s eo 
= RCO = 52 13 
= eal. 
and, P(A) = 1- P(A) = 1-75 = 45 (= 1,2. 


Let X denote the number of aces in two draws. Then, X can take values 0, 1, 2. 
Now, P (X=0) = Probability of getting no ace in two draws 


12.12 _ 144 
=> P (X=0) = P(A, 7 Ap) = P(A;) P (Ad) = 13 ~13 ~ 169 

P (X=1) = Probability of getting an ace in either of the two draws 
=> P(X=1) = P((41 0.42) U (Ay 2 Ag) 


=> P(X=1) = P(A, 1 Ay) +P (A, OAs) 


. ee 
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a 1 SOmEION eo 24 
= P(X=1) = P (Aj) P (Ag) + P(A) P(A2) = 55 *43 +73 * 43 = 169 


and, P(X =2) = Probability of getting ace in each draw 


i ee! 1 
=> P(X=2) = P(A, 7M Az) = P (Ay) P (Az) = 55% 553 = F690 
Thus, the probability distribution of X is given by 

X: 0 1 2 
144 24 mts 
arte 169 169 169 


144 24 tome SG 
Epix = OX 69 +1 Xa eS * eg eG 


144 24 1 28 

and, x Pix; * = OXT OO +1x 7 t4X725 = 169 
me = _ 201 a 
Hence, X = Mean = 2p; X; 169 ~ 13 


2 
and, Var (X) = Dp; x;" ~ (Zp; x)" = = -(3) = 


169° | 13 169 
- War =" 2a 2v6 
2 2V6 
Hence, Mean = 13 and S.D. = 13° 
EXAMPLE 11 Two cards are drawn successively without replacement from a well-shuffled deck 
of 52 cards. Compute the variance of the number of aces. (CBSE 2010] 


SOLUTION Let A; denote the event of getting an ace in ith draw, where i = 1, 2. Further, 
let X denote the number of aces in two draws. Then, X can take values 0, 1, 2. 


Now, P(X=0) = Probability of getting no ace in two successive draws 


=» —- P(X=0) = P(A, A Ay) = PAD) P Gy/A) = Sxe = 2H 
P(X=1) = Proabability of getting an ace in one of the two draws 

= P(X=1) = P((A,N A>) UV (Ay 9 A2)) 

= P(X=1) = P(A, NA) +P (Ay 7 Ap) 

= P(X =1) = P (Ay) P (Az/A,) + P (Aj) P (A2/A}) 

= PiXadl) Si ee 


52 | 5152) Gos 
P (X =2) = Probability of getting an ace in each draw 


4_3 3 
=> P (X= 2) = P(A, Ap) = P(Ai) P (A2/A)) = £5 % 5a = Gea 
Thus, the probability distribution of X is given by 

X: 0 1 
564 96. 


2 
P(X): | 3. 
663 663 663 


or ee ere 


Se ee 


r= 
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564 96 3 102 
Lp; x; = ee — — = 
Pix = OX Fey + 1X ceg t2X oes = 63 


and, Epix; = 2x04 22 x14 22. x4 = 108 


Hence, Var (X) = 2p; x;7 — (2 pj xj)" 





663 | 663 (663) ~ 663x663 2873 


EXAMPLE 12 From a lot of 10 items containing 3 defectives, a sample of 4 items is drawn at 
random. Let the random variable X denote the number of defective items in the sample. If the 
items in the sample are drawn one by one without replacement, find 
(i) The probability distribution of X. 
(ii) Mean of X 
(iii) Variance of X. 
SOLUTION (i) Clearly, X can assume values 0, 1, 2,3 such that 


: 2 
= Var (X) = 663 (683) _ 108 x 663 - (102)" _ _ 61200 400 


7 3 7 
Cee Cix"Cs 1 
re) 0G. 6 P(X = 1) = 10¢, = 
3 7 3 7 
Cy x Ci 3 C3 x Ci 1 
P(X = 2) = 10¢, = ins and P(X = 3) 10¢, 30 
So, the probability distribution of X is as given below. 
X: 0 1 2 3 
P(X): 






0 


See 2.0 
We have, 2 pj Xj = 1075 
X = Mean = =p; xX; = 2 
2 
6 36—s «14 
Now, Var (X) = 2p;x;?- (2p; x)? = 2-(5) = 7525 - 25 


6 14 
Hence, Mean=— and Variance = a 


— &- 
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EXAMPLE 13 A random variable X has the following probability distribution : 
Xj: —2 —] 0 : 1 2 3 
P;: 0.1 k 0.2 2k 0.3 k 
(i) Find the value of k. 
(ii) Calculate the mean of X. 
(iii) Calculate the variance of X. 
SOLUTION (i) Since sum of the probabilities in a frequency distribution is always unity. 
0.1+k+0.2+2k+0.3+k = 1 
> 06+4kK=1=> 4K=04 > k=0.1 


Calculation of mean and variance 


“i Pi Pi xj PX; z 
—2 0.1 — 0.2 0.4 
—] 0.1 —0.1 0.1 

0 0.2 0 | 0 
1 0.2 0.2 0.2 
2 0.3 | 0.6 Tez. 
3 


0.1 0.3 0.9 


We have, = p; x; = 0.8 and = p; x;7 =2.8 
Mean = 0.8 
and, Variance = Lp;x;*—(2p;x)* = 2.8-(0.8)* = 2.8-0.64 = 2.16 


EXAMPLE 14 A coin weighted so that P (H)= : and P (T) =i is tossed three times. Let X be 


the random variable which denotes the longer string of heads which occurs. Find the probability 
distribution, mean and variance of X. 


SOLUTION The random variable X is defined on the sample space S given by 
S = (TTT, HTT, THT, TTH, THH, HTH, HHT, HHH} 
Note that the string of heads means the sequence of consecutive heads. 
Since X denotes the longest string of heads. Therefore, 
X (TTT) = 0, X (THT) =1, X (HTT) =1, X (TTH) =1, X (HTH) =1, 
X (HHT) = 2, X (THH) =2 and X (HHA) =3. 


Now, P(X = 0) = P(ITT) = P() P() P(T) = 4 X4%4 = 2 
P(X = 1) = P(THTUHTTUTTH UHTH 
= P(X = 1) = P(THT)+P (HTT) +P (TTH) + P (HTH) 


= P(X = 1) = P(T) P (A) P (T) + P (A) P (1) P(T) + PT) P (1) P (A) + P (A) P(T) PC 
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SY RR Se ees eee 
=> P(X =1)= J Coriri rarer te r 


P(X = 2) = P(THH U HHT) 


=> P(X = 2) = P(THH) + P (HHT) 
=> P(X = 2) = P(T) P(A) P (H) +P (HK) P(A) P(T) 
eS TD) Vi A) 
= PK = 2) = 2(ixxg) = 6A 
and, P(X = 3) = P (HHH) 
8) oe = 2A 
= P(X = 3) = P(H)P(H) P(A) = GxXqXq = 
So, the probability distribution is as follows: 
Xj. 0 ] 2 3 
ay. al 18 18 27 
na 64 64 64 64 


Calculation of mean and variance 


a 
64 
18 
64 
18 
64 
27 
64 





135 
We have, 2 p;x;=—=— and = p;x;* = = 
1345) 
Mean = 2p; xX; = a 21 


and, Variance = 2 p; Lie — (Mean)” = = —(2.1)? = 5.2—4.41 = 0.79 


Hence, Mean =21 and Variance = 0.79. 


EXAMPLE 15 A fair coin is tossed until a head or five tails occur. If X denotes the number of 
tosses of the coin, find the mean of X. 
SOLUTION The sample space related to the given random experiment is given by 


= {H, TH, TTH, TTTH, TTTTH, TITTT} 
Clearly, X assumes values 1, 2, 3, 4,5 such that 


P(X = 1) = P(H) = 3 
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P(X = 2) = P(TH) = P(T)P(H) = 4 


Lobo ed 
P(X = 3) = P(TTH) = P(T)P(T) P(A) = 5%5%5 = 8 
P(X = 4) = P(TITH) = P(T)P(T) P(N P() = txtxtxtes 
De DE 2s To 
and, P(X = 5) = P(TTTTH wu TTTTT) 
=. P(X = 5) = P(TTTTH) +P (TTTTT) 
=> P(X = 5) = P (T) P (T) P (T) P (T) P(A) + PT) P (1) P (T) P (T) P (T) 
5 5 
oe ye (Set ee 
=5 Pix =5)=(5) +(3| EY: 
So, the probability distribution of X is given by 
Xs 1 2 S 4 5 
i 1 1 1 a al 
ee 2 + 8 16 16 
Now, 
an 1 1 1 1yei3t_ 
Mean = 2pjxj = 5X 1+ GxX2t+Gxst Te xatse xs = 16h 


EXAMPLE16 There are 5 cards numbered 1 to 5, one number on one card. Two cards are drawn 
at random without replacement. Let X denote the sum of the numbers on two cards drawn. Find 
the mean and variance. 


SOLUTION Clearly, X can take values from 3 to 9. 
We have, 
P(X = 3) = Probability of getting 3 as the sum 


= P(X = 3) = P [ (Getting 1 in first draw and 2 in second draw) or (Geting 2 in 
first draw and 1 in second draw)} 


Leia ed, ed 
=> P(X = 3) = EX GtEXT = 40 
P(X = 4) = P ((Getting 1 in first draw and 3 in second draw) or (Getting 3 
in first draw and 1 in second draw)} 


- ran on bebe bed = 
rae oe bebebdedsbeb =} 
canoe bdedadedahebed 
paca nebebsbebelabebd «} 
P(X = 8) = EXt+EXxy = 
P(X =9) = 1 yt 4ExG = “ 
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Thus, the probability distribution of X is as given below: 


Ke” 4 5 6 7 8 9 
ues a 1 1 1 aks l 
P(X): 9 10 5 5 5 10 10 


Computation of mean and variance 


seen ee 


Xx; p; = P(X = x)) | P; X; 





3 a 3 ei 3 
10 10 10 
j il 4 16 
10 10 10 
1 5 25 
i ) 5 5 
1 6 36 
: 5 5 5 
1 7 49 
i | 
: at 8 | 64 
10 10 10 
y at 9 81 
10 10 10 
Total =p; = 1 x p;x;= * = 6 zp; she: = = = 39 


We have, 2p; x; = 6 and Zp; x;7 = 39 
: X = Mean = 2p; x; = 6 


and, __—~Var (X) = =p; xP (2 pj xi) = 39-62 =3 


EXAMPLE17 Ina game, a person ts paid Rs. 5 if he gets all heads or all tails when three coins 
are tossed, and he will pay Rs. 3 if either one or two heads show. What can he expect to win on 
the average per game? 
SOLUTION Let X be the amount received by the person. Then, X can take values 5 and- 
3 such that 

P(X = 5) = Probability of getting all heads or all tails when three coins are 


tossed 
Datel 
= P(X = 5)= 374 
P(X = —3) = Probability of getting one or two heads 
6_3 
= P(X = -3) = a A 
Expected amount to win, on the average, per game 
= 1 3 
= X= 2 pi xj = SXA+-3X7 =-] 


Thus, the person will, on the average, lose Re 1 per toss of the coins. 


—<S erwewe - 
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EXAMPLEi8 Let X denote the number of vowels in word selected at random from this sentence. 
Find the expected value and standard deviation of the random variable X. (Consider X as a word 
with one letter). 

SOLUTION There are 12 words in the following sentence. 

"Find the expected value and standard deviation of the random variable X”. 


Clearly, X can take values 0, 1, 2, 3, 4, 5. 


We have, 
P(X=0) = P (Selecting a word containing no vowel) 
=> P(X=0) = P (Selecting X) = “= 
P(X=1)=P (Selecting a word containing one vowel) 
= P(X=1)= P (Selecting a word from the words ‘The’, ‘Find’, ‘and’, of ‘The’) 
yen) 
= P(X=1)= 75 
P (X=2)=P (Selecting a word containing two vowels) 
= P(X=2)= P (Selecting a word from the words ‘standard’, ‘random’) 
2 
— P(X=2)= 12 
P (X=3) =P (Selecting a word containing three vowels) 
= P (X=3) = P (Selecting a word from the word ‘expected’, ‘value’) 
2 
= P(X=3) = 12 
P (X= 4) =P (Selecting a word containing four vowels) 
= P (X = 4) = P (Selecting the word ‘variable’) 
1 
=> P(X=4)= 12 
P (X =5) = P (Selecting a word containing five vowels) 
=> P(X=5) = P (Selecting the word ‘deviation’) 
1 
= P(X=5)= 12 
So, the probability distribution of X is as given below: 
X: 0 1 2 3 4 5 
sig pelt = 2 2 1 1 
ge 12 12 12 12 12 12 
1 2 2 2 i 1 
E (X)=0x tix 12 t2* 12 +°* in + ** 12 t°* 79 
= E(x) = Oa Or 
12 
apd 159 i5) vl 2. ate eee oes 
E (X*)=0 Xj5t1 Xj5+2 Xjot8 X75 +4 X79 12 
2, _0+5+8+18+16+25 _ 72 _ 
=> E\(X6) = 2 127° 


Var (X) = E (X2) - [E (X)]? =6 - 27 =2. 
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=> Standard deviation of X = VVar (X) = V2 
Hence, E (X) = 2 and standard deviation = V2. 


EXAMPLE 19 In a game a man wins a rupee for a six and looses a rupee for any other number 
when a fair die is thrown. The man decided to throw a die thrice but to quit as and when he gets 
a six. Find the expected value of the amount he wins/loses. [NCERT] 
SOLUTION The man may get six in the first throw and then he quits the game. He may 
get a number other than six in the first throw and in the second throw he may get six 
and quits the game. In the first two throws he gets a number other than six and in third 
throw he may get a six. He may not get six in any one of three throws. 


Let X be the amount he wins/looses. Then, X can take values 1, 0, — 1, - 3 such that 
P (X = 1) = P (Getting six in first throw) = , 


P (X = 0) =P (Getting an other number in first throw and six in second throw) 


915 
= ESSE 6 56 
P (X =—1) =P (Getting numbers other than 6 in first two throws and a six 
in third throw) 
~5,5,1_25 
x RSG 6G 216 
P (X =—3) =P (Getting a number other than six in first three throws) 
ay Ce Sees 
= BOE 66 6 216 
Thus, the probability distribution of X is as given below: 
X . 1 0 acer 1 . oe 3 
1 pees i Singeed 125 
P(X): 6 36 216 216 
Sri cek 5 ayy 2-4 (3) x LD 
E(X)=1x7+0x2- +( 1)xa76 + 6 3) X16 
_36+0—25-375 364 91 
a BC) = 216 —“~ 916 54 
EXERCISE 31.2 
1 Find the mean and standard deviation of each of the following probability distribu- 
tions : 
Qe =o 1l (ii) x;: 1 3 4 5 
p;: 1/2 1/2 p;: 04 O1 6.2 0.3 
(iii) x: -5 -4 1 2 (iv).xye —1-. 0 .°1 25 ts 
pj: 1/4 1/8 1/2 1/8 p: 03 O01 O1 O38 0.2 
(vias 1 2 3 4 (vi) x;: 0 1 3 5 
pj: 04 03 O02 O.1 pz: 02 O05 0.2 0.1 


Giese =1 0° 1 2 (willie -3 -1 0 1 3 
pe: O01 02 04 02 O41 p;: 0.05 0.45 0.20 0.25 0.05 


: 


MEANS AND VARIANCE OF A RANDOM VARIABLE 31.39 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


. Find the mean and variance of the number of heads in three tosses of a coin. 
. Two cards are drawn simultaneously from a pack of 52 cards. Compute the mean 


and standard deviation of the number of kings. [CBSE 2008] 


. Find the mean, variance and standard deviation of the number of tails in three tosses 


of a coin. 


- Compute the man and variance of the probability distribution of the number of 


doublets in four throws of a pair of dice. 


. A pair of fair dice is thrown. Let X be the random variable which denotes the 


minimum of the twonumbers which appear. Find the probability distribution, mean 
and variance of X. 


. A fair coin is tossed four times. Let X denote the number of heads occurring. Find 


the probability distribution, mean and variance of X. 


. A fair die is tossed. Let X denote twice the number appearing. Find the probability 


distribution, mean and variance of X. 


. A fair die is tossed. Let X denote 1 or 3 according as an odd or an even number 


appears. Find the probability distribution, mean and variance of X. 

A fair coin is tossed four times. Let X denote the longest string of heads occurring. 
Find the probability distribution, mean and variance of X. 

Find the mean variance and standard deviation of the following probability dis- 
tribution 


where p+q = 1. 

Two cards are selected at random from a box which contains five cards numbered 
1, 1, 2, 2, and 3. Let X denote the sum and Y the maximum of the two numbers 
drawn. Find the probability distribution, mean and variance of X and Y. 


A die is tossed twice. A ‘success’ is getting an odd number on a toss. Find the 
variance of the number of successes. 

Find the mean of the random variable X which denotes the number of doublets in 
four throws of a pair of dice. 

Two eggs are accidently mixed up with ten good ones. Three eggs are drawn at 
random with replacement from this lot. Compute the mean for the number of bad 
eggs drawn. 

A box contains 13 bulbs, out of which 5 are defective. 3 bulbs are randomly drawn, 
one by one without replacement, from the box. Find the probability distribution of 
the number of defective bulbs. [CBSE 2005] 
In roulette, Fig. 31.2, the wheel has 13 numbers 0, 1, 2, ...., 12 marked on equally 
spaced slots. A player sets Rs 10 on a given number. He receives Rs 100 from the 
organiser of the game if the ball comes to rest in this slot; otherwise he gets nothing. 
If X denotes the player’s net gain/loss, find E (X). 





Fig. 31.2 
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18. Find the probability distribution of the number of doublets in three throws of a pair 
of dice and hence find its mean. [CBSE 2010] 
a | ANSWERS 


1. (i) 4,3.2 (ii) - 1, 2.9 (ii) 1707 1:7 (iv) 1,1.5 
(v) Mean= 2,S.D = 1 (vi) Mean= 1.6,5.D = 1.497 
(vii) Mean= 0,S.D = 1.095 (viii) Mean= — 0.2,S.D = 1.249 
34 400 
2. Mean = 1.5, Var = 3/4 3. Mean = 591° Var = 3873 
4. Mean = 1.5, Var = :, S.D. = 0.87 5. Mean = 5 Van = 2 
6. X;: 1 2 3 4 te) 6 Mean = 2.5 
P; 11/36 9/36 7/36 5/36 3/36 1/36 Var = 2.1 
yx; 0 1 2 3 4 Mean = 2 
P; 1/16 4/16 6/16 4/16 1/16 Var = 1 
Ss x7: 2 4 6 8 10 12 Mean = 7 
P;: 1/6 1/6 1/6 1/6 1/6 1/6 Var = 11.7 
9. X;: 1 3 Mean = 2 
P;: 1/2 1/2 Var = 1 
10. x;: 0 1 2 3 4 Mean = 1.7 
P;: 1/16 7/16 5/16 2/16 1/16 Var = 0.9 


11. Mean = ap+bq Var = pq (a—b)* o = |a-b| \pq 


125 Xa 2 3 4 5 Mean = 3.6 
P;: 0.1 0.4 0.3 0.2 Var = 0.84 
Yj: 1 2 3 Mean = 2.3 
P;: 0.1 0.5 0.4 Var = 0.41 
13. 1/2 14. 2/3 15; 1/2 
Ka, oh 0 1 2 3 
P(X): 28 70 40 5 
143 143 143 143 
30 
17. E(X)=- B 
18. 63 0 1 2 3 
P(X): 125 795 15 ak Mean =1/2 


216 216 216° «=216’ 
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HINTS TO SELECTED PROBLEM 





17. The probability distribution of X is 


—<——$ = ee 


De -—10 90 
P(X): = a 


VERY SHORT ANSWER QUESTIONS (VSAQs) 
Answer each of the following questions in one word or one sentence or as per-exact requirement 
of the question: 


1. Write the values of ‘a’ for which the following distribution of probabilities becomes 
a probability distribution: 








X=Xji: -2 == 0 1 
P(X=xi): l-a 1+2a 1-—2a +a 
4 + + 4 
2. For what value of k the following distribution is a probability distribution? 
X=xj: 0 1 2 
P(X=xi): 24 BP -5k 2k -3K 3k-1 


3. If X denotes the number on the upper face of a cubical die when it is thrown, find 
the mean of X. 
4. If the probability distribution of a random variable X is given by 


X=Xi: 1 2 3 4 
P(X=xj): 2k 4k 3k k 
Write the value of k. 
5. Find the mean of the following probability distribution: 


Xicjaedl 2 3 
P(X=xi): 1 1 e) 
4 8 8 


6. If the probability distribution of a random variable X is as given below: 
X=xj: 1 2 3 4 
P(X=Xi): C 2c 4c 4c 


Write the value of P (X < 2). 
7. Arandom variable has the following probability distribution: 


X=xi: 1 2 3 4 
P(X=xi): k 2k 3k 4k 
Write the value of P (X 2 3). 


m@ a  )6L ANSWERS 


1 1 1 19 
i 1 —_—— — =—_— ; a = WU. 5. 
2 S485 2k 7 3. 35 4. k=0.1 8 
! 6. 0. 2 ns 
0.3 7 10 





| 
: 
: 
! 
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MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 


1. Ifa random variable X has the following probability distribution: 








, then the value of a is 
7 5 2 1 
(a) 37 (b) 3 (c) 3 (d) 33 
2. Arandom variable X has the following probability distribution : 


pee tot 
| ons | 





For the events E = {Xi is a prime 7 F = {X < 4}, the probability P (E U F) is 
(a) 0.50 (b) 0.77 (c) 0.35 (d) 0.87 

3. A random variable X takes the values 0,1,2,3 and its mean is 1.3. If 
P(X =3)=2 P(X =1) and P (X= 2) =0.3, then P (X =0) is 


(a) 0.1 (b) 0.2 (c) 0.3 (d) 0.4 
4. Arandom variable has the following probability distribution. 
Aeeece OD” i 2 3 4 5 6 7 


Vie O 2p S 2p. Sip. 7 p> 7p? 2p 
The value of p is 


(a) 1/10 (b) -1 (c) —1/10 (d) none of these. 
5. If X is a random-variable with probability distribution as given below : 
i x 10 1 2 3 
P(X=x):k 3k 3k k 
The value of k and its variance are 
(a) 1/8, 22/27 (b) 1/8, 23/27 
(c) 1/8, 24/27 (d) 1/8,3/4 


—_ . ANSWERS 
1. (d) 2. (b) 3. (d) 4. (a) 5. (d) 


SUMMARY 


1. LetS be the sample space associated with a given random experiment. Then, a real 
valued function X which assigns to each event we S to a unique real number 
X (w) is called a random variable. 


In other words, a random variable is a real valued function having domain as the 
sample space associated with a random experiment. 


2. If a random variable X takes values x, X,....,x, with respective probabilities 
Pi Po, «++» Pn then 
xX: X1 x2 oe | Xn 
P(X): P1 p2 fe errr Pn 

is known as the probability distribution of X. 
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3. The probability distribution of a random variable X is defined only when we have 
the various values of the random variable e.g. x}, X2, ....., X, together with respective 
n 


probabilities p 1, p2, ... , Py, satisfying > p; = 1. 
i=l 
4. If X isa random variable with the probability distribution 
xX: x] a2 = E Baeeeee Xn 


P(X): pi 2 2 tare Pn 
then, 
P(X S xj) = P(X = x1) +P(X = x2) +....+P(X = x) 
= Ppt Pot vee + Dj 
P(X <x) = P(X = x1) + P(X = x) +.....+P(X = 2 my), 


= P31 Th Pa F ecceee Pi-1 

P(X = x) +P(X = x41) +....+P(X = Xn) 
= Pit Pig. tome tDPn 

P(X>x;) = P(X=%Xj441)+ P (X=Xj42)+....+ P(X =x,) 


= Pi+1tPi+s2 Tt +P, 


P(X 2 Xj) 


Also, 
P(X2x;) = 1-P(X<x;), P (X>x;) = 1-P (Xx), 
P(XSx;) = 1-P(X>x;) and P(X<x) = 1-—P(X2x,) 
P (xj; SX Sx) = P(X=xj) +P (X=Xj41) +... +P (X=3;) 
P(x;< X <x) = P(X=Xj41 + P(X=X;49) +... + P(X =X;_ 1) 


5. If X isa discrete random variable which assumes values x1, X2, X3, «...,X, With 
respective probabilities p, , p>, p3, ---, Py, then the mean X of X is defined as 


= uh n 
X = py Xp t+ poxgt...t+pnX, Or, X gal di 
i= 
The mean of a random variable X is also known as its mathematical expectation or 
expected value and is denoted by E (X). 


6. If X is a discrete random variable which assumes values x}, X>, X3, «.. , X, With the 
respective probabilities p), po, ...., p,, then variance of X is defined as 


Var (X) = pj (x1 — X)* + po (xo — X)* + oe Dn (X_— X)* 


n = by cot 
= Var (X) = 2p; (xj- xy, where X = = p; x; is the mean of X. 
i=1 i=] 


2 
n n 

Also, Var (X) = Epiai?-| Epi 
i=l i=l 
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BINOMIAL DISTRIBUTION 





32.1 INTRODUCTION 


In the previous chapter, we have studied about discrete random variable and its 
probability distribution. In this chapter we shall study a particular type of probability 
distribution, known as binomial distribution. It was discovered by James Bernouli in 
the year 1700 and was first published posthumously in 1713. This distribution has been 
used to describe a wide variety of processes in business and social sciences as well as 
other areas. In binomial distribution a random experiment is performed repeatedly 
under identical conditions and the distribution determines the probability of occurrence 
of one set of dichotomous alternatives i.e. success or failure. 


32.2 BERNOULLI TRIALS 


In our day to day life we come across many experiments which are dichotomous in 
nature i.e. they produce one of the two possible outcomes in a trial. For example, a tossed 
coin shows a ‘head’ or ‘tail’, a manufactured item can be ‘defective’ or ‘non-defective’ 
etc. In such type of experiments, it is customary to call one of the outcomes a ‘success’ 
and the other ‘not success’, or ‘failure’. If this type of experiments are repeated under 
identical conditions, then the outcome of any trial is independent of the outcome of any 
other trial. In each of such trials, the probability of success or failure remains constant. 
Such independent trials which have only two outcomes usually referred as ‘success’ or 
‘failure’ are called Bernoulli trials as defined below. 
BERNOULLI TRIALS Trials ofa random experiment are called Bernoulli trials, if they satisfy the 
following conditions: 
(i) They are finite in number. 
(ii) They are independent of each other. 
(iii) Each trial has exactly two outcomes: success or failure. 
(iv) The probability of success or failure remains same in each trial. 


For example, if four balls are drawn successively with replacement from a bag contain- 
ing 7 red and 6 black balls, then the probability of getting a black ballin each trial remains 


same equal to oF So, trials are Bernoulli trials. If the balls are drawn successively without 


replacement, then the probability of getting a black ball in first trial is = and in second 


trial itis =, if the first ball drawn is black or £ , if the first ball drawn is red and so on. 
Clearly, the probability of getting a black ball is not same for all trials. So, the trials are 
not Bernoulli trials. 
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Consider a random experiment and an event A associated with it. If the experiment 
results in the event A, let us call it a “success”, denoted by S. If on the other hand, the 
event A does not occur let us say that the experiment has resulted in a “failure”, denoted 
by F. Let P(S) = p and P(F) =q. Then, p + q = 1. Suppose the experiment is performed 4 
times under identical condition and we want to find the probability of 3 successes. Three 
successes in 4 trials can occur in “C3 mutually exclusive ways as given below 


SSS F, S FSS, F SSS, SS FS 
By addition theorem of probability, we have 
Probability of 3 successes in 4 trials = P (SSS F) + P (S FSS) + P (F SSS) + P (SS FS) 


Since 4 trials are independent. Therefore, by multiplication theorem for independent 
events, we have 


P (SSS F) = P(S) P(S) P(S) P(F) = p°q = pq’? 
Similarly, we have 
P (S FSS) = p*q*~%, P(F SSS) = p*q*~% and P (SS FS) = p*q*~? 
Thus, 
Probability of 3 successes in 4 trials = peqt + p> qt? + gt + p> qt 
= 4¢, p3 qi-3 
Proceeding on the same lines we can easily show that the probabilities of 0, 1, 2 and 4 
successes are given by 
4Cy p? q*- uy 4c, p' q* ap ch p* qt 2 and 4C, Doge respectively. 
Now, if X denotes the number of successes in 4 trials, then X can take values 0, 1, 2,3 
and 4 such that 
P(X=0) = *Cop’q*~°, P(X=1) = 7C, p' q*- 1, P(X=2) =4C2p? q*-? 
P(X=3) = 4C3p?q*~> and P(X=4) = *Cyp*q*~* 
In other words, we have 
P(X=r) = 4C,p’q*~';r=0,1,2,3, 4. 


This result can be generalised to the case where the experiment is repeated times under 
identical conditions. The probability of r successes in n independent trials in a specific 
order,say SSSFSFFSS...SF__is given by 


r— successes, (1 — r) failures 


P (SSSESFEFSS...SF ) 


r successes, n —r failures 
= P(S) P(S) P(S) P(F) ... P(S) P(F) [By multiplication theorem] 


= PPPQ «Pq = peg” 
But, r successes in 7 trials can occur in “C, mutually exclusive ways and the probability 


of each such way is p’ q” ’. So by addition theorem of probability, the probability of r 
successes in 7 trials in any order is given by 


"CP q" 


Let X denote the random variable which associates every outcome to the number of 
successes in it. Then, X assumes values 0, 1, 2, ..., n such that 


P(X=r) = "C,p'q"~', r = 0,1,2,...,n. 
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The probability distribution of the random variable X is therefore given by 
X: 0 1 2 = r “ n 
P(X) : 1G. p? q” -0 Wye? py} q” -1 1G; p* q" oe iG: p" q” =P he 1G p" qi" ~n 


From the probability distribution of the random variable X, we observe that the prob- 
abilities of the random variable taking values 0, 1, 2, ..., n are given by the terms in the 


binomial expansion of (q + p)". That is why we say that the probability distribution of 
the random variable X is the binomial distribution or, that X is a Binomial random 
variable. 


DEFINITION (BINOMIAL DISTRIBUTION) A random variable X which takes values 0, 1, 2,...,n 

is said to follow binomial distribution if its probability distribution function is given by 
P(X=7) ="Cor qf S02 

where p,q >0O such that p+q=1. 


The two constants 1 and p in the distribution are known as the parameters of the 
distribution. 


The notation X ~ B (n, p) is generally used to denote that the random variable X follows 
binomial distribution with parameters 1 and p. 
We have, 

P(X=0)+P(X=1)+...+P(X=n) 

= IGn p? qt 9+ "Cy p! qi a ra eve p" pean 

= (q +p)" — 1" = 1 
Thus, the assignment of probabilities to the random variable X is permissible. 
NOTE If 1 trials constitute an experiment and the experiment is repeated N times, then the 
frequencies of 0, 1, 2, ..., n successes are given by 


N-P(X=0), N- P(X=1), N- P(X=2), ..., N- P(X=n). 
ILLUSTRATIVE EXAMPLES 


TypeI ON FINDING THE PROBABILITY OF THE OCCURRENCE OF AN EVENT GIVEN 
NUMBER OF TIMES IN A SERIES OF INDEPENDENT TRIALS 


EXAMPLE 1 A die is thrown 6 times. If “getting an odd number” is a “success”, what is the 
probability of 

(i) 5 successes (ii) at least 5 successes (iii) at most 5 successes (tv) at least one success 
(v) no success. 

SOLUTION Let p denote the probability of getting an odd number in a single throw of 
the die. Then, 


Nie 


iis & apenas 
p=E= 7 andq=1 p=1 7 


ov 


Let X denote the number of successes in 6 trials. Then, X is a binomial variate with 


parameter n = 6, p = 1/2. 
The probability of r successes is given by 


P(X=r1) = 6C_(1/2)° "(1/2)", wherer = 0,1, 2, ..-,6 


Or, P(X=n) = 6c. (1 /2), where r = 0, 1, 2, ..- 6 w»(i) 
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6 
(i) Probability of 5 successes = P(X=5) = °Cs a = s [Using (i)] 
(ii) Probability of at least 5 successes = P (X 25) 
= P(X=5)+P(X=6) 
1 iV 
= 6¢, (3) °C q (Using (i)] 
1 7 
= Ot Dea = 64 
(iii) Probability of at most 5successes = P(X <5) = 1—P(X>5) 
= 1-P(X=6) 
1 
=1-° > [Using (i)] 
Bale 168 
i 64 64 
(iv) Probability of at least one success = P (X21) = 1—P(X=0) 
1 6 
=j]- °c. a [Using (i)] 
iota 163 
64 64 
1% 
(v) Probability of no success = P(X=0) = SGp a [Using (i)] 
el 
~ 64 


EXAMPLE 2 A coin is tossed 5 times. What is the probability of getting at least 3 heads? 
SOLUTION Let p denote the probability of getting head in a single toss of a coin. Then, 


1 1 
p= and so,q=5 


Let X denote the number of heads in 5 tosses of a coin. Then, X is a binomial variate 
with parameters n = 5, p = 1/2 such that 


P(X=r) = 5C_ (1/2) "(1/2)" = 5C, (1/2), wherer=0,1,2,..,5 — ..{i) 
Now, 

Probability of at least 3 heads 

= P(X>3) 

= P(X=3)+P(X=4)+P(X=5) 


5 5 5 
aff 
5 
= FCs + ten + 5c;| @ [Using (i)] 


1 _i 
= (10+5+1)x35 = 5 
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EXAMPLE3 A pair of dice is thrown 7 times. If getting a total of 7 is considered a success, what 
is the probability of 
(i) no success? (ii) 6 successes? (iii) at least 6 successes? (iv) at most 6 successes? 
[CBSE 2004] 
SOLUTION Let p denote the probability of getting a total of 7 in a single throw of a pair 
of dice. Then, 


FE wOe eral -- The sum can be 7 in any one of the ways: 

CEC (1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3) 
ee 

Baler pep (5 /- 


Let X denote the number of successes in 7 throws of a pair of dice. The X is a binomial 
variate with parameters n = 7 and p = 1/6 such that 


Now, 
1 r 5 7-r 
P(X=r) = "C, G G , 70,1, 25.047 ...(i) 
i” 5 7-0 5 7 
(i) Probability of no success = P (X=0) = 1G. G g = q [Using (i)] 
1 6 5 7-6 
(ii) Probability of 6 successes = P (X =6)= “Ge G §) [Using (i)] 
= 35 (1/6) 

(iii) Probability of at least 6 successes = P (X 2 6) 

= P(X=6)+P(X=7) 

6 7-6 7 0 
LS 1) {5 aa 
= 1c §) 6) + 1G, Gg G [Using (i)] 
6 7 6 5 

_7.{1) (2),f4) -f2) (39 4)-f4 

SACIONGROI GAGE 
(iv) Probability of at most 6 successes = P (X < 6) 

= 1-P(X>6) 

= 1-P(X=7) 

7 0 
=1 -7c,{5) é) [Using ()] 


“fj 


EXAMPLE4 An urn contains 5 white, 7 red and 8 black balls. If four balls are drawn one by one 
with replacement, what is the probability that 

(i) all are white? (ii) only 3 are white? 
(iii) none is white? (iv) at least three are white? sie. 
SOLUTION Let p denote the probability of drawing a white ball from an urn containing 
5 white, 7 red and 8 black balls. Then, 
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MIS iG I 
E> 20¢..7 20 7 4 
SO, q=l-p=1-453 


Let X denote the number of white balls in 4 draws with replacement. Then, X is a 


binomial variate with parameter n = 4 and p = ; such that 


r 4-r 
P (X=r) = Probability that r balls are white = 7c. q ie : r=Q,1,:2).354 


4]\4 
...(i) 
Now, 
(i) Probability that all are white = P(X =4) 
47,\4-4 4 
_~ 4c. [1) (3 agp nS 7: 
SCC a 
1° 3\'-3 
(ii) Probability that only 3 are white = P(X =3) = 4c, G if) [Using (i)] 
oa(ay 
4 
1) (3) 
(iii) Probability that none is white = P(X=0) = 4Co 7) iz [Using (i)] 
(ays 
Bye 
(iv) Probability that at least three are white 


= P(X>3) 
= P(X=3)+P(X=4) 


3 4-3 4 0 
ScloMeasClG a 
4 
1 


EXAMPLE 5 A zman takes a step forward with probability 0.4 and backwards with probability 

0.6. Find the probability that at the end of eleven steps he is just one step away from the starting 

point. | 

SOLUTION Letp denote the probability that the man takes a step forward. Then, p = 0.4 
g=1-p=1-04 = 0.6 


Let X denote the number of steps taken in the forward direction. Since the steps are 
independent of each other, therefore X is a binomial variate with parameters n = 11 and 
p =0.4 such that 


P(X=r) = "C,(0.4)' (0.6)"~"; r = 0,1,2,..., 11 (i) 
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Since the man is one step away from the initial point, he is either one step forward or 
one step backward from the initial point at the end of eleven steps. If he is one step 
forward, then he must have taken six steps forward and five steps backward and if he 
is one step backward, then he must have taken five steps forward and six steps 
backward. Thus, either X = 6 or X = 5. 


Required probability = P [(X=5) or (X =6)] 


= Required probability = P(X =5)+P(X=6) 

=> Required probability = "Cz (0.4)? (0.6)'! ~> + "Cg (0.4)® (0.6)! ~ © [Using (i)] 
= Required probability = "Gs (0.4) (0.6)° [0.6 + 0.4] [-. Ge = NC.) 
=> Required probability = 462 (0.4)° (0.6)° = 462 (0.24)? 


EXAMPLE6 An urn contains 25 balls of which 10 balls bear a mark ‘A’ and the remaining 15 
balls bear a mark ‘B’. A ball is drawn at random from the urn, its mark is noted down and it is 
replaced. If 6 balls are drawn in this way, find the probability that 


(i) all will bear ‘A’ mark 
(ii) not more that 2 will bear ‘B’ mark 
(iti) the number of balls with ‘A’ mark and ‘B’ mark will be equal 


(iv) at least one ball will bear ‘B’ mark 
SOLUTION Let p denote the probability of drawing a ball which bears mark ‘A’. Then 


Let X denote the number of balls which bear mark ‘A’ in 6 draws. Then, X is a binomial 
; 2 

variate with parameters n = 6 and p = 5 

3 

5 

Now, P (X=r) = Probability of getting r balls bearing mark ‘A’ 


Also q=1-p=1-2= 


r 6-r 
_6- (2) (3 a . 
= 7G. g ) Oras Ol gies ace O .-.(i) 
(i) Probability that all balls bear ‘A’ mark = P (X=6) 
6 6-6 
_ 6 (2) (3 a (i 
= (2/5)° 


(ii) Not more than 2 balls will bear ‘B’ mark means that there can be either no ball or 

one ball or two balls of ‘B’ mark. This implies that there can be either 6 or 5 or 4 balls of 

‘A’ mark. 
: Required probability 

= P(X24) 

= P(X=4)+P(X=5)+P(X=6) 


“Oj es BiG) 
-7(5] 
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ALITER Let p denote the probability that a ball drawn bears mark ‘B’. Then, 


Let Y denote the number of balls which bear mark ‘B’ in 6 draws. Then, Y is a binomial 
variate with parameters m = 6 and p = 3/5 such that 


3 r ) 6—-r 
P(X=r) = ‘c,(5) ) jer OF1,2) 2.76 ...(ii) 


Required probability 
= P(Y <2) 
= P(Y¥=0)+P(Y=1)+P (Y =2) 


0 7,6 5 2 /n\4 
= $C, | () +6, (8) +6C, 5) q [Using (ii)] 


= 7 (2/5). 
(iii) Required probability 
) 3 3 6-3 
= P(X=3) = °C, (3 g [Using (i)] 
Sanz \ (2) 
F 5} {5 
(iv) Probability that at least one ball will bear ‘B’ mark 
= P(Y21) 
3) (2° 
= 1-P(Y=0)=1- Cy 5) ) [Using (ii)] 


EXAMPLE 7 Ina hurdles race, a player has to cross 10 hurdles. The probability that he will clear 
each hurdle. is 2 . What is the probability that he will knock down fewer than 2 hurdles? 

| [NCERT] 
SOLUTION Let X denote the number of hurdles knocked down by the player. Then, X 


follows binomial distribution with n= 10, p=1 -2 =5 and q = 6. 
1 r 5 10-r 
P(X=r) = nce §) §) sr = 0,1, 2, ..., 10 


Required probability = P(X <2) 
= P(X = 0)+P(X = 1) 


10 9 
aff 10s | >. 
= (3) + O1x5*(3| 


(sy {5.10 _ 5 
(6) 16 6 2x6? 
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EXAMPLES Five dice are thrown simultaneously. If the occurrence of an even number ina single 
dice is considered a success, find the probability of at most 3 successes. 
SOLUTION Let X denote the number of successes in 5 throws of a die and let p be the 
probability of getting an even number in a single throw of a die. Then, 
Sst] Lead 
pe aS 5 and oS es 
The probability of r successes in five throws of die is given by 


1 r Ba 
roton =re(() 


Required probability 


r : 1 5 
= Gs a , where r =0, 1, 2,...,5 


P(X<3) = 1-P(X>3) 


= Required probability = 1 — {P(X =4)+ P(X =5)} 

} a sol bY sieeetleye 
= Required probability = 1—4{°C, 2| +°Cs ) 

Beek thas Dace 
=> Required probability = 1 Gard = 39 = 16 
EXAMPLE9 An unbiased die is thrown again and again until three sixes are obtained. Find the 
probability of obtaining 3rd six in the sixth throw of the die. [CBSE 2009] 
SOLUTION Letp be the probability of obtaining a ‘six’ in a single throw of the die. Then, 

1 Lise 

p= And gL 


Obtaining third six in the sixth throw of the die means that in first five throws there are 
2 sixes and the third six is obtained in sixth throw. Therefore, 


Required probability 
= P (Getting 2 sixes in first 5 throws) P (Getting ‘six’ in sixth throw) 


2 3 3 3 
2 (8 eae. S| Lil VE eek 1\(5\ _ 625 
pl) a ig 1 o4(§) §) jig saa 10( 5] G = 53328 


Type II PROBLEMS ON FINDING THE PROBABILITY DISTRIBUTION 


EXAMPLE 10 Find the probability distribution of the number of heads when tliree coins are 
tossed. 
SOLUTION Let X denote the number of heads obtained in three tosses of a coin, then X 
can take values 0, 1,2 and 3. 
Let p denote the probability of obtaining a head in a single toss of a coin. Then, 
I ence 

p= 5 and q> ope 7 = 9 
Since three trials are independent, therefore X isa binomial variate with parameters 
nm =3 and p=1/2 such that 


1 r 1 3-r 5 1 3 
P(X=n = *c,(5) () = <,(5) pot =n0n dee: 
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Thus, the probability distribution of X is given by 


xX: 0 1 2 3 
3 3 3 3 
gq) (4 3 (1 g— (1 af 
= (=f sg ~ 
OY, 
xX: 0 1 2 3 
; 1 3 3 1 
BUDS 8 8 8 8 


EXAMPLE 11 A bag contains 3 red and 4 black balls. One ball is drawn and then replaced in the 
bag and the process is repeated. Every time the ball drawn is red we say that the draw has resulted 
in success. Let X be the number of successes in 3 draws. Assuming that at each draw each ball 
is equally likely to be selected, find the probability distribution of X. 


SOLUTION Let p denote the probability of success in a draw. Then, 


Probability of getting a red ball in a draw = 


le 
4 
7 
Since the ball drawn in each draw is replaced in the bag, therefore three trials are 


independent. Consequently X, the number of successes, can take values 0, 1,2 and 3 and 
is a binomial variate with parameters n = 3, p = 3/7 such that 


1-p > q=1-3 = 


q 


3 r 4 3-r 
P(X=r) = Probability of r successes = “(en 5) 5) ,r=0,1,2,3. 
Thus, the probability distribution of X is given by 
xX: 0 1 2 3 
Se: 30 3° (4) ac 3) (4 ac 3V (4) ac 3) 
017) |7 117) 17 217117 317 
Or, 
Xie 0 1 2 3 


= § 9 


EXAMPLE 12 Two cards are drawn successively with replacement from a well shuffled pack of 
52 cards. Find the probability distribution of the number of aces. 
SOLUTION Let p denote the probability of getting an ace in a draw. Then, 
4 1 e122. 

Bro 16/° So, q=1-p=q=1-33 = 743 
Let X denote the number of aces in 2 draws. Then, X can take values 0, 1 and 2. Since 
two cards are drawn successively with replacement, therefore X is a binomial variate 
with parametres n = 2 and p= 1/13 such that 


Tr 


r 2— 
P(XX=n= *c1(35) f4 ,r =0,1,2 
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0 2 
= 0) = 2c,{-L]) (12) _144 ee ye fda | 2) ee 
le pe)) Col 73] f3 aj 169°? (* se i & 13 169 


2 2-2 
and, P(X = 2)= 7Ca(75 3 | ore 


13] {13} ~ 169 
Thus, the probability distribution of X is given by 
X: 0 1 2 
ooh 144 24 sil 
me 169 169 169 
EXAMPLE 13 Find the probability distribution of the number of doublets in 4 throws of a pair 
of dice. (CBSE 2008] 


SOLUTION Let p denote the probability of getting a doublet in a single throw of a pair 
of dice. Then, 


Let X denote the number of doublets in 4 throws of a pair of dice. Then, X is a binomial 
variate with parameters n = 4 and p=1/6 such that 


P(X=r) = Probability of getting r doublets 

a P(X=1) = °C, §) G 
0 4 4 3 

rao fh -Gfora nef 
rac “ele) 2) ~a(G)- remo =f) ) - 39 


4 0 4 
and, P(X=4) = 4G, G G -(3] 


Thus, the probability distribution of X is given by 
>. 0 1 2 3 4 


P(X): (5/6)* (2/3) (5/6)> (1/6) (5/6)? (10/3) (1/6) (1/6)* 


4-r 
) ,r=0,1,2,3,4 


Type III ON FINDING THE NUMBER OF TRIALS WHEN PROBABILITY OF OCCURRENCE 
OF CERTAIN EVENT IS GIVEN 


EXAMPLE 14 The probability of a man hitting a target is 1/4. How many times must he fire so 
that the probability of his hitting the target at least once is greater than 2/3? 

SOLUTION Suppose the man fires n times and let X denote the number of times he hits 
the target. Then, 


1 r 3 u—r 
P(X=rn= "e(3) 5) 70 = 0-127 
Now, P(X21) > 


an 1-P(X = 0)>4 
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2 3 4 
3 1/3 3 1 3 8] 1 
Gheaty: 4 3(7) + (3) $ 3 but( 3] = 256 <3 


"1 
a < rh SEC ISG ie 


Hence, the man must fire at least 4 times. 


EXAMPLE 15 How many dice must be thrown so that there is a better than even chance of 
_ obtaining a six? 
SOLUTION Let n dice be thrown, and let X denote the number of sixes. Then, 


1 r 5 r 
P(X=nr) = "e-(§) Gr r= 0,1,2,...,n. 


We have to find the smallest value of n for which P (X = 0) is less than > 


fier (iD) ne 
Now, Px =0)<5 (6) <5 
2 3 4 
54,1/5),1/5),1 Oy\ 2 2029:5 2 1 
Cleans Gt > (3| ¥ > ) + 9" but( 3 = 1206 9.0 
i (Ge Cea 
P= 0 <5 -9(§) <3 70-45... 


Thus, at least 4 dice must be thrown. 


EXAMPLE16 The probability of a man hitting a target is 1/2. How many times must he fire so 
that the probability of hitting the target at least once is more than 90%. 
SOLUTION Suppose he fires 1 times. Let X denote the number of times he hits the target 


in 71 trials. Then, 
r u-?T n 
ett 1 
P(X =n) = "c-(5) ) = re-(5) je =O, 2 xn 


Now, P(K21)> = 

= 1-P(X = 0) > 

ee exe 10) 1- 

=> 1 echee pees 

cn Le St RO do a 
a (=) < * => n = 4,5,6,... 


Thus, he must fire at least 4 times. 


> 
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Type IV ON DETERMINING THE FREQUENCY OF NUMBER OF SUCCESSES 


EXAMPLE 17 Assuming that half the population are consumers of chocolate, so that the chance 
of an individual being a consumer ts 1/2, and assuming that 100 investigators each take ten 
individuals to see whether they are consumers, how many investigators would you expect to 
report that 3 people or less were consumers? 

SOLUTION Let X denote the number of consumers in a group of ten individuals. Then, 
X follows binomial distribution with n = 10,p = 1/2andq = 1/2. ~ 


1 r 1 10-r 1 10 
P(X = r) = c,(5 3) = "c,(3) , t= 0, L 2; eee 10. 


=> P(X <3) = P(X = 0)+ P(X = 1)+P(X=2)+P(X = 3) 
1 10 1 10 9 1 10 
= P(X <3) = "co(3) + °C, 5 + "ca(5 +M04(5) 
1 10 
= P(X $3) = (5 29g + PCy + PCy + My} 
1 176 
= P(X $3) = 35 (1+ 10 +45 + 120) = 5 


Number of investigators reporting that there are 3 persons or less are consumers. 


126 17600 
= 100 P(X $3) =100x—55 = 510 





= 17 approximately. 


EXAMPLE 18 Six dice are thrown 729 times. How many times do you expect at least three dice 

to show a five or six. 

SOLUTION Let X denote the number of dice showing five or six ina set of six dice. Then, 

X follows binomial distribution with 2 = 6, p = probability of getting 5 or 6 ina single 
1 


ited lied ae! 
throw of a die = Fis 3 and q =3 


P(X=r) = §C.(1/3)' (2/3), r = 0,1,2,3,.. 6. 


= P(X>3) = 1-P(X <3) 
= P (X23) = 1-[P(X=0)+ P(X=1)+P(X=2)] 
=> P(X23) = 1-[%C) (2/3)° +®C, (1/3) (2/3) +°C,(1 /3)° (2/3) ] 
6 6 
= P(X>3) = 1-(3] feed : 1-(3) ag 
64x31. 496 233 
= P(X23) = 1 a9 x4 = +~ 729 = 79 


729 times 
233 


= 729.P(X23) = 729 x=— = 233 


: pa 
Thus, the frequency that at least three dice show five or six when six dice are thrown 
729 


$$ EXERCISE 32.1 


1. There are 6% defective items in a large bulk of items. Find the probability that a 
sample of 8 items will include not more than one defective items. 
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2. A coin is tossed 5 times. What is the probability of getting at least 3 heads . 
3. Acoin is tossed 5 times. What is the probability that tail appears an odd number of 
times . 

4. A pair of dice is thrown 6 times. If getting a total of 9 is considered a success, what 
is the probability of at least 5 successes . 

5. A fair coin is tossed 6 times. What is the probability of getting at least 3 heads. 

6. Find the probability of 4 turning up at least once in two tosses of a fair die. 

7. Acoin is tossed 5 times. What is the probability that head appears an even number 
of times. 

8. The probability of a man hitting of target is 1/4. If he fires 7 times, what is the 
probability of his hitting the target at least twice . 

9. Assume that on an average one telephone number out of 15 called between 2 P.M. 
and 3 P.M. on week days is busy. What is the probability that ifsix randomly selected 
telephone numbers are called, at least 3 of them will be busy. 

10. If getting 5 or 6 in a throw of an unbiased die is a success and the random variable 
‘X’ denotes the number of successes in six throws of the die, find P (X = 4). 

11. Eight coins are thrown simultaneously. Find the chance of obtaining at least six 
heads. 

12. Five cards are drawn successively with replacement from a well shuffled pack of 
52 cards. What is the probability that 

(i) all the five cards are spades? (ii) only 3 cards are spades? 
(iii) mone is spade? . 

13. A bag contains 7 red, 5 white and 8 black balls. If four balls are drawn one by one 

with replacement, what is the probability that 
(i) mnoneiswhite? (ii) allare white? (iii) any two are white? 

14. Abox contains 100 tickets each bearing one of the numbers from 1 to 100. If 5 tickets 
are drawn successively with replacement from the box, find the probability that all 
the tickets bear numbers divisible by 10. 

15. A bag contains 10 balls each marked with one of the digits 0 to 9. If four balls are 
drawn successively with replacement from the bag, what is the probability that none 
is marked with the digit 0 ? 

16. There are 5 percent defective items in a large bulk of items. What is the probability 
that a sample of 10 items will include not more than one defective item. 

17. The probability that a bulb produced by a factory will fuse after 150 days of use is 
0.05. Find the probability that out of 5 such bulbs 


(i) none (ii) notmorethanone (iii) more than one 
(iv) at least one will fuse after 150 days of use. 

18. Ina hurdle race, a player has to cross 10 hurdels. The probability that he will cross 
each hurdle is 5/6. What is the probability that he will knock down fewer than 2 
hurdels. 

19. A bag contains 7 green, 4 white and 5 red balls. If four balls are drawn one by one 
with replacement, what is the probability that one is red? 

20. A bag contains 2 white, 3 red and 4 blue balls. Two balls are drawn at random from 
the bag. If X denotes the number of white balls among the two balls drawn, describe 
the probability distribution of X. 

21. Anurncontains 4 white and three red balls. Find the probability distribution of the 
number of red balls in three draws, with replacement from the urn. 

22. Find the probability distribution of the number of doublets in 4 throws of a pair of 

dice. 

. Find the probability distribution of the number of sixes in three tosses of a die. 

[CBSE 2007 C] 


oS 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


A coin is tossed 5 times. If X is the number of heads observed, find the probability 
distribution of X. 

An unbiased die is thrown twice. Asuccess is getting a number greater than 4. Find 
the probability distribution of the number of successes. 

A man wins a rupee for head and loses a rupee for tail when coin is tossed. Suppose 
that he tosses once and quits if he wins but tries once more if he loses on the first 
toss. Find the probability distribution of the number of rupees the man wins. 

Five dice are thrown simultaneously. If the occurrence of 3, 4 or 5 in a single die is 
considered a success, find the probability of at least 3 successes. 

The items produced by a company contain 10% defective items. Show that the 


6 
probability of getting 2 defective items in a sample of 8 items is a ; 





A card is drawn and replaced in an ordinary pack of 52 cards. How many times 
must a card be drawn so that (i) there is at least an even chance of drawing a heart, 
(ii) the probability of drawing a heart is greater than 3/4 ? 

The mathematics department has 8 graduate assistants who are assigned to the 
same office. Each assistant is just likely to study at home as in the office. How many 
desks must there be in the office so that each assistant has a desk at least 90% of the 
time? 

An unbiased coin is tossed 5 times. Find, by using binomial distribution, the 


probability of getting at least 6 heads. [CBSE 2000] 
Six coins are tossed simultaneously. Find the probability of getting 
(i) 3heads (ii) noheads (ii) at least one head (CBSE 2003] 


Suppose that a radio tube inserted into a certain type of set has probability 0.2 of 
functioning more than 500 hours. If we test 4 tubes at random whatis the probability 
that exactly three of these tubes function for more than 500 hours? 
The probability that a certain kind of component will survive a given shock test is 
2. Find the probability that among 5 components tested 
(i) exactly 2 will survive (ii) at most 3 will survive 
Assume that the probability that a bomb dropped from an aeroplane will strike a 
certain target is 0.2. If 6 bombs are dropped find the probability that 
(i) exactly 2 will strike the target. (ii) at least 2 will strike the target. 
It is known that 60% of mice inoculated with a serum are protected from a certain 
disease. If 5 mice are inoculated, find the probability that 
(i) none contract the disease (ii) more than 3 contract the disease. 
An experiment succeeds twice as often as it fails. Find the probability that in the 
next 6 trials there will be at least 4 successes. 
In a hospital, there are 20 kidney dialysis machines and that the chance of any one 
of them to be out of service during a day is 0.02. Determine the probability that 
exactly 3 machines will be out of service on the same day. 
The probability that a student entering a university will graduate is 0.4. Find the 
probability that out of 3 students of the university: 

(i) none will graduate, 

(ii) only one will graduate, 
(iii) all will graduate. [CBSE 2005] 
Ten eggs are drawn successively, with replacement, from a lot containing 10% 
defective eggs. Find the probability that there is at least one defective egg. [NCERT] 
In a 20-question true-false examination suppose a student tosses a fair coin to 
determine his answer to each question. If the coin falls heads, he answer ‘true’; if it 
falls tails, he answers ‘false’. Find the probability that he answers at ieast 12 
questions correctly. [NCERT] 





| 
3 
| 
| 
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42. Suppose X has a binomial distribution with 1 = 6 and p= 5 . Show that X =3 is the 


43. 


44. 


45. 


most likely outcome. [NCERT] 


In a multiple choice examination with three possible answers for each of the five 
questions out of which only one is correct, what is the probability that a candidate 
would get four or more correct answers just by guessing? [NCERT, CBSE 2010] 
A person buys a lottery ticket in 50 lotteries, in each of which his chance of winning 


a prize is 100° What is the probability that he will win a prize 
(i) atleastonce (ii) exactlyonce (iii) at least twice? [NCERT] 
The probability of a shooter hitting a target is : How many minimum number of 


times must he/she fire so that the probability of hitting the target at least once is 


more than 0.99? [NCERT] 
46. How many times must a man toss a fair coin so that the probability of having at 
least one head is more than 90%. [NCERT] 
47. Suppose that 90% of people are right-handed. What is the probability that at most 
6 of arandom smaple of 10 people are right handed? [NCERT] 
ANSWERS 
75 1 1 49 21 i 1 
1. 1.42 x (0.94)° 2. 7 3. 51 4. 96 5. 39 6. 36 7. 5 
4547 14 6/14) . 1/14 iS 37 
SSigignn -|(is i "45 (‘s) * 15 is 3s] i pesi7gois. +! D6 


2: 


14. 


243. Per ibe | | stom 
() F004 Tay Gi) S19 ae Gil) Fooq «= 18- @) 556 A Gi) 556 Gl) a8 


5 a 5 4 
1 9 19) (29 . (19¥ an 619 
io) (io) (HIB) OG) © 568) 


5 9 3 
6/19 19 5(5 5(11 
(iii) 1- §(23) (iv) 1- -(55] 18. 5(8] 19. a(i 


20. Xi: 0 1 2 
Pon; 36 36 36 
21 ex 0 1 2 3 
PO 343 343 343 343 
DOE IX: 0 1 2 3 es 
P(X): 625 500° 150 20 1 


1296 1296 1296 1296 1296 
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23. >, 0 1 2 3 
125 25 5 ao 
Be; 216 72 72 216 
24. xX 0 1 3 4 5 
sil, iD, 10 10 5 at 
ok 32 32 32 32 32 32 
25. X: 0 1 2 
4 4 i 
ae 9 9 9 
26. x: 1 0 =9 
1 1 1 
P(X): 5 4 4 
1 219 
27. 29. 3,5 30. 6 Sie 
. 5 ial 3 ek63 
32. (i) 6 (ii) 6A (iii) 64 33 0.0256 
34, (i) 0.0879 (ii) 0.3672 35. (i) 0.2167 (ii) 0.3378 
36. (i) 0.0778 (ii) 0.087 37. = 38. 0.0071 
39. (i) 0.216 (ii) _ 0.432 (iii) 0.064 
910 2Cp + Ga +. T 2Ge 
40. 1-5 _ a 
10 De 
A 99 1 (99 ay q _ (99) x 149 
43. 743 44. (i) 1- fea (ii) ea (iti) 1 Senso! 2 
10 : 
45. 4 46. 4 47. 1- >; °c, 0.9) (0.1)9~" 
yu7 
HINTS TO SELECTED PROBLEMS 
1. We have p = 6/100, q = 94/100, n =8. 


Nv 


ao Pw 


Required probability = P(X <1)=P(X=0)+P(X=1) 


We have, p = 1/2, q =1/2,n=5. 
Req. prob. = P(X 23) = P(X=3)+P(X=4) +P (X=5) 


. We have, p=q=1/2,n=5. Req. prob. = P (X =1) + P(X =3) + P(X=5) 
. We have, p=4/36, q = 8/9, n =6. Req. prob. = P(X 25) 


We have, n=6, p= 1/2 =q. Required probability = P(X =3) 


. Wehave, p=1/6,q=5/6, n =2. Required probability = P (X21)=1-—P(X=0) 





: 
. 
“ 


es & eee | 


SS Se a 
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= P(X = 4)+P(X = 5)+P(X = 6) 


“SEOs 6 


41. Here, n = 20, 


le 
= 


ND 
So Nie 


P(X =r) = %. P 


20 20 
Required probability = P(X 212) = > 20- 3) 
r=12 
42. Show that P (X =3) is the maximum among P (X =0), P(X =1),... P(X =6). 
5-r 


43. Here, n=5,p=5,9=5. P(X= r)=°C, E (3 pr=0, 1,2,.66,5. 


2 
3/13 
Required probability = P (X >4) = P(X =4)+ P(X=5) 


see 99 
100 ° 100 


50-r 
PGR Se "c, (ita) = 


(i) Required probability = P(X 21)=1-P(X=0)=1- ie) 


44. Here, p = = 50,q = 


100 


1 99 y° 
100 “| 100 


(iii) Required probability = P (X22) = 1—P(X = 0)-P(X = 1) 
49 
= FON son) ok a (99. 
ue -(3) 1 * 599 *( soa] 


45. Let the shooter fire m times and let X denote the number of times “s shooter hits 


the target. Then, X follows binomial distribution with p= 2 g and q= 2 4 Such that 


P(X=n= "o(@) 7) mG = 


It is given that 


(ii) Required probability = P (X =1)="°C, x — 


P(X 2 1)>0.99 


=> 1-P(X = 0)>0.99 


1 
0.01 


The least value of n satisfying this inequality is 4. Hnece, the shooter must fire at 
least 4 times. 
46. Suppose the man tosses a fair coin n times and X denote the number of heads in n 


= 4"5100 





St tye epoges enon sats 
an 4" 





Se ee 
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tosses. Then, 


n 
P(X-r) = tC: @ E p=q= | 


It is given that 


=> 


P(X21)>0.9 
1-P(X = 0) >09 


10 


1)’ Ly 
=> =" (5) >09 = (5) <= => 2">10 > n =4,5,6,. 


Hence, the man must toss the coin at least 4 times. 


32.3 MEAN AND VARIANCE OF BINOMIAL DISTRIBUTION 
Let X be a binomial variate with parameters and p. 


yy 


and, 


=> 
= 


=> 


P(X=r) = "C,P'q"~", r = 0,1,2,...,1 


Mean -5 r. P(X=r) [... Mean = = p; xj] 


r=0 


Mean = 3 ie Gr pig a 


Mean ae BIG. ain spt bgt t E "C, = = Cm j 
Mean = np 5 BE Conpeang: Yor sD 

Mean = ar Ps yin 

Mean = np [--p+q = 1] 
Variance = al P(X= ‘ear — (Mean)? [-. Var. = (2 p; x?) — (Mean)’] 
a eee 


Variance = 5 arwteg ess r."C, p" q?—" — (np)? 
r=0 r=0 


Variance = E r(r- 1)=- = Bain oe “pp op rag r+. np — (np)? 
r= 


Variance 


n 
n(n — 1) p” BAC, aati 
r= 


Variance = n(n—1) p?(q+p)" 2 +np—n?p" 
n2p* — np? + np — n*p? [-.-q+p = 1] 


Variance = np—np* = np (1—p) = npq. 


Variance 


Hence, mean and variance of a binomial variate with parameters 1 and p are np and npq 


respectively. 
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ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Prove that the mean of a binomial distribution is always greater than the variance. 
SOLUTION Let X be a binomial variate with parameters m and p. Then, 


Mean = np, and Variance = npq 

Mean — Variance = np-—npq = np (1-q) = np” 
=> Mean — Variance > 0 [1 € Nandp>0 «. np*>0] 
=) Mean > Variance. 


EXAMPLE2 A die is thrown 20 times. Getting a number greater than 4 is considered a success. 
Find the mean and variance of the number of successes. 

SOLUTION Clearly, the distribution of the ‘number of successes’ is a binomial distribu- 
tion with n = 20 and, 


p = Probability of getting a number greater than 4 = 2 = 3 
Le 
BSP gee 
Now, Mean = np and Variance = npq 
= Mean = 20x = 6.66 and Variance = 20x3 = = 4.44 


Hence, Mean = 6.66 and Variance = 4.44. 


EXAMPLE3 The mean and variance of a binomial distribution are 4and 4/3 respectively, find 
P (X21). [CBSE 2004, 2005] 
SOLUTION Let X bea binomial variate with parameters n and p. Then, 


Mean = np and Variance = npq 


= np = 4and npq =< [-- Mean = 4, Var (X) = = (Given)] 
Fi 
npg _ 3 = Be ee: Laasrcart ies 
i np 4. 4 3 RS Sei [-.p q) 


Putting p = 2/3 in np = 4, we get 
2 
nx2 = 4=>n = 6. 


Thus, we have 


2 r 1 6-—r 
P(X=r) = "C,p'q" ° => P(X=n) =‘c,(3) §) ‘ ,r=0,1,2,..., 6. 


Now, P(X21) = 1-P(X<1) 
> P(X21) = 1-P(X = 0) 


0 6 6 
= PeKzn) = 1-43) 5) =1-(3) =1-3,-4 








— Tg me ee ees ee oe OD 
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EXAMPLE4 Adie is tossed thrice. Getting an even number is considered as success. What is the 
variance of the binomial distribution? 


SOLUTION Here,n =3 


p = Probability of getting an even number ina single throw of a die 


Sin 
meee. 6 
and, q=l-p=1-5=3 
Variance = npq = 3xo x5 = : 


EXAMPLES Find the binomial distribution for which the mean is 4 and variance 3. 
SOLUTION Let X be a binomial variate with parameters n and p. Then, 


Mean = 4, Variance = 3 


— np = 4 and npq = 3 = "PL = tog = 7 
a 1 


Putting p= + in np = 4, we get: n = 16 
Then, we have 
ea Oe andaiel 
~s 1P 4 G. = 4 


Hence, the binomial distribution is given by 
1 r 3 16-r 
P(X =n = e,() 7) te AU IA yd Nop 


EXAMPLE 6 If the sum of the mean and variance of a binomial distribution for 5 trials is 1.8, 
find the distribution. [CBSE 2004] 
SOLUTION Letn and p be the parameters of the distribution. Then, 


Mean = np and Variance = npq 


It is given that 
= 5 and, Mean+ Variance = 1.8 
=> np+npq = 1.8 
= Sp+5pq = 1.8 
=> 5p +5p(1—p) = 1.8 
=> 5p*—10p +1.8 = 0 
= p* —2p +0.36 = 0 
= (p—0.2) (p—1.8) =0 > p = 0.2 [-.- p+ 1] 
Thus, we have 


n = 5,p = 0.2 and q = 0.8. 
Therefore, if X denotes the binomial variate, then 
P(X=r) = °C, (0.2) (0.8)°~", r=0, 1,2, 3, 4, 5. 
This is the required binomial distribution. 


ee 
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EXAMPLE 7 The sum and the product of the mean and variance of a binomial distribution are 
24 and 128 respectively. Find the distribution. 
SOLUTION Let and p be the parameters of the given binomial distribution. Then, 


Mean = np and Varaince = npq, where q =1-—p 





Now, Mean + Variance = 24 and, Mean x Variance = 128 
= np+npq = 24 and npxnpq = 128 

=> np (1+q) = 24 and n* p*xq = 128 

=> np = ee and n* p? = z= 


cl _ 128 
1+q q 
576q = 128(1+4q)* 
9q = 2(1+2q+q7) 
2q*-5q+2 = 0 
(2q-1)(q-2) = 0 


1 
2 [-.- q # 2] 
1 


Q vyeded fg 


q 


P 


2 
ll 
N | 


in np + npq = 24, we get 


is 


: 1 
Putting p = 9°49 


et = 24 > n = 32 


2 4 
Let X be the binomial variate. Then, the probability distribution of X is given by 
1 32—7 1 r 
P(X=n = *C, 5 5 | #7 = 0,1, 2, 0, 32. 


EXAMPLES The sum of mean and variance of a binomial distribution is 15 and the sum of thetr 
squares is 117. Determine the distribution. 
SOLUTION . Let 1 and p be the parameters of the distribution. Then, 


Mean = npand Variance = npq. 


Now, np+npq = 15 [Given] 
and, n?p? + n?p"q* = 117 [Given] 
= np (1+q) = 15 and n*p*(1+4q7) = 117 

= n2p*(1 +q)* = 225 and n’p*(1 + ae = 117 


= neva A _, (+g? _ 225 


n?p?(1 + q’) -ia> (1+ q’) 11 


2 
= L+q-+2q _ 225 _. 4, 24 
= 2q 2q_ 108 


1+q? “13 7. eg? 17 
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2 


i+q _ 13 
= Dre) le 


is 1+q7+2q  13+12 


1+4q?-29 ~ 13-12 [Applying componendo and dividendo] 


2 
a bea) -9 > 144_5 
1-q 1-q 
Z a = pai db 
=. 6q = 4 wag Pp 1 q = 3 ee 
1 2. 
Putting p= 3/9 = 3 innp+npq = 15, we get 
n , 2n on _ % 
319 = 15 = 5 =15 >n = 27 
1 _2 
Thus, ein gendq =" 
Hence, the distribution is given by 
l (n\27 —* 
P(X =r) = c,(5) (2) (27; 
y 
EXAMPLE9 If the probability of t mean and standard deviation for 


the distribution of defective bolts i 
SOLUTION We have,n = 5002 
fe Mean = np = 50( 
And, S.D. = VVariance = = 6.71 
EXAMPLE 10 If X follows binomial distribution with mean 4 and variance 2, find 
P(| X-4] s 2). 
SOLUTION Let and p be the parameters of the binomial distribution. Then, 
Mean = 4 and, Variance = 2 


=> np = 4and npq = 2 
npq _ 2 i wih 
re Wie 1 Oe Pg 


Putting p = 1/2innp = 4,weget:n = 8. 


Thus, X is a binomial variate with parameters n = 8 and p = 


1 r 1 8-r 1 8 
P(X =n) = *(5) a = *c-(5) ,r = 0,1,2,...,8. 


Ni 


Now, 
P(|X-4 | <2) = P(-2<X-4<2) 
=> P(|X-4 | $2) = P(2sX<6) 
= P(|X-4 | $2) = P(X = 2)+ P(X = 3)+P(X = 4)+ P(X=5)+P(X =6) 
ea(L) set ly 1) 1) 1 
= P(|X-4 | <2) = (5) + es(3) rea(3) +8c5(5) +8ce(5) 


8.23 
= PUA) <0 =("rstegstevsteyete a) = 3 
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EXAMPLE 11 A perfect cubic die is thrown a large number of times in sets of 8. The occurrence 
of 5 or 6 is called a success. In what proportion of the sets would you expect 3 successes. 
SOLUTION Let there be n sets of 8 dice. 


We have, p = Probability of getting 5 or a 6 with six faceddie = ; =. 
Ls 2 
1a Ba 
Let X denote the number of successes in one set of 8 dice. Then, 
1 r ) 8-r 
P(X=rn= *c(5) 8 ,r = 0,1,2,...,8. 
S755 
ee 2 |e 
CS IF NG g g ~ 6561 
; 1792 
Total number of sets in which we get 3 successes = N.P(X = 3)= 6561 N 
So, percentage of 3 successes in 100 sets = soe N x= <x 100 = 27.31%. 


EXAMPLE12 Find the expectation of the number of heads in 15 tosses of a coin. 


SOLUTION Let p be the probability of getting a head in a single toss. Then, p = :. 


Clearly, the distribution of the number of heads is .a binomial distribution with 


n=15,p=5. 


Expectation = E(X) = np = 15 xs =75 
EXAMPLE 13 In a game, a man wins a rupee for a six and loses a rupee for any other number 
when a fair die is thrown. The man decided to throw a die thrice but to quit as and when he gets 
a six. Find the expected value of the amount he wins/loses. 
SOLUTION Let denote the number of throws required to get a six and X denote the 
amount won/lost. 
The man may get a six in the very first throw of the die or in 2nd throw or in the third 
row (as he has decided to throw a die at most thrice). 


Thus, we have the following probability distribution for X. 


Number of throws (7) : 1 2 3 
Amount won/lost (X): 1 0 -1 
‘i ; 1 Syl Bye et 
Probability (P(X)) : 7 66 6 x 6% 6 
1.5 eS 25 
E(X) = 1 xEtOxaet+CDX5i¢ = 16 
EXAMPLE14 If two dice are rolled 12 times, obtain the mean and the variance of the distribution 
of successes, if getting a total greater than 4 is considered a success. [CBSE 2002C] 


SOLUTION Let X denote the number of successes in 12 trials. Then, X follows biomial 
distribution with parameters n = 12 and p. 
We have, : 

p = Probability of getting a total greater than 4ina single thrawof a pair of dice. 
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6 5 
EB 6 
ay one 
=> (eS She oe 
Mean = np = 2 12 = 10 and, Variance = npq = 12x24 ae 
6 t 66" 3" 
EXERCISE 32.2 





10. 


11. 


12. 


13. 


14. 


15. 


Can the mean of a binomial distribution be less than its variance ? 
Determine the binomial distribution whose mean is 9 and variance 9/4. 


. If the mean and variance of a binomial distribution are respectively 9 and 6, find 


the distribution. 


. Find the binomial distribution when the sum of its mean and variance for 5 trials is 


4.8. 


. Determine the binomial distribution whose mean is 20 and variance 16. 
- Ina binomial distribution the sum and product of the mean and the variance are 


2 and 2 respectively. Find the distribution. 


. The mean of a binomial distribution is 20, and the standard deviation 4. Calculate 


parameters of the binomial distribution. 


. If the probability of a defective bolt is 0.1, find the (i) mean, (ii) standard deviation, 


for the distribution of bolts in a total of 400 bolts. 


. Find the binomial distribution whose mean is 5 and variance 10 


3 
If on an average 9 ships out of 10 arrive safely to ports, find the mean and S.D. of 
ships returning safely out of a total of 500 ships. 
The mean and variance of a binomial variate with parameters n and p are 16 and 8 
respectively. Find P (X = 0), P(X = 1) and P(X 22). 
In eight throws of a die 5 or 6 is considered a success, find the mean number of 
successes and the standard deviation. 
Find the expected number of boys in a family with 8 children, assuming the sex 
distribution to be equally probable. 
The probability is 0.02 that an item produced by a factory is defective. A shipment 
of 10,000 items is sent to its warehouse. Find the expected number of defective items 
and the standard deviation. 
A dice is thrown thrice. A success is 1 or 6 in a throw. Find the mean and variance 
of the number of successes. 


16. If a random variable X follows binomial distribution with mean 3 and variance 2, 
find P (X <5). | [CBSE 2002] 
17. If X follows binomial distribution with mean’4 and variance 2 find P(X 25). 

(CBSE 2001C] 
18. The mean and variance.of a binomial distribution are 7 and 5 respectively. Find 

P (X21). [CBSE 2004] 
19. If the sum of the mean and variance of a binomial distribution for 6 trials is > find 
the distribution. [CBSE 2004] 
ANSWERS 





4 


3 r 1 12-r 
2. P(X=r) = 26: ?) 7) erieiOs 1 2e ee, 12 
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1 r 
3. P(X=r) = “C_ 5 ( 


4 r 1 5-r 
4. P(X=r) = °C, 5) g ,r=0,1,2,..,5 


No 


WwW 


27-r 
,r=0,1,2,.2;27 


1 r 4 100-r 
5. P(X=r) = ae g 5) ;r=0,1,2,...,100 


5 
r 15-r 
6. P(X=7) = 8c.[4), (4) (7=20,1,25.15 
3] 13 
1 1 r 9 15—-r 
7.n=100,p=— 8.(i)40 (ii) 6 9.P(X =1r) = c,(5 g 
1 32 1 27 33 
10. Mean = 450, S.D. = 6.71 11. /=] ,/=| ,1-S =: 12. 2.66, 1.33 
2 2 932 
13. 4 14. 200, 14 15. Mean = 1, Variance = 2/3 16. ~ 
6-r 
93 65 bs GL G2 ee 
Wee 18. = 19. P(X=r)= c,(3 | 5 r=0,1,2,...,6 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement 
of the question: 
1. In a binomial distribution, if n = 20, g = 0.75, then write its mean. 
2. If ina binomial distribution mean is 5 and variance is 4, write the number of trials. 
3. Ina group of 200 items, if the probability of getting a defective item is 0.2, write the 
mean of the distribution. 
4. If the mean of a binomial distribution is 20 and its standard deviation is 4, find p. 
5. The mean of a binomial distribution is 10 and its standard deviation is 2, write the 
value of q. 
6. If the mean and variance of a random variable X having a binomial distribution are 
4 and 2 respectively, find P (X = 1). 
7. If the mean and variance of a binomial variate X are 2 and 1 respectively, find 
P (X>1). 


8. Ifina binomial distribution n = 4 and P (X=0)= ~ , find q. 


9. If the mean and variance of a binomial distribution are 4 and 3 respectively, find the 





probability of no-success. 
10. If fora binomial distribution P (X = 1) = P (X = 2) =a, write P (X =4) in terms of a. 
ANSWERS 
i OL 9G) ae 
1.5 2, 25 3. 40 4, 5 : - 39 
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MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 


1. Ina box containing 100 bulbs, 10 are defective. What is the probability that out of a 
sample of 5 bulbs, none is defective, 


5 2 
(a) so] b) () 10°° (4) 3 


2. Ifin a binomial distribution n = 4, P(X =0)= 2 ‘then P (X = 4) equals 





1 1 1 1 
(a) 36 (b) 3 (c) 55 (d) 3 
3. Arifleman is firing ata distant target and has only 10% chance of hitting it. The least 


number of rounds, he must fire in order to have more than 50% chance of hitting it 
at least once is 


(a) 11 (b) 9 (c) 7 (d) 5 
4. A faircoin is tossed a fixed number of times. If the probability of getting seven heads 
is equal to that of getting nine heads, the probability of getting two heads is 








(a) 15/28 ~(b) 2/15 (c) 15/28 (d) none of these 
5. A fair coin is tossed 100 times. The probability of getting tails an odd number of 
times is 
(a) 1/2 (b) 1/8 (c) 3/8 (d) none of these 
6. A fair die is thrown twenty times. The probability that on the tenth throw the fourth 
six appears is 
2 
(a) "C19 x 5° (») 120x 5 
620 610 
6 
(c) Sa (d) none of these 


7. If X is a binomial variate with parameters n and p, where 0<p<1 such that 
P(X=r) 
P(X=n-nr) 
(a) 1/2 (b) 1/3 (c) 1/4 (d) none of these 
8. Let X denote the number of times heads occur in n tosses of a fair coin. If 
P (X= 4), P(X =5) and P (X =6) are in AP ; the value of nis 
(a) 7,14 (b) 10,14 (c) 12,7 (d) 14,12 
9. One hundred identical coins, each with probability p of showing heads are tossed 
once. If 0 <p <1 and the probability of heads showing on 50 coins is equal to that 
of heads showing on 51 coins, the value of p is 
(a) 1/2 . (b) 51/101 (c) 49/101 (d) none of these 
10. A fair coin is tossed 99 times. If X is the number of times heads occur, then 
P (X =r) is maximum when r is 
(a) 49,50 (b) 50,51 (c) 51,52 (d) none of these 
11. The least number of times a fair coin must be tossed so that the probability of getting 
at least one head is at least 0.8, is 
(a) 7 (b) 6 (c) 5 (d) 3 
12. If the mean and variance of a binomial variate X are 2 and 1 respectively, then the 
probability that X takes a value greater than 1 is 


(a) 2/3 (b) 4/5 (c) 7/8 (d) 15/16 


is independent of n and r, then p equals 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


24. 


A biased coin with probability p, 0 <p <1, of heads is tossed until a head appears 
for the first time. If the probability that the number of tosses required is even is 
2/5, then p equals 


(a) 1/3 (b) 2/3 (c) 2/5 (d) 3/5 


If X follows a binomial distribution with parameters n=8 and p=1/2, then 
P(|X-4]| <2) equals 

118 119 117 
(a) 128 (b) 128 (c) 128 (d) none of these 


If X follows a binomial distribution with parameters n =100 and p=1/3, then 
P (X =r) is maximum when r= 

(a) 32 (b) 34 (c) 33 (d) 31 

A fair die is tossed eight times. The probability that a third six is observed in the 
eight throw is 


ex x 5° 1G x 5° 1S x 5° 
(a) aT (b) 68 (c) 66 (d) none of these 











Fifteen coupons are numbered 1 to 15. Seven coupons are selected at random, one 
at a time with replacement. The probability that the largest number appearing ona 
selected coupon is 9, is 


3Y il \Y g Y 
(a) g (b) | (c) 5 | (d) none of these 


A five-digit number is written down at random. The probability that the number is 
divisible by 5 and no two consecutive digits are identical, is 


3 4 
(a) : (b) : fa (c) g (d) none of these 


A coin is tossed 10 times. The probability of getting exactly six heads is 


912 105 100 10 10 


The mean and variance of a binomial distribution are 4 and 3 respectively, then the 
probability of getting exactly six successes in this distribution, is 


10 7.6 6 ;,\10 
6-n01 3 16. {1) (3 
6 67,6 
2 1 \{3 12, {1) (3 


In a binomial distribution, the probability of getting success is 1/4and standard 
deviation is 3. Then, its mean is 


(a) 6 (b) 8 (c) 12 (d) 10 
A coin is tossed 4 times. The probability that at least one head turns up, is 


14 15 
ee Oe Ole (a) 


. Fora binomial variate X, ifn =3 and P (X =1) =8 P (X=3), then p= 


(a) 4/5 (b) 1/5 (c) 1/3 C)2/cmes 
A coin is tosed n times. The probability of getting at least once is greater than 0.8. 
Then, the least value of 1, is 


(a) 2 (b) 3 (c) 4 (d) 5 
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25. The probability of selecting a male or a female is same. If the probability that in an 


office of m persons (n - 1) males being selected is = , the value of n is 


(a) 5 (b) 3 (c) 10 (d) 12 





ANSWERS 

| 1. (a) 2. (b) 3. (c) 4. (c) 5. (a) 6. (c) 7. (a) 8. (a) 

9. (b) 10. (a) 11. (d) 12. (d) 13. (a) 14. (b) 15. (c) 16. (b) 

| 17. (d) 18. (cy) 19. (b) 20. (b+) 21. (c) 22. (ad) 23. (d) 24. (b) 
25. (d) 


SUMMARY 
1. A random variable X which takes values 0, 1, 2, ..., 1 is said to follow binomial 
distribution if its probability distribution function is given by 
P(CX=7)= Cong’, 7='0, 1,2, ..., 1, 
where p, q > 0 such that p +q = 1. 


The two constants n and p in the distribution are known as the parameters of the 
distribution. 


The notation X ~ B (n, p) is generally used to denote that the random variable X 
follows binomial distribution with parameters n and p. 
We have, 


P(X=0)+P(X=1)+...+P(X=n) 
om RGN peg? a0 4. 4C p} pee Tee +"C,, p” qa8 


(qq+p)" =1" =1 
' Thus, the assignment of probabilities to the random variable X is permissible. 
2. Ifn trials constitute an experiment and the experiment is repeated N times, then the 
frequencies of 0, 1, 2, ..., 1 successes are given by 
N-P(X=0), N- P(X=1), N- P(X=2), ..., N-P(X=n). 
3. The mean and variance of a binomial variate with parameters n and p are np and 
npq respectively. 
4. If (n +1) pis not an integer: 
P(X = 0), P(X = 1), ......, P(X = n). 
(i) Then, P (X = r) is maximum whenr = m = [(n +1) p]. 
(ii) If (+1) pis an integer, then 
P(X = r) is maximum when r =m —1 or r=m, where m = (n + 1) p is an integer. 





CURVE SKETCHING 


A.1 INTRODUCTION 


In this chapter, we shall use the results of differential calculus to find an approximate 
shape of the curves from their equations without plotting a large number of points. For 
the said task we shall make use of various concepts of differential calculus such as 
continuity, monotonicity, maxima and minima, points of inflexion etc. 


A.2 CURVE SKETCHING 
Following points are very helpful to draw a rough sketch of a curve. 
|! SYMMETRY 
(i) Symmetry about x-axis: If all powers of y in the equation of the given curve are 
even, then it is symmetric about x-axis i.e., the shape of the curve above x-axis is 
exactly identical to its shape below x-axis. 
For example, y” = 4 ax is symmetric about x-axis. 
(ii) Symmetry about y-axis: If all powers of x in the equation of the given curve are 
even, then it is symmetric about y-axis. 
For example, x7 = 4ay is symmetric about y-axis. 

(iii) Symmetry in opposite quadrants: If by putting —x for x and — y for y, the equation 
of a curve remains same, then it is symmetric in opposite quadrants. 

For example, x? + y =a" and xy = a” are symmetric in opposite quadrants. 

(iv) Symmetry about the line y=x: If the equation of a given curve remains unaltered 
by interchanging x and y, then itissymynetricabout theline y=x which passes through 
the origin and makes an angle of 45° with the positive direction of x-axis. 

I! ORIGIN AND TANGENTS AT THE ORIGIN 

See whether the curve passes through the origin or not. If the point (0, 0) satisfies the 
equation of the curve, then it passes through the origin and in such a case to find the 
equation(s) of the tangent(s) at the origin, equate the lowest degree term to zero. 


For example, y” = 4ax passes through the origin. The lowest degree term in this equation 

is 4ax. Equating 4ax to zero, we get x = 0. So, x = 0 i.e. y-axis is tangent at the origin to 
2 

y” = 4ax. 

lll POINTS OF INTERSECTION OF THE CURVE WITH THE COORDINATE AXES 

By putting y = 0 in the equation of the given curve, find points where the curve crosses 

the x-axis. Similarly, by putting x = 0 in the equation of the given curve we can find 

_ Points where the curve crosses the y-axis. 

For example, to find points where the curve xy” = 4a” (2a —x) meets x-axis, we put 

Y=0 in the equation which gives 4a”(2a—x)=0 or, x=2a. So, the curve 
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xy” = 4q” (2a — x), meets x-axis at (2a, 0). This curve does not intersect y-axis, because by 
putting x = 0 in the equation of the given curve get an absurd result. 
IV REGIONS WHERE THE CURVE DOES NOT EXIST 


Determine the regions in which the curve does not exist. For this, find the value of y in 
terms of x from the equation of the curve and find the values of x for which y is imaginary. 
Similarly, find the value of x in terms of y and determine the values of y for which x is 
imaginary. The curve does not exist for these values of x and y. 


For example, the values of y obtained from y¥ = 4ax are imaginary for negative values 
of x. So, the curve does not exist on the left side of y-axis. Similarly, the curve 


a” y? = x? (a — x) does not exist for x >a as the values of y are imaginary for x >a. 


V SPECIAL POINTS 
Find the points at which ay =0. At these points the tangent to the curve is parallel to 


x-axis. 
Find the points at which 55 = (0. At these points the tangent to the curve is parallel to 
y-axis. 


VI SIGN OF oy , AND POINTS OF MAXIMA AND MINIMA 


Find the interval in which a > 0. In this interval, the function is monotonically increasing. 


Find the interval in which a < 0. In this interval, the function is monotonically decreasing. 


2 = 
Putty = 0 and check thesign of ay at the points so obtained to find the points of maxima 
dx & dx P P 


or minima. 


Keeping the above facts in mind and plotting some points on the curve one can easily 
have a rough sketch of the curve. 


Following examples illustrate the procedure. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Sketch the curve y= =x° 


SOLUTION We observe the following points about the given curve. 

(i) The equation of the curve remains unchanged if x is replaced by—x and y by 
—y, sO itis symmetric in opposite quadrants. 
Conse-quently the shape of the curve is similar 
in the first and the third quadrants. 

(ii) The curve passes through the origin. Equating 
the lowest degree term y to zero, we get y = 
i.e. x-axis is the tangent at the origin. 
(iii) Putting y = 0 in the equation of the curve, we 
get x =0. Similarly, when x = 0, we get y = 0. So, 
the curve meets the coordinate axes at (0, 0) 
only. 


on 8 AY al ay dy _ 
(iv) y=x > re 6x and en 6. 
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2 
Clearly, My vy = 0 at the origin but dy = 6 # 0. So, origin is a point of inflexion. 
dx dx dx 
(v) Asxincreases from 0 to, yalso increases from 0 toce. Keeping all the above points 
in mind, we obtain a sketch of the curve as shown in Fig. A.1. 


EXAMPLE 2 Sketch the curve y = x° — Ax. 


SOLUTION We make the following observations about the given curve. 

(i) The equation of the curve remains same if x is replaced by — x and y by —y, so it is 
symmetric in opposite quadrants. Consequently, the curve in the first quadrant is 
identical to the curve in third quadrantand the curve in second quadrant is similar 
to the curve in fourth quadrant. ; 

(ii) The curve passes through the origin. Equating the lowest degree term y + 4x to 
zero, we get y + 4x = 0 or y = — 4x. So, y = — 4x is tangent to the curve at the origin. 
(iii) Putting y =0 in the equation of the curve, we obtain x° — 4x =0 => x =0, = +2.So, 
the curve meets x-axis at (0, 0) (2, 0) and (—2, 0). 
Putting x = 0 in the equation of the curve, we get y = 0. So, the curve meets y-axis 
at (0, 0) only. 


(iv) y=x?— 4x Hh =3x?—4 





Now, aY So 
dx 
=> 3x7-4>0=9x7-250 
DV. 2 
= x—y (a 3 >0 
2 2 
=> Fg Oh = a: 
dy iglesias 
and, x39 => V3 <*<G Fig. A.2 


So, the curve is decreasing in the interval (— 2/ V3, 2/V3) and increasing for x > 2/ V3 or 
x <-2/V3. x=-2/N3 is a point of local maximum and x =2/V3, is a point of local 
minimum. When x=2/V3, y=8/3 V3 -8/V3 =-16/3V3. When x=-2/N3, 
y = 16/3V3. Keeping the above points in mind, we sketch the curve as shown in Fig. A.2. 
EXAMPLE3 Sketcit the curve y = (x — 1)(x —2)(x — 3). 

SOLUTION We note the following points about the given curve. 

(i) The curve does not have any type of symmetry 
about the coordinate axes and also in the op- 
posite quadrants. 

(ii) The curve does not pass through the origin. 

(iii) Putting y =0 in the equation of the curve, we get 
(x —1)(x -— 2)(x -3) =0 => x=1, 2,3.So, thecurve 
meets x-axis at (1, 0), (2, 0) and (3, 0). 

Putting x = 0 in the equation of the curve, we get 
y =— 6. So, the curve crosses y-axis at (0, — 6). 
We observe that x<1=> <0 

1<x<2 => y>0O, 


2<x<3 =y<0 and x>3 => y>0. 
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\“learly, y decreases as x decreases for all x<1 and y increases as x increases for x >3. 
Keeping all the above points in mind, we sketch the curve as shown in Fig. A.3. 


EXAMPLE4 Sketch the curve y = x* - x. 


SOLUTION We note the following points about the curve. 
(i) The curve does not have any kind of symmetry. 

(ii) The curve passes through the origin and the tangent at the origin is obtained by 
equating the lowest degree term to zero. The lowest degree term is x + y. Equating 
it to zero, we get x + y =0 as the equation of the tangent at the origin. 

(iii) Putting y = 0 in the equation of the curve, we get xv -x=0=> x(x -—1)=0 
=> x= 0, 1. So, the curve crosses x-axis at (0, 0) and (1, 0). 

Putting x =0, in the equation of the curve, we obtain y =0. So, the curve meets 


y-axis at (0, 0) only. 
2 
iets oh oy ay _ 
(iv) y=x? x= 2x ao 2 2. 
URS et Aye aw 
Now, 7. O=>x a Atx 2" a2 2>0. 


So, x = 1/2 is a point of local minima. 
(v) AY 50 = 2x-1 >O0=>x>1/2 





| (1/2,1/4) 
So, the curve is increasing for all x > 1/2 and decreasing 

for all x << 1/2. Keeping the above points in mind, we : 

obtain the sketch of the curve as shown in Fig. A.4. ae ek 


EXAMPLES Sketch the curve y=sin 2x. 


SOLUTION We note the following points about the curve. 

(i) The equation of the curve remains unchanged if x is replaced by —-x and by - 
y, so it is symmetric in opposite quadrants. Consequently, the shape of the curve 
is similar in opposite quadrants. 

(ii) The curve passes through the origin. 

(iii) Putting x = 0 in the equation of the curve, we get y = 0. So, the curve crosses the 
y-axis at (0, 0) only. 
Putting y = 0 in the equation of the curve, we get sin 2x = 0 > 2x=nt,neé Z 
=>x=nn/2,neEZ. So, the curve cuts x-axis at the points _..., 
(— 1, 0) (— 2/2, 0) (0, 0), (71/2, 0),(zt, 0), .... 


d dy 
(iv) 1 = sin 2x => —“ =2 cos 2x and fV__4sin 2x 
y dx dx 


Now, av =0 = 2cos2x=0=> cos 2x =0> 2x =1+2/2,+3n/2,... 
=> x= +7/4,+3n/4,... 


2 
Clearly, 7 <Oatx=n/4, 52/4... and atx=-—3n/4,-—7n/4,... 


2 
And, Ape Oatx=3n/4, 7n/4,... and atx = —7/4,-—5n/4... 


So, the points x =7/4, 51/4, 7n/4, and x =—3n/4, -7n/4, ... are the points of local 
maximum and local maximum value at these points is 1. Similarly the points 
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x=—-17/4,—-5n/4... and x =3n/4,7n/4, ... 
are points of local minimum and local mini- 
mum value at these points is — 1. 

(v) sin 2(x + 72) =sin 2x for all x. So, the 
periodicity of the function is 7. This 
means that the pattern of the curve 
repeats at intervals of length 7. 

Thus, keeping the above ideas in mind, we 


sketch the curve y = sin 2x as shown in Fig. 
A.5. 


EXAMPLE6 Sketch the curve y=2 sin 2x. 


SOLUTION We note the following points about the curve. 
(i) The equation of the curve remains same if x is replaced by — x and y by — y, soit 
is symmetric in opposite quadrants. 
(ii) The curve passes through the origin. 
(iii) The curve meets the coordinate axes at the same points where y = sin 2x meets 
them. 





Fig. A.5 


(iv) av <0 gives the same points as given by (sin 2x)=0 and the signs of 


2 2 
7 (2 sin 2x) and —— (sin 2x) are same for any value of x. This means that the 
dx” dx” 


points of local maxima or minima of 
y = 2 sin 2x are the same as the points 
of local maxima or minima of y = sin 
2x, but the maximum value will be 2 
and minimum value will be — 2. 
Keeping the above ideas in mind, we ob- 


tain the rough sketch of the curve as shown 
in Fig. A.6. 





EXAMPLE7 Sketch the curve y =sin x. 


SOLUTION We note the following points about the curve. 
(i) The equation of the curve does not alter if x is replaced by —x and y by -y. So, the 
curve is symmetric in opposite quadrants. 
(ii) Point (0, 0) satisfies the equation 
y=sinx. So, the curve passes 


through the origin. 
(iii) Putting y = 0 in the equation of the 
curve, we obtain sin x = 0 


= x=nt,neé Z. So, the curve meets 
the x-axis at ... (37,0), (— 27,0), 
(— 2, 0), (0, 0), (1,0), (27, 0),... Put- 
ting x = 0 in the equation of the curve, Fig. A.7 
we obtain y = sin 0 =0. So, the curve 

meets y-axis at (0, 0) only. 





2 
i = Sl dy _ ay __ i . 
(iv) y=sinx=> = =cosx and Rees 
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Now, au = 0=cosx=0>5x=+27/2,+3n/2, + 5/2, ... 


2 
Clearly, Os nae and atx=—- 32, 
2 
dy __%_5n _9n _ 3m 7% 
And, or Uatx a 5? ee ana x ar tas 


So, the points x = i om aE ...,and x =— iam ao ... are the points of local maxi- 
mum and the local maximum value at these points is 1. Similarly, the points 
= yaa a. . and x= on x... . are the points of local minimum and the local 


minimum value at these points is — 1. 


(v) y= sin x = = cos x. 
Clearly, $4 >Owhen-1/2<x<m1/2 and St <0Owhent/2 <x <31/2.So, the given 


curve is increasing for — 1/2 <x <m/2 and decreasing for 1/2 < x < 31/2. 
(vi) Sin (2x + x) =sin x for all x. So, the periodicity of the function is 27. This means 
that the pattern of the curve repeats at the intervals of length 27. 


Keeping the above facts in mind, we may sketch the curve y=sinx as shown in 
Fig. A.7. 


EXAMPLES Sketch the curve y= sin? x. 


SOLUTION We note the following points about the curve. 
(i) The equation of the curve remains same if x is replaced by — x. So, the curve is 


symmetric about y-axis i.e. the curve on the left side of y-axis is identical to the 
curve on its right side. 


(ii) Thecurve meets the coordinate axes at the same points where y = sin x meets them. 


2 
(iii) y=sin? x = 24 = sin 2x and 4 _ > cos 2x 
dx ax 


Now, “Y= 0 = sin 2x =0 => 2x=nn, ne Z => x=nn/2,nE Z 
=> Y= /2, £1, Lot/2, £2 


2 
Clearly, =} <Oatx=+t7/2,+3n/2,+5n/2... 


2 
And, #49 atx=t7,+2n,+3r, ... 
dx? 


So, x=+£1/2,+3n/2,+5n/2... are the points of local maximum and the local 
maximum value at these points i is 1. Pointsx =+7,+ 21, + 3n, ... are points of local 
minimum and the local minimum value at these points is zero. 


(iv) y=sin ? x =p We sin 2x 


Clearly, 24 >0 when 0 <x<1/2 and SY <0 when n/2 <xX<T. 


So, the given curve is increasing in the interval [0, =/ qi and decreasing in the 
interval [7/2, 77]. 
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(v) sin? (1 +x) =sin’ x forall x. So, the periodicity of the function is x. This means that 
the shape of the curve repeats at the intervals of length 27. 
With these ideals, we may sketch the curve as shown in Fig. A.8. 
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Fig. A.8 
EXERCISE A.1 
Sketch the following curves : 
1. y=xr+1 2. y=x7-1 3. y=x'-1 
4. y= 9—x? 5. y=2cosx 6. y=cosx 
7. y=-—sin2x 8. y=sin’ x 9. y =cos* x 
10. y =sin? 2x 11. y=2 cos 2x 


A.3 SKETCHING OF SOME STANDARD CURVES 


In section A.1, we have learnt about sketching of curves using calculus. In this section, 
we shall discuss sketching of some standard curves viz. straight line, circle, parabola, 
ellipse and hyperbola, without taking the help of various points learnt in the previous 
section. Sketching of these curves will be very helpful in finding the areas of bounded 
regions. 

A.3.1 STRAIGHT LINE 

As we know thatevery first degree equation in x, y represents a straight line. The general 
equation of a straight line is ax + by+c=0. If c=0, then the line passes through the 
origin. In order to draw the graph of the line represented by ax + by +c =0, c #0, we may 
follow the following algorithm. 


ALGORITHM 
STEPI Obtain the first degree equation, say,ax+by+c = 0, c#0. 


STEPII Put y=0 in the given equation and obtain the value of x. This will give a point on 
x-axis. Mark this point as A. 


STEP II Put x =0 in the given equation and obtain the value of y. This will give a point on 
y-axis. Mark this point as B. 


STEPIV Draw line passing through A and B. The line so obtained will be the graph of the line 
represented by the given equation. 


ILLUSTRATION1 Draw a rough sketch of the line represented by the equation 
3x+2y—6 = 0. 
SOLUTION We have, 
3x+2y—6 = 0 ...(i) 
Putting y =0 in (i) we get x = 2. So, the line (i) meets x-axis at A (2, 0). 
Now, putting x = 0 in (i), we get y =3. So, the line (i) cuts y-axis at B (0, 3). 





ae | 
“a ” 
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Marking these points on the coordinate axes and drawing a line passing through them, 
we obtain the graph of the line represented by equation (i) as shown in Fig. A.9. 





2x+3y-6=0 





Fig. A.9 


A first degree equation of the formax + by =0 or y = mx always represents a straight line 
passing through the origin. In order to draw a rough sketch of a line passing through 
the origin, we may follow the following algorithm: 


ALGORITHM 

STEP! Obtain the first degree equation. Let the equation be ax + by = 0. 

STEP Il Find the slope m of the line represented by the given equation. | 
If m > 0, then the line makes an acute angle with x-axis. If m < 0, then the line makes 
an obtuse angle with x-axis. 

STEPIL Drawaline passing through the origin and making anangle tan * (m) with the positive 
direction of x-axis. 

The line so obtained represents the graph of the line represented by the given equation. 

ILLUSTRATION2 Draw the rough sketches of the following lines: 

(i) y=x (ii) y=—-x (iii) y-2x = 0 

SOLUTION The equations y =x, y=—x and y —-2x=0 represent lines passing through 

the origin and making angles tan : (1) = 45°, tan - (— 1) = 135° and tan . (2) respective- 

ly with the positive directions of x-axis. So, their graphs are as shown in Fig. A.10. 





y' 
Fig. A.10 


REGION REPRESENTED BY A LINEAR INEQUATION 


Every straight line divides the xy—plane into two parts (or regions), one lying below it 
and the other lying above it. These two regions are represented by the two inequations 
obtained from the equation of the given line. In order to determine the region repre- 
sented by a given linear inequation, we follow the following algorithm. 
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ALGORITHM 

STEPI Obtain the inequation and convert the inequation into an equation by replacing the 
inequality sign by equality sign. 

STEPII Draw the straight line represented by the linear equation obtained in step I.- 

STEP III Choose a convenient point, e.g., origin, or some point on the coordinate axes. 

STEPIV Substitute the coordinates of the point, chosen in step III, in the given inequation and 
see whether it holds true or not. 


STEPV If the inequation holds good, then the region containing the chosen point will be the 
region represented by the given inequation. Otherwise, the region on the other side of 
the line will be the required region. 

ILLUSTRATION3 Mark the region represented by3x+4y < 12. 

SOLUTION Converting the given inequation into equation, we obtain 

3x +4y = 12. 

The line represented by this equation meets the coordinate axes at A (4, 0) and B (0, 3) 

as shown in Fig. A.11. Clearly, it divides the plane into two parts. One part containing 

the origin and other part on the other side of the line. We observe that O (0, 0) satisfies 
the inequation 3x + 4y < 12. So, the region represented by the given inequation is the 

region containing the origin as shown in Fig. A.11. 
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ILLUSTRATION4 Mark the region represented by y S$ x. 
SOLUTION We have, 
ys x. 


Converting the inequation into equation, we get 
y= xX. Mecelanenscces 


Clearly, it represents a straight line passing through _ sO 


the origin and making 45° with x-axis. We observe ~*’ (AOS 


that the points (2, 0), (3, 1), (0, — 5), (0, — 2) etc. satis- A ERE 


fy the inequation y < x. So, the region containing PEE DEE 


these points is the regionrepresentedbytheinequa- fs: mo 






tion y < x as shown in Fig. A.12. ox 


| 
~ 


A.3.2 CIRCLE Fig. A.12 
An equation of the form 


x7 +17 +2gx + 2fytc = 0 
always represents a circle with centre at (— g, —f) and radius V9? +f Cc. 
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Also, note that an equation of the form 
(x-a)*+(y-b)? = 7° 
represents a circle with centre at (a, b) and radius r. 
The inequation (x —a)* + (y—b)* <7 


represents the interior of the circle (x — a)’ +(y- by? = rand its exterior is represented 
by the inequation 


(x-a?+(y-by =r 


ILLUSTRATION1 Mark the region represented by x? + y? <9. 
SOLUTION We have, 


r+y?<9 


Clearly, it represents the interior of the region lying inside the circle x? + y’ = 9as shown 
in Fig. A.13. 





ILLUSTRATION2 Mark the region represented by the inequations 
x+y <9 

and, x+y —-6x < 0. 

SOLUTION We have, 


r+y<9 
and, x7+y7-6x <0 
Now, 
x*+y°-6x <0 
= (x -3)7+(y-0)? < 3% 
Thus, we have: 
r+yr<9 .».(i) 


and, (x -3)?+(y-0)? < 3? ...(ii) 
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Clearly, inequation (i) represents the interior of the circle x + y* = 9and inequation 


(ii) represents the interior of the circle (x —3)*+ (y— 0)? = 3%. The common region is 
shaded in Fig. A.14. It is the region Represented by both the inequations. 
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Fig. A.14 


A3.S PARABOLA 


We have learnt about four standard forms of parabola in earlier classes. Rough sketches 
of these parabolas are given in Fig. A.18 and various terms associated to them are given 
below for ready reference. 


ad 
il 
+) 
en ee ee 


Equation Vertex Focus Latustrectum Directrix 
y’ = 4ax (0, 0) (a, 0) 4a x=-a 
y’ =—4ax (0, 0) (-a, 0) 4a 
x? = day (0, 0) (0,a) 4a y=-a 
x? =— 4ay (0, 0) (0, -a) da y=a 





Fig. A.15 Fig. A.16 
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Fig. A.17 Fig. A.18 
REMARK The inequation y¥ S 4ax represents the region lying inside the parabola y~ = 4ax and 
the region lying outside the parabola y” = 4ax is represented by the inequation y? > 4ax. 
Similarly, the inequations y* <-4ax,x*< 4ay and x* <- 4ay represent the regions lying inside 
tlie parabolas y = —4ax, x’ = 4ay and = - 4ay respectively. 
SKETCHING OF CURVES REPRESENTED BY y = ax*+ bx+c. 
The equation y = ax” +bx +c always represents a parabola having vertex at 


Sil andiatisxes 
2a at 
The parabola opens upward or downward according asa>0 or <0. It meets x-axis at 


(a, 0) and (B, 0), where a and f are the roots of the equation ax’ + bx +c =0. If the roots 
of this equation are not real, then the parabola does not cross x-axis. In order to draw 


rough sketch of the parabolas given by the equations of the form y = ax” + bx + c, we may 
follow the following algorithm. 


ALGORITHM 


STEPI Obtain the equation and observe the sign of the coefficient of x? in it. 
STEP Put y=0 in the given equation and get the values of x. Let the values be a and B. 
STEPII Mark the points A (a, 0) and B (f, 0) on x-axis. 
STEPIV Draw a parabola passing through points AandB having its vertex on 
= 3 = +8 and opening upward or downward according as the coefficient of x? in 
the given equation is positive or negative. 
ILLUSTRATION1 Draw a rough sketch of x? 2x + y = 0. 
SOLUTION We have, 
x? 2x + y=0 
= y = —x°+2x - ..(i) 
Clearly, coefficient of x* is negative. So, the given equation represents a parabola 
opening downward. 
Putting y = 0 in (i), we get 
—~°+2x =0 = x = 0,2. 
Therefore, the parabola cuts x-axis at (0, 0) and (2, 0). 
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Thus, the required parabola opens downward, crosses x-axis at (0, 0) and (2, 0) and its 
+2 





axis of symmetry is the line x = O42’ e.x=1. The rough sketch of this parabola is as 


2 


given in Fig. A.19. 








0(0,0) (1,0) 


2 


Fig. A.19 


REMARK In the above algorithm, if the values of & and B are imaginary, then the equation 


y =ax’+bx+e represents a parabola having vertex at fe on’ =| and opens upward or 


downward according asa>0 or a<0. 


ILLUSTRATION2 Draw a rough sketch of the curve y = x? +2. 
SOLUTION We have, 
y = x +2. 
Since.coefficient of x” is positive. Therefore, y = +2 represents a parabola opening 


upward. We observe that x7+2=0 gives imaginary values of x. So, the parabola does 
not cross x-axis. The coordinates of the vertex are (0, 2). The rough sketch of the curve 
is as shown in Fig. A.20. 





Fig. A.20 


SKETCHING OF CURVES REPRESENTED BY x=ay"+by+c. 
: -D —b)._.. 
The equation x = ay” + by + c also represents a parabola having vertex at (ar Ey axis 


Y= > and it opens leftward or rightward according asa <0 ora > 0. It crosses y-axis at 
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(0, &) and (0, 8), where & and Bare the roots of the equation ay’ + by + c =0. Ifa, Bare not 
real, then the parabola does not cross y-axis and it opens rightward ifa > 0 and leftward 
if a <0. In order to draw a rough sketch of the parabolas given by the equations of the 


form x = ay” + by +c, we may follow the following algorithm. 
ALGORITHM 


STEPI Obtain the equation and observe the sign of coefficient of y” i.e. of a. 


STEPI] Put x=0 in the given equation and get the values of y. Let the values of y be 
a and B. 


STEP III Mark points A (0, a) and B (0, B) on y-axis. 
STEPIV Draw a parabola passing through points Aand B having its vertex on the line 
y= = = ow and opening rightward or leftward according asa >0 or,a <0. 
ILLUSTRATION1 Draw,a rough sketch of the curve x = y? +4y—5 
SOLUTION We have, 
x= +4y-5 (i) 


Clearly, coefficient of y’ >0. So, the given equation represents a parabola opening 
rightward. 


Putting x = 0 in (i), we get 





y°+4y-5 =0 
= (y+5)(y-—1) = 0 
=> y = -5,1. 
So, the parabola cuts y-axis at A (0, — 5) and B (0, 1). The vertex of the parabola is on the 
line y=— a : i.e. y =— 2. The coordinates of the vertex are (— 9, — 2). 


Thus, the given equation represents a parabola opening rightward having its vertex at 
(-—9,-—2) and cuts y-axis at (0,—5) and (0,1). The rough sketch is as given in Fig. 
A.21. 





x=y2+4y—5 


Fig. A.21 


ILLUSTRATION 2 Drawa rough sketch of the curve x = 2y" 45 
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SOLUTION Wehave, 
x = 2y" +5 
Clearly, it represents a parabola opening rightward. Since 2y* +5=0 gives imaginary 


values of y. So, the curve does not cut y-axis. The coordinates of the vertex are (5, 
0)-and axis is x-axis. 


Thus, the given equation represents a parabola having its axis as x-axis, vertex at (5, 0) 
and it opens rightward. The rough sketch of the parabola is as shown in Fig. A.22. 


x=2y2+5 


(5,0) 





Fig. A.22 


A.3.4 ELLIPSE 


2 
The equation ~ + i = 1 represents an ellipse having the following properties: 


a 
Centre (0, 0) 
Vertices (a, 0), (—a, 0) 
Major axis 2a 
Minor axis 2b 
Directrices x=i4 , wheree = V1- es 
S a 


Foci (+ ae, 0) 


xeon 


The rough sketch of Saat s = 1 is as shown in Fig.A.23. 
a 





2-20 


oF a. 
——— = 
-_— = 
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REMARK 1 The inequation a % S1 represents the region enclosed by the ellipse 
a 


ae 1 whereas the inequation +be 1 represents the region lying outside the ellipse 
eae 
oP 


REMARK2 The equation ep Woe = 1 also represents an ellipse having its centre at 


(h, k) and major and minor axes Seer to the coordinate axes. 
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